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In this paper, we show that nonreciprocal unconventional photon blockade can be observed in a spinning
cavity immersed in a degenerate optical parametric amplifier (OPA) driven by the laser driving with weak Kerr
nonlinearities through the Fizeau drag. We analytically derive the optimal conditions for strong antibunching,
which are in good agreement with those obtained by numerical simulations. Under the weak driving condition,
we discuss the physical origins of the nonreciprocal unconventional photon blockade, which originates from
the destructive interference between different paths from the ground state to two-photon states by driving the
device from the left side. While the quantum interference paths are broken when the device is driven from
the right side, which leads to the occurring of the photon bunching. Moreover, we extend the above results to
the general non-Markovian regimes, in which the cavity couples with a thermal reservoir consisting of collection
of infinite oscillators (bosonic photonic modes). We show nonreciprocal unconventional photon blockade
exhibits a transition from the non-Markovian to Markovian regimes by controlling environmental spectral width
regardless of the weakness of OPA gain and driving field.
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I. INTRODUCTION

The photon blockade effect (PB) is one of the mechanisms
for achieving single photon sources, which plays an important
role in quantum metrology [1] and quantum information
technologies [2,3], where the strong photon antibunching is
required. PB is a phenomenon that a single photon in a non-
linear medium blocks the transmission of a second photon [4],
which is one of the mechanisms for creating strong antibunch-
ing photons. The PB has attracted significant experimental
and theoretical attentions recently, because there is a crucial
requirement for the generation and manipulation of a single
photon in information and communication technology. The
general idea to realize this source is to find systems able to
produce sub-Poissonian light when it is driven by a classical
light field.

There are currently two methods to realize photon block-
ade. The first method is known as conventional photon block-
ade (CPB) and the observation of antibunching requires large
nonlinearities with respect to the decay rate of the system.
The CPB was first observed in an optical cavity coupled to
a single trapped atom [5]. Subsequently, strong antibunching
behaviors were observed in different systems by a sequence of
experimental groups, including a quantum dot in a photonic
crystal system [6], circuit cavity quantum electrodynamics
systems [7–22], and circuit QED [23,24]. The theoretical
models about CPB include quantum optomechanical system
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[25–39], exciting polaritons [40], two-level system coupled
to the cavity [41–44], dynamical blockade [45], quantum dot
coupled to a nanophotonic waveguide [46], and four-level
quantum emitter [47]. Many schemes have been completed in
nanostructured cavities and semiconductor microcavities with
second-order nonlinearity [48–50]. The potential applications
of photon-blockade include the realization of interferometers
[51], quantum nonreciprocity [52,53], and single-photon tran-
sistors [54].

Another independent method is proposed by Liew and
Savona, where strong photon antibunching can be obtained
when nonlinearities are smaller than the decay rates of the
cavity modes [55]. This mechanism is called unconventional
photon blockade (UPB), sometimes UPB is also referred
to as weak nonlinear PB. This feature can be understood
as destructive quantum interference between distinct driven-
dissipative pathways [56–59]. Very recently, based on this
mechanism, the anomalous photon blockade effect in the
microwave domain has been observed in coupled supercon-
ducting resonators [60], and quantum dot cavity-QED [61] in
experiment. Based on this fundamental principle, many quan-
tum systems are predicted to have photon blockade effect with
weak nonlinearities, such as the nonlinear photonic molecule
[57,62,63], bimodal coupled polaritonic cavities [64], optical
cavity with a quantum dot [65–67], coupled single-mode cav-
ities with second- or third-order nonlinearity [68–76], coupled
optomechanical system [77,78], semiconductor cavity [79], a
gain cavity [80], and Gaussian squeezed states [81–83].

While nonreciprocal photon blockade [84], which break
the physical symmetry, allowing light to propagate from one
side but not the other side, also plays a very important role
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in a wide range of applications, such as signal processing
and invisible sensing [85]. Due to this special property, it has
applications in many aspects, such as isolators [86,87] and
circulators [88]. Moreover, it has been realized in optome-
chanical systems [89–95], Kerr resonators [96–99], thermo
systems [100–102], second-order nonlinearity system [103],
coupled cavities [104], devices with temporal modulation
[105], and non-Hermitian systems [106–108]. Besides, non-
reciprocal quantum amplifiers have been explored recently
[109–111], which might have unique applications in chiral
quantum technologies and topological photonics [112].

Here we study nonreciprocal unconventional photon block-
ade in a spinning cavity coupled respectively with degenerate
optical parametric amplifier (OPA) and laser driving through
the Fizeau drag. We find that, by spinning a resonator, uncon-
ventional photon blockade can emerge in a nonreciprocal way
for the clockwise (CW) or counterclockwise (CCW) modes
even with weak OPA strength; that is, strongly antibunched
photons can emerge only by driving the device from left
side, but not the right side. We show that this nonrecip-
rocal unconventional photon blockade originates from the
destructive quantum interference between two paths which are
formed by the OPA pump and a driving field. We analytically
derive an optimal condition for strong photon antibunching,
which is in good agreement with that obtained by the full
numerical simulation. The presented results then are expanded
to the non-Markovian regimes and compared with Markovian
approximation in the weak-coupling limit.

The remainder of the paper is organized as follows. In
Sec. II, we introduce a model to describe the studied sys-
tem consisting of the spinning cavity coupled with degen-
erate optical parametric amplifier (OPA) and laser driving,
respectively. In Sec. III, we give the optimal conditions for
nonreciprocal unconventional photon blockade in this system
and discuss the origin of the nonreciprocal unconventional
photon blockade. In Sec. IV, we calculate analytically the
equal-time second-order correlation function and compare it
with the result from numerical simulation with the master
equation under Markovian approximation. In Sec. V, we ex-
tend nonreciprocal unconventional photon blockade in driven
cavity with parametric interactions to non-Markovian bath
and compare it with that in the Markovian regime. In Sec. VI,
we present some discussions on the experimental implementa-
tion of this scheme. The conclusions and discussions are given
in Sec. VII.

II. MODEL HAMILTONIAN

We consider a rotating optical cavity to realize the non-
reciprocal photon blockade effects in general environments
with single- and two-photon drivings. The cavity rotates with
a fixed angular velocity � and an external classical light is
coupled into and out of the cavity, which is sketched in Fig. 1.
The total Hamiltonian without the dissipation is given by
(Setting h̄ = 1)

ĤS (t ) = (ωc + �F )â†â + [F (t )â† + G(t )â†2 + H.c.], (1)

where H.c. stands for the Hermitian conjugate. The single-
photon driving is F (t ) = Fe−iωl t via the frequency ωl with
F = f e−iφ , and two-photon pumping is G(t ) = Ge−iωPt via
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FIG. 1. A nonreciprocal photon blockade can be realized in a
spinning cavity coupled with a degenerate optical parametric am-
plifier (OPA) [12,58,81,83,113–120]. Spinning the resonator results
in different Sagnac-Fizeau shifts �F for controlling CW or CCW
optical mode experiencing different refractive indices with an an-
gular velocity �. (a) Indicates driving the device from the left side
(�F > 0), which thereafter is denoted by L, while (b) indicates
driving the cavity from the right side (�F < 0), which thereafter is
denoted by R. With the Sagnac-Fizeau shifts, photon blockade or
photon-induced tunneling can be observed by driving the spinning
resonator from one side, but not from the other side. (c) By driving
the system from the left side, the direct excitation from state |0〉 to
state |2〉 (red dashed arrow) will be forbidden by destructive quantum
interference with the other paths drawn by blue arrows, which leads
to photon antibunching. (d) Photon bunching occurs by driving the
system from the right side, due to the lack of the complete destructive
quantum interference between the indicated levels (drawn by crossed
blue dashed arrows).

the two-photon frequency ωp = 2ωc with G = ge−iθ . â and â†

are, respectively, the annihilation and creation operators for
photons inside the optical cavity. ωc is the cavity-mode fre-
quency of nonspinning cavity. The cavity mode experiences
a Fizeau shift because of the rotation, hence we have ωc →
ωc + �F . �F here is decided by the fixed angular velocity of
the rotating cavity according to [121–123]

�F = ±nr�ω

c

(
1 − 1

n2
− λ

n

dn

dλ

)
≡ β�, (2)

where n is the refractive index. r is the cavity radius. c is
the speed of light in vacuum, and λ is the wavelength of
the external classical light. Here, we fix the CCW rotation
of the resonator, hence �F > 0 (�F < 0) means that the light
propagates against (along) the direction of the rotating cavity
as shown in Fig. 1(a) [Fig. 1(b)], i.e., the CW and CCW mode
frequencies are ωc ± |�F |, respectively.
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In the following, we will consider the quantum system cou-
pled to the kth mode (eigenfrequency ωk) of the environment
via the system annihilation (creation) operator. In a rotating
frame defined by U (t ) = exp[−iωl t (â†â + ∑

k b†
kbk )], the to-

tal Hamiltonian is transformed to a time-independent one as
follows:

Ĥ = (�l + �F )â†â + Gâ†2 + G∗â2 + Fâ†

+ F ∗â +
∑

k

�kb̂†
kb̂k +

∑
k

vk (âb̂†
k + b̂k â†), (3)

where �l = ωc − ωl and �k = ωk − ωl denote the detunings
of the optical cavity and kth mode (eigenfrequency ωk) of
the environment from the driving field. Here b̂k (b̂†

k) is the
annihilation (creation) operator, and vk is coupling coefficient
between system and environment, respectively.

III. NONRECIPROCAL UNCONVENTIONAL PHOTON
BLOCKADE UNDER MARKOVIAN APPROXIMATION

Based on the bilinear operator characteristics of the open
quantum system, we can derive the general master equa-
tion with the OPA pump and the Fizeau-Sagnac drag by
Heisenberg-Langevin equation. For this purpose, we below
use the Heisenberg picture approach to solve the dynamics
of the cavity coupled with the reservoir. The time evolutions
of the cavity annihilation operator â(t ) = U †(t )â(0)U (t ) and
the reservoir operator b̂k (t ) = U †(t )b̂k (0)U (t ) satisfy Heisen-
berg equation, where U (t ) = e−iĤt with Ĥ given by Eq. (3).
Through simple calculations and the use of Hamiltonian
Eq. (3), we obtain an integrodifferential equation for the cavity
field operator â(t ),

d

dt
â(t ) = −i(�l + �F )â(t ) − 2iGâ† − iF − iR̂(t )

−
∫ t

0
dτ [â(τ )C(t − τ )], (4)

where the external driven environment operator R̂(t ) =∑
k vkb̂k (0)e−i�kt , and the correlation function,

C(t ) =
∑

k

v2
k e−i�kt ≡

∫
e−i(ω−ωl )t J (ω)dω, (5)

where J (ω) = ∑
k v2

k δ(ω − ωk ) denotes the spectral density
of the environment. The optical cavity field operator â(t ) can
be expressed as a combination of the initial field operators
â(0) and b̂k (0) due to the linearity of Eq. (4),

â(t ) = X (t )â(0) + Y (t )â†(0) + Ẑ (t ). (6)

The time-dependent functions X (t ), Y (t ), and operator Ẑ (t )
can be determined by substituting Eq. (6) into Eq. (4) and
comparing coefficients of the initial system operators, we have

.

X (t ) = − i(�l +�F )X (t )−2iGY∗(t )−
∫ t

0
dτC(t −τ )X (τ ),

.

Y (t ) = − i(�l +�F )Y (t )−2iGX ∗(t )−
∫ t

0
dτC(t −τ )Y (τ ),

˙̂Z (t ) = − i(�l +�F )Ẑ (t )−2iGẐ†(t )−
∫ t

0
dτC(t −τ )Ẑ (τ )

− iF − iR̂(t ), (7)

with the initial values X (0) = 1, Y (0) = 0, and Ẑ (0) = 0.
The integrodifferential equations in Eq. (7) show that X (t )
and Y (t ) are the propagating functions of the optical cavity.
Inhomogeneous environment operator Ẑ (t ) can be obtained
analytically from Eq. (7) by the Laplace transformation meth-
ods as follows:

Ẑ (t ) = σ̂ (t ) + μ(t ), (8)

where the contributions induced by the environment and
driving field, respectively, are

σ̂ (t ) = i
∫ t

0
dτ [Y (t − τ )R̂†(τ ) − X (t − τ )R̂(τ )],

μ(t ) = i
∫ t

0
dτ [Y (t − τ )F ∗ − X (t − τ )F ]. (9)

Now we assume that the system undergoes a Gaussian
Ornstein-Uhlenbeck process (corresponding to the Lorentzian
spectrum density) [124–126] described by

C(t − t ′) = 1
2γ λe−λ|t−t ′|, (10)

where the parameter λ defines the spectral width of the
reservoir and is connected to the reservoir correlation time
τr = λ−1. The parameter γ can be shown to be related to
the decay of the system in the Markovian limit with a flat
spectrum. The relaxation time scale is τl = γ −1.

In many physical systems described by the Hamiltonian
of Eq. (3), the Markovian approximation for open systems
[127,128] is valid, where the coupling strength between the
system and the environment is very weak and the charac-
teristic correlation time τr of the environment is sufficiently
shorter than that τl of the system (i.e., λ � γ ), a procedure
which is known as the Markovian approximation:

τr � τl , (11)

or, equivalently, the spectrum of the reservoir takes the value
J (ω) = γ

2π
, which leads to a Markovian dynamics. The reser-

voir has no memory effect on the evolution of the system.
Then, according to Eq. (5) or Eq. (10), we have

C(t − t )=γ δ(t − t ), (12)

where δ(t ) denotes the Dirac delta function. With these re-
sults, we can easily obtain the master equation for the system
in Markovian approximation [12,58,81,83,113–120]

ρ̇ = −i[ĤMar, ρ] + γ

(
âρâ† − 1

2
â†âρ − 1

2
ρâ†â

)
, (13)

where ĤMar = (�l + �F )â†â + Gâ†2 + G∗â2 + Fâ† + F ∗â.
Now we focus on the statistic properties of photons in

cavity, which can be described by the equal-time second-order
correlation function,

g(2)(0) = 〈â†2â2〉
〈â†â〉2 . (14)

We know that g(2)(0) < 1 means single-photon blockade. In
Fig. 2(a), we show the equal-time second-order correlation
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FIG. 2. The second-order correlation function g(2)(0) versus the
phase θ (The unit of θ is rad) in two-photo pumping for different
input directions. Here and hereafter, �l , �F , G, F , and λ are rescaled
in units of γ , and t is then in units of 1/γ . Hence, all parameters are
dimensionless. (a) At f = 0.1504γ , φ = 1.5498rad, single-photon
blockade in Fig. 2(a) or photon bunching in Fig. 2(c) occurs at θ =
3rad by driving the device from the left or right side, with the same
strength. At f = 0.1504γ , φ = 2.0498rad, single-photon blockade
in Fig. 2(b) or photon bunching in Fig. 2(d) occurs at θ = 4rad
by driving the device from the left or right side, with the same
strength. The other parameters chosen are �l = 0, g = 0.0045γ , and
|�F | = 5γ .

function g(2)(0) as a function of the phase θ in two-photon
pumping. The figures are plotted in the weak driving limit.
Interesting features can be found at θ = 3rad and θ = 4rad,
marked, respectively, by A, B, C, and D. These points cor-
respond to different physical phenomena. When the phase is
θ = 3rad, we have interesting observations that the equal-time
second-order correlation function is less than one at point
A (corresponding to single-photon blockade) when the laser
drives the cavity from the left side, and greater than one at
point B (corresponding to photon bunching) when the cavity is
driven from the right side. If we change the laser phase φ and
tune it to make φ = 2.0498rad, then the similar observations
at θ = 4rad can be found in Figs. 2(b) and 2(d). This suggests
that the nonreciprocal unconventional photon blockade effect
can be observed with very weak nonlinearity g � γ .

To gain more insights into the nonreciprocal unconven-
tional single-photon blockade shown in Figs. 1 and 2, we
develop an approximately analytical expression for the system
by considering only the three lowest levels in Figs. 1(c) and
1(d). Assume that the system is initially prepared in |0〉, and
only these levels are occupied due to the driving, the state of
the system can be written as [30,57]

|�〉 = B0|0〉 + B1|1〉 + B2|2〉, (15)

where Bj is time-dependent function denoting the probabil-
ity amplitude on the cavity photon state | j〉. Taking Ĥeff =
ĤMar − iγ â†â/2 as the effective Hamiltonian for the system
and substituting |�〉 into the Schrödinger equation i ∂

∂t |�〉 =

Ĥeff|�〉, we obtain a set of equations for Bj ,

iḂ0 = F ∗B1 +
√

2G∗B2,

iḂ1 = FB0 + �̃B1 +
√

2F ∗B2,

iḂ2 =
√

2GB0 +
√

2FB1 + 2�̃B2,

(16)

where �̃ = �l + �F − iγ /2. Under the weak driving con-
dition, we have |B0| � |B1|, |B2|. In steady state, ∂

∂t B j = 0.
Noticing Eq. (14), the conditions for g(2)(0) → 0 are derived
from Eq. (16) by setting B2 = 0, so we arrive at

FB̄0 + �̄B̄1 = 0,
√

2GB̄0 +
√

2FB̄1 = 0, (17)

where B̄ j denotes the steady probability amplitude of Bj .
Based on the optimal equations, we can obtain the optimal
parameters as follows:

fopt =
√

g[γ 2 + 4(�l + �F )2]
1/4

√
2

, (18)

φopt =
{

z, 2(�l + �F ) cos θ − γ sin θ > 0,

z + 1
2π, 2(�l + �F ) cos θ − γ sin θ < 0,

(19)

where z = 1
2 arctan [ γ cos θ+2(�l +�F ) sin θ

2(�l +�F ) cos θ−γ sin θ
]. We should point out

that when the optimal condition Eqs. (18) and (19) are si-
multaneously satisfied, strong antibunching can be obtained;
otherwise, the system is not in strong antibunching regimes.

We will use the optimal conditions given by Eqs. (18)
and (19) to understand the extreme points shown in Fig. 2.
In Figs. 2(a) and 2(c), when �l = 0, g = 0.0045γ , |�F | =
5γ , θ = 3rad we have the optimal values f = 0.1504γ , φ =
1.5498rad, which are consistent with those given by Eqs. (18)
and (19), this explains the points A and B in Fig. 2. When we
change θ to 4rad, we have the optimal values f = 0.1504γ ,
φ = 2.0498rad which are given by Eqs. (18) and (19), this
explains what we find at points C and D.

Although the optimal values can be found by numerically
solving the master equation, the analytical optimal values
given by the effective Hamiltonian have the following advan-
tages. First, the analytical optimal f and φ given by Eqs. (18)
and (19) are convenient to analyze the regime of antibunching,
this would help in experiments find the required parameters.
Secondly, by the analytical expressions for fopt and φopt, we
can find that the roles the system parameters play.

In Figs. 1(c) and 1(d), we show the energy levels and
the transition paths. The physical origin of strong photon
antibunching is the destructive interference between direct and
indirect paths of two-photon excitations, i.e.,

|0〉
√

2ge−iθ

−→ |2〉, |0〉 f e−iφ

−→ |1〉
√

2 f e−iφ

−→ |2〉. (20)

For spinning cavity with OPA and dissipation driven by
the laser driving, g(2)(0) exhibits giant nonreciprocity, which
can be seen in Fig. 2(a). The photon blockade can be gen-
erated, i.e., g(2)(0) ∼ 0.0072 for �F > 0, while significantly
suppressed, i.e., g(2)(0) ∼ 3.94 for �F < 0, which can be seen
more clearly in Fig. 2(c). The nonreciprocal unconventional
photon blockade induced by Fizeau light-dragging effect, with

013826-4



NONRECIPROCAL UNCONVENTIONAL PHOTON BLOCKADE … PHYSICAL REVIEW A 101, 013826 (2020)

up to two orders of magnitude difference of g(2)(0) for oppo-
site directions, can be achieved even with a weak nonlinearity.
Furthermore, in Figs. 2(b) and 2(d) with φ = 2.0498rad, the
similar phenomena can be observed. This can be explained in
Fig. 1. In Fig. 1(c), by driving the system from the left-hand
side, the direct excitation from state |0〉 to state |2〉 will be
forbidden by the destructive quantum interference between
the indirect paths of two-photon excitations, which leads to
photon antibunching. In contrast, photon bunching occurs by
driving the system from the right side due to the lack of
the complete destructive quantum interference between the
indicated levels [see Fig. 1(d)].

IV. ANALYTICAL EXPRESSIONS FOR THE
SECOND-ORDER CORRELATION FUNCTION

In this section, we will derive an analytical expression for
the second-order correlation function and compare it with
the full numerical simulation by solving master Eq. (13). To
approximately obtain the analytical solution of the second-
order correlation function g(2)(0), we need estimate Eq. (13).
Moreover, in the weak driving limit, we have |B0| � |B1|, |B2|
and assume that the vacuum state is approximately occupied
with B0 = 1 in Eq. (16). The second-order correlation func-
tion is calculated by the steady-state solutions of Eq. (16).
We set the time derivatives to zero and solve the equations
iteratively, order by order, in the weak driving limit. Finally,
we obtain the steady-state probability amplitude equations

F + �̃B̄1 +
√

2F ∗B̄2 = 0,
√

2G +
√

2FB̄1 + 2�̃B̄2 = 0, (21)

which lead to

B̄1 = −2 f {2ge2iφ + eiθ [iγ − 2(�l + �F )]}
ei(θ+φ){4 f 2 + [γ + 2i(�l + �F )]2} ,

B̄2 =
√

2{e2iφg[γ + 2i(�l + �F )] − 2ieiθ f 2}
iei(θ+2φ){4 f 2 + [γ + 2i(�l + �F )]2} . (22)

Therefore, considering the total state Eq. (15), we can obtain
the analytical expression of the second-order correlation func-
tion

g(2)(0) = 〈â†2â2〉
〈â†â〉2 � 2

∣∣B̄2
2

∣∣∣∣B̄4
1

∣∣ , (23)

where B̄1 and B̄2 are given by Eq. (22). To compare the
analytical solution with the full numerical solution of the
second-order correlation function g(2)(0), we plot the second-
order correlation function g(2)(0) as a function of the phase
θ in Fig. 3. The red-circle lines indicate the full numerical
simulations by solving master Eq. (13), and the blue-square
lines correspond to the analytical results Eq. (23). We find
that the analytical results of the second-order correlation
function show good agreement with those obtained by the full
numerical simulations.

Our analytical method is developed to find the optimal
parameters ( fopt, φopt) that minimize the second-order correla-
tion function where a truncation of the Hilbert space to 2 pho-
tons is used. Thus the analytical solution of the second-order
correlation function is inaccurate when the photon number is
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FIG. 3. This figure indicates that the optimal value given by
the analytical method is consistent with that given by numerical
simulation (The unit of θ is rad). The blue-square and red-circle lines
denote g(2)(0) for the analytical expression given by Eq. (23) and full
numerical simulation by solving the master Eq. (13), respectively.
The parameters chosen are the same as those in Fig. 2.

large. However, as seen in Fig. 3, the optimal value is the
same as that from the numerical solution, demonstrating the
feasibility of our analytical method.

From Fig. 3, we observe that the second-order correlation
function g(2)(0) can arrive at 10−5 ∼ 10−4 orders of mag-
nitude at optimal points, whereas the analytical results can
reach 10−15 orders of magnitude (very close to zero). The
reason leading to this difference is that the Hilbert space is
truncated into the finite dimension in the analytical derivation.
On the other hand, when we substitute the optimal conditions
given by Eqs. (18) and (19) into the analytical solution of
g(2)(0) in Eq. (23), we find g(2)(0) = 0 or B̄2 = 0, as predicted.
However, in the numerical calculation for g(2)(0), the state |3〉
(B̄3) is actually occupied with very small probability in the
weak driving limit, which has been ignored in the analytical
analysis. Overall, we do not take the state |3〉 (or the higher
state |n〉 for n > 3) into account in Eq. (15). This is the
essential reason of leading to the difference between the
analytical results and the numerical simulations for g(2)(0).

V. NONRECIPROCAL UNCONVENTIONAL PHOTON
BLOCKADE WITH NON-MARKOVIAN EFFECTS

To give the non-Markovian master equation of the system
to be investigated, we assume that the system and environment
are initially in an uncorrelated state-reservoir modelled by
Hamiltonian ĤR = ∑

k ωkb̂†
kb̂k , which is in a thermal equilib-

rium state as follows:

ρSR(0) = ρ(0) ⊗ ρR(0), ρR(0) = e−βĤR

TrRe−βĤR
. (24)

The factorized initial density matrix Eq. (24) guarantees
that the Liouville operator is independent of initial sys-
tem state, which is also observed in the quantum Brown-
ian particle [129–132], quantum two-level systems in vari-
ous materials [133–137], quantum cavity systems coupled to
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structured environments, and general non-Markovian environ-
ments [138–141]. The integral kernels (both of which are of
Gaussian form and result from the linearity of total Hamil-
tonian) make the reduced density matrix ρ(t ) = TrR[ρSR(t )]
also a Gaussian. Together with the requirements of conser-
vation of probability [Tr(ρ̇) = 0], hermiticity (ρ = ρ†), and
state-independent coefficients, we obtain the following form
of time-convolutionless master equation:

ρ̇ = − i[Ĥ(t ), ρ]

+ γ1(t )(2âρâ† − â†âρ − ρâ†â)

+ γ2(t )(âρâ† + â†ρâ − â†âρ − ρââ†)

+ [γ ∗
3 (t )(2âρâ − ââρ − ρââ) + H.c.], (25)

with the time-dependent effective Hamiltonian

Ĥ(t ) = E (t )â†â + S (t )â†2 + S∗(t )â2 + χ (t )â† + χ∗(t )â,

(26)

where the time-dependent parameter E (t ) is the optical cavity
energy induced by the OPA pump and non-Markovian envi-
ronment. S (t ) denotes the two-photon process produced by
the OPA pump. γ1(t ), γ2(t ), and γ3(t ) usually are, respec-
tively, the dissipative, like-finite temperature fluctuation, and
squeezing process. χ (t ) denotes a coherence process formed
by the driving field and non-Markovian environment.

In Heisenberg picture, operators change with the time, but
quantum states are time-independent. Therefore, with given
ρSR(0) given by Eq. (24), the time evolution of any physical
observable can be obtained directly from Eq. (4) through the
identity

TrSR[P̂(t )ρSR(0)] ≡ TrS[P̂(t )ρS (t )], (27)

in which P̂(t ) is polynomial of the cavity field
operators â(t ) and â†(t ), i.e., P̂(t ) ≡ P̂(â(t ), â†(t )) =∑∞

N1,N2=0 â(t )†N1 â(t )N2 ≡ ∑∞
N1,N2=0 P̂N1N2 (t ). In this case, the

cavity state ρ(t ) = TrRρSR(t ) with ρSR(t ) = U (t )ρSR(0)U †(t )
which describes the density matrix of the total system,
and TrSR ≡ TrSTrR denotes traces over the system and
environment, respectively. ρSR(0) is the total initial state
given by Eq. (24). With the identity Eq. (27) and use of
Eq. (4), we can obtain these coefficients as follows:

S (t ) = − β(t )/2i,

E (t ) = − Im[α(t )],

χ (t ) = i[μ̇(t ) − α(t )μ(t ) − β(t )μ∗(t )],

γ1(t ) = − 0.5V̇ (t )/V (t ),

γ2(t ) = [∂/∂t + 2�1(t )]〈σ̂ †σ̂ 〉 − {β∗(t )〈σ̂ 2〉 + H.c.},

γ3(t ) = (α(t ) − 0.5∂/∂t )〈σ̂ 2〉 + β(t )

2
〈σ̂ σ̂ † + σ̂ †σ̂ 〉,

(28)

where α(t ), β(t ), and V (t ) are given by

α(t ) = (ẊX ∗ − ẎY∗)/V (t ),

β(t ) = (XẎ − ẊY )/V (t ),

V (t ) = |X (t )|2 − |Y (t )|2,
(29)

where X (t ) and Y (t ) are given by Eq. (7).

In this section, we discuss the effects of the non-Markovian
environment on nonreciprocal single-photon blockade with
Gaussian Ornstein-Uhlenbeck process given by Eq. (10) (In
numerical simulations, we do not consider γ2(t ) because it
is much smaller than γ1(t ) and γ3(t ) under given parameters
[82]). In Fig. 4 with driving the device from the left side, we
show the second-order correlation function g(2)(0) as a func-
tion of the driving strength f with the different spectral width
of environment λ by numerically solving master Eq. (25).
The figure is plotted in the weak driving limit. We notice
that the nonreciprocal unconventional single-photon blockade
occurs in Fig. 4 due to the quantum interference between two
different pathways shown in Fig. 1(c), which are produced by
the OPA pump and driving field, respectively. When we add
laser driving the device from the right side, the occurrence of
the photon bunching can be found in Fig. 4.

To be specific, for a given spectral width of environment,
e.g., increasing from λ = 2.1γ ∼ 10γ , we find from the figure
that the optimal point fopt decreases from f = 0.036γ , f =
0.035γ , f = 0.034γ , to f = 0.033γ . As the spectrum width
of the environment is further increased, λ = 300γ , the optimal
value f is given by Eq. (18) (in this case, optimal value f =
0.03γ ), where the driving phase takes the optimal values φ =
φopt given by Eq. (19). For the sake of clarity, we separately
draw the non-Markovin case and the Markovian limit case
when the environmental spectrum width λ = 300γ in Fig. 5.
This figure shows the consistency of nonreciprocal unconven-
tional single-photon blockade between non-Markovian limit
with λ = 300γ and Markovian approximation.

VI. DISCUSSIONS ON THE EXPERIMENTAL
IMPLEMENTATION

In this section, we present a discussion on the experimental
feasibility to observe the prediction in an optical cavity. For
the model under study, we mainly focus on the following two
points: (i) Fizeau shift, (ii) two-photon driving.

(i) The experimental feasible parameters are as follows
[142–146]: λ = 1550 nm, r = 30μm, � ∼ 3 × 109 Hz, n =
1.4, Q = 1.5 × 105. With these parameters, we have the
Sagnac-Fizeau shift |�F /2π | ∼ 42491.6 MHz and decay of
cavity γ /2π ∼ 8109.11 MHz, which leads to |�F /γ | ∼
5.24. In our work, |�F /γ | = 5 (see the caption of Fig. 2) is
within touch of current experimental technology.

In addition, Fig. 6 shows the ratio of Fizeau drag
[�F = ± nr�ω

c (1 − 1
n2 − λ

n
dn
dλ

) ≡ β�] to decay rate as the an-
gular velocity of the cavity increases [also see Fig. 4, where
|�F | = 0.004γ )], where spinning cavities have reached much
higher velocities, for example, the GHz regimes [147,148].

(ii) The two-photon driving term can be realized by a
degenerate optical parametric amplifier (OPA) in a single
cavity containing a χ (2) nonlinear medium. In this case, the
OPA system can be described by Hamiltonian

H̃OPA = ωcâ†â + ωp p̂† p̂ + Jp(â†2 p̂ + p̂†â2)

+ F (t )â† + F ∗(t )â, (30)

where â and p̂ are the photon annihilation operators of the two
cavity modes with frequencies ωc and ωp, respectively. F (t )
is the single-photon driving strength. Jp denotes the coupling

013826-6



NONRECIPROCAL UNCONVENTIONAL PHOTON BLOCKADE … PHYSICAL REVIEW A 101, 013826 (2020)
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Non-MarkovianMarkovian

FIG. 4. The second-order correlation function g(2)(0) varies with the driving strength f for different input directions. For the driving on
the cavity from the left side, �F > 0, the figure shows the influence of the non-Markovian environment on the nonreciprocal unconventional
photon blockade with the second-order correlation function g(2)(0) by numerically solving master Eq. (13) as a function of the driving strength
f in unconventional single-photon blockade regime. φ takes its optimal value φopt given by Eq. (19). From the figure, we point out that as the
increase of the environmental spectrum width λ, the non-Markovian unconventional single-photon blockade effect gradually tends to the case
of Markovian limit (λ → ∞ or λ � γ ). In contrast, for the driving on the cavity from the right side, �F < 0, the photon bunching occurs.
Parameters chosen are g = 0.002γ , �l = 0, |�F | = 0.004γ , θ = 4rad. The chosen parameters satisfy (�F + �l )2 = 4g4, which leads to the
time-dependent coefficients of Eq. (25) to have analytical steady solutions.

strength via χ (2) nonlinear medium [149], which mediates the
conversion of a photon in cavity p to two photons in cavity
a [12,48,49]. The coupling strength between two cavities is
given by

Jp = Dε0

(
h̄ωc

2ε0

)√
h̄ωp

2ε0

∫
dr

χ (2)(r)

[ε(r)]3 α2
1 (r)α2(r), (31)

where ε0 is the vacuum permittivity. ε(r) denotes the relative
permittivity. D is a degeneracy factor. α1(r) and α2(r) are the
wave functions for mode â1 and mode â2, respectively.

0.03 0.04 0.05 0.06

10-1

100

101

FIG. 5. The second-order correlation function g(2)(0) varies with
the driving strength f for different input directions. This fig-
ure shows the consistency of nonreciprocal unconventional single-
photon blockade between non-Markovian limit with λ = 300γ given
by Eq. (25) and Markovian approximation given by Eq. (13). The
parameters chosen are the same as those in Fig. 4.

It is widely recognized that all quantum amplifiers are
essentially nonlinear system [113,149]. As one of the exam-
ples of parametric amplification nonlinear interactions, the
schematic diagram of the OPA physical process is shown in
Fig. 7. The OPA interaction involves a pump photon with
frequency ωp being converted into two photons with identical
frequency ωc with the relation ωp = 2ωc due to the second-
order nonlinearity. The pump field is treated approximately
as a classical coherent field because the pump field depletion
is negligible [150–152], namely, p̂ → βe−i(θp−ωpt ) (mean-field
approximation, which requires pump field amplitude very
large), with β and θp being the amplitude and the phase of

0 1 2 3 4 5

109

-10

-5

0

5

10

FIG. 6. Ratio �F /γ of Fizeau drag to decay versus angular
velocity (The unit of � is Hz) of the cavity for �F /γ > 0 (blue line)
and �F /γ < 0 (red-dashed line) cases. The optical wavelength is
λ = 1.5 μm, the radius of the cavity is r = 30 μm, and the linear
refractive index of the cavity is n = 1.4.
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χ(2)

Nonlinear mediumNonlinear medium

Pum (ωp)
      ωc

        ωc

c

c

FIG. 7. Our model consists of spinning cavity coupled with a
degenerate optical parametric amplifier (OPA) [12,58,81,83,113–
120] and single-photon laser driving. The figure represents the OPA
process: A pump photon with frequency ωp is down-converted into
an identical pair of photons with frequency ωc after passing through
the χ (2) nonlinear medium.

the pump field. In this case with a rotating frame, the OPA
Hamiltonian Eq. (30) becomes

ĤOPA = �l â
†â + Gâ†2 + G∗â2 + Fâ† + F ∗â, (32)

where �l = ωc − ωl , and G = Jpβe−iθp ≡ ge−iθ is the nonlin-
ear gain of the OPA with Jp given by Eq. (31). Obviously, G
is directly proportional to the amplitude of the pump field and
the second-order nonlinearity of the medium.

It is worth evaluating the actual experimental possibility of
the strong photon antibunching effect with weak nonlinearity.
To estimate the coupling strength between the modes, we
simplify the expression in Eq. (31) as

g = βχ̃ (2)

(
ωc

εr

)3/2
√

h̄

ε0V eff
, (33)

where D = 2 and α1(r) = α2(r) = α(r). In this situation,
an effective mode volume for the scalar field profile is
defined in Eq. (33) as V −1/2

eff = ∫
[α(r)]3d3r. Furthermore,

we assume the real part of χ (2) constant denoted by
χ̃ (2). Taking a simple normalized mode profile α(r) =
(2/πσxσyd )1/2 exp(−x2/2σ 2

x − y2/2σ 2
y ) cos(π/d )z for pho-

tonic crystal resonators at near infrared wavelengths [153], we
analytically gets Veff = aπσxσyd/3.

In dielectric photonic microcavities [154], we may take
σx = λ/(2

√
εr ), σy = d = σx/3, εr = 2, and β = 100. With

these values, and assuming λ = 1.5 μm, the mode volume
estimated from the expression above is Veff � 0.07 μm3. The
present scheme could be realized with state-of-art technology
employing the main III–V materials, such as GaAs [119,155],
where bulk nonlinear susceptibility can be of the order of
10–200 pm/V in optoelectronics. Taking these values into
account, we get a realistic order of magnitude estimate for
the coupling constant in Eq. (31) as h̄g ∼ 0.018 μeV, which
is a remarkably large value for a passive nonlinear material.
In standard III–V semiconductor microresonators with quality
factors on the order of 105, therefore, Q = 1.5 × 105 [156] is
reasonable, which leads to h̄γ ∼ 2.76 μeV. The two-photon

driving strength is g/γ ∼ 0.0065 (we take g/γ ∼ 0.0045 in
our simulations [12,83,113–120], see Fig. 2). Hence, the pro-
posal could be realizable within touch of current technologies.

VII. CONCLUSIONS AND DISCUSSIONS

In summary, we have studied the nonreciprocal unconven-
tional photon blockade in a system consisting of spinning cav-
ity coupled respectively with degenerate optical parametric
amplifier (OPA) and the laser driving with weak nonlinearities
through the Fizeau drag. Due to the destructive quantum
interference effect between the different paths for two-photon
space, strong antibunching effects have been found when
driving on the cavity from the left side. While driving on
the cavity from the right side, the quantum interference paths
are broken, which leads to the occurrence of the photon
bunching. By analytical calculations, we derive a condition
for optimized photon antibunching. With these parameters,
the value of the equal-time second-order correlation function
gets minimum, which corresponds to single-photon blockade.
We find that the analytical expressions of the equal-time
second-order correlation function are in good agreement with
those obtained by the fully numerical simulation by numer-
ically solving the master equation. Moreover, we extend the
above results to the non-Markovian bath which consists of
collection of infinite oscillators (bosonic photonic modes). We
show nonreciprocal unconventional photon blockades exhibit
a transition from the non-Markovian to Markovian regime
by controlling environmental spectral width regardless of the
weakness of OPA gain and driving field.

Applications of nonreciprocal unconventional photon
blockade to a variety of physically relevant systems as well
as its extension to wide class of open quantum system with
spinning cavities through the Fizeau drag, e.g., (1) χ (2) non-
linear materials J (â2b̂† + b̂â†2), (2) Kerr nonlinear mediums
Uâ†2â2, (3) Jaynes-Cummings models

∑
k gk (σ−b†

k + bkσ+)
[67,157–161], or Rabi models

∑
k vkσx(b†

k + bk ) [162,163],
(4) optomechanical systems â†â(b̂+b̂†) [164–166], coupled
with the non-Markovian baths, deserve future investigations.
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