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Two-dimensional spin-orbit-coupled Fermi gases subject to s-wave pairing can be driven into a topological
phase by increasing the Zeeman spin splitting beyond a critical value. In the topological phase, the system
exhibits the hallmarks of chiral p-wave superfluidity, including exotic Majorana excitations. Previous theoretical
studies of this realization of a two-dimensional topological Fermi superfluid have focused on the BCS regime
where the s-wave Cooper pairs are only weakly bound and, hence, the induced chiral p-wave order parameter
has a small magnitude. Motivated by the goal to identify potential new ways for the experimental realization of
robust topological superfluids in ultracold-atom gases, we study the BCS-to-BEC crossover driven by increasing
the Cooper-pair binding energy for this system. In particular, we obtain phase diagrams in the parameter space of
two-particle bound-state energy and Zeeman spin-splitting energy. Ordinary characteristics of the BCS-to-BEC
crossover, in particular the shrinking and eventual disappearance of the Fermi surface, are observed in the
nontopological phase. In contrast, the topological phase retains all features of chiral p-wave superfluidity,
including a well-defined underlying Fermi surface, even for large s-wave pair-binding energies. Compared to the
BCS limit, the topological superfluid in the BEC regime turns out to be better realizable even for only moderate
magnitude of spin-orbit coupling because the chiral p-wave order parameter is generally larger and remnants
of s-wave pairing are suppressed. We identify optimal parameter ranges that can aid further experimental
investigations and elucidate the underlying physical reason for the persistence of the chiral p-wave superfluid.
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I. INTRODUCTION AND OVERVIEW OF MAIN RESULTS

One of the earliest proposed pathways towards realization
of a two-dimensional (2D) topological superfluid (TSF) [1]
is based on s-wave pairing of spin—% fermions subject to
spin-orbit coupling and Zeeman spin splitting [2-6]. In the
absence of spin-orbit coupling, a population imbalance in the
spin components (equivalent to nonzero Zeeman splitting)
tends to destroy s-wave superfluidity due to the mismatch
of the spin-1 and spin-| Fermi surfaces for weak-coupling
superfluids [7,8]. With strong s-wave attraction, phase sepa-
ration between superfluid and normal phases ensues in this
case [9]. Adding 2D spin-orbit coupling (e.g., of Rashba form
[10-12]) permits a pairing instability even for unmatched
Fermi surfaces and re-establishes a homogeneous superfluid
ground state with gapped fermionic quasiparticle excitations.
The pairing field for each spin component separately [13] now
obtains the characteristics of a chiral 2D p-wave superfluid
[14]. Increasing the Zeeman coupling energy h beyond the
critical value
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quenches one of the Fermi surfaces, and the system enters
a TSF phase. In Eq. (1), A and u denote the self-consistent
s-wave pair potential and chemical potential, respectively.
Bearing all the characteristics of a 2D spinless p-wave super-
fluid, a nontrivial topological invariant can be defined [1], and
Majorana quasiparticle excitations are present at boundaries
[2,15] and in vortex cores [16-20] by virtue of an index
theorem [21]. Majorana zero modes are considered promising
candidates for enabling fault-tolerant quantum-information
processing [22].

Intense efforts towards experimental implementation of
2D TSFs using the above-described route have so far
been thwarted by the deleterious effect of Zeeman-splitting-
inducing magnetic fields on superconductivity in typical ma-
terials [23], as well as basic physical constraints on the
magnitude of spin-orbit coupling reachable in solids [11] and
ultracold-atom gases [24,25]. Our present study shows that a
possible way around the latter limitation would be to access
the strong-coupling regime of the s-wave pairing, which is
commonly referred to as the BEC regime [26-30].

The main insights reached in our work are underpinned by
zero-temperature phase diagrams in the parameter space of
two-particle s-wave bound-state energy Ey, [31] and Zeeman
energy h as illustrated in Fig. 1. These show a second-order
transition line (red) between the nontopological and topolog-
ical superfluids at small E, being replaced by a first-order
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FIG. 1. Zero-temperature mean-field phase diagrams, in the pa-
rameter space of two-particle s-wave bound-state energy E, and
Zeeman energy h, for a spin-orbit-coupled 2D Fermi gas with
fixed density n = mEg/(nh?) = k2/(27). Panel (a) [(b)] depicts
the case where the dimensionless parameter Akr/Er measuring the
spin-orbit-coupling strength equals 0.50 (0.75), which illustrates a
small-(large-)spin-orbit-coupling situation. The shaded region 4. <
h < h., with h_ (h.) indicated by the blue (green) line, is in
the phase-separated first-order-transition regime that emerges for
Ey > E and h > h'©. The critical Zeeman energy h,, defined via
Eq. (1) and indicated by the red curve, delineates the second-order
transition between an ordinary nontopological superfluid (NSF) and
a topological superfluid (TSF). From the point when the A.(E}) curve
reaches the region where phase separation occurs, the topological
transition is switched from second to first order. The BCS-to-BEC-
crossover boundary (dashed line) has been determined via the condi-
tion w(Ey, h) = 0.

phase transition at larger E}. In the phase diagram at constant
particle density n, enforced by measuring energies in terms
of the Fermi energy Er = 7 /i*n/m, the first-order phase tran-
sition manifests itself as a region without a uniform-density
ground state (gray) where phase separation into spatially
separated domains ensues. Critical Zeeman-energy values
h_ (blue) and h. (green) delimit the phase-separation region
at fixed Ey, defining two curves in the phase diagram. The
properties of the phase-separation region itself have been
the subject of previous work [32,33], and we also provide
a few more details later on. However, the main focus of
our present study is the careful determination of the location
of the boundaries 4. and h. and the exploration of the
adjacent homogeneous phases, especially in the regime where
Ey/Er 2 1.

Comparison of our results with those obtained previously
for spin-imbalanced 2D Fermi superfluids' helps to elucidate
the physical consequences of finite spin-orbit coupling. The
magnitude of the latter is most conveniently measured in terms
of the dimensionless parameter Akp/Eg that also involves
the density-dependent Fermi wave number kg = /27 n. One
important effect of finite A is to shift the low-E}, boundary of
the phase-separation region from zero to finite values of Ej,
[9], and a second effect is to establish the TSF phase [33] for
sufficiently high Zeeman energy # > max{h., h-} in place of
the fully polarized normal phase found for A = 0 [9].

Our present study shows that the character of the TSF
phase emerging in the BEC regime of the underpinning s-
wave pairing (Ey,/Eg 2, 1) is fundamentally similar to the TSF
occurring in the BCS limit (Ey/Er < 1). In particular, for the
entire TSF region in the phase diagram, the system exhibits
canonical signatures of an underlying Fermi surface. As dis-
cussed by Sensarma et al. [34], an underlying Fermi surface
can be robustly defined even in strong-coupling fermionic
superfluids by a number of alternative definitions, such as a
zero crossing of the single-particle Greens’s function G(k, 0),
a drop in the single-particle momentum distribution n(k), or,
if available, by a minimum of the quasiparticle dispersion
relation. Our results for the TSF are in stark contrast to
the nontopological superfluid (NSF) phase where the Fermi
surface shrinks and eventually disappears as E},/Ep increases
and the BEC regime is entered. This is expected from the
known phenomenology of the BCS-to-BEC crossover for s-
wave pairing [35-37] and is illustrated by recent quantum
Monte Carlo results [38,39].

The defining element of the 2D TSF is an emergent chiral
p-wave order parameter Ap, whose magnitude provides the
energy scale of the quasiparticle-excitation gap. Its value is
proportional to the spin-orbit-coupling strength A and the
modulus |A| of the s-wave pair potential, but inversely related
to the spin-splitting (Zeeman) energy scale i [3,5,6,13,40].
Given that increasing A has adverse side effects such as
heating of the atom gas [24] in currently available experimen-
tal schemes, maximizing Ap,, needs to be pursued by other
means. As |A|/Er is a monotonically increasing function
of Ey/Er but is suppressed with increasing n/Er (see, e.g.,
Refs. [13,41] and below), its practically largest magnitude oc-
curs just after the transition to the homogeneous TSF phase at
hmax = max{h., h- }. Figure 2(a) illustrates the dependence of
this value, |A|j=p,,, . on both Ey, and A. It reveals a maximum
that gets broader and larger as the parameter Akp/Ef increases.
As the maximum value of |A| reaches values up to ~Ep
typically, even for only moderately high values of the spin-
orbit-coupling strength, the TSF realized in the BEC regime
of s-wave pairing presents a much more favorable platform
for useful study and application than would be available in the
BCS regime at the same value of A. This is established even
more directly by measuring Ay, as the gap in the low-energy
quasiparticle dispersion for the TSF. The values for Ap,
found for the same parameter combinations that maximize |A|
are shown in Fig. 2(b). For both fixed values of Akg/Ef, a

'See, e.g., Fig. 2(a) in Ref. [9].
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FIG. 2. The magnitude of the s-wave pair potential A in the
homogeneous topological-superfluid phase of a spin-orbit-coupled
2D Fermi gas with fixed density n = mEg/ (7 h?) = k2/(27) is max-
imized, for fixed two-particle bound-state energy Ej, and spin-orbit-
coupling strength A, right after the transition at Zeeman energy
hmax = max{h., h.} (see Fig. 1). Panel (a) shows the dependence
of this maximum value, |Al;_p,,., on E, for two fixed values of
the dimensionless spin-orbit-coupling strength Akp/Eg. Panel (b) is
a plot of the emergent chiral-p-wave gap A, extracted from the
low-energy quasiparticle dispersion, for the same parameters.

maximum of A,y occurs for Ey,/Er ~ 1, followed by a broad
range for which A, is slowly decreasing.

All quantitative results in this work were obtained within
mean-field theory, even though its validity for a 2D gas,
in particular outside of the weakly interacting regime, may
not be taken for granted. We nevertheless expect the qual-
itative physics, and in particular the presence of a Fermi
surface in the TSF phase, to be robust because the topological
property puts strong constraints on the many-body system.
We comment further on the physical reasons below. Mean-
field approximations have previously been found to provide
useful insight into zero-temperature phases, even when in-
teractions are strong [9,42—-44]. Quantitatively more accurate
predictions, in particular for finite temperature, require more
sophisticated approaches [42,43,45-50]. The expected effects
of beyond-mean-field corrections (quantum fluctuations) is to
suppress pairing gaps compared with mean-field theory in
the strongly interacting regime [48,50]. This fact reinforces
the optimal value Ey/Er ~ 1 for realizing a robust TSF, as
for Ey/Er > 1, the true value for the s-wave pairing gap,
and therefore also Ay, are likely to be much smaller than
mean-field theory predicts.

The physical reasons for the remarkable BCS-like behav-
ior of the TSF even when interactions are strong enough
to place s-wave pairs into the BEC regime may be seen
from a careful analysis of the relevant low-energy part of
the quasiparticle spectrum. A projection of the mean-field
equations to the majority-spin component [13] yields a useful
approximate expression for the excitation gap and TSF order
parameter

Mkgs
hsz ’

Apw X |A] 2)

where hy = [h+ (B2 + A2k2)Y/21/2, and ks < +/2kg is the
radius of the Fermi surface in the TSF phase (see end of
Sec. III). The projective approximation is valid when Ay, is
small compared with the Fermi energy Ef, but this condition
will be fulfilled when spin-orbit coupling is not too strong,
Akp < Ep, in the TSF regime where & > |A| due to Eq. (1).
Note that this means that A,y is bounded while the binding
energy E, may be much larger. Within the same projective
approximation [13] and for Akg < h, one also obtains the
estimate

u—i—h—ﬁ ’
kes ~ ke | ————2 | (3)
Ee(l - 3%7)

which shows that the Fermi-surface radius is finite, kgg > 0,
as long as the Zeeman energy # is sufficiently large. Thus
the large magnitude of the Zeeman energy required to reach
the uniform TSF phase ultimately ensures the persistence
of BCS-like character of chiral p-wave pairing, even as
the s-wave interaction is deep in the BEC regime. While
the situation becomes slightly more complex for very large
spin-orbit-coupling strengths Akp/Ep > 1, we still find sig-
natures of a Fermi surface persisting throughout the TSF
phase, and canonical BCS-like behavior being exhibited for
h 2 hmax-

The remainder of this article is organized as follows:
Section II introduces the theoretical approach used by us to
describe the BCS-to-BEC crossover for the s-wave-paired 2D
Fermi gas subject to both spin-orbit coupling and Zeeman spin
splitting. Detailed results obtained within this formalism for
the system with fixed uniform particle density are presented
in the subsequent Sec. III, together with a discussion of
physical implications and limitations inherent in the mean-
field approach. Our conclusions are formulated in the final
section IV.

II. MICROSCOPIC MODEL OF THE TWO-DIMENSIONAL
TOPOLOGICAL SUPERFLUID

We utilize a standard Bogoliubov-de Gennes (BdG) mean-
field formalism [51] to calculate the quasiparticle spectrum for
our system of interest. All relevant thermodynamic quantities
can be expressed in terms of the obtained eigenenergies and
eigenstates. Throughout this work, we consider the zero-
temperature limit.

The BAG Hamiltonian of the 2D spin-orbit-coupled Fermi
gas with s-wave interactions and Zeeman spin splitting 24
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acting in the four-dimensional Nambu space of spin—%
fermions is’

€kt — M )\k 0 —A
_ A" €k, — M A 0
—A* 0 Ak —€x, + 1

where k = (k, ky) denotes the 2D wave vector, €xp()) =
ex—(+)h with e = B>k + k2)/2m, and dy = Ai(k, — ik,) is
J

the spin-orbit coupling.’> The BdG equation reads

ut ut
v 4
u u
|| =E] 5)
Ul Ul

Its spectrum consists of four eigenvalue branches [32,52],

Exa,< = ot\/(ek — 1P + AP+ B+ 2 = 2v/ (e — wP (R + l?) + | APR2, (6a)

Exo,> = Ot\/(ék — 12 + AP 412+ [ + 24/ (e — (R + ) + [APR, (6b)

with associated eigenspinors (uﬂavn, ulﬁaw, vlza’n, Uia,n)T’
where o € {+, —} and n € {<, >} label the four different
energy-dispersion branches.

The chemical potential ;« and magnitude | A| of the pair po-
tential need to be determined self-consistently from solutions
of the BAG equations in conjunction with the gap equation
and the constraint that the uniform particle density is fixed
at n = k/(2m). Corresponding conditions can be formulated
mathematically in terms of the energy spectrum and BdG-
Hamiltonian eigenspinor amplitudes. See, e.g., Refs. [13,51].
However, educated by the insights gained from previous work
on spin-imbalanced Fermi superfluids [53], we base self-
consistency considerations on the properties of the system’s
grand-canonical ground-state energy density [32,43,52-54],
for which a standard calculation yields

EM(AL 1)

NS

1 1
_ E, . 7
= - Ek <2€k Ey +ex— 1 3 En k+,n) @)

Here A denotes the system’s volume (area), and E, > O is
the magnitude of the two-particle bound-state (i.e., binding)
energy [31]. The gap and number-density equations can be
expressed in terms of derivatives of the ground-state energy
density;

0E _ 0 (8a)
aal

EMP)

& - (8b)
&

The lengthy explicit expressions are omitted here.

2Qur notation adheres to that used in Ref. [13].

*While we adopt the 2D-Rashba form [10] for Ak, our results apply
also to other types of spin-orbit coupling that depend linearly on
the components of k, such as the 2D-Dirac and 2D-Dresselhaus
functional forms [11,12] corresponding to Ay = A(k, — ik,) and
Ak + iky), respectively.

(

As emphasized previously during the study of spin-
imbalanced Fermi superfluids [55], proper application of the
condition (8a) for identifying physical ground states requires
ensuring that EM (| A, 1), taken as a function of |A| at fixed
1, has a global minimum at the self-consistently determined
value for |A|. However, identifying local minima as well as
maxima of the ground-state energy at fixed u can also be
of interest [56-58], e.g., to discuss nonequilibrium-dynamic
phenomena; hence, we will track these in the following also.

The relative magnitude of E}, with respect to the Fermi en-
ergy Er drives the BCS-to-BEC crossover for s-wave pairing
in our system of interest [28]. More specifically, we have
123 {<< 1 in the BCS limit ©
Er |21 inthe BEC regime.

In the following, we absorb any dependence on total particle
density n by measuring all energies and wave vectors in units
of Er and kg, respectively. Thus the set of externally tuneable
parameters comprises Ey,/Eg, h/Eg, and Lkg/Eg. The system’s
state is characterized by |A|/Er and p/Eg.

The chiral p-wave nature of the superfluid is revealed by
the following considerations: Inspection of Eq. (6a) shows
that Ey; < = |he — h|. In the BCS regime, for0 < & < h, two
minima exist in Exy - at [k| > 0, corresponding to effective
p-wave pairing around the two spin-split Fermi surfaces for
spin-1 and spin-| degrees of freedom. As £ is increased, the
location of the spin-| minimum moves towards |k| = 0, with
its value shrinking and finally vanishing as it reaches |k| = 0
at h = h.. For h > h., the system has only one Fermi surface
corresponding to a fully polarized electron system, and the re-
maining minimum of Eyx . at [k| ~ «/zkp is associated with
an effective pair potential [6,13] (Ak/|Ak])Apw = je ik Apw,
where ¢y = arctan(k,/k,) is the polar-angle coordinate for
the 2D wave vector k. Proportionality of the superconducting
order parameter to the phase factor e ™ is the defining
property of chiral p-wave pairing [14] and also the origin
of its accompanying topological features [1,14]. In contrast,
the system has rwo Fermi surfaces where p-wave pairing with
opposite chirality occurs when h < h, rendering it a nontopo-
logical superfluid. We now apply the formalism introduced
above to investigate the fate of chiral p-wave superfluidity in
the BEC regime for the underlying s-wave pairing.
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FIG. 3. Chemical potential ;= and magnitude |A| of the s-wave
pair potential for a spin-orbit-coupled 2D Fermi system with fixed
density n = mEg/ (Th*) = kZ/(27) in the BCS regime for s-wave
pairing, plotted as a function of Zeeman splitting 4. Results shown
are obtained as solutions of the self-consistency conditions [Eqgs. (8a)
and (8b)] for Akg/Er = 0.75 (all panels) and E,/Er = 0.010 [panels
(a) and (c)], 0.10 [panels (b) and (d)]. Data points indicated by
circles (triangle, squares) correspond to states where the system
is nontopological (critical, topological), i.e., h < /2 + |Al]? (h =

VP IAR h > 2+ |AP).

III. RESULTS AND DISCUSSION

To ground ourselves in well-known results [13,41], we
start by fixing a value for Akg/Ep and consider the variation
of the chemical potential u and the pair-potential magnitude
|A| as a function of the Zeeman energy & in the BCS limit
for s-wave pairing, i.e., for small E,/Eg. As illustrated in
Fig. 3, both w(h) and |A(h)| evolve continuously from the
nontopological phase where i < k. [defined in Eq. (1)] via
their critical values u. = u(h.) and |A(he)| = A, that satisfy
(u? + A2)Y2 = h, into the topological phase where h > h..
This reflects the fact that, for any value of 7, 5g(ls\/IF) has only
a single minimum when plotted as a function of |A| for fixed
w, which occurs at a nonzero |A| and thus corresponds to a
homogeneous superfluid ground state.

The search for solutions of the self-consistency condi-
tions (8a) and (8b) for larger Ey/Er < 1 continues to yield
unique values of |A| and u. See the examples shown in
Fig. 4. However, an intricate complexity associated with
self-consistent solutions starts to develop. As illustrated in
Fig. 5, within an intermediate range of Zeeman energies,
two additional extrema (specifically, a local minimum and
a local maximum) start to appear in the |Al|-dependence
of the ground-state energy where p has been fixed to its
self-consistent value. Below the value Eéc) associated with
the critical endpoint of the phase-separation region shown in
Fig. 1, the unique solution of the self-consistency conditions
still continues to be the global minimum of Egs\’”:), taken at the
self-consistent w, for any value of 4. This is the case, e.g., for
the system parameters used to calculate the results shown in
Figs. 4(a) and 4(c). However, for Ey, > Eéc), which applies to
Figs. 4(b) and 4(d), the self-consistently determined value for
|A| ceases to be associated with the global minimum of L'
at fixed self-consistent  for Zeeman energies within a range
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FIG. 4. Chemical potential © and s-wave pair-potential magni-
tude |A| for a spin-orbit-coupled 2D Fermi system with fixed density
approaching the BEC regime for s-wave pairing. Results shown are
obtained as solutions of the self-consistency conditions for Akg/Er =
0.75 (all panels) and Ey,/Er = 0.50 [panels (a) and (c)], 1.0 [panels
(b) and (d)]. Circles (triangle, squares) correspond to states where
the system is nontopological (critical, topological). Filled (empty)
symbols indicate solutions of the self-consistency conditions that
globally minimize the ground-state energy and thus correspond to
proper equilibrium states of the system (that represent only a local
minimum or even a maximum of the ground-state energy).

h. < h < h., corresponding instead to only a local minimum
or even a maximum. This implies that no single-phase equilib-
rium ground state exists in the region h. < h < h.. Instead,
phase separation into domains of different densities will occur
if the system is driven into this region. Even further in the BEC
regime when Ey, > Elim), multiple self-consistent pairs of val-
ues for |A| and p emerge as illustrated in Fig. 6. Around each
of these, additional zeros of the gap equation exist, as seen in
Fig. 7. Now the range h. < h < h. is defined to be the region

1.2[-..°"°oo. x%xxxxxx
1.1} i !
w x” A x*
w 1.0} X %
= X I%
< 0.9} x xo
Xx Op
0.8} o TEmy
ort o emay
1.02 1.04 1.06 1.08 1.10 1.12 1.14

hlEg

FIG. 5. Emergence of additional zeros of the gap equation in
the BEC regime. Results shown are obtained for Akp/Er = 0.75
and Ey/Er = 1.0. Filled symbols indicate solutions of the self-
consistency conditions that globally minimize the ground-state en-
ergy and thus correspond to proper equilibrium states of the system.
Empty symbols (crosses) are associated with (non)self-consistent
values corresponding to a local minimum or maximum of the ground-
state energy. Circles (triangle, squares) indicate self-consistent solu-
tions where the system is nontopological (critical, topological).
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FIG. 6. Emergence of multiple pairs of self-consistent solutions for the chemical potential © and s-wave pair-potential magnitude |A|,
indicated by colors. Results shown here are obtained for Akg/Er = 0.75 (all panels) and Ey,/Er = 1.001 [panels (a) and (e)], 1.5 [panels
(b) and (f)], 2.0 [panels (c) and (g)], 3.0 [panels (d) and (h)]. Circles (triangle, squares) correspond to states where the system is nontopological

(critical, topological).

where none of the self-consistent | A| values is associated with
the global minimum of the ground-state energy X" when
is fixed to its corresponding self-consistent value.

The appearance of multiple extrema in the |A| depen-
dence of 5;15\’“:) at fixed u, leading to the self-consistent
minimum ceasing to be the global minimum, indicates the
presence of a first-order (noncontinuous) phase transition
[9,52]. A proper theoretical description of this situation re-
quires the construction of various phase-coexistence scenar-
ios [32,33,40], in analogy with treatments developed for the
population-imbalanced Fermi gas without spin-orbit coupling
[9,43,54,59-63]. Here we defer the careful determination of
the equilibrium ground state in the phase-separation region to
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FIG. 7. Structure of multiple self-consistent and associated non-
self-consistent solutions of the gap equation deep in the BEC regime.
Results shown are obtained for Akg/Er = 0.75 and Ey/Er = 3.0.
Filled symbols indicate solutions of the self-consistency conditions
that globally minimize the ground-state energy and thus correspond
to proper equilibrium states of the system. Empty symbols (crosses)
are associated with (non-) self-consistent values corresponding to
a local minimum or maximum of the ground-state energy. Circles
(triangle, squares) indicate states where the system is nontopological
(critical, topological). Multiple self-consistent solutions at a given i
are distinguished by color. The same color is used to indicate their
associated additional zeros in the gap equation.

future work.* Rather, we intend to discuss the properties of
the adjacent uniform, single-phase regions for large Ey/Ef.
To this end, we only need to map carefully the boundaries of
the phase-separation region, i.e., the critical-Zeeman-energy
curves h. and h.. Results for representative values of the
spin-orbit-coupling strength are given in Fig. 1. We find that
the phase-separation region narrows as the spin-orbit-coupling
parameter Akg/Efp is 1ncreased while simultaneously the crit-
ical endpoint (h(©, E )), where the /- and h-. curves merge,
shifts to larger coordlnate values in the phase diagram. The
full dependence of Eéc) (and also of Et(,m)) as a function of

“This task becomes particularly challenging for the part of the
phase diagram where multiple self-consistent solutions of the gap
equation exist at fixed h. Generally, two of these correspond to
minima of the ground-state energy taken at fixed p, and their
combined evolution between global- or local-minimum status needs
to be tracked.

[ ]
3.0 o E,E 1.6 hO/EE
250w EymiE, 1.4} 0 ho(Es)/Er .
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1.2
1.5 ° [)
1.0 . 1o
05fs o o o o o ° (@) fosf, o 88 ° (b)
05 06 07 08 09 05 06 07 08 09
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FIG. 8. (a) Special values E” and E™ for the two-particle
bound-state energy Ey, plotted as a function of the spin-orbit-coupling
strength A. Here Eéc) is the value of Ey associated with the critical
endpoint (h©, Eéc)) of the phase-separation region in the Ey-h phase
diagram where the critical-field curves 4. and h. merge. The value
Eém) is the lower limit of bound-state energies for which multiple
pairs of self-consistent solutions for  and |A| exist. (b) Dependence
of h®, the h coordinate of the critical endpoint of the phase-
separation region in the Ey-h phase diagram, on the spin-orbit-
coupling strength. For comparison, the critical field 4. [defined in
Eq. (1)] at £ is also shown.
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the dimensionless spin-orbit-coupling strength is plotted in
Fig. 8(a), with the associated results for 2® being provided in
Fig. 8(b). Two different regimes, corresponding to small and
large values of Akp/Ep, can be identified, where the former
(latter) is characterized by the A values diverging from
(coinciding with) the critical field /. for E, = E.° .

The curves for h_(E,) and h- (Ep) in the phase diagram
delimit the phase-separation region associated with a first-
order transition between different superfluid states. In those
parts of the phase diagram outside this region where only a
single pair of self-consistent values for © and |A| exists, a
curve h.(Ep) can be defined via Eq. (1) that separates the
part of the phase diagram where the system is an ordinary
nontopological superfluid (NSF, for & < h;) from the part
where the ground state corresponds to a topological super-
fluid (TSF, for h > h.). In particular, for E, < E®©, only
this second-order topological transition occurs. However, be-
yond the point where the curve for hc(E,) crosses that of
h- (Ey), solutions of the self-consistency conditions that are
critical, i.e., satisfy & = (u? + |A|?)!/2, continue to exist but
are no longer a global minimum of the ground-state energy
at fixed . At the same time, the homogeneous-superfluid
states existing for & > h. satisfy h > (u?> + |A|?)!/? and are
thus in the topological phase. Hence, beyond the crossing
point of h.(Ey) and h. (Ep), the topological transition is of
first order. The phase boundary of the homogeneous 2D TSF
is therefore delineated by hpax(Ep) = max{h.(Ey), h~ (Ep)}.
Due to the tendency of |A| to decrease monotonically with
h in regions where a self-consistent solution is associated
with the system’s equilibrium ground state (see Figs. 3, 5,
and 7), hmax is also the Zeeman energy for which |A| is
maximized in the TSF phase at fixed E,. We now focus on
the properties of the single-phase ground states adjacent to
the phase-separation region at large Ey, > Eéc) .

The typical phenomenology of the BCS-to-BEC crossover
for s-wave pairing entails a shift of the dispersion minimum to
k = 0, Bogoliubov quasiparticles becoming mostly particle-
like, and the momentum-space density distribution loosing its
typical Fermi-surface-like shape [34—39]. This exact scenario
is played out for our more complicated system of interest in
the NSF phase. See Fig. 9 and the extensive discussion in its
caption. In contrast, as illustrated by Fig. 10, all features asso-
ciated with effective chiral p-wave pairing in the spin-4 chan-
nel remain present throughout the BCS-to-BEC crossover in
the TSF phase. In particular, the momentum-space density
distribution shows a distinctive Fermi-surface edge feature
even deep in the BEC regime for s-wave pairing, which
is unexpected for situations where the chemical potential is
negative.’ That the effective p-wave pairing retains BCS-like
behavior even as the underlying s-wave pairing is in the BEC
regime is illustrated most strikingly by the close resemblance
between the true Bogoliubov-quasiparticle energies and the
dispersions associated with unpaired fermions [see Fig. 10(f)].

3See, e.g., Ref. [36]. Similar behavior to the one found by us
here for the 2D TSF seems to also be implicit in results that
were presented for the 3D spin-orbit-coupled Fermi superfluid (see,
e.g., Fig. 6 in Ref. [40]) but whose physical significance was not
discussed.
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FIG. 9. Expected BCS and BEC characteristics are exhibited in
the nontopological-superfluid (NSF) phase of a spin-orbit-coupled
2D Fermi gas. All results plotted here have been obtained for fixed
Akp/Er = 0.75, and k = |Kk| is the magnitude of the 2D wave vector
of Bogoliubov quasiparticles. Panels (a), (c), and (e) depict the BCS
regime, showing results for E,/Er = 0.010 and h = h, — 0.04EF.
Juxtaposed are panels (b), (d), and (f) associated with the BEC
regime, specifically for Ey,/Er = 3.0 and h = h_ (corresponding to
the filled circle with maximum /4 in Fig. 7). The presence (absence) of
Fermi-surface features in the momentum-space density distribution
ny. displayed in panel (a) [(b)] is typical for the BCS (BEC) regime of
s-wave pairing. Also the k dependence of spin-resolved Bogoliubov
amplitudes shown in panels (c) and (d) exhibits the familiar pattern,
with the spin-1 Nambu-particle component becoming dominant in
the BEC regime. The quasiparticle dispersion Ex. . in the BCS
regime [shown in panel (e)] has two minima corresponding to
excitation gaps at finite k but, as expected, the excitation gap is at
k = 01in the BEC regime [see panel (f)]. Abrupt changes in the spin-
resolved Bogoliubov amplitudes in the BCS regime [panel (c)] are
the result of small-gap anticrossings between highly-spin-polarized
dispersion branches. We illustrate this by showing also the purely
Zeeman-split dispersions |ex, — |, which quite closely resemble the
full dispersions Ey . and Eyx, . in the BCS regime [panel (e)]. In
contrast, Ex . is qualitatively different from |exy — | in the BEC
regime [panel (f)].

Although much larger generically than in the BCS regime,
Apy in the TSF phase for large Ej,/Ep is still small enough
because of its dependence on the inverse of the Zeeman energy
[see Eq. (2)] that the resulting quasiparticle dispersions are not
radically different from those obtained in the absence of pair-
ing. This contrasts with the NSF phase occurring at lower i
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FIG. 10. Canonical features of chiral p-wave pairing persist in
the topological-superfluid (TSF) phase of a spin-orbit-coupled 2D
Fermi gas throughout the BCS-to-BEC crossover of the underlying
s-wave pairing. Results plotted here have been obtained for fixed
Mkg/Er = 0.75, and k = |k| is the magnitude of the 2D wave vector
of Bogoliubov quasiparticles. Panels (a), (c), and (e) depict the BCS
regime (Ep/Er = 0.010 and & = h. + 0.04Eg), whereas panels (b),
(d), and (f) are associated with the BEC regime (E,/Er = 3.0 and
h = h., corresponding to the filled square with minimum # in Fig. 7).
The momentum-space density distribution n; has the same distinctive
Fermi-surface feature in both the BCS and BEC regimes of the TSF
[see panels (a) and (b)]. Panel (c) [(d)] shows the spin-resolved
particle and hole probability densities for the lowest positive-energy
branch Ey. . of Bogoliubov-quasiparticle excitations whose energy
dispersion is the black solid curve in panel (e) [(f)]. Unlike in the
BEC regime for the NSF [refer to Fig. 9(d)], both spin-{-particle
and spin-{-hole amplitudes dominate in the BEC regime of the
TSF [depicted here in panel (d)]. The purity of this realization of
chiral-p-wave pairing contrasts with the complicated pattern of the
spin-resolved Bogoliubov amplitudes in the BCS regime [panel (c)],
which is the result of small-gap anticrossings between several highly
spin-polarized dispersion branches. For illustration, panels (e) and (f)
also show the purely Zeeman-split dispersions |ex, — (/.

for the same large value of Ey,/Er where the unpaired-fermion
dispersions are not at all representative of the lowest-energy
branch of quasiparticle excitations [see Fig. 9(f)].

The stabilization of the Fermi surface in the TSF phase due
to the larger Zeeman energy is demonstrated in Fig. 11. Here
we plot the i dependence of the Fermi-surface radius kgs,
where the latter is defined as the location of the crossing point

00 01 02 03 04 05 06
(h_hmax)/EF

FIG. 11. Radius kgs of the Fermi surface emerging in the
topological-superfluid (TSF) phase of a spin-orbit-coupled 2D Fermi
gas with density n = mEp/ (T h?) = kZ/(27) subject to s-wave pair-
ing in the BEC regime, defined formally via the condition (10). The
parameter Akp/Epr measures the spin-orbit-coupling strength, Ej, is
the s-wave two-particle bound-state energy, and Ay, corresponds
to the critical Zeeman energy above which the system’s ground
state is a uniform TSFE. The two circles (diamonds) indicate values
predicted for kgs(hmax) by Eq. (3), which is expected to be valid
for Akg < hpax, using Akg/Er = 0.50 (0.75) and E,/Er associated
with the correspondingly colored solid (dashed) line. The orange star
indicates the value based on the estimate kgs (fax ) &~ Akg/(2EF) that
is expected to apply when /,,x < Akp concomitantly with Akg/Er 2
1, which is the case for the parameters of the orange dot-dashed
curve.

of the spin-f-particle and spin-1-hole Bogoliubov-spinor
magnitudes for the lowest-energy quasiparticle dispersion,

T S
Ittt <Liki=tes = Wk, <likjtes- (10)

The condition |k| = kgs clearly defines a surface in wave-
vector space that separates states having high and low occu-
pation probabilities, which is the defining property of a Fermi
surface [34]. We find that a crossing point yielding a definite
value of kgs always exists at i > hp,x for any values of £y, /Ep
and Akg/Eg. For Akp/Er < 1, the minimum in the dispersion
curve Ex; - also occurs at |k| = kgg, and the latter’s value
turns out to be well approximated by Eq. (3) for kg < Apmax-
In situations with very large spin-orbit coupling Akg/Er = 1,
the dispersion minimum is observed to sometimes be absent or
appear at |k| # kgg right after the transition to the TSF phase.
Nevertheless, the coincidence of the quasiparticle-dispersion
minimum and kgs is established for & 2 hy.x even in such
cases. Application of the approximate two-band-model results
from Ref. [13] to the case Akp > hnax yields a conservative
estimate for the Fermi-surface radius in this regime, which is
given by

k Ak MkE AR E E

s _AME R L | l F_ZE) an
kg 2EE Ex 4EF EF \/E)‘ka h

and only holds when the expression under the square root

is positive. According to results presented in Fig. 11, kgs

increases monotonically as a function of & — hy,x until reach-
ing its asymptotic value /2kg, which corresponds to the
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Fermi-surface radius of a spin-polarized 2D Fermi gas with
density n = k%/(Zyr).

As can be seen in Fig. 10, the most visible attributes that
distinguish the TSF in the BEC regime from that arising in
the BCS regime are the increased magnitude of the low-energy
excitation gap Ap,, and the strong suppression of the minority-
spin degrees of freedom. The clear dominance of the spin-1
Bogoliubov amplitudes representing chiral p-wave pairing is
one of the favorable qualities exhibited by the TSF realized
in the BEC regime. In addition, a larger magnitude of Ay,
should help to reduce the influence of many experimental
nonidealities, including thermal fluctuations, as long as Ey,/Ep
is not too large so that beyond-mean-field fluctuations have
not yet significantly suppressed the value of the pairing gap.
Thus, the TSF realized in the onset of the BEC regime of
the underlying s-wave pairing constitutes both a purer and
more-robust version of the highly sought-after chiral p-wave
order.

The results obtained and conclusions drawn in our work
are based on the application of mean-field theory. It is well
known that this method can only provide limited insight into
the strongly interacting (i.e., the BEC) regime of 2D systems
[38,39,45-49]. Here we employed the mean-field approach
to determine (i) the phase diagram, (ii) the magnitude of the
pairing gap, and (iii) momentum-space density distributions.
Before concluding, we discuss the reliability of our predic-
tions for these three purposes: (i) Phase diagrams: It is gener-
ally accepted that zero-temperature phase diagrams obtained
within mean-field theory are qualitatively correct, even in the
BEC regime [9,30,42-44]. We therefore expect the features
presented in our work to be similarly accurate. (ii) Pairing-
gap magnitude: Suppression of the pairing gap by beyond-
mean-field fluctuations becomes increasingly important for
larger E, [48,50]. Therefore, results for gap magnitudes
presented, e.g., in Fig. 2, are only reliable for Ey/Er < 1.
Nevertheless, the conclusion that E,/Ep ~ 1 is optimal for
realizing a robust TSF continues to hold. (iii) Momentum-
space density distributions: Recent numerical results obtained
for our system of interest in the 2 = 0 limit (see Supplemental
Material for Ref. [39]) indicate that momentum-space density
distributions obtained within mean-field theory are accurate
to within <10%. Thus our general conclusions about the
re-emergence of a Fermi surface and the robustness of chiral
p-wave superfluidity in the BEC regime of s-wave pairing are
expected to be valid.

IV. CONCLUSIONS AND OUTLOOK

We have investigated the strongly interacting regime of
the 2D Fermi gas with s-wave pairing, with fixed particle
density and subject to both spin-orbit coupling and Zeeman

spin splitting. Characteristic features of the phase diagram
as a function of two-particle binding energy E}, and Zeeman
energy h are elucidated and the properties of the homogeneous
superfluid phases studied in greater detail. In particular, we
tracked the boundaries of the homogeneous nontopological
and topological superfluids. The second-order topological-
transition line h.(Ey), with A, defined via Eq. (1), is truncated
by a phase-separation region that emerges for Ej, larger than
a critical value Eéc) that depends on the spin-orbit-coupling
strength (see Figs. 1 and 8). As a result, the topological
transition is of first order in the limit of large E,/EF.

The homogeneous nontopological phase exhibits all of the
expected features commonly associated with the BCS-to-BEC
crossover for s-wave pairing, especially the shrinking, and
eventual disappearance, of an underlying Fermi surface as
the Cooper-pair binding energy is increased. See Figs. 9(a)
and 9(b). In contrast, as illustrated in Fig. 10, the topological
superfluid phase always retains the basic properties of the
BCS regime, including the Fermi-surface characteristics, even
for large E,/Ep. This effect demonstrates the continuity of
topological protection through the BCS-to-BEC crossover.
The larger the value of Akp/Ep, the smaller is the Fermi-
surface radius kgg at the transition point 4 = A, into the uni-
form topological phase. With increasing & > hyax, the Fermi
surface is enlarged until its radius reaches the asymptotic
value +/2kg expected for a spin-polarized 2D Fermi sea with
density n = k3/(2m). See Fig. 11 for an illustration.

Promising first steps have recently been made towards
physical realization of our system of interest by demonstrating
essential ingredients, e.g., in ultracold-atom gases [64] and
solid-state heterostructures [65,66]. State-of-the-art experi-
mental techniques [67] could be utilized, or related theoretical
proposals [68] may be pursued, to confirm the re-appearance
of a Fermi surface as the Zeeman energy is tuned across
the topological transition when the system is in the BEC
regime of the underlying s-wave pairing. Compared with the
BCS regime, chiral p-wave superfluidity realized in the BEC
regime has a larger excitation gap and is less obscured by
minority-spin degrees of freedom, making it the ideal platform
for exploring exotic Majorana excitations in vortices [18-20]
and their potential use for topological quantum-information-
processing paradigms [22]. Future work could focus on
elucidating also the evolution and properties of topological
superfluids within the phase-separation region.
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