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Improving photon antibunching with two dipole-coupled atoms
in whispering-gallery-mode microresonators
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In the two-atom or multiatom system, the atoms can interact with each other through exchange of virtual
photon. This kind of energy exchange is often referred as the dipole-dipole interaction (DDI). Here we
consider this DDI system consisting of a pair of two-level atoms strongly coupled with a bimodal whispering-
gallery-mode (WGM) microresonator which is driven by an external laser field. Our aim is to explore the
photon correlation characteristics of the proposed architecture using realistic experimental parameter values.
We compare in detail the quality of photon antibunching (i.e., the smallness of the second-order correlation
function) from three involved configurations in cavity quantum electrodynamics (QED): (i) only one two-level
atom, (ii) two far apart two-level atoms without DDI, and (iii) two DDI (dipole-coupled) two-level atoms are
respectively coupled to the driven WGM microresonator through the evanescent field. We clearly show that the
DDI between both atoms can distinctly enhance the photon antibunching even in the weak-coupling regime in
configuration (iii) with feature-rich line shapes. We also find that the photon antibunching can be modulated by
properly adjusting the atom-cavity coupling strength. In addition, we display that this strong photon antibunching
is robust against the cooperative atomic decay. Our DDI-based cavity QED scheme may provide an alternative
way to the construction of integrated on-chip single-photon sources.

DOI: 10.1103/PhysRevA.101.023810

I. INTRODUCTION

In recent years, the study of single-photon sources in
quantum physics has attracted a great deal of attention due
to their potential applications in quantum metrology [1],
quantum computation [2,3], quantum simulation [4,5], and
quantum communication and networking [6,7], etc. The pre-
fect single-photon sources can be obtained by the physical
mechanism of photon blockade, for which a first photon
within an optical system blocks the excitation of a second
one, corresponding to an orderly output of photons one by
one with strong photon antibunching. So far, two types of
methods, (1) the conventional photon blockade (CPB) and
(2) the unconventional photon blockade (UPB), can be used
to produce the photon blockade. The CPB mainly arises
from the quantum anharmonicity ladder of energy spectrum
that can be introduced via strong nonlinear interactions be-
tween single photons. Such a quantum optical phenomenon
has been reported in many different architectures within the
strong-coupling regime, such as the cavity quantum electro-
dynamics (QED) systems [8—15], quantum optomechanical
systems [16,17], circuit-QED systems [18-20], waveguide-
QED systems [21,22], qubit-cavity coupled systems [23],
spinning Kerr resonator systems [24], and others. The physical
mechanism of the UPB is completely different from that of
the CPB described above; nevertheless, it can give rise to
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strong photon antibunching in the cavity QED even in the
presence of much weaker nonlinearities [25]. This achieved
strong antibunching is attributed to the destructive quantum
interference between different excitation pathways [26-32].
Many studies based on UPB mechanism have been proposed
in coupled microcavities with second-order x® and third-
order x ® nonlinearities [33—36], weakly nonlinear photnonic
molecules [37], and bimodal QED systems [38,39]. With the
improvement of experimental conditions, the UPB has been
confirmed experimentally by two different groups [40,41].
These studies open a door towards nonlinear quantum optics
at a single-photon level using the weak nonlinear coupling.
Optical microresonators are indispensable tools in both
fundamental and applied physics because, on the one hand,
they can greatly enhance light-matter interaction and, on the
other hand, they can drastically reduce the power necessary
to observe strong nonlinear optical phenomena of interest.
The most common optical microcavities in quantum optics
include conventional the Fabry-Pérot (FP) optical microcavity
[8,42,43], whispering-gallery-mode (WGM) microresonator
[44.,45], photon crystal (PC) nanocavity [46,47], and more.
Among them, the WGM microresonators are promising in
the multidisciplinary fields such as cavity QED [9,48,49],
nonlinear optics [50], quantum optomechanics [51,52], and
classical and wave chaos [53,54] owing to their ultrahigh-
quality factor (Q) and small mode volume (V). Unlike the
standing modes in a conventional FP microcavity, the modes
in WGM microresonators are traveling modes. That is to say,
the WGM microresonators typically support two counterprop-
agating modes, i.e., clockwise (CW) and counterclockwise
(CCW) propagating modes, with the same polarization and
a degenerate frequency. In addition, they allow for massive
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production and being integrated on a chip. Largely because of
these reasons, optical WGM microresonators often appear in
the form of microtoroids [55,56], microspheres [57,58], mi-
crorings [59—61], microtubes [62], and microbubbles [63,64]
in many diverse areas of fundamental research and applica-
tions. Many interesting phenomena, such as nonreciprocal
light transmission [65,66], symmetry breaking [67,68], and
exceptional points [69,70], have been observed in the WGM
microresonators.

Recently, substantial research has been carried out on the
system of a single atom localized in the microresonator. As
a milestone in this realm, Aoki et al. realized the strong cou-
pling between one atom and a monolithic microresonator [48].
Later, by using one atom and a microresonator, an efficient
routing of single photons was achieved [49]. Furthermore,
strong photon antibunching can occur by placing one dipole
quantum emitter in a bimodal WGM microresonator [71].
When two atoms are coupled to the same microresonator,
however, the interactions are much more complicated and
more physical mechanisms should be considered. The dipole-
dipole interaction (DDI) between the two atoms plays an
important role in the evolution of the state of the system.
When the separation between two atoms is much smaller
than the resonance wavelength, the DDI becomes important
and cannot be neglected. Effectively, the DDI interaction
between the two atoms in the microresonator has found many
applications in quantum information processing, for instance,
the quantum entanglement [72-74], quantum phase transition
[75,76], and DDI-dependent transmission spectrum [77]. To
the best of our knowledge, DDI-dependent photon antibunch-
ing in the WGM microresonator with two atoms has not been
considered much before in theory. With the improvement of
experimental conditions, we anticipate that this proposal can
become a versatile tool for control of antibunched photons
generated in WGM microresonator QED systems.

With this goal in mind, following the quantum models pro-
posed in Refs. [9,48,49,71], we consider a cavity QED system
consisting of two dipole-coupled atoms evanescently coupled
with a WGM microresonator. We focus on the effect of the
DDI between the two atoms on the photon antibunching of
the system. In the proposed scheme, the WGM microresonator
contains two counterpropagating while coupled optical modes
(one CW mode and one CCW mode). One optical mode of the
WGM microresonator is coherently driven by an external laser
field via an optical tapered fiber waveguide. Using the sys-
tem parameters that are readily available experimentally, we
numerically calculate the equal-time second-order correlation
function g2 (0) of one optical mode in the steady state. Taking
into account the DDI between the two atoms and working in
the weak-coupling regime, the enhancement on the photon
antibunching can be achieved when compared to the case
that no DDI interaction is included and to the case that only
one two-level atom coupled with the WGM microresonator.
The weak coupling condition is also favorable since it allows
the usage of low-Q microresonators, which are readily re-
alizable in many nanophotonic platforms. Furthermore, we
discuss the influence of the atom-cavity coupling strength on
the photon antibunching. First, we assume that the coupling
strengths of two atoms to the cavity are equal, and then we fix
one atom-cavity coupling strength unchanged and alter that of

the other one. In both scenarios, the photon antibunching can
be enhanced by properly increasing the atom-cavity coupling
strength in the presence of the DDI between the two atoms.
However, no similar phenomena can be observed when there
is no DDI between the two atoms. Finally, we give a brief dis-
cussion on the effect of the atomic dissipation induced by the
DDI on the system photon statistics and the intracavity photon
number. We further prove the robustness of this antibunching
and intracavity photon number against the cooperative atomic
decay. Our achievable results are useful for the construction of
integrated on-chip single-photon sources and enable potential
applications in photonic quantum information processing and
quantum communications.

The remainder of the paper is organized as follows. In
Sec. II the physical model and system Hamiltonian are in-
troduced. In Sec. III first starting from a master equation
approach in the rotating-wave approximation and the electric-
dipole approximation, we illustrate how to numerically com-
pute the second-order correlation function of the system
(Sec. IIT A). Next, we analyze in detail the influence of inter-
atomic DDI on the photon antibunching in the weak-coupling
regime via the second-order correlation function and uncover
the DDI-enabled photon antibunching generation in the WGM
microresonator with two atoms (Sec. III B). Finally, we sum-
marize our conclusions and offer a brief outlook in Sec. IV. In
the Appendix, starting from a Schrodinger equation approach,
the insights into the second-order correlation function of the
system are presented.

II. PHYSICAL MODEL AND HAMILTONIAN

Figure 1 shows the system schematic diagram of what we
consider in this paper. A cavity QED system, consisting of
two dipole-coupled two-level atoms interacting with a WGM
microresonator through the evanescent field, is side-coupled
to a tapered fiber waveguide, in which photons propagate
along the arrow direction. The WGM microresonator typically
supports two degenerate internal counterpropagating modes
[described by operators a (CCW) and b (CW), respectively]
with the common frequency wc¢ in the absence of scattering
[78]. The two two-level atoms (denoted by atom 1 and 2,
respectively) with interatomic DDI are coupled to the bimodal
WGM microresonator. They interact at rates g, (k =1, 2)
with the internal cavity modes (a and b), which are coupled
by scattering of light at a rate 4. Each atom has two possible
states (a ground state |g); and an excited state |e);) with the
same transition frequency w4. The atoms play an essential
role in controlling the propagation of a single photon. Input
to and output from the internal cavity modes of the WGM
microresonator are provided by the tapered fiber waveguide,
where the external input and output fields of the tapered fiber
waveguide are denoted by {ain, dout, bin, Pout}, as shown in
Fig. 1. One point we want to emphasize is that only the
input field aj, is driven by a coherent probe ¢, of frequency
w, (ie., ai = spe‘i“’f” ), whereas b;, is in a vacuum state
(i.e., bi, = 0). Using the tapered fiber coupler [79], the input
field ain = gpe~™»" can be well guided by the tapered fiber
waveguide to drive only the cavity mode a. More information
on the device and experimental details have been reported in
Refs. [9,48,49,78].
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FIG. 1. Schematic diagram of the cavity QED system. It com-
prises two dipole-coupled two-level atoms with DDI intensity J
interacting with a WGM microresonator through the evanescent field.
The two two-level atoms, labeled by atoms 1 and 2, are denoted
by two yellow dots, respectively. |g); (the ground state) and |e),
(the excited state) are the two possible states of the two two-level
atoms with the decay rate I'; (k = 1, 2). The WGM microresonator
contains two degenerate internal counterpropagating modes [labeled
by a (CCW) and b (CW), respectively] coupled to a tapered fiber
waveguide with the coupling strength «.;. These cavity modes have
intrinsic loss rates «;; (j = a, b) and are coupled to each other at
rate h. The |g); <> |e), transition of the atoms is coupled to the
cavity modes (a and b) with the coupling strength g;. The oval
dashed frames show the detailed energy-level structures of the two
two-level atoms and the coupling schemes of the two cavity modes.
The external input and output fields of the tapered fiber waveguide
are described by the symbols {ain, dout, bin, Dout}, re€spectively.

The overall Hamiltonian for the coherently coupled atom-
microresonator compound system under both the rotating-
wave and electric-dipole approximations can be written in the
form (setting & = 1)

2
H =) [ws0/ 0k + gula' o + 0/ a) + g (box + o b)]
k=1

+wc(@'a+b'b)+ ha'b+ba)

+ (g e a’ + erer'a)

+J(o{02 + 0, 01), (1)

where the symbols a,j = le)r(g] and op = |g)r(e| are the
dipole rising and lowering operators for the kth two-level
atom, satisfying the fermionic anticommutation relations
{okT ,01) = 1;a (b) and a® (b") are the photon annihilation and
creation operators of the two internal cavity modes, satisfying
the bosonic commutation relations [a,a’] =1 and [b, b'] =
1. In Eq. (1), the first term is the unperturbed Hamiltonian of
a pair of two-level atoms. The interaction Hamiltonian of the
two-level atoms and the cavity modes is shown in the second
and third terms. The fourth term represents the energy of the
two bare cavity modes a and b. The fifth term accounts for
the coherent coupling of the cavity mode a with the cavity
mode b, i.e., the so-called mode-coupling term. For the single-
side excitation (a;, = epe‘iwf)’ and b;, = 0) as in our present
work, the sixth term describes the driving of the cavity mode
a by an external laser field. The remaining term stands for

the DDI Hamiltonian between the two two-level atoms. The
parameter J is the interatomic DDI coefficient, yielded by

J =1|d]*(1 —3cos20)/|R], ()

where |R| is the relative distance between the two two-level
atoms and 6 is the angle between R and the atomic dipole
moment d. Here we assume that the dipole moments of
the two two-level atoms are parallel to each other and are
polarized in the direction perpendicular to the interatomic
axis. As a result, setting cos @ = 0 without losing generality,
the interatomic DDI coefficient J can be simplified as

J = d*/IR] . 3)

Obviously, the interatomic DDI intensity can be adjusted by
changing the positions of the two two-level atoms in the
WGM microresonator. With the development of the atom trap-
ping and cooling techniques, the two atoms can be trapped at
distances on the order of a resonant wavelength, which makes
the applicability of DDI between the two atoms feasible
[80-83]. Experimentally, the duration of the atom transits is so
short that the detection of individual atom positions and their
trajectories could not be accomplished in real time [84—86]. In
Refs. [48,49,78] cesium atoms are magnetooptically cooled
and trapped first, then the atoms fall down freely from the
magneto-optical trap and are dropped onto the microresonator,
with some cold cesium atoms falling through the evanescent
field of the WGMs of the resonator and strongly coupling
to the field. The transit time of atoms in the cavity field
can last a long time so that there are about 30 atoms passed
through the data-collection time window in 10 ms. With the
improvement of experimental technology, the duration time
for the atoms in the cavity may be long enough to make the
measurement and manipulation of atomic positions and tra-
jectories possible. From Eq. (3) one can obtain that the closer
the distance between the two two-level atoms is, the stronger
the interatomic DDI is. Thus for a theoretically interesting
study, one can take readily available experiment parameters
to carry out a theoretical study of the DDI-dependent photon
antibunching. As a matter of fact, the interatomic DDI has a
certain requirement on the distance |R| (the minimal average
interatomic distance of 0.2Ayavelengn [87]; as the distance
increases to 0.5Awavelength [88], the interatomic DDI is very
weak that it can be neglected). For the sake of simplicity, the
energy of the atomic ground state |g) is set to be zero. Besides
these, we drop the hat of the operator in order to keep the
notation as simple as possible.

The above system Hamiltonian (1) can be made
time-independent by transforming it into the rotating
frame at the frequency w, of the input driving laser field
ay,. Considering the relationships Hy = w,,(a*a +b'b+
0501 + U;UZ)’ U(t) = oMot — efiw,,t(a’:‘a+b"’b+afm+a§az)’ and
Hiow = UTOHU (1) — iU (1) 752 = UT(0)(H — Ho)U (1),
eventually we can rewrite the Hamiltonian (1) as

2
H = Z[AAUZUk + gk(aTUk + U]ja) + gk(bTok + O'ka)]
k=1

+ Ac(a’a+b'b) + h(@a'b+b'a) + ,(a" +a)
+J(o) 02 + 05 01), 4)
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where Ay = wy — w, (Ac = wc — w)p) is the detuning of the
input driving laser field frequency w, from the two-level
atoms transition frequency w, (the cavity modes frequency
wc). Here we consider only the case that the frequencies
of the two-level atoms and cavity modes are resonant (i.e.,
wa = w¢), thus the same detuning, Ay = A¢c = A, can be
obtained. Without loss of generality, we have taken the driving
strength ¢, above to be real.

III. APPROACHES AND DDI-ENABLED PHOTON
ANTIBUNCHING GENERATION IN THE WGM
MICRORESONATOR

A. Master equation approach and second-order correlation
function

To fully describe the system in a more realistic way, loss
must be incorporated into the system Hamiltonian. In the
current setup, the loss principally results from the cavity field
dissipation and the atomic decay, while the atomic decay
includes atomic spontaneous emission and cooperative atomic
decay. Consequently, the dissipative dynamics evolution of
the coupled atom-microresonator compound system can be
governed by the master equation [89]

dp

dt

Here p is the density matrix of the system and L[p] is the
whole dissipative Liouvillian superoperator. In our model, the
Liouvillian superoperator L[p] can take the following form
[73,77]:

= —i[H, p] + L[p]. o)

b 2
Llp] = Z‘Cl(jlo + Z["’rklo + Ly, + Ly, p, (6)

j=a k=1
where
b

K . . 4.
> Lo = 5 Qiei" = J'ip = pi'h, (7)

Jj=a
- L ot t
Y Lnp =5 Qowpo —ofowp — pojor), ()
k=1
Yi2 + +
Ly.p = Q01905 — oo2p = poi o), )
Y21
Ly, p= 7(202,001T — cr;olp — pogol). (10)

Here Eq. (7) corresponds to the coupling between the two
cavity modes (a and b) and the environment, where «; =
kij +kej (j =a, b) are the total decay rate of the cavity
modes. k;; represents the intrinsic losses rate that is related
to the intrinsic quality factor Q;; as k;; = wc/20Q;;. Here «,;
describes the extrinsic loss (i.e., the tapered fiber waveguide-
resonator coupling) [79,90] relating to the coupling quality
factor Q.; as «.;j = wc/2Q.j. By optimizing material and
adjusting the distance between the WGM microresonator and
the tapered fiber waveguide, the internal cavity modes can be
coupled to the tapered fiber waveguide with relatively high
efficiency [79,91]. Equation (8) denotes the coupling of the
two two-level atoms to the environment, where 'y (k =1,
2) are the decay rate of the atoms. Equations (9) and (10)
describe the atom-atom cooperation induced by their coupling

with a common vacuum bath [72,73,92], where y, and y»;
are the DDI-induced decay (i.e., the cooperative atomic de-
cay). When the distance between the two two-level atoms
is small relative to the radiation wavelength Ayavelength (i-€.,
O‘zxwavelength < |R| < |O~5)Lwavelenglh) [87,88], the cooperative
atomic decays yj, and y»; need to be taken into account in the
system. In general, when y;; < I'1 (y21 < I') is satisfied,
it can be ignored. In this paper, we primarily focus on the
effect of the interatomic DDI on the statistical properties of
the cavity mode a, which can be distinguished by the second-
order correlation function

(@’ (0)a’ (r)a(r)a(0))
(a’(0)a(0))

where 7 is the time delay for the two different photons arriv-
ing at the detector. Then the photon statistical properties of
the cavity mode a can be well distinguished according to the
value of g!?(t) at the zero-time delay. More concretely, the
value of gf)(O) <1 [g(az)(O) > 1] corresponds to sub-Poisson
(or super-Poisson) statistics of the cavity mode a, which is a
nonclassical (classical) effect. This effect of the sub-Poisson
(or super-Poisson) statistics is often referred to as photon anti-
bunching (or bunching). The single-photon regime is usually
characterized by g»(0) < 0.5, while g?(0) — 0 indicates
complete photon blockade. For a fully quantum mechani-
cal treatment of the coherently coupled atom-microresonator
compound system, we can compute numerical solutions to
the full master equation [see Eq. (5)] using truncated number
state bases for both cavity modes. In this way, the steady-state
density matrix oy (i.e., dp/dt = 0) can be obtained, and then
the average value of arbitrary operator O can be calculated
as (O) = Tr(ps0). Under this operation, the steady-state
value of the zero-delay-time second-order correlation function
gElz)(O) can be easily found as

§P(r) = : (11)

Tr(,oma%aTaa)
[Tr(pssa’a))®

Finally, the measurement of the equal-time second-order cor-
relation function g)(0) can be performed by employing the
well-known Hanbury-Brown-Twiss (HBT) device [93].

On the other hand, starting from a Schrédinger equation
approach, insights into the second-order correlation function
of the system are also provided (see the Appendix). The
gained insights contribute to a better understanding of how
the second-order correlation function g»(0) is regulated by
the system parameters. Because the two-atom system, to some
extent, is analogous to the one-atom system, we make use
of the system parameters in the numerical simulations all
coming from the experiment [9], in which a photon turnstile
dynamically regulated by a single atom within the WGM
microresonator is achieved. The detailed numerical simulation
results are presented in Figs. 2—7 below.

§2(0) = (12)

B. Results of numerical calculation and in-depth discussion of
the equal-time second-order correlation function

Different from the previous studies where only one
two-level atom is coupled to the WGM microresonator
[9,48,49,71], two two-level atoms interact simultaneously
with the WGM microresonator in our proposed scheme.

023810-4



IMPROVING PHOTON ANTIBUNCHING WITH TWO ...

PHYSICAL REVIEW A 101, 023810 (2020)

log;olgs” (0)]

two atoms

FIG. 2. The equal-time second-order correlation function of the cavity mode a on a logarithmic scale, i.e., log,, [g?)(0)] as a function of the
laser detuning A for three different configurations in cavity QED: (a) only one two-level atom is coupled to the WGM microresonator; (b) two
far apart separated two-level atoms (the interatomic DDI strength J = 0) interact with the WGM microresonator; and (c) two dipole-coupled
two-level atoms (with interatomic DDI strength J = 0.2g) are coupled with the WGM microresonator. Panels (a)—(c) display that the presence
of DDI increases the depth of the photon blockade. All other system parameters used here are set as follows: «;,/2w = k;/27m = 75 MHz,
Kea/2 = kep/2r =90 MHz, T',/2n =T',/2n = 5.2 MHz, y1,/2n = y51/2n =0, h/2nr =50 MHz, g, = g, = g, g/2n =70 MHz, and
&,/2m =T MHz, respectively. The parameter values are chosen to be in accordance with a relevant experiment in a photon turnstile [9].

Hence the interatomic coupling should be considered, espe-
cially for the case that the distances between the two atoms
are comparable to the resonance wavelength. In this scenario,
the interatomic DDI plays an important role in the evolution
of the state of the whole system. This can cause the atoms to
move or rapidly oscillate around their equilibrium positions,
and profoundly affect the light absorption and lead to the shift
of the atomic energy levels [76,77].

To this end, it is worthwhile completely exploring the
influence of the interatomic DDI on the statistical properties of
the system. For a better comparison in this part, Fig. 2 displays
the equal-time second-order correlation function g (0) of
the cavity mode a on a logarithmic scale log,, [¢%(0)] as
a function of the laser detuning A under the three involved
configurations: (1) only one two-level atom is coupled to
the WGM microresonator; (2) two far apart two-level atoms
(without interatomic DDI strength J = 0) interact with the
WGM microresonator; and (3) two dipole-coupled two-level
atoms (with interatomic DDI strength J = 0.2g) are coupled
with the WGM microresonator. In order to understand these
three situations more intuitively, we offer the three simple
sketches within the dashed frames in the insets of Fig. 2. We
consider first the simplest case that the WGM microresonator
contains only one two-level atom without introducing another
additional atom. As displayed in Fig. 2(a), the profile of
the equal-time second-order correlation function ggz)(O) on a
logarithmic scale log,([(¥(0)] varying with the laser detun-
ing A exhibits a peak-dip-peak structure. The value of the
equal-time second-order correlation function log,, [gﬁf)(O)]
at the dip is about —1.18 [i.e., g#(0) < 1]. Physically, the
value of log,, [g>(0)] is closely related to the photon statis-
tics. Specifically, log,, [g*(0)] < O refers to the photon anti-
bunching, which corresponds to sub-Poisson photon statistics,
the photon blockade happens, and single photons come out
of the WGM microresonator. However, log, [¢?(0)] > 0
stands for the photon bunching, photons inside the WGM
microresonator enhance the resonantly entering probability of
subsequent photons, and, namely, the super-Poisson photon

statistics occurs. Thus from the plot in Fig. 2(a), the photon
antibunching can be observed in the cavity mode a when there
is only one two-level atom coupled to the WGM microres-
onator.

In order to further illustrate the interatomic interactions,
an additional two-level atom needs to be added in the WGM
microresonator. For the case of two atoms, how the location
of the newly input atom, i.e., the relative distance |R| between
the two atoms, modifies the photon statistics of the system
is of great concern to us. As has been mentioned before, the
strength of the interatomic DDI depends sensitively on the
relative distance |R| between the two two-level atoms. In the
range of 0.2Ayavelength < |R| < 0.5Ayavelength» the intensity of
DDI between the two two-level atoms gradually decreases
with the increase of the relative distance |R|. As is shown
in the dashed frames of Fig. 2(b), the DDI between the two
atoms can be neglected (J = 0) when the distance between
the two atoms is far in the WGM microresonator. In Fig. 2(b),
the profile of the equal-time second-order correlation func-
tion g2)(0) on a logarithmic scale log,, [¢?(0)] exhibits a
peak-dip-peak-dip-peak structure instead of a peak-dip-peak
structure. Meanwhile, it can be clearly seen that the value
of the minimum dip in Fig. 2(b) is shallower than that in
Fig. 2(a), but it is still negative. This means that the photon
antibunching can still be observed in the cavity mode a when
the WGM microresonator contains the two two-level atoms
without the interatomic DDI. Compared with the case of only
one two-level atom in Fig. 2(a), the photon antibunching of
the cavity mode a in Fig. 2(b) is obviously weakened. From a
physical standpoint, this is because the additional dissipative
pathways are introduced by the other atom-microresonator
coupling.

An interesting question is What can happen when the DDI
between the two atoms works? In order to investigate the
effect of DDI on the photon statistical properties, one can
change the distance between the two atoms so that DDI can
function. In the dashed frames of Fig. 2(c), the distance be-
tween the two atoms is assumed to be shortened significantly
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FIG. 3. Contour plot of the equal-time second-order correlation
function of the cavity mode a on a logarithmic scale log, [gf)(O)] as
a function of the laser detuning A and the interatomic DDI strength
J for the case of a pair of two-level atoms simultaneously coupled
to the WGM microresonator. The other system parameters used here
are set as follows: ki, /2w = kp/2w = 75 MHZ, K00 /270 = Kop /27 =
90 MHz, I')/2n =T,/2nr =5.2 MHz, y;/27n =y, /2n =0,
h/2m =50 MHz, g, =g, =g, g/2n =70 MHz, and ¢,/2n =
7 MHz, respectively.

when compared with that in Fig. 2(b). It means that in this
case the two DDI (dipole-coupled) atoms are placed in the
WGM microresonator. As is clearly shown in Fig. 2(c), the
line shape of the equal-time second-order correlation function
g(az)(O) on a logarithmic scale log, [gf)(O)] is similar to that
in Fig. 2(b). In Fig. 2(c), however, one can easily see that the
first dip considerably deepens, which indicates that the photon
antibunching effect is significantly enhanced. It reveals that
the interatomic DDI can enhance the photon antibunching
effect. More interestingly, the value of the minimum dip in
Fig. 2(c) is much smaller than that in Fig. 2(a). Generally
speaking, the photon antibunching can occur when the value
of the equal-time second-order correlation function g(0) on
a logarithmic scale log,, [¢?(0)] is negative. The smaller the
value is, the stronger the photon antibunching is. Combining
Figs. 2(a), 2(b), and 2(c), we can arrive at the conclusion that
the photon antibunching can be manipulated and optimized
by adjusting the DDI between the two atoms (i.e., the relative
distance between the two atoms) when there are two two-level
atoms simultaneously coupled to the cavity field.

As has been discussed above, the DDI between the atoms
has a great influence on the photon antibunching for the case
of two two-level atoms coupled to the WGM microresonator.
At the same time, the interatomic DDI can be adjusted by
changing the relative distance between the two atoms. It
suggests that the result can provide another parameter for
us to adjust photon statistical properties. In order to better
understand the effect of the interatomic DDI on the photon an-
tibunching, the equal-time second-order correlation function
22(0) on a logarithmic scale log,, [g?(0)] is plotted in Fig. 3
as a function of the laser detuning A and the interatomic DDI
strength J for the case of two atoms. From Fig. 3, we can see
that the value of log,, [g*(0)] can be tuned to be positive or
negative with the adjustment of the laser detuning and the in-
teratomic DDI strength within the given parameter range. One
can find that the cavity mode a exhibits strong bunching pho-
ton statistics (corresponding to the dark red area) and strong
antibunching photon statistics (corresponding to the magenta
area) for the negative detuning, i.e., A < 0. Compared with

log;o[gt” (0)]
S
(6]

-1 g =8¢

10%—’;10[.‘11(:2J (0)]

-40 -20 0 20 40
Ale,

FIG. 4. The equal-time second-order correlation function of the
cavity mode a on a logarithmic scale log;, [¢?(0)] as a function
of the laser detuning A for four different values of the atom-
cavity coupling strength g when considering the interatomic DDI
strength J/2m = 14 MHz. The other system parameters used here
are set as follows: k;, /27w = kip/2m = 75 MHz, k., /27 = Kkp/27w =
90 MHz, TI')/2nr =T1,/2x =5.2 MHz, y;/2n =y /27 =0,
h/2m =50 MHz, g, = g = g, and ¢,/27 = 7 MHz, respectively.

the case of A < 0, both the bunching and the antibunching
photon statistics are obviously weakened no matter how one
changes the relative distance between the two atoms when the
detuning is positive, namely, A > 0. It indicates that the value
of log,, [¢)(0)] is more sensitive to the interatomic DDI in
the negative detuning regime. The numerical results provide
important information that the photon statistics of the cavity
mode a indeed is affected by the interatomic DDI. The strong
antibunching or bunching photon statistics can be generated
by perfectly matching the interatomic DDI strength J and the
laser detuning A (cf. Fig. 3).

In all the analysis above, we have shown that the inter-
atomic DDI affects the photon statistics of the system greatly.
One can use it to enhance the photon antibunching. However,
optimized photon antibunching can be observed only with the
other system parameters well chosen, as has been displayed
in Fig. 3, where the laser detuning A must be well selected to
obtain the smallest log,, [¢*(0)]. Interestingly, we shall show
that the atom-cavity coupling can also have great impact on
the system photon statistics when DDI exists. From Eq. (3),
we know that the DDI intensity between the two atoms
depends only on the relative positions of the two atoms in the
WGM microresonator. In practice, the coupling strength of the
two atoms to the cavity modes is also position-dependent. In
addition, it is also related to the radial distance of the atoms
from the surface of the toroid and the vertical coordinate along
the symmetry axis [9,48]. In the presence of DDI between the
two atoms, the equal-time second-order correlation functions
ggz)(O) on a logarithmic scale log, [g(az)(O)] as a function
of the laser detuning A with different atom-cavity coupling
strengths g are plotted in Fig. 4. For simplicity of discussion,
we set the atom-cavity coupling strengths for both atom 1 and
atom 2 to be equal, namely, g = g» = g. It can be seen from
Fig. 4(a) for the case of g = 2¢, (i.e., g/2m = 14 MHz) that
the profile of the equal-time second-order correlation func-
tion gf)(O) on a logarithmic scale log, [ 512)(0)] is a narrow
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dip-peak structure that is similar to the asymmetric Fano-like
line shape [94,95]. The value of the dip in Fig. 4(a) is about
—0.21, which means that the photon antibunching effect is
significantly weak. With the atom-cavity coupling strength
increasing, the profile of log,, [¢?(0)] is still an asymmetric
Fano-like line shape, but the dip in Fig. 4(b) becomes deeper
and the value is approximately —0.55. However, the profile
of log,, [¢)(0)] in Figs. 4(c) and 4(d) changes evidently as
the coupling strength g increases. In Figs. 4(c) and 4(d), the
number of the dips and peaks increases. The most noticeable
change is that the minimum dip in the profile of log,, [g*(0)]
becomes deeper and deeper with the increase of the atom-
cavity coupling strength. Thus, from these results of Fig. 4,
we can conclude that the photon antibunching effect can be
enhanced by properly increasing the atom-cavity coupling
strength with the consideration of the interatomic DDI.

In all the above considerations, we have assumed that the
coupling strengths of the two atoms to the cavity modes are
equal [73,76,77,96]. For the case of a pair of two-level atoms
simultaneously coupled to an optical cavity, the two atoms
usually no longer possess the equivalent coupling strengths to
the cavity modes. In Refs. [97,98], the case of different atom-
cavity coupling constants is considered, but the interatomic
DDI is neglected. Thus it is both practical and interesting
to consider the effects of the unequal atom-cavity coupling,
i.e., g1 # g2, on the photon statistical properties, especially
in the presence of DDI. In the current system, when there
are two atoms in the WGM microresonator, the equal-time
second-order correlation function g#)(0) on a logarithmic
scale log;,[¢?(0)] as a function of the laser detuning A
with different atom-cavity coupling strengths g, is plotted in
Figs. 5(a)-5(h). Moreover, in order to have a contrast between
the absence and presence of the interatomic DDI, J = 0 is
set in Figs. 5(a)-5(d) and J = 0.2g; is set in Figs. 5(e)—
5(h), respectively. When there is no DDI between the two
atoms, it can be seen from Figs. 5(a)-5(d) that the profiles of
log,, [¢¥(0)] have only slight changes with the enhancement
of the atom-cavity coupling strength g,. Concretely, as the
coupling strength varies from g, = 0.3g; to g» = 0.5g;, the
value of the minimum dip in the profile changes from —0.99 to
—0.70. Obviously, the photon antibunching becomes weaker
with the increase of the coupling strength g,. Similar phe-
nomena can also be observed in Fig. 5(c). When g, = 0.7g;
in Fig. 5(c), the value of the minimum dip reaches —0.68.
However, with a further increase in the coupling strength
g2, e.2., g2 = 0.9g; in Fig. 5(d), the minimum dip in the
profile becomes deeper compared to that of Fig. 5(c), and
the value of the minimum dip in Fig. 5(d) is about —0.82.
So from Figs. 5(a)-5(d), the tendency of the minimum values
for log;, [g*(0)] does not change monotonously with the
increase of the coupling strength g, for the case of J = 0.
Meanwhile, this result can be well verified by Fig. 6(a) which
presents the color-scale two-dimensional map of the equal-
time second-order correlation function g(0) on a logarith-
mic scale log,, [gﬁ,z)(O)] as a function of the coupling strength
g» and the laser detuning A for J = 0. From Fig. 6(a), one
can clearly see that photon antibunching can be established
in the cavity mode a in between the red regions. The blue
area in Fig. 6(a) corresponds exactly to the minimum dip in
Figs. 5(a)-5(d). Comparing Fig. 6(a) and Figs. 5(a)-5(d), we
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FIG. 5. The equal-time second-order correlation function of the
cavity mode a on a logarithmic scale log,,[¢?(0)] as a function
of the laser detuning A for four different values of the atom-
cavity coupling strength g, without and with interatomic DDI.
Panels (a)-(d) and (e)—(h) correspond, respectively, to J = 0 (with-
out interatomic DDI) and J = 0.2g, (with interatomic DDI, i.e.,
J/2wr = 14 MHz). The other system parameters used here are
set as follows: «i,/27 = kip/2m =75 MHz, k., /27 = kpp/27 =
90 MHz, T')/2nr =T,/2r =5.2 MHz, yn/2xm = yn/27n =0,
h/2m =50 MHz, g/2m =70 MHz, and ¢,/2n =7 MHz,
respectively.

can confirm that the value of the minimum dip really decreases
first and then increases with the increase of the coupling
strength g,. As can be shown in Figs. 5(e)-5(h), however,
significant differences can be observed when compared with
the case of J =0. For J # 0, the depth of the first dip
becomes deeper and deeper as the coupling strength g, varies
from 0.3g; to 0.9g;. This result is well reflected by the blue
area in Fig. 6(b), where the blue color gradually deepens
as g, increases. When the blue becomes deeper, the photon
antibunching becomes stronger. Interestingly, the second dip
becomes clearer when the interatomic DDI is considered, as
shown in Figs. 5(e)-5(g). For example, in Fig. 5(e), there is a
sharp dip that cannot be found in Figs. 5(a)-5(d) in the range
of A > 0, and the value of the second dip is about —0.33.
Notice that the depth of the second dip in Figs. 5(e)-5(h)
gets shallower and shallower with the increase of g, and
it is almost invisible in Fig. 5(h). From Fig. 6(b), on the
right side of A =0, this phenomenon can also be proved
in the light green area. For the same g;, the depths of the
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-0.8

Agr

FIG. 6. Contour plot of the equal-time second-order correlation
function of the cavity mode a on a logarithmic scale log,, [g?(0)]
as a function of the laser detuning A and the atom-cavity coupling
strength g, under two different conditions: (a) without interatomic
DDI strengths J =0 and (b) with interatomic DDI strengths
J =0.2g, (ie., J/2m =14 MHz). The other system parameters
used here are set as follows: «;,/27m = kp/2mr =75 MHz,
Kea/2m = Kkep/2r =90 MHz, T'/2n =T,/2n =52 MHz,
/2 = y,/2nr =0, h/2xr =50 MHz, g,/2m =70 MHz, and
&,/2m =T MHz, respectively.

minimum dip in Figs. 5(e)-5(h) are always deeper than those
in Figs. 5(a)-5(d), which once again tells us that the photon
antibunching can be enhanced by considering the interatomic
coupling.

So far, we have not yet taken into account the effect of the
atomic dissipation induced by the DDI on the photon statistics
of the system. In fact, the cooperative atomic decay does exist
even though it is so small that it is always ignored. By assum-
ing y; = y» = y, Fig. 7 shows (a) the equal-time second-order
correlation function on a logarithmic scale log,, [¢'*(0)] and

0.5

-0.5

logyo[9:” (0)]

-1.5

Alg _ _ Alg

FIG. 7. (a) The equal-time second-order correlation functions
on a logarithmic scale log, [gff)(O)] and (b) the intracavity photon
number n, of the cavity mode a as a function of the laser detuning
A for three different values of the cooperative atomic decay y.
The blue solid line, the red dashed line, and the black dot-dashed
line in both panels represent the results with y =0, y =0.1T,
and y =T, respectively. The other system parameters used here
are set as follows: k;, /27w = ki /2w = 75 MHz, k,, /27 = k)27 =
90 MHz, I'y/2n =1',/2nr = 5.2MHz, h/2nr =50 MHz, g, = g, =
8 8/2mr =70 MHz,J = 0.2g, and ¢,/27 = 7 MHz, respectively.

(b) the intracavity photon number n, of the cavity mode
a, as a function of the laser detuning A for three different
values of the cooperative atomic decay y, respectively. It
can be seen that both log,, [¢)(0)] and n, are the red-blue
detuning asymmetry. With increasing the cooperative atomic
decay rate, neither the profile of log,, [gslz)(O)] nor n, has
changed too much. For instance, when the cooperative atomic
decay rate y = 0.1T" (the red dashed line), the line shape
of log,, [¢?(0)] (n,) is almost coincident with the case of
y = 0 (the blue solid line). This indicates that the value of
log,o [gﬁlz)(O)] (or n,) is not sensitive to the cooperative atomic
decay rate. As the cooperative atomic decay rate further
increases (i.e., y = I'), the minimum dip of log,, [ (0)]
rises slightly. Nevertheless, the qualitative nature of the pho-
ton antibunching is unchanged. The corresponding intracav-
ity photon number n, is still large, which can be treated
as the single-photon regime. These observations reveal the
extraordinary robustness of log,, [ggz)(O)] (or n,) against the
cooperative atomic decay rate. Also, it is reasonable to assume
y1 = y» = 0 in the above discussion.

IV. CONCLUSIONS

In summary, we have theoretically studied the charac-
teristics of photon correlation in a cavity QED architecture
consisting of a bimodal WGM microresonator and two-level
atoms for three different arrangements: (i) only one two-level
atom, (ii) two far apart separated two-level atoms without
interatomic DDI, and (iii) two dipole-coupled two-level atoms
with interatomic DDI. We focus mainly on the effect of
DDI on the photon antibunching of the system. By solving
numerically the quantum master equation and using realistic
experimental parameters, we have shown that the quality of
the photon antibunching can be manipulated and enhanced
by considering the interatomic coupling. Specifically, com-
pared to the case that there are two two-level atoms without
interatomic DDI, we have revealed that the enhanced photon
antibunching can be achieved efficiently in the dipole-coupled
atom-microresonator QED system. What is more, we also
have found that the photon antibunching is stronger than the
extensively studied case that only one two-level atom coupled
to the bimodal WGM microresonator. The influence of the
atom-cavity coupling strength on the photon antibunching
is discussed as well in detail. When DDI between the two
two-level atoms exists, it is shown that the photon antibunch-
ing can be optimized by properly adjusting the atom-cavity
coupling strength whether the coupling coefficients of the
two atoms to the microresonator are the same or not. Finally,
it is demonstrated that the extraordinary robustness of the
steady-state second-order correlation function and the intra-
cavity photon number against the cooperative atomic decay
rate, which is induced by the interatomic DDI, can appear.
Because all the obtained results are based on readily available
experimental parameters, our DDI-based cavity QED investi-
gation may be useful for the construction of integrated on-chip
single-photon sources.

Alternatively, as a remark, it is worth mentioning that a few
different platforms can be used in the present investigation
for the realization of integrated single-photon sources. For
example, lithium niobate, dubbed by many as the silicon
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of photonics, has become a promising candidate for an in-
tegrated photonic platform [99-107]. Due to its beneficial
properties that include strong quadratic optical nonlinearity
(x® =30 pm/V [99]), a wide transparency window, large
piezoelectric response, high refractive index, as well as recent
advances in the development of a low-loss thin-film lithium
niobate on an insulator platform, lithium niobate is partic-
ularly attractive and widely used in optical and microwave
technologies [99-101]. Given that the lithium niobate is a
second-order nonlinear optical material, the lithium niobate
WGM microresonators of a ultra-low loss and ultra-high
quality factor may bring nonlinear systems into a new de-
sign parameter space and more colorful quantum phenom-
ena [99-102,104,106,107]. The state-of-the-art technology
to manufacture the WGM microresonators made of lithium
niobate is mature. The high quality factor and small mode
volume of the fabricated lithium niobate WGM microres-
onators also have been successfully reported in experiments
[99,100,102]. It follows that, by the appropriate design of
optical elements, this lithium niobate platform can be imple-
mented into our present model. As a consequence, it would
be very instructive to explore the characteristics of the photon
antibunching based on these chip-integrated lithium niobate
WGM microresonators and further compare the antibunching
with what would be expected in lithium niobite (second-order
material). Such an analysis is, however, beyond the scope of
the current work, and we plan to address this problem in the
near future.
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APPENDIX: INSIGHTS INTO THE SECOND-ORDER
CORRELATION FUNCTION IN THE WEAK-DRIVING
LIMIT VIA A SCHRODINGER EQUATION APPROACH

In order to have a better understanding of numerical calcu-
lation, we undertake an analytical discussion about the photon
correlation. Under the condition that the external driving
laser field is very weak &, < k, and k3, the total excitation
number of the system is no more than two [26,31,71]. The
two two-level atoms are initially in the ground state. In this
circumstance, the quantum state of the whole system can be

written as

|1/f) = COOgg|Os 0, & g) + ClOggHa O, 8, g) + COlgglov 1s &, g)
+ COOge|Oa 0,86 + COOegloa 0,e,8) + C20gg|2a 0,28
+C02gg|07 21 g1 g> + Cllgg|1s 11 gs g> + C10g6|11 07 gv e)
+ ClOeg| 1’ 07 e, g) + CO]ge|O’ 17 8 e) + C(Jleg|07 17 e, g>a
(AT)
where the coefficients C,, 5,0, (With n, = 0, 1, 2 photons in
the cavity mode a; n, = 0, 1, 2 photons in the cavity mode b;
n; = |g), |e) states in the first two-level atom; and n, = |g),
le) states in the second two-level atom) are the amplitudes of
the corresponding quantum states |ng, np, 1, n2). In the weak-
driving limit ¢, < k,, we have
|C00gg| > |C10gg|9 |C01gg|9 |C00ge|v |COOeg| > |C20gg|s |C02gg|9
|C11gg|’ |C10ge|’ |C10eg|7 |C0]ge|’ |C01eg|- (A2)
Using the relationship in Eq. (A2) and combining with
Egs. (12) and (Al), the equal-time second-order correlation
function g?)(0) can be approximately expressed as
2|C20gg|2
|C10gg|4 .

To obtain the coefficients Cygge and Cjoge, We can solve the
Schrodinger equation

§2(0) ~ (A3)

LOlY)  ~

h— =H

th— V)
with the effective non-Hermitian Hamiltonian including the
cavity-mode decay and two-level atomic damping terms to-

gether with the original Hamiltonian term (4), namely,

(A4)

H=H- i%cﬂa - i%bTb
Ti+yo
—i———0,
2
In the steady state, d|1)/d¢t = 0, a set of coupled linear

equations for the coefficients C,,,,,,», can be obtained after
some lengthy but straightforward calculations, with the forms

_iF2+7/21 ¥

o) 0, 07. (AS)

0 = AcCiog + 81C00eg + 82C00ge + hColgg

+ \/§8pC20gg + &p, (A6)

0 = AcCoige + 81C00eg + 82C00ge + hCiogg + €,Cl1gg,
(A7)

0 = AxCooge + 82(Crogg + Corge) + JCoveg + €pCiroges (AB)
0= AACOOeg + g1 (CIOgg + COlgg) + JCOOge + SpCIOEgv (A9)

0 = 2AcCage + \/581C10eg + ﬁgZClOge

+V2hC1g + 28,Cloges (A10)

0 = 2AcCooge + V281Co1eg + \/Egzc(nge + \/Ehcllggv
(A11)
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0 = 2A¢Ciig + 81(Coteg + Ciroeg) + 82(Cotge + Croge)

+ V2h(Cagg + Conge) + £,Corge- (A12)
0 = (Ac 4 Aa)Cioge + 2C115 + V282Co04

+ hCOlge + -]CIOeg + EpCO()ge» (AlS)
0 = (Ac + An)Cioeg + &1Cl1ge + \/Eglczogg

+ hCOleg + JC]Oge + 8pCOOega (Al4)
0= (Ac + A)Coige + §2C11ge + ﬁgzc02gg

+ hClOge + ]COIegs (AIS)
0= (AC + AA)C()leg + glcllgg + \/EglCOZgg

+ hClOeg + JCOlgev (Al 6)

where Ac = A —i% and Ay = A — ir%. Here we have

considered k, =k, =k, 'y =T, =T, and y;, = 51 = .

Alternatively, due to the weak-driving limit and in the steady
state, we can assume Cyyg — 1 as in Refs. [31,71], and
one additional equation, namely, £,Cjo4, = 0, is irrelevant to
the problem. Obviously, these coupled algebraic equations
(A6)—-(A16) are closed (i.e., 11 equations for 11 parame-
ters). Thus, in principle, a complete solution for the coef-
ficients C,,,,n,n, and the corresponding second-order corre-
lation function g(0) can be obtained by directly solving
the above coupled algebraic equations. However, the solu-
tions are too tedious to be included here. From the above
derivation results, we can find the second-order correlation
function g%)(0) is associated to the mode-coupling strength
h, the atom-cavity coupling g, and the DDI coefficient J
between the two two-level atoms. In the current work, we
are more interested in the effect of interatomic DDI on
the photon antibunching for the coherently coupled atom-
microresonator compound system. The corresponding ana-
Iytical results have been validated by the above numerical
calculations.
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