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Dynamic scaling of photo-double-ionization to electron impact
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We employ an ab initio theory to address several inconsistencies of the empirical scaling of photo-double-
ionization (PDI) to electron impact ionization suggested by Samson [Phys. Rev. Lett. 65, 2861 (1990)]. We do
so (i) by isolating the only relevant dipole component of the electron impact ionization and (ii) by replacing the
static scaling of Samson, who used an effective cross-section area of the ion remainder, with dynamic scaling
using the squared momentum of the photoelectron. The modified scaling is tested in the He 1s2 isoelectronic
sequence and the combined inner shell 1s and valence shell 2p PDI of the negative F− ion [Müller et al.,
Phys. Rev. Lett. 120, 133202 (2018)].
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I. INTRODUCTION

Nonsequential single-photon two-electron ionization
(photo-double-ionization, PDI) is an archetypal example of
an atomic collision process driven entirely by many-electron
correlation. As such, it attracted very considerable
attention, in both theoretical and experimental research.
A comprehensive review of literature on this process was
presented recently by Wehlitz [1]. Basic mechanisms of
PDI are now well established. According to McGuire [2],
the two main mechanisms of PDI can be identified as the
knock-out (KO) and shake-off (SO) processes. Both processes
are initialized with a single-photon absorption by one of the
target electrons. In the following KO process, the primary
photoelectron impacts on the parent ion and knocks out the
secondary electron in an ionizing, (e, 2e)-like collision.1

In the KO process, after sudden departure of the primary
photoelectron, the ion relaxes and shakes off the secondary
electron into the continuum. Contributions of the KO and
SO processes to PDI have been studied thoroughly in both
the valence and inner shells of atoms (see, e.g., [3–5]). The
relative strength of the KO and SO processes depends on
the photon energy. Near the PDI threshold, the KO process
dominates whereas in the asymptotic region of large photon
energies the SO process takes over. It will eventually become
the only contributing process in the large-photon-energy limit.
The SO is greatly assisted by the ground state correlation
whereas the KO is largely insensitive to it.

The KO process is intimately linked to electron impact
ionization of the singly ionized parent target. Samson [6]
expressed this link as the proportionality relation

σ 2+
γ (ω)

σ+
γ (ω) + σ 2+

γ (ω)
= 1

πr2
σ+

e (E ). (1)

1We use (e, 2e) as a proxy term for electron impact ionization. In
some literature, it is used solely under coincident detection of both
photoelectrons, but we will use this term more generally.

Here σ+
γ and σ 2+

γ are the single and double photoionization
cross sections whereas σ+

e (E ) is the electron impact ioniza-
tion cross section of the singly ionized target by the pri-
mary photoelectron at the respective energy. The term in the
denominator πr2 represents the effective ionic cross-section
area. Samson [6] argued that “all possible electron correlation
processes are embodied in σ+

e .” This assertion is, in fact,
incorrect as the SO process is left out. Indeed, the shake-off
electron is released without any external impact. Samson [6]
has also tacitly admitted that “the total angular momentum
carried off by the electrons will differ” in PDI and (e, 2e).
These two points put the validity of Eq. (1) in question.

Kheifets [7,8] tried to restore the validity of Eq. (1) by
isolating the only relevant dipole component of the electron
impact ionization cross section which would reflect the angu-
lar momentum transfer J = 1 from the photon to the atom.
However, such a dipole scaling was found valid only in a
very narrow photon energy range near the PDI threshold. At
higher photon energies, σ+

e,J=1(E ) would fall sharply whereas
the PDI ratio would remain essentially flat as it approached
its asymptotic limit of large photon energies. This may be
related to another implicit assumption behind the empirical
scaling (1). It is assumed that the energy is conserved between
absorption of the photon and impact of the electron on the ion
remainder, i.e., E = ω − Ip. The ionization potential Ip here
refers to the neutral atomic target. In reality, PDI can proceed
via an infinite number of virtual intermediate states without
energy conservation. It should only be conserved between
the initial and final states. In addition, various singly ionized
atomic states are accessible in such half-on-shell collision
processes. Therefore, Ip is not uniquely defined here.

Very recently, a new measurement of PDI on the F− ion
was reported by Müller et al. [9]. This PDI process was
initiated by the photon absorption in the inner 1s shell while
the secondary electron was emitted from the valence 2p shell.
Negative ions are strongly correlated many-electron systems
which present researchers with multiple experimental and
theoretical challenges [10]. It is for this reason that the work
by Müller et al. [9] was such a breakthrough. To prove the
PDI character of their measurement, the authors applied an
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empirical scaling suggested by Pattard [11]:

σ 2+
γ

σ+
γ

(E ) = R∞
Eα (E + E0)7/2

(E + E1)α+7/2
. (2)

Here α is the Wannier exponent, R∞ is the asymptotic double-
to-single cross-section ratio, and E0, E1 are empirically ad-
justable constants. The scaling (2) bridges continuously the
threshold Wannier behavior and the asymptotic limit of high
photon energies. It appeared to represent the F− measurement
by Müller et al. [9] remarkably well.

Availability of the new set of data prompted us to revisit
the original idea of Samson [6] and to adjust Eq. (1) to make
it work for the present case. This is achieved by replacing
the static scaling with the effective ionic cross-section area
1/(πr2) to a dynamic scaling with the squared primary pho-
toelectron momentum k2. In addition, it is the ratio of the
double-to-single rather than double-to-total photoionization
cross sections that should be scaled to (e, 2e). In F−, the
double-to-single ratio is large, 25% in its maximum, and this
substitution makes a significant difference. In the following,
we demonstrate that this dynamic scaling is more physically
appropriate and it has a much wider range of applicability
in various atomic and ionic targets. It also draws a differ-
ent borderline between the KO and SO processes. Near the
PDI threshold, both the dynamic and static scalings become
equivalent.

For a demonstration, we consider here two different types
of atomic targets. First, we revisit our earlier calculations
on two-electron atoms and ions performed with the conver-
gent close-coupling (CCC) method [12]. Second, we consider
many-electron targets which are left with a closed valence
shell after emission of the primary photoelectron. A new
theoretical model is developed to treat such processes which
include mixed 1s-2p PDI of F−. Both approaches can treat
PDI of the Li atom [13], which we use as a crosslink between
the two models.

II. THEORETICAL MODEL

We treat electron impact ionization of a closed valence
shell target (such as the “hollow” F atom in the 1s2s22p6

configuration) within the random phase approximation with
exchange (RPAE). Numerically, the RPAE is implemented
with the program suite ATOM [14]. We write the PDI cross
section leading to creation of the two photoelectrons labeled
2, 4 and the two holes 0, 3 via an intermediate state containing
electron 1 and hole 0 as

σ 2+
γ (ω) = Cγ

∑∫

1234

|D1234|2δ(ω − E2 − E4 + E3 + E0),

D1234 =
∑

L

〈0|d|1〉〈13|VL|42〉
ω − E1 + E0 + iδ

. (3)

Here Cγ = 4π2αa2
0ω is the photoionization constant ex-

pressed via the fine structure constant α and the Bohr radius
a0. Here and throughout, we use atomic units with e = m =
h̄ = 1. The amplitude D1234 of such a process is exhibited
graphically in the left half of Fig. 1(a) with the straight lines
pointing to the right and left to exhibit electrons and holes,

(a)

(b)

(c)

+=

FIG. 1. Graphical representation of PDI in RPAE. (a) The dipole
matrix element D1234 entering Eq. (4) (left half) and its complex
conjugate D∗

1234 (right half). (b) The squared dipole matrix element
|D1234|2 is incorporated into the imaginary self-energy part of the
single-electron Green’s function, Eq. (5). (c) Direct and exchange di-
agrams which represent the irreducible part of the Green’s function.
The single-electron Green’s function consists of an infinite sequence
of such diagrams (see Figs. 1 and 2 of [15]).

respectively. The dashed lines represent photons whereas the
wavy lines stand for the Coulomb interaction. In the right half
of this figure we also display the complex conjugate D∗

1234
as a mirror reflection of D1234 and combine their product in
Fig. 1(b) into the imaginary self-energy part of the single-
electron Green’s function Im �(E ) introduced in [15]. The
self-energy defines the correction to the electron scattering
phase shift in a formal optical model [16]. We also join the
two halves of Fig. 1(a) to conduct an angular momentum pro-
jections summation by applying consecutively the graphical
summation rule 12.1.2 of Varshalovich et al. [17]. As a result,
we express the PDI cross-section via the reduced dipole and
Coulomb matrix elements as

σ 2+
γ (ω) = 1

3
Cγ

∑∫

1234

|‖D1234‖|2δ(ω − E2 − E4 + E3 + E0),

‖D1234‖ =
∑

L

1

(2L + 1)(2l1 + 1)

〈0‖d‖1〉〈13‖VL‖42〉
ω − E1 + E0 + iδ

. (4)

We adopt the pole approximation (ω − E1 + E0 + iδ)−1 �
−iπδ(ω − E1 + E0) and absorb the squared dipole matrix ele-
ment σ+

01(ω) = 1
3Cγ |〈0‖d‖1〉|2 into the single photoionization

cross section. Then the PDI cross section is expressed as

σ 2+
γ (ω) = σ+

γ (ω) (−π ) Im �l1 (E1)

−π Im �l1 (E1) = π2
∑∫

234

∑
L

|〈13‖VL‖42〉|2
(2L + 1)(2l1 + 1)

× δ(E1 + E3 − E2 − E4) ≡ μl1 (E1) .(5)
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Here μl (E ) is the imaginary part of the phase shift which
defines the inelastic electron scattering cross-section [18]

σ+
e (E ) = 4π

k2

∑
J

(2J + 1)μJ (E ). (6)

Thus the double-to-single cross-section ratio becomes

σ 2+
γ (ω)

σ+
γ (ω)

= μJ=1(E ) = k2

12π
σ+

e,J=1(E ). (7)

As we have already stressed, the empirical scaling (1) differs
from the analytical scaling (7) in two important aspects. First,
it is the electron scattering cross section in the dipole channel
J = 1 only that enters Eq. (7). And second, it is the squared
photoelectron momentum k2 rather than the effective ionic
cross-section area 1/(πr2) that should be taken as the scaling
coefficient. The analytical scaling (7) is general whereas the
empirical one (1) is target dependent.

A similar scaling can be derived in CCC. We start with the
electron scattering cross section given by Eq. (25) of [19] and
express it as the spin-weighted average

σe,i→ f = (2π )4 k f

ki

1

4π

∑
S=0,1

2S + 1

4

×
∑

L,L′,J

2J + 1

2li + 1
|〈n f l f L′‖TJS‖nili L〉|2. (8)

Here the on-shell T matrix is taken between the initial and
final two-electron states. For simplicity, we consider the PDI
of the He atom in the 1s2 ground state and neglect the ground
state correlation. In this case, a general expression for the PDI
amplitude [20] can be reduced to

〈Lk f n f l f ‖ D ‖ 1s2〉

=
∑∫

q2dq
〈Lk f l f n f || TJS || 1s+ kiL′〉

E − q2/2− ε j + i0
〈L′ki 1s+ ‖ d ‖ 1s2〉.

(9)

Here J = 1 and S = 0 are the total orbital momentum and
spin of the electron pair and E = k2

f /2 + ε f is the final state
energy. We adopt the pole approximation and neglect the
principle value integral. We also streamline the notations and
write

DL f (k f ) = −πki d1s(ki )〈Lkn f l f ‖TJS‖1s+kiL
′〉 . (10)

The PDI cross section

σ 2+
γ (k f ) = Cγ

∑
L f

πk f |DL f (k f )|2 = Cγ πki|d1s(ki )|2

×
⎡
⎣π2kik f

∑
n f l f L

|〈Lkn f l f ‖TJS‖1s+kiL
′〉|2

⎤
⎦

= k2
i

3π
σ+

γ (ki )
ε f >0∑
n f l f

σ+
e,1s→n f l f

(k f , ki ). (11)

Here we used the electron scattering cross section (8) in which
we isolated the singlet component S = 0. It is the statistical
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FIG. 2. Electron impact ionization cross section σ+
e,J of the Li+

ion. RPAE calculations with various multiplicities J = 0, 1, 2, 3 and
their sum

∑3
J=0 are displayed along with the dipole J = 1 and total∑

J CCC calculations from [21].

spin factor 1/4 that differentiates Eqs. (7) and (11), which
otherwise are identical. The occurrence of this factor is related
to different representations of the two-electron target in RPAE
and CCC. In the former, the ground atomic state is considered
as a spin zero S = 0 “vacuum” with neither holes nor particles
present. In the latter, the two particles are always present
during the collision process and can be coupled to both the
S = 0, 1 spin states.

III. RESULTS AND DISCUSSION

To ensure compatibility of the CCC and RPAE approaches,
we demonstrate that the (e, 2e) process is treated similarly
in both models. This test is illustrated graphically in Fig. 2
where we plot various multipole components of the electron
impact ionization cross sections σ+

e,J on the Li+ ion in its 1s2

ground state. Here we show the RPAE cross sections restricted
to various multiplicities J = 0, 1, 2, 3 and their sum

∑3
J=0.

We also show the CCC results in the dipole channel J = 1
and that summed over all the multiplicities

∑
J . The latter

result is found to be in perfect agreement with the experi-
ment [21]. Figure 2 shows clearly the difference between the
total electron impact ionization cross section and its dipole
J = 1 component, which is only a small fraction of it. So
the scalings using empirical expression (1) and the analytical
expression (7) must be very different. Second, the dipole
components of the RPAE and CCC are quite close, which
serves as a test of the compatibility of these two approaches
for electron scattering on the closed-shell targets.

Having conducted this test, we proceed with our scaling
analysis. First, we analyze our CCC results for PDI of the
two-electron He-like targets. In Fig. 3 we show the double-
to-single photoionization cross-section ratios σ 2+

γ /σ+
γ in He,

Li+ [12], and Mg10+ [5] (from top to bottom). In the same
figures, we display the respective electron impact ionization
cross sections in the dipole channel σ+

e,J=1 scaled either
statically with (πr2)−1 or dynamically with k2. While both
scalings work perfectly well near the threshold, the static
scaling goes significantly under the PDI ratio for all targets at
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FIG. 3. CCC calculations for the double-to-single σ 2+
γ /σ+

γ pho-
toionization cross-section ratios in He, Li+ [12], and Mg10+ [5] (from
top to bottom). The products of σ+

e with (πr2)−1 and k2 are also
displayed. The excess energy is shown in eV (bottom axis) and in
units of the ionic binding energy I+

p (top axis). Experimental data for
PDI of He are from [22]. Numerical values of 〈r〉 used for scaling
theoretical PDI to (e, 2e) are 0.7 (He), 0.47 (Li+), 0.36 (Be2+,
not shown), and 0.11 (Mg10+) whereas the corresponding analytical
values are 0.75, 0.5, 0.375, and 0.125.

approximately ∼0.1I+
p away from the threshold. The dynamic

scaling, which hinges on the pole approximation, overshoots
the PDI ratio at modest excess energies E � I+

p but works
progressively better as the ionic charge of the target increases.
It becomes nearly perfect for Mg10+ up to 10I+

p .
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FIG. 4. RPAE calculations for σ 2+
γ /σ+

γ photoionization cross-
section ratio (top) and PDI cross section σ 2+

γ (bottom) in the F− ion.
Experimental data are displayed with blue absolute error bars, green
statistical error bars, and black dots representing a normalized scan
as in Fig. 4 of Ref. [9].

It is not coincidental that the static and dynamic scalings
merge near the threshold. Indeed, for electron impact ion-
ization of hydrogenic ions that is related to PDI of He-like
targets, 〈r2〉 = 3/Z2 and k2 = Z2 near the threshold. Hence
we can transform Eq. (11) into

σ 2+
γ

σ+
γ

= k2

3π
σ+

e = 1

π〈r2〉σ
+
e . (12)

This is almost identical to Eq. (1) as σ 2+
γ + σ+

γ ≈ σ+
γ near the

PDI threshold where σ 2+
γ vanishes. Similarly, higher multi-

plicities of σ+
e,J>1 are suppressed near threshold by the cen-

trifugal barrier, and the dipole cross section can be substituted
with the total one.

We continue our scaling analysis in Fig. 4, where we
display the double-to-single σ 2+

γ /σ+
γ photoionization cross-

section ratio (top) and the PDI cross section σ 2+
γ (bottom)

in the F− ion. The single photoionization cross section σ+
γ

of the K shell of the F atom is taken from [23] and scaled
empirically by a factor of 1.4 to match the experiment on
F−. Comparison for σ 2+

γ is made with the experimental data
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displayed in Fig. 4 of [13]. We see that the dynamic scaling
of the (e, 2e) cross section makes a nearly perfect agreement
with the experiment over the whole accessible photon energy
range. In the meantime, the static scaling only matches the
experimental data near the threshold.

Results displayed in Figs. 3 and 4 are very indicative. The
electron impact ionization is indeed the driver of the PDI
by the KO process in a fairly wide range of photon energies.
The scaling of PDI to (e, 2e) with the k2 factor is general.
The target-dependent (πr2)−1 scaling is the special case of
the dynamic k2 scaling which holds near the PDI threshold.
Sooner or later, sufficiently far away from the PDI threshold,
the SO process will take over. And it will mark the breakup
of the PDI proportionality to (e, 2e). In the inner atomic
shells, the scaling of PDI to (e, 2e) is extended sufficiently
far because the pole approximation holds well for these inner-
shell PDI processes. In addition, the first-order perturbative
treatment of the electron-electron interaction displayed in
Fig. 1 becomes more justifiable. In particular, in the He-like
Mg10+ ion, this proportionality holds at photon energies up to
5 ionic ionization potentials. In the F− ion, it is maintained up
to 10I+

p . The asymptotic double-to-single ratio in this target

σ 2+
γ /σ+

γ |ω→∞ � 2%. This ratio is calculated via the overlaps
of the atomic and ionic orbitals obtained with the GRASP

code [24]. It is less than 10% of the peak value. So this limit
and the onset of the SO process are reached well outside the
experimentally accessible photon energy range. It is for this
reason that the proportionality of the PDI to (e, 2e) holds so
well in the experiment [9].

More generally, (e, 2e) calculations on many-electron tar-
gets are much less computationally demanding than PDI
calculations. Hence a universal dynamic scaling of PDI to
(e, 2e) in inner atomic shells opens a wide avenue for theoret-
ical interpretation of high photon energy experiments. These
experiments now have become accessible with the advent of
high-brightness x-ray synchrotron radiation sources [25] in
combination with state-of-the-art experimental techniques [9].
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