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Entanglement of two nitrogen-vacancy ensembles via a nanotube
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As an essential quantum resource in quantum information processing, entanglement between macroscopic
systems has been applied to both quantum technologies and foundational studies of the boundary between the
quantum and classical worlds. Inspired by the proposal by Li et al. [Phys. Rev. Lett. 117, 015502 (2016)], we
propose a scheme that is composed of two separated nitrogen-vacancy centers coupled to the vibration mode of
a nanotube for creating entanglement between the two ensembles. An approximate analytical solution related
to the calculation of macroscopic entanglement for this two-spin-ensemble model is derived. This kind of
analytical solution will be crucial for directly testing the contribution of the experimental parameters, especially
for the calculation of macroscopic entanglement in follow-up work. Including the dephasing and mechanical
dissipation, we show that two spin ensembles are entangled with time evolution under realistic experimental
conditions. This macroscopic entanglement is applicable for applied ideas related to quantum computation and
communication, as well as the studies of the boundary between quantum and classical worlds. Moreover, we
describe how to realize this practical model and demonstrate this macroscopic entanglement in experiments.
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I. INTRODUCTION

Entanglement is the most prominent and distinctive feature
of quantum mechanics [1], as it plays an important role in
both tests of fundamental quantum mechanics and applica-
tions in the field of quantum technology, including quantum
computers, long-distance quantum cryptography, and the in-
crease of sensitivity in quantum metrology [2—4]. In earlier
research it was generally believed that quantum entanglement
existed in microscopic systems consisting of few particles.
Whether quantum entanglement can exist in macroscopic
systems has been at the heart of foundational debates [5-7].
In the past decade, there has been an explosion of interest in
entanglement in macroscopic (many-body) physical systems
[8]. Studying macroscopic entanglement is an effective way
to probe the quantum-to-classical transition. At present, a
number of different theoretical and experimental methods
to create entanglement at the macroscopic level have been
achieved. Macroscopic entanglement has been theoretically
demonstrated [9] and experimentally generated [10,11] be-
tween atomic ensembles.

Macroscopic entanglement can also be created in solid-
state systems. It is vital for the storage and processing of quan-
tum information since electron spins in solid-state systems
have long relaxation times [12], high controllability, more
storage, and high ability to transfer quantum information [13].
There have been a number of experimental demonstrations
of macroscopic entanglement, such as entanglement between
superconducting circuits [14,15], nuclei and electrons, and
nuclear spin qubits [4,16,17]. Negatively charged nitrogen-
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vacancy (NV) defect centers in diamonds are particularly in-
teresting solid-state spin qubit systems [18—21] since they can
be naturally obtained in bulk diamonds or diamond nanocrys-
tals. The most significant advantage of such systems is that
quantum states of an NV center can be coherently manipulated
and read out even at room temperature [22-30]. Moreover, no
cooling is needed to create a pure initial state that is required
for entanglement generation. Ultrafast optical technology has
been used to generate and measure an entangled state before
any environmental coupling might destroy it [31]. At present,
coherent coupling and entanglement between an NV center
and nuclear spins of nitrogen [32,33] and carbon-13 [16,34]
have also been experimentally demonstrated. However, the
research of macroscopic entanglement between NV-center
ensembles is still relatively limited. Thus, it is important to
design an experimental scheme to generate the macroscopic
entanglement between N'V-center ensembles.

In this paper, inspired by the ideas proposed in Ref. [35],
we consider a hybrid quantum system that consists of two spin
ensembles and a nanotube. Each spin ensemble is realized
by means of NV centers in a diamond crystal. The biggest
advantage of this NV-nanotube coupling is the intrinsic nature
of the coupling. On the basis of appropriate experimental pa-
rameters, numerical results show that entanglement between
two macroscopic spin systems can be generated in this system.
Compared with previous work, our scheme has the following
character. First, the physics of the dissipation mechanism and
spin relaxation, which may play a critical role in practical
experiments, are included. Results show that spin dephasing
and relaxation can be largely suppressed and accordingly,
substantial entanglement can be generated under realistic
experimental conditions. Second, we consider the design and
control of generating macroscopic entanglement for a realistic
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Nanotube

FIG. 1. (a) Structure of a single NV center, which consists of a substitutional nitrogen (N) and a neighboring vacancy (V). (b) Single-walled
carbon nanotube, which can be viewed as a graphene sheet that has been rolled up and sewn together. (c) Spin triplet states of the NV electronic
ground state driven by two external microwave fields with the same frequency 2. (d) Schematic diagram of the proposed hybrid quantum
system consisting of two N'V-center ensembles and a nanotube. Two NV-center ensembles are coupled through a nanotube. The qubit loop is

on the y-z plane and perpendicular to the x direction.

setup. It may provide a pathway for experimental realization.
More importantly, the analytical solution of the entanglement
for this two-spin-ensemble model is derived. This kind of
analytical solution may play a very crucial role in calculating
the macroscopic entanglement and checking the contribution
of experimental parameters.

This paper is organized as follows. In Sec. II we present the
model and derive the system Hamiltonian. Including sponta-
neous emission and spin relaxation of this model, we give the
expression of the master equation. The approximate analytical
solution and the exact numerical testing of the entanglement
for the two-spin-ensemble model is provided in Sec. III. We
discuss the main experimental parameters used in our paper in
Sec. IV. We describe how to realize this practical experiment
and then discuss future research in Sec. V. A summary is
given in Sec. VI.

II. MODEL AND HAMILTONIAN

As is shown in Fig. 1, we consider a scheme that is
composed of two separated NV centers coupled to the same
vibration mode of a nanotube in the dispersive regime. Each
NV-center ensemble is placed near a carbon nanotube and
composed of N identical and noninteracting NV centers.
The magnetomechanical interaction can be engineered and
dynamically tuned by external control of the driving mi-
crowave fields and electric current through the nanotube. It

has been proved that this kind of coupling strength can be
about three orders of magnitude stronger than that for cold
atoms coupled to nanowires [36]. To achieve the coupling
of two NV-center ensembles and spin-nanomechanical hybrid
structures effectively, we embed a nanotube between them.
The nanotube, which carries a DC, is suspended along the x
axis. The motion of the diamond nanoresonator changes the
local strain at the position of the NV center, which results in
an effective strain-induced electric field [37,38]. We assume
that transverse displacement is along the y direction; thus it
can be expressed as the fundamental oscillating mode Ey =
(h/2mwy)"/?(@ + a"), where & is an annihilation operator of
the oscillating mode, m is the effective mass of nanotube, and
wy 1s the mechanical vibration frequency [35].

Spin-1 triplet sublevels of the electronic ground state of
each NV center with mg = 0 and mg, = £1 has a zero-field
splitting of D = 2.87 GHz [38]. We assume that the crystal
of the NV center is along the z axis. Two external microwave
fields with magnetic field Edr drive Rabi oscillations between
|my = 0) and |my; = %1), as shown in Fig. 1(c). We can calcu-
late the magnetic field By (7) of the current-carrying nanotube
at position 7 by the Biot-Savart law. For a long nanotube, the
magnetic field satisfies Bu(7) = ol x 7/2|7|2. Here &, is
the unit vector in the x direction and [ is the electric current in
the nanotube. The interaction of a single NV center located at
7 with the total magnetic field is [35,38]

Hxv = hDS? + upg,B.S, + 1pgs[Bu(F) + Barl - S, (1)
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where 15 is the Bohr magneton, g, = 2 is the Landé factor of the NV center, and S denotes the spin operators of the NV center.

By expanding By (7) up to first order in iy, we obtain

Hxy = WDS? + 11pg,[B. + Bu(d)1S. + 1pgsBar - S + 188580, Buclly. 2)

According to S.|ms) = mg|myg) (mg = 0, £1), the Hamiltonian can be rewritten in the basis S, as

Ay = 3 {(my|[ADS? + ppgu[B: + Bu(d)S.]imy) Y imy) gl + 3 ((m|ngsBas - Slm))}my) (]

my s, Mg
+ ) {0msl15gs8-0y Buidlymy) Y ms) (. 3)
Using By = By cos woté, = By/2(e" + ¢~")g,, we obtain
Y 1 1 1 R / /
Hyy = Z {th% + wpgsB; + Bnt(d)]mx} |my) (my| + Z EMngB()(elwot + ef’w“’)(mslelms) |mg><mv|
+ > pgs(h/2mawn) 9y Bumg|ms) (my| (& + ). )
myg
Under the rotating-wave approximation and in the rotating frame wy, the above Hamiltonian is derived as
Axv = (AD + pupgsB; + Bu — fin)|+1) (+1] + (D — pgsB: — By — fiwp)|—1)(~1|
V2 V2
+ TMBgsBO(|0)(+]| + [+ (0D + TMBgsBo(IO)(—ll + [=1)(0D
+ s (1/2mwn) 8, Bu(I+1) (+1] = |=1){=1])@" + ). )

Including the free Hamiltonian of vibration mode, for a single
NV center, the Hamiltonian can be expressed as

Ay = howa'a + BA |+ 1) (+1] + AA_|—1)(—1]
+hQI=1)(0] 4 [0)(—1]] + AK|+1)(0] + |0)(+1]]
+hg(H1)(+1] — [—1)(—1D@" + a), (6)

with AL = liD £ jupg,(B, + Bu) — Fig, Q2 = Y2 g, Bo,
and fig = ppgs(li/2mwn)'/*0,By. For simplicity, we assume
symmetric detunings A, = A_ = A and define bright and
dark states for NV-center states as

1
=—(+1) + -1
|B) ﬁ(|+>+| )

1
D)y = —(|+1) —
|D) 7 [+1)
In the dressed state basis {|G) = cos8|0) — sinf|B), |E) =
cosO|B) +sin0|0)}, with tan20 = ZﬁQ/A, the Hamilto-
nian (6) can be reexpressed as [35]

[=1)). (7

Hxy = hoyd' @ + hwg|E)(E| + hiwgg|D) (D
+h(g11G)(D| + g2|D)(E| + H.ec)(@ +a), (8)

where the coefficients are w, = v A?+8Q2, wy, =
AtV ATEY VA22+892, g1 = —gsin6, and g, = gcosf. Under a large

detuning condition A > Q, We obtain sinf >~ 0, cosf ~ 1,
Weg =2 A + & , Wag = A + 22 and |E) ~ |B), which leads
to a simple form

N

Hy = howd'a + Y0A6, + g6, +6-)@" +a).  (9)

(

After neglecting particle interaction, the Hamiltonian of our
system can be expressed as

H, = hoga'a + hA Z + hg Z(o+ +60)@" +a).

(10)

For convenience we introduce collective spin operators such
as  J.=3),(B), |D>,1<D|> Je=33,(B)u(D| +
ID)n (BI) J+—Z IB D|, and J_ =3} |D)(B|. We
assume that two NV—Center ensembles are separated by a
distance / = 1 um and coupled to the same vibration mode
of the nanotube with the Hamiltonian
2 2
N 1
_ At : . At g
A = hond'a + ShA ;J,Z + hig ;(J,+ +J)a" +a).
(1D
In the rotating-wave approximation, by using a Schrieffer-

Wolff transformation R = Ag(aJi+ — a' - +akh_ — aTJ2+),
with Ag = + fw : for the above Hamiltonian, we obtain

2
Heir = howd'a + AU + ) +BY _ [J7,
j=1
+2Bl oy + 1o 41D+ JmhOL (12)

where A = %A —Apg and B = AT“g. Each NV spin exhibits
intrinsic decoherence in the absence of the mechanical mode.
The nature of the longitudinal spin relaxation mechanisms is
attributed to its temperature dependence. Individual relaxation
(T7) processes are due to lattice phonons. If the temperature is
below 60 K, T} can be about 100 s; thus we can ignore it [39].

2
+J7 20505 ]

022311-3



YONG-HONG MA, QUAN-ZHEN DING, AND E WU

PHYSICAL REVIEW A 101, 022311 (2020)

However, intrinsic single-spin dephasing, which arises from
the magnetic noise of NV spins in the diamond lattice, should
be considered. When NV spins flip, a reversed interaction
with its environment will occur. For the sufficiently quick
flipping procedure, we can eliminate the effects of a slowly
evolving environment. Ultimately, this so-called dynamical
decoupling technique can extend the spin quantum coherence
time to the spin-lattice relaxation time, removing the effects of
the surrounding electronic and nuclear spins [40]. In practice,
single spin dephasing may be nonexponential [38], but for
simplicity we approximate the effect of spin dephasing by an
effective Markovian master equation pgep, With dephasing rate
/1,

1 1
Fz Z [Unzpol1z - E(UHZZ,O + /Oonzz)]- (13)

n

lbdep =

Mechanical dissipation of the nanotube is described by the
master equation for the system density matrix o,

pm = v (g, + D]apa’ — La'ap + pa'a)]
+ynmla‘pa — Laa'p + paa®)], (14)

where n,, = m is the equilibrium phonon occu-
pation number at temperature 7. Transforming a and
at using the transformation R = Ag(aJi+ — aJi_+ad_ —
aT.ler), we obtain effective spin relaxation terms in the master
equation,

2

. 1
pm =T+ 1)) [Jj_pfj+ — S Uidip + ij+J,-_)}
j=1

2
1
+ Ty Z [JH,OJ'— —5Ui-dirp + ij—-]j+)i|» 15)
=1

where I' = (Afz—;’)z is the effective dissipative rate. Including
spontaneous emission and spin relaxation of this model with
Egs. (13) and (15), the master equation for the density matrix

p can be expressed as

2

p = —ilHer, pl + Ty + 1Y [Jj_pfj+
j=1

1
5 Uitdj-p + ij+Jj):|
J

2 I
+Tn Y | Jjepdj- - FUidirp + pJi-Jj1)
j=1

1< 1
#3 2 owspons = 30 + 003 | 16
j=1 n

III. ENTANGLEMENT BETWEEN NV-CENTER
ENSEMBLES

In this section we numerically investigate macroscopic
entanglement between two NV-center ensembles. In the ex-
periment, the quantum variables that are compared to the
position and momentum operators are two projections of
the collective spin of an NV-center sample. If we initialize
the spin-polarized NV samples along the x axis, the analog,
which is based on the commutation relation [/, J,] = iJ,, can
be written as [X, P] = i, with X = J.//J; and P = J./,/J,.
In this way, the collective spins of two samples in our model
are correlated in the ¥ and Z directions. The amount of
entanglement condition translates into the form [41]

E _ Var(-lyl +-Iy2) +Var(-]zl +Jz2)

[(e) | + 1{x2)]

where Var(- - -) represents the statistical variance. If & < 1,
this system is entangled between two macroscopic spin en-
sembles. To generate such an entangled state of spin en-
sembles, we initialize the ensemble 1 in a coherent spin
state (CSS) along the x axis and another one in the CSS
along —x for ensemble 2 such that (/i) =J, (Jox) = —J,
() = (i) = (Ciye) = 0, and (J3) = (J2) = J/2 (i =1,2).
In experimental entanglement of two macroscopic objects,
two macroscopic atomic samples have been prepared initially
in the CSS [10,11]. Similar to macroscopic atomic ensembles
[11], we can prepare the CSS using optical pumping and
microwave spin manipulation for NV-center spin ensembles.
According to the definition of £ in Eq. (17), to calculate &, we
need to solve this linear set of equations (A1)—(A8). The full
analytic solutions of these linear equations are exceedingly
difficult. However, the approximate solutions for the entan-
glement parameter can be derived, which agree with exact
numerics (dotted or dashed lines in Figs. 2 and 3). Based on
the exact results of numerical simulation, the maximum value
of entanglement occurs around JBT = 0.1. If the conditions
I'nyy, Tz_] < JB and JBT < 0.2 are satisfied, some terms
with a near-zero contribution can be neglected. We obtain
approximately

) a7)

J[0.75 4 0.1597 cos(12v/3 4+ +/13JBt) 4 0.0903 cosh(12v/ —3 + /13JBt)] + ['(2nyy, 4+ 1)J%t

(J + 0.25)el-T/2Quu+1)=2/Dl 4 (0.048 343 8 cos(12v/3 + +/13JBt) — 0.298 344 cosh(12v/ —3 + +/ 13JBt).

Obviously, & is not dependent on the coefficient A, which
agrees with the effective Hamiltonian (12). This kind of
macroscopic entanglement arises from correlated quantum
terms 2B[J1+Joy + J1—Jo— + 4(J1+Ja— + J1_J>4 )] rather than
AW 1z + J 2z)-

In the following numerical calculations, the influence of
the parameters, such as B, I', n,,, and N, on £ is analyzed.

(18)

(

We plot Figs. 2 and 3 based on the exact solutions of
Eqgs. (A1)-(A8) (solid or dash-dotted lines in the figures)
and the approximate solution of Eq. (18) (dotted or dashed
lines in the figures). The results show that the approximate
analytical solutions are in agreement with the exact solutions.
In the present system, a nanotube is employed to generate
macroscopic entanglement between spin ensembles, where
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FIG. 2. Entanglement parameter £ as a function of # with (a) different NV-center numbers and (b) different equilibrium phonon occupation
number #,;,, which is related to the temperature 7 of the nanotube. Solid (dash-dotted) lines and dashed (dotted) lines show the entanglement
calculated using the approximation discussed in the text and the exact numerics, respectively. The relative parameters are A =1, B =1,

I' =0.001, 7> = 2, and (a) n,;, = 100 and (b) J = N/2 = 100.

the nanotube acts as a common quantum bus. Figure 2(a)
shows the evolution of macroscopic entanglement with
different NV-center numbers for I' = 0.001, which corre-
sponds to a relatively weak dissipation within a finite tempera-
ture. We find that the degree of entanglement increases, while
the period of the entanglement is reduced, with increasing N.
We can explain that a large number of NV centers can cause
strong coupling between NV centers via the nanotube. In
experiment, the spin number is a more convenient parameter
that can be effectively controlled. Thus, a large number of
NV centers can quickly generate a maximum macroscopic
entanglement. Figure 2(b) shows the entanglement dynamics
with the equilibrium phonon occupation number rn,;, at the

(a)

1.05

0.95

0.9r — / ]
approximation
wp I'=0.0001
=0.001
0.85r| s 1'=0.002 1
r=000s | W\ N~ SSr ———---
- AT
0.8r — 1B=t | A
_exact o I N=500 |
= = I'=0.001 : nth:100:
0.75- =0.002 | I
I'=0.005 S s 1T,=2
....... r=0.01 = _Z___1
'=0.02
O. 7 T 1 1 1 1 1
0 1 2 3 4 5 6 7
t x104

temperature 7. Obviously, relatively small phonon occupation
numbers of the nanotube not only can make entanglement
appear earlier, but also can increase the maximum entangle-
ment values.

Figure 3(a) shows the entanglement dynamics with dif-
ferent dissipation rates I'. For I' = 0.0001 corresponding to
relatively less dissipation to the environment, stronger entan-
glement with a long period can be generated. The degree
of entanglement decreases rapidly with increasing memory
parameter I'. For I' = 0.01, which corresponds to a large
dissipation and a strong Markovian effect, we can see a very
weak entanglement (£ = 0.85) with a very short period. The
reason is that, for the Markov case, the environment induces

0.95

0.9

0.85
0.8
0.75
0 0‘ 2 0‘4 016 OI 8 lI 1.2
t x10°3

FIG. 3. Entanglement parameter £ as a function of ¢ with (a) different dissipation rates I" and (b) different B. Solid (dash-dotted) lines and
dashed (dotted) lines show the entanglement calculated using the approximation discussed in the text and the exact numerics, respectively. The
relative parameters are A = 1, N = 500, n,, = 100, T, = 2, and (a) B = 1 and (b) ' = 0.001.
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FIG. 4. Entanglement parameter £ as a function of ¢ with differ-
ent dephasing times 7;. The relative parameters are A =1, B=1,
N =500, I' =0.001, and n,, = 10 (dashed lines) and n,;, = 1000
(solid lines).

the system’s exponential decay into the environment without
an inverse flow of information. Therefore, in order to obtain a
strong and long period of macroscopic entanglement, we hope
that the dissipative dynamics is weak as long as possible.

Apart from N, I', and n,j, another important feature of the
environment is dictated by the parameter B, which is impor-
tant in macroscopic entanglement generation. In Fig. 3(b) we
plot the evolution of macroscopic entanglement with different
parameters B. It is obvious that £ is less than 1 in a low
ratio of B/A from 0.5 to 2.5. As B/A increases, we find that
the period of entanglement increases, while the maximum
entanglement decreases corresponding to the minimum value
of £. Moreover, we can see that it takes a long time to create
entanglement for a large parameter B = 0.5 in Fig. 3(b). Thus,
in order to rapidly generate macroscopic entanglement, we
choose large values of B. In addition, there is no entangle-
ment when B — 0, which is caused by the disappearance of
the nonlinear interaction term Jy yJo + Ji—Jo— + 4(J1+Jo— +
Ji—_Jo4) that is attributed to the creation of entanglement.
For B = 0, two levels of spins are almost equally populated,
and spins form a standing wave with pronounced interference
fringes [42,43]. Hence spins are effectively compressed to
half of the volume that would be occupied if they were
all circulating in the same direction (J, ~ £N/2) without
interference fringes [42]. Figure 4 depicts the time evolution
of the macroscopic entanglement for the exemplary values
T, = [0.005, 0.01, 0.02, 0.05, 0.1]. It shows that the degree
of entanglement slightly increases and then decreases as the
dephasing rate 1/7; increases. We also note that the period of
the macroscopic entanglement will be slightly reduced with
the dephasing rate 1/7, increasing.

IV. SELECTION OF PARAMETERS

. . . . 2
In this section we discuss the main parameters A = & —

A
+5— and B = ;£ in Eq. (12). By using the Biot-Savart
law, the spin-phonon coupling strength g can be written as

g= % [35], which depends on the dimensions of

the nanotube, the distance d from the diamond nanocrystal,

FIG. 5. Experimental device diagram of the proposed hybrid
quantum system consisting of two NV-center ensembles and a
nanotube.

and the current I flowing through the nanotube. Thus, g can
be tuned by controlling the distance d, dimensions of the
nanotube, and the current /.

The frequency of the fundamental vibrational mode of
a nanotube wy is adjustable, which is expressed as [35]

L [EZ
Wne ™~ 774/ obr?
the mass density, M the beam cross section, £ the Young
modulus, and Z the moment of inertia. Therefore, by chang-
ing r and L, wy can be further adjusted. On the basis of
the experimental parameters [35] L =2 pum, r = 1.5 nm,
p=135x%x10°g/m3, m=7x 1072 Kg, I = 60 uA/nm?,
and E = 1 TPa, one can obtain wy = 47 MHz and g/2m ~
10kHz. For d ~ 10 nm, the magnetomechanical coupling
strength can even reach g/2m ~ 100 kHz [35].

Moreover, the microwave Rabi frequency €2 is also control-
lable. The Rabi frequency is the frequency of oscillation for a
given energy level transition. It also provides the measure of
fluctuation of the population between levels. It is associated
with the strength of coupling between the light and transition.
In all cases, the microwave includes the entire superhigh-
frequency band (frequency from 3 to 30 GHz, or wavelength
from 10 to 1 cm) at minimum, with Rabi frequency engi-
neering often putting the lower boundary at 1 GHz (30 cm)
and the upper around 100 GHz (3 mm). In our system, in
the case of resonant coupling of the microwave, the Rabi
frequency is equal to the Zeeman splitting, which depends
on the amplitude of magnetic fields and is the order of about
1 GHz. We can use the L band (frequency range 1-2 GHz)
to couple spin levels |+1) in our system, the frequency of
which is less than the frequency of the zero-field splitting
(2.88 GHz). By changing the Rabi frequency, the detuning A
is also adjustable.

with L the length of a carbon nanotube, p

V. EXPERIMENTAL REALIZATION AND OUTLOOK

A sketch of the experimental configuration is shown in
Fig. 5. A nanotube carrying a DC is suspended above a
bulk single-crystal diamond sample. Individual, optically re-
solvable two-NV-center ensembles are implanted 7-14 nm
below the surface of the diamond sample [44]. The carbon
nanotube, which is tens of micrometers long, can be deflected
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electrostatically over several nanometers with voltages ap-
plied to the gate electrodes. In this way, the distance between
the nanotube and N'V-center ensembles can be varied and fine-
tuned by the nanotube’s effective transverse displacement.
The motion of the nanotube changes the local strain at the
position of the NV center. The strength of the band bending
in the diamond depends on the density of impurities, which
can be varied by the dose of implanted nitrogen [45]. To
dynamically manipulate the state of NV centers, a gate voltage
is applied between a reference electrode in the electrolyte and
the diamond surface. This voltage allows one to electrically
shift the Fermi level at the diamond surface, which, at the
same time, also changes its surface band bending [45]. The
experimental results are based on the NV center existing in the
negatively charged NV center. The charge state is determined
by the charge transition levels. The fluorescence intensity
of the negatively charged NV center is a measure of the
ground-state occupation. Therefore, the equilibrium occupa-
tion of negatively charged NV transition states is governed
exclusively by the position of the Fermi level [46].

Demonstration of macroscopic entanglement has impor-
tant implications for efforts to realize quantum computation
and communication in the near future. In our experimental
scheme, entanglement is produced via the interaction of NVs
with the oscillating mode of the nanotube. A polarized pulse
of the nanotube is described by Stokes operators that obey the
same commutation relation as spin operators [S,, S;] = iS;,
where S, denotes the difference between phonon numbers
of the nanotube in x and y linear polarizations, S, indicates
the difference between polarizations at +45°, and S, is the
difference between the left and right circular polarizations
along the propagation direction. In our paper, the oscillating
mode of the nanotube is linearly polarized along the x axis.
Hence the two pairs of continuous quantum variables engaged
in the entanglement protocol are J; and J, for NVs and S,
and S, for the nanotube. In order to measure macroscopic
entanglement in realistic experiments, we can transfer states
from NV centers to states of two additional small nanotubes,
each of which is attached to an NV-center ensemble. Thus,
the task of entanglement detection can be performed by
direct measurement on states of additional nanotubes. Imple-
mentation of transferring states from NV-center ensemble to
nanotubes could be realized by using a SWAP gate between
the jth NV-center ensemble and nanotubes, like the method in
[47,48].

We can also extend entanglement between two NV-center
ensembles to tripartite or quadripartite macroscopic entangle-
ment. One can generate tripartite macroscopic entanglement
by coupling another NV-center ensemble on one side of the
NV center based on our model in Fig. 1(a). In this case,
numerical calculations become complicated in terms of spin
operators used in our calculations. Large-spin approximation
and low excitations may be a good way to solve this problem.
In these conditions, a bosonic annihilation (creation) oper-
ator a = \LW SV ID)i(B| (at = ﬁ SV IB)i(D]) is intro-
duced, which satisfies the communication relation [c, ¢'] ~ 1
[49,50]. Then we can use multipartite continuous-variable en-
tanglement criteria [51] to calculate this tripartite macroscopic
entanglement.

Moreover, the period of macroscopic entanglement for our
system may be short for many quantum information applica-
tions. This is caused by the room-temperature environment
and strong coupling of phonon modes in solids [52]. However,
ultrafast optical technology can alleviate experimentally the
requirement on quantum coherence time. In the future, with
the improvement of ultrafast technology, or by using more
isolated degrees of freedom in solids, such as nuclear spins or
dopant rare-earth ions, many more quantum operations could
be done within the coherence time of solids, even at room
temperature [31].

VI. CONCLUSION

Going beyond the early work of Li et al. [35], which
engineered strong magnetomechanical interactions between
a single NV spin and the vibrational mode of the nanotube,
we proposed a multiparticle system that consists of two
NV-center ensembles in diamond coupled to the vibrational
mode of a carbon nanotube. The nanotube with population
difference acts as a data bus, which can transfer information
between two spin ensembles and the nanotube. Including the
spin dephasing and relaxation, we have studied the macro-
scopical entanglement between two NV-center ensembles.
It shows that two spin ensembles are entangled with the
help of the nanotube, even in the presence of dephasing
and mechanical dissipation. Moreover, we derived the ap-
proximate analytical solutions of the entanglement which, in
comparison with the exact results of numerical simulation,
agree with the approximate analytical solutions. Consider-
ing the influence of different experimental parameters on
macroscopical entanglement, the simulation results show that
entanglement can be controlled by the distance from the
diamond nanocrystal, the dimensions of the nanotube, the
microwave field, and the current. More importantly, it is an
innovation to prove the macroscopic entanglement of two
NV-center ensembles and design the experiment scheme. This
design and the results may provide a striking example that
entanglement not only is generated by microscopic particles
but also is created in the macroscopic world. That may open
up avenues towards the macroscopic entanglement design
of hybrid quantum devices including NV centers. Finally,
we have provided a sketch of the experimental configura-
tion that may offer some guidance for future experimental
research.
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APPENDIX: EXPECTATION OF COLLECTIVE
OPERATORS WITH TIME EVOLUTION

We outline the mean values that enter the variance of
Eq. (17). In order to treat the entanglement Hamiltonian, we
linearize the equations for the variances. This corresponds to
expanding the small error from decoherence at short times.
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As is known, for an operator O, the expectation with time evolution can be expressed by means of the master equation as
d{0)/dt = tr[Op]. Using Eq. (16), we can easily obtain the equations

d{Jx) 2 T i—1
g = ~A 2B+ 12BUjed) — | o 5 QD) () (CDTTI ), (A1)
d(Jjy) j—1 j 2 r
o = A= 2B)U5) — 4B 4 5= 1Y 1W5) — [E + 5 Crun+ 1)] (Jiy) + Tn(Chye), (A2)
_dg%Z) = 4BJ2(= 1) 4 5(=1)1Ujy) = 12(=1Y " BI(Jly) = TQ@nup + D) = Tngfd3) = Tngd®, - (A3)
d(Jz) . . : 2 T
LI = 2= 1Y (A = 2B ) + 8I12(=1Y 7 = S(= 1 1(Ce) - [72 + 5 @+ 1)}%)
2
+Q@n+ D)+ Trnd ) = — (A4)
2
d{(J1,Jay
% = —(A = 2B)J[{J1y) — (Joy)] — 12JB[{(J1y]a.) — (Ji2day)] — TRy + 1D)(J1yJay)
+Tn[(Cry2) (Do) + (1) (Coy2)], (AS5)
d (10>,
L) 121BIy) — W) + (Cove) = (Capd) = 2T g + DUl
r
=5 > (W12) + (2:)) = D ([J5,)022) + ()3, ), (A6)
% = (—1)/(A = 2B)J (J;2) + 4BJ[2(— 1)) + 5(=1)1({(J1yJay) + (J12J22)) — 12(—=1)/"'IB(J},)
2 3r ) 2
~| 75+ 5t D [Uiedis) = P i) = D[ i) + ) i), (A7)
% = (=1)/"" A =2B)J(J;.) + 4BI[(= 1) + 5(=1Y1((73,) — (77.) — 12(=1) "' T (J1y )
4 5T 5
—| 7 T 5 @+ D) [(Clyz) = Trend "), (A8)
2

where we define the covariance operator (Cjy.) = (J;,J;; + J;j2J;,) /2, with j, k = 1,2 (j # k). Equations of motion including
(jxkx)s Jjyiy)» and (J;; x-) provide the first-order (drift) terms in the partial differential equation, while equations of motion for
symmetric-ordered operator pairs like (C;,.) provide the second-order (diffusion) terms.
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