
PHYSICAL REVIEW A 101, 023835 (2020)

High-fidelity photon-subtraction operation for large-photon-number Fock states
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The statistics of photon-subtracted and photon-added states has several important applications in quantum
optics and quantum information science. In this study, we propose a scheme for a photon-subtraction operation
with SU(1,1) beam splitters. We demonstrate that our scheme overcomes the exponential decaying trend of
fidelity and works exceptionally well for quantum states with a large number of photons. Moreover, our scheme
is effective even with realistic on-off photon detectors and the heralded single-photon source. Thus, our scheme
can serve as a useful tool for manipulating the number of photons in bright coherent states and strongly squeezed
states in the future.
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I. INTRODUCTION

Photon annihilation â and photon creation â† are two
widely used noncommutative operations in quantum optics
[1], with several applications in continuous-variable quan-
tum information processing [2]. For example, these oper-
ators have been applied in fundamental tests for noncom-
mutation [3], quantum illumination with low error probabil-
ity [4,5], continuous-variable entanglement distillation [6,7],
high-fidelity noiseless amplifier [8], coherence-preserving
non-Gaussian quantum channel [9], Bell-inequality violation
with non-Gaussian entanglement [10,11], and continuous-
variable Bose sampling [12].

The ideal photon-annihilation and -creation operations
are nonphysical operations, and realistic schemes for these
operations have been implemented with conventional beam
splitters (BSs) and photon detectors [13–15]. Nevertheless, all
of these schemes are restricted to weak input states within
few-photon subspace (|ψ〉 = ∑D−1

i=0 ci|i〉, D � 10). Conse-
quently, the realization of photon-annihilation and -creation
operations for large-photon-number subspace is missing.
However, the recent breakthrough in the preparation of a
single-mode squeezed vacuum state has entered a regime
of 15 dB [16]. Here, the average number of photons was
n̄ = 7.41 and a 70-dimensional subspace of |0〉, |1〉, . . . , |69〉
was required to simulate the non-negligible population. The
photon-annihilation and -creation operations, originally de-
signed for a small photon population, are not adequate for
Fock states with a large number of photons. In this study,
we propose a scheme using a SU(1,1) beam splitter (SBS) to
realize single-photon subtraction for large Fock states.

Recently, SBS has garnered considerable attention in quan-
tum metrology for enhancing the robustness [17,18] and pre-
cision [19–22]. Actually, the study of SBS dates back to the
1980s. Yurke et al. [23] introduced a new class of interfer-
ometer in 1986, which could be characterized by the SU(1,1)
group. This interferometer can be implemented with active
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lossless devices such as four-wave mixers. Subsequently,
Brief and Mann showed that a SU(1,1) interferometer could
be used to enhance the phase sensitivity [24]. Moreover, it
has been shown that the phase measurement with SBS can
even achieve a precision that scales as the Heisenberg limit
[25]. Incidentally, in a separate line of research, the SU(1,1)
group has also triggered a number of studies for the so-called
intelligent state, which minimizes the uncertainly relations for
the Hermitian generators of the related Lie group [26–32].

Here, we show that the proposed SBS-based scheme can
surmount the exponential decaying trend of fidelity in the
photon-subtraction operation, which is often observed with
conventional BS. Thus, our scheme provides a powerful tool
for realizing the photon subtraction of large Fock states
(N ∼ 100).

The rest of this paper is organized as follows. Section II
shows the basic schemes of photon subtraction based on
conventional BS and SBS. In Sec. III, we use the superposition
state, bright coherent state, and strongly squeezed vacuum
state as three examples to analyze the performance of the
proposed SBS-based photon-subtraction scheme. Section IV
is devoted to the performance analysis when the ideal single-
photon detectors are replaced with on-off photon detectors.
The robustness of the proposed scheme with a realistic single-
photon source is validated in Sec. V. Section VI is devoted to
a detailed analysis of the SBS-based scheme in the presence
of detector inefficiency and dark-count rate. Finally, the study
is concluded in Sec. VII.

II. PHOTON-SUBTRACTION OPERATION FOR FOCK
STATES WITH SMALL AND LARGE NUMBER OF

PHOTONS

Figure 1(a) shows the existing scheme of photon subtrac-
tion for a Fock state with a small number of photons, which
is implemented using a conventional BS with transmittance
T . Here, photon subtraction is a probabilistic operation. The
operation is successful if the detector registers a single-photon
count.
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FIG. 1. (a) Schematic of photon-subtraction operation with a
conventional BS and single-photon detector. (b) Schematic of
photon-subtraction operation for a large-photon-number Fock state
with SBS and single-photon ancilla. BS denotes the conventional
beam splitter with transmittance T and SBS denotes the SU(1,1)
beam splitter with parameter r.

For convenience, we start with the Fock state |ψ〉 = |n〉.
The coupling between |n〉 and vacuum state |0〉 can be ex-
pressed as

|ψ (a)〉AB = UBS(T )|n〉|0〉 = eθ0(âb̂†−â†b̂)|n〉|0〉, (1)

where θ0 = arctan[
√

(1 − T )/T ], â and b̂ are photon-
annihilation operators for the two interacting optical modes.
After direct calculation, we obtain [33]

|ψ (a)〉AB =
n∑

k=0

√(
n

k

)
(T )

n−k
2 (1 − T )

k
2 |n − k〉A|k〉B. (2)

The state |ψ (a)〉AB is a superposition of |n − k, k〉. If k = 1,
then one sees that the corresponding optical mode A is now
left to the |n − 1〉 state. Actually, this is the working principle
of the conventional scheme for photon subtraction. Mathemat-
ically, this can be expressed as a nonunitary transformation,

|n〉 →B 〈1|ψ (a)〉AB = g1(n)|n − 1〉, (3)

where

g1(n) =
√

n(1 − T )

T
T

n
2 . (4)

Thus, a single photon is subtracted from the input Fock
state |n〉. For a pure Fock state |n〉, the coefficient g1(n) can
be canceled by normalization. However, for a superposition
state |ψ〉 = ∑

n cn|n〉, the output state (before normalization)
follows |ψ ′〉 = ∑

n cng1(n)|n − 1〉. For 0 < T < 1, an expo-
nentially decaying term T n/2 rapidly decreases the fidelity of
the actual photon-subtraction operation.

We now focus on the SBS-based scheme shown in
Fig. 1(b). Here, an ancillary single-photon state is required.
In contrast to the earlier scheme, the zero-photon count in the
detector is enough to herald a successful photon-subtraction
operation. Here also, we assume that the input Fock state is
|ψ〉 = |n〉 for simplicity. Now, the coupling can be given by

|ψ (b)〉AB = US (r)|n〉A|1〉B, (5)

where US (r) = er(â†b̂†−âb̂). Using straightforward algebra, we
obtain

US (r)â†US (r)† = â† cosh(r) − b sinh(r), (6)

US (r)b̂†US (r)† = b̂† cosh(r) − â sinh(r), (7)

and

|ψ (b)〉AB = 1√
n!

[US (r)â†US (r)†]nUS (r)b̂†US (r)†|ψ00〉, (8)

where |ψ00〉 = US (r)|00〉 = ∑∞
p=0

√
1 − λ2λp|p〉|p〉 is the

two-mode squeezed vacuum state and λ = tanh(r) is the
squeezing parameter. Using Eqs. (6)–(8), we get

|ψ (b)〉AB

=
∞∑

p=0

√
1 − λ2

√
n!

n∑
k=0

h1(n, k, p)|p + k, p + 1 − (n − k)〉〉

+
∞∑

p′=0

√
1 − λ2

√
n!

n∑
k=0

h2(n, k, p′)|p′ + k −1, p′−(n − k)〉,

(9)

where

h1(n, k, p) = λp

(
n

k

)
cosh(r)k+1[− sinh(r)]n−k (p + 1)

×
√

(p + k)!

[p + 1 − (n − k)]!
, (10)

h2(n, k, p′) = λp′
(

n

k

)
cosh(r)k[− sinh(r)]n−k+1 p′

×
√

(p′ + k − 1)!

[p′ − (n − k)]!
. (11)

From Eq. (9), it follows that |ψ (b)〉AB is a superposition,

c0|n − 1〉A|0〉B + c1|n〉A|1〉B + c2|n + 1〉A|2〉B

+|n + 2〉A|3〉B · · · (12)

Thus, if we project the optical mode B to |0〉, we obtain a
state, i.e., |n − 1〉A in optical mode A, which is the single-
photon-subtracted state if |n〉 is the input state in optical mode
A. Mathematically, by setting p = n − k − 1 and p′ = n − k,
one obtains

B〈0|ψ (b)〉AB

=
√

1 − λ2

√
n!

[h1(n, k, n − k − 1) + h2(n, k, n − k)]

= g2(n)|n − 1〉, (13)

where

g2(n) =
n∑

k=0

(
n

k

)
n − k√

n
(−1)n−k sinh(r)2n−1−2k cosh(r)2k−n−1.

(14)

It may be noted that we have only considered the case
in which the optical mode B is projected to a vacuum state.
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FIG. 2. g0(n) = √
n, g1(n), and g2(n) (in logarithmic scale) as

a function of the number of photons (n). Remaining parameters:
(a) T = 0.80, r = 0.03; (b) T = 0.85, r = 0.05; (c) T = 0.90, r =
0.10; (d) T = 0.95, r = 0.15.

Actually, there are some other cases as well in which B is
projected to a nonvacuum state. Thus, our photon subtraction
is a probabilistic postselection process, selecting only the case
in which B is projected to the |0〉 state.

g2(n) is affected by two interesting trends. First,
sinh(r)2n−1−2k (r � 1) exponentially decreases for k � n,
where n is very large. Second, cosh(r)2k−n−2 and the binomial
coefficient

(n
k

)
exponentially increase for k � n/2, where n is

large. These two contradicting effects finally result in a slowly
varying function g2(n).

Figure 2 compares the values of g1(n) and g2(n) (in loga-
rithmic scale) for typical combinations of T and r. The ideal
photon subtraction â|n〉 = √

n|n − 1〉 ≡ g0(n)|n − 1〉 is rep-
resented with black dotted lines. g1(n) decays exponentially
for all values of T (0.80, 0.85, 0.90, and 0.95). However, for
r ∼ 0.03−0.10, a slowly varying trend of g2(n) is observed.
This proves that the SBS-based scheme is a viable candidate
to realize photon subtraction for a large photon population.

III. EXAMPLES OF PHOTON-SUBTRACTION OPERATION

The slowly varying term g2(n) provides some insights to
implement the photon-subtraction operation in the regime of
large-photon-number Fock states. We now consider a super-
position state, bright coherent state, and strongly squeezed
vacuum state as examples for investigating the performance
of the proposed scheme in realistic scenarios.

FIG. 3. Fidelity for ideal photon subtraction on a (a) superpo-
sition state [Eq. (15)], (b) bright coherent state [Eq. (18)], and
(c) strong single-mode squeezed vacuum state [Eq. (19)]. Other
parameters: T = 0.90 and r = 0.05. Photons in each mode are
truncated within a 200-dimensional subspace of {|0〉, |1〉, . . . , |199〉}
for numerical convergence and computation feasibility.

A. Superposition states

Let us start with an equal superposition state,

|ψ1〉 = 1√
2

(|1〉 + |N + 1〉). (15)

After ideal photon subtraction and normalization, we obtain∣∣ψout
1

〉 = â|ψ1〉√
〈ψ1|â†â|ψ1〉

= |0〉 + √
N + 1|N〉√

N + 2
. (16)

Here, the schemes shown in Figs. 1(a) and 1(b) are used
to perform the photon-subtraction operation on |ψ1〉. Let the
output states (after normalization) be |ψ (a)out

1 〉 and |ψ (b)out
1 〉,

respectively. The performance of these two schemes can be
evaluated in terms of fidelity, which is defined as follows:

F (a)
1 = ∣∣〈ψout

1

∣∣ψ (a)out
1

〉∣∣2
, F (b)

1 = ∣∣〈ψout
1

∣∣ψ (b)out
1

〉∣∣2
. (17)

Figure 3(a) illustrates the variation of F (a)
1 and F (b)

1 as
a function of N . The fidelity for the scheme of Fig. 1(b)
outperforms that of Fig. 1(a). Consider the superposition state
|ψ1〉(N = 60) as an example. For the scheme in Fig. 1(a) with
conventional BS and T = 0.90, an ideal single-photon
detection in mode B projects the state in mode A to
B〈1|UBS(T )|ψ1〉|0〉 = 1√

2
{[〈0|〈1|UBS(T )|1〉|0〉]|0〉 + [〈60|〈1|

UBS(T )|61〉|0〉]|1〉} =
√

1−T
2 [|0〉 + √

61(T 30)|60〉] ∝ (|0〉 +√
61 × 0.0424|60〉). It is clear that the term T 30 = 0.9030 =
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0.0424 significantly reduces the coefficient of |60〉. After
normalization, the fidelity F (a)

1 = 0.1847. However, if a
nonlinear BS with r = 0.05 is used, the projection of
optical mode B to |0〉 induces a state B〈0|US (r)|ψ1〉|1〉 =

1√
2
{[〈0|〈0|US (r)|1〉|1〉]|0〉 + [〈60|〈0|US (r)|61〉|1〉]|1〉} = 1√

2

(0.0499|0〉+0.3616|60〉)∝(|0〉+√
61 × 0.9288|60〉), which

gives a fidelity F (b)
1 of 0.9998 with respect to |ψout

1 〉.
Furthermore, even for superposition of the higher Fock
state with N = 100, a high fidelity, i.e., F (b)

1 > 0.9990, can be
obtained.

B. Bright coherent states

The coherent state, also called the “Glauber coherent state”
[34], plays a vital role in quantum optics. It is the eigenstate
of the annihilation operation â|α〉 = α|α〉. In the Fock-state
basis, a coherent state can be written as

|α〉 =
∞∑

n=0

e−|α|2/2αn

√
n!

|n〉. (18)

Here, we assume that |ψ2〉 = |α〉 and that the ideal photon-
subtraction operation generates |ψout

2 〉 = |ψ2〉 = |α〉. The
photon-subtraction operation with the schemes of Figs. 1(a)
and 1(b) generates |ψ (a)out

2 〉 and |ψ (b)out
2 〉, respectively. Fig-

ure 3(b) shows the corresponding fidelities F (a)
2 and F (b)

2 as
a function of the average photon number, nα = |α|2. Numer-
ical calculations show that the proposed scheme for photon
subtraction works exceptionally well even for bright coherent
states (F (b)

2 = 0.9999, nα = 70).

C. Strong single-mode squeezed vacuum state

Recently, a strong single-mode squeezed vacuum state at
15 dB classical noise was successfully generated [16]. It is
quite interesting to investigate the performance and fidelity of
the SBS-based photon-subtraction scheme for a single-mode
squeezed vacuum state. We assume that

|ψ3〉 = 1√
cosh(r′)

∞∑
k=0

√
(2k)!

k!

[
tanh(r′)

2

]k

|2k〉. (19)

The squeezing of |ψ3〉 (measured in dB) and the average
photon number are expressed as

SdB = 20r log10 e, 〈n〉 = sinh(r′)2. (20)

The corresponding fidelities F (a)
3 and F (b)

3 are numerically
evaluated for varying squeezing levels. As shown in Fig. 3(c),
the fidelity of the conventional BS-based scheme decreases
rapidly when the squeezing (dB) is linearly increased. How-
ever, the SBS-based scheme is efficient even for a strong
squeezing regime (e.g., F (b)

3 = 0.9968 for 20 dB squeezing).

IV. SCHEME WITH ON-OFF PHOTON DETECTORS

The scheme in Fig. 1(a) requires a single-photon detector
to identify a single-photon state |1〉 in the ancillary optical
mode. The scheme in Fig. 1(b) requires an additional single-
photon source. Here, we compare the performance of these
two schemes by replacing the photon detectors in Fig. 1 with
more realistic on-off photon detectors. The on-off photon
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FIG. 4. (a) Fidelity and (b) success probability of the photon-
subtraction operation in Fig. 1(a). SPD denotes the ideal single-
photon detector and on-off denotes the on-off photon detectors. Pho-
tons in each mode are truncated within a 200-dimensional subspace.
Here, T = 0.86.

detectors just provide “on” and “off” results, indicating the
detection of one or more photons and no photons, respectively
[35].

The successful photon subtraction for the scheme in
Fig. 1(a) is realized if the relevant photon detector registers an
“on” result. Physically, the “on” result projects the ancillary
optical mode on the nonvacuum subspace, and the output state
is a mixed state, which can be expressed as

ρ
(a)
A = ρ

(a)
A,reduce/Psucc, Psucc = Tr

[
ρ

(a)
A,reduce

]
, (21a)

ρ
(a)
A,reduce = TrB[|ψAB〉〈ψAB|(I ⊗ �̂(on))], (21b)

where �̂(on) = I − |0〉〈0| = ∑∞
k=1 |k〉〈k|, and TrB[·] is the

partial trace of the optical mode B. |ψAB〉 = |ψ〉 ⊗ |0〉 is a
Kronecker product of the state being photon subtracted and
vacuum ancilla. The fidelity of our scheme is defined as
F = 〈ψout|ρA|ψout〉, where |ψout〉 = â|ψ〉/

√
〈ψ |â†â|ψ〉 is the

output of the ideal photon subtraction. It should be noted that
the performance of the scheme in Fig. 1(a) is strongly affected
by the on-off detectors because, for a large number of photons,
more photons arrive at the BSs and are directed to these
detectors. The contribution of the |2〉〈2|, |3〉〈3|, |4〉〈4|, . . .
states is also registered by the on-off detector. Therefore, the
“on” result in such a detector cannot be attributed to a pure
|1〉〈1| projection.

Figure 4 shows the degradation of fidelity in the conven-
tional BS-based scheme [Fig. 1(a)] to realize the subtraction
of a single photon from the superposition state in Eq. (15). It is
evident that the fidelity degrades significantly when the ideal
single-photon detector is replaced with an on-off detector.
However, such a loss of fidelity is accompanied by an increase
in the success probability.
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The successful photon subtraction for the scheme in
Fig. 1(b) is realized if the on-off photon detector registers the
“off” result. Mathematically, we have

ρ
(b)
A = ρ

(b)
A,reduce/Psucc, Psucc = Tr

[
ρ

(b)
A,reduce

]
, (22a)

ρ
(b)
A,reduce = TrB[US (r)(|ψ〉〈ψ | ⊗ |1〉〈1|)US (r)†(I ⊗ �̂(off) )],

(22b)

where �̂(off) = |0〉〈0|, and TrB[·] denotes taking the partial
trace of the optical mode B. |ψ〉 is again the state being
photon subtracted. ρ

(b)
A,reduce is the unnormalized state and the

normalization factor of ρ
(b)
A,reduce is the probability of successful

photon subtraction.
It is clear from Eq. (22b) that the projection on �̂(off) in

the practical scheme with the on-off detector is exactly the
same as that on |0〉〈0| in the single-photon detector scheme
[Fig. 1(b)]. Therefore, the fidelity of the proposed SBS-based
scheme is not degraded if the single-photon detector is re-
placed with the on-off photon detector.

V. SCHEME WITH NONIDEAL SINGLE-PHOTON SOURCE

The SBS-based scheme requires an additional single-
photon source. It is quite interesting to investigate the per-
formance of photon subtraction in the presence of a nonideal
single-photon source. Equation (22b) is still valid here, except
that the ideal single-photon state |1〉〈1| is replaced by a mixed
state ρB, which is the density matrix of a realistic single-
photon source.

Several single-photon sources using single emitters such as
a single atom [36,37], single molecule [38], nitrogen-vacancy
center [39,40], and semiconductor quantum dot [41] have
been proposed and experimentally verified. Here, we focus
on a heralded single-photon source, which is generated by a
two-mode squeezed state. Such states have been widely used
in quantum cryptography [42–46] and quantum information
processing [47,48]. The density matrix for a heralded single-
photon source is

ρB =
∞∑

k=1

(1 − λ′2)λ′(2k−2)|k〉〈k|, (23)

where 0 < λ′ < 1 is a parameter related to the squeezing in
the photon-number correlated state. For λ′ → 0, ρB → |1〉〈1|
is the true single-photon state. For λ′ > 0, a multiphoton state
contributes to ρB, which degrades the fidelity of the SBS-
based photon-subtraction scheme. This is because a multi-
photon state in ρB, say |2〉〈2|, definitely generates two-photon
subtraction, which is clear from

TrB[US (r)(|n〉〈n| ⊗ |2〉〈2|)US (r)†(I ⊗ �̂(off) )]

= g̃ (2)(n)|n − 2〉〈n − 2|. (24)

Thus, two-photon subtraction can also occur along with
single-photon subtraction in the final output. Figure 5 shows
the evaluated fidelity of photon subtraction for different val-
ues of λ′. As expected, the fidelity degrades slightly as λ′
increases. However, the fidelity of the SBS-based scheme is
still high (F (b)

2 = 〈ψout
1 |ρ (b)

A,reduce|ψout
1 〉 = 0.9888 for N = 100

FIG. 5. (a) Fidelity and (b) success probability of the photon-
subtraction operation with more realistic dichotic on-off photon
detectors and heralded single-photon source for varying λ′. The input
state to be photon subtracted is the superposition state given by
Eq. (15). From top to bottom: λ′ = 0.05, 0.10, 0.15, 0.20, 0.25, 0.30.
Photons in each mode are truncated within a 200-dimensional sub-
space. Here, r = 0.05.

and λ′ = 0.3). Moreover, the success probability is negligibly
affected due to the heralded single-photon state.

VI. PRACTICALITY OF THE SCHEME: SBS WITH WEAK
COUPLING AND PHOTON DETECTOR WITH

DARK-COUNT RATE

For a detailed analysis of the practical applications of
our scheme, we consider a scenario where SBS with weak
coupling and photon detector with dark-count rate are used.
Experimentally, a SBS can be implemented with optical para-
metric amplification (OPA) [18,22,49–51]. A recent exper-
imental study using a Mach-Zehnder (MZ) interferometer
with SBS has demonstrated an improvement of 4.1 dB in
the signal-to-noise ratio compared with that in a conventional
interferometer under the same operating conditions [51].

Hudelist et al. [51] realized an OPA experiment with a gain
of G = cosh(r) = 1.6583 using a Rb-85 vapor cell. This cor-
responds to r = 1.0923. However, in our scheme, we do not
need such a high gain. A small gain, i.e., G = cosh(0.05) =
1.0013, is sufficient. Thus, in principle, our scheme can be
implemented with weak processes such as parametric down
conversion [52].

Detection efficiency and dark counts are other factors
that should be considered for a realistic photon-subtraction
scheme. The proposed scheme is more efficient if the detector
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FIG. 6. Realistic scheme of photon subtraction with a conven-
tional superconducting detector. λ′ represents the parameter for a
heralded single-photon state in optical mode B. �̂0 and �̂1 are the
elements of the POVM for the superconducting detector.

that is employed has a high quantum efficiency. We now focus
our attention on the superconducting detector.

Superconducting nanowire single-photon detectors
(SNSPDs) exhibit several advantages, including high
detection efficiency, low dark-count rate, and low time
jitter. This provides us with a chance to evaluate the practical
performance of our scheme with state-of-the-art commercial
equipment. A schematic of our photon-subtraction scheme
is shown in Fig. 6, where we assume that the heralded
single photon and the projection to vacuum state |0〉〈0| are
implemented by two independent SNSPDs.

According to quantum measurement theory [53,54], a
SNSPD with nonunity detection efficiency η and dark count
ν can be expressed by positive operator-valued measure
(POVM) [55],

�̂n =
∞∑

m=n

�nm|m〉〈m|, (25)

�nm = e−ν
∑

j

ν j

j!
B(n− j)m, (26)

Bnm =
(

m

n

)
ηn(1 − η)m−n, (27)

n = 0, 1, 2, . . . . (28)

Here, dark counts indicate the registered counts without any

incident photon. In this paper, we have assumed that dark
counts follow Poissonian statistics with mean number ν. For
example, if we consider a SNSPD, the typical parameters
for detecting a single photon at 800 nm are η � 0.95 and
ν � 1 × 10−7 [56].

In this case, the heralded single photon is generated when
D2 registers “1” as the result. This is mathematically equiva-
lent to projecting the relevant optical mode C to �̂1. Similar
to Fig. 1(b), successful photon subtraction happens when D1

registers a “0” result.
The output state after photon subtraction with a supercon-

ducting detector is given by

ρ
(SBS)
A = 1

P01
TrBC

[
US|ψtot〉〈ψtot|U †

S

(
�̂

(B)
0 ⊗ �̂

(C)
1

)]
, (29)

FIG. 7. Fidelity of SBS-based photon subtraction on |ψ1〉 (N =
100) as a function of detection efficiency η and dark count ν. Other
parameters: λ′ = 0.05 and r = 0.10. All photons are truncated within
200-dimensional subspace spanned by {|0〉, |1〉, |2〉, . . . , |199〉}.

where

P01 = Tr
[
US|ψtot〉〈ψtot|U †

S

(
�̂

(B)
0 ⊗ �̂

(C)
1

)]
, (30)

and |ψtot〉 is the initial state of optical modes A and B − C,
which is expressed as

|ψtot〉 = |ψ〉 ⊗
∞∑

k=0

√
1 − λ′2λ′k|k〉|k〉. (31)

Here, we consider the superposition state |ψ1〉 [Eq. (15),
N = 100] as the input state. The output state for ideal photon
subtraction is |ψout

1 〉 = 0.0990|0〉 + 0.9950|100〉. As an ex-
ample, we use the scheme in Fig. 6 with SBS implemented
by OPA where gain G = cosh(0.05) = 1.0013 and the sin-
gle photon is heralded with parameter λ′ = 0.05. Parametric
down conversion with λ′ = 0.05 can be implemented accord-
ing to the recent advancement in experimental techniques
[57]. The fidelity of the heralded single photon in the outgoing
mode B is 1 − λ′2. Thus, a weaker parametric down conver-
sion can induce a higher fidelity for an ideal single-photon
state.

The performance of our photon-subtraction scheme as
a function of detection efficiency η and dark count ν is
shown in Fig. 7. It is evident that the fidelity of our scheme
is severely affected by the detector inefficiency. This is
because the success of our photon-subtraction scheme relies
on the projection of the ancillary outgoing mode B to
vacuum mode |0〉〈0|. However, |1〉〈1| and |2〉〈2| are still
present in �̂0 [Eq. (25)] because the efficiency η < 1. This
erroneously generates undesired population of the output state
in |1〉, |2〉, |101〉, |102〉 if the initial state is (|1〉 + |100〉)/

√
2.

When η = 0.95 and ν = 1.25 × 10−7, the output state is
ρ

(SBS)
A = 0.0232|0〉〈0| + 0.1415|0〉〈100| + 0.1415|100〉〈0| +

0.8632|100〉〈100| + 0.1121|1〉〈1| + 0.0010|102〉〈102| · · · .
Here, the populations |1〉〈1| and |102〉〈102| are evident,
which cause a degradation of fidelity to F = 0.8828.

023835-6
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FIG. 8. Fidelity of BS-based photon subtraction on |ψ1〉 (N =
100) as a function of detection efficiency η and dark count ν.
Here, T = 0.90. All photons are truncated within 200-dimensional
subspace spanned by {|0〉, |1〉, |2〉, . . . , |199〉}.

Fortunately, our scheme still shows a sharp contrast with
the conventional PS scheme. Specifically, if the same SNSPD
is used to replace the detector in Fig. 1(a) and to distill the
state |ψ1〉 with N = 100, the output state is given by

ρ
(BS)
A = 1

psucc
TrB[UBS(|ψ1〉〈ψ1| ⊗ |0〉〈0|)U †

BS�̂1], (32)

where psucc = Tr[UBS(|ψ1〉〈ψ1| ⊗ |0〉〈0|)U †
BS�̂1]. For η =

0.95, ν = 1.25 × 10−7, and T = 0.90, we obtain ρ
(BS)
A =

0.9954|0〉〈0| + 0.0027|100〉〈100| + 0.0015|99〉〈99| +0.0516
(|0〉〈100| + |100〉〈0|) + · · · and the fidelity is F =
〈ψout

1 |ρ (BS)
A |ψout

1 〉 = 0.0226, which is much smaller than

that of the SBS-based scheme in Fig. 6. The fidelity of
photon subtraction with the scheme in Fig. 1(a) along
with SNSPD for different parameters (η, ν) is shown in
Fig. 8. Again, the fidelity is almost immune to variation of
ν : 1 × 10−7−1 × 10−6. It is more sensitive to the detection
inefficiency. For ν = 1 × 10−6, the fidelity decreases from
0.0226 to 0.0188 as η decreases from 0.99 to 0.60. However,
the overall fidelity is extremely low compared to that of the
SBS-based scheme. This suggests that SBS-based photon
subtraction is more efficient for photon subtraction on large
Fock states.

VII. CONCLUSIONS

We proposed a SBS-based scheme to implement the
photon-subtraction operation for Fock states with a large
number of photons. This scheme uses a single-photon ancilla,
and its fidelity with the ideal single-photon state is F ∼ 0.99,
even for N ∼ 100. We also used a bright coherent state and
strong single-mode squeezed state as examples to assess the
performance of this scheme. Our numerical results confirmed
the high fidelity of the SBS-based photon-subtraction opera-
tion. Finally, we analyzed the performance of the proposed
scheme with more realistic on-off photon detectors, heralded
single-photon source, detector inefficiency, and dark-count
rate. Our work provides an interesting application of SBS,
and we believe that our investigation of the photon-subtraction
operation can be further extended to other non-Gaussian oper-
ations such as photon creation and photon catalysis [58–60].
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