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Localized solutions of the Dirac equation in free space and electromagnetic space-time crystals
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Localized solutions of the Dirac equation for an electron moving in free space and electromagnetic field
lattices with periodic dependence on space-time coordinates (electromagnetic space-time crystals) are treated
using the expansions in basis wave functions. The techniques for calculating these functions with any prescribed
accuracy are presented. It is shown that in the crystals created by two counterpropagating plane electromagnetic
waves with the same or the opposite circular polarizations, the Dirac equation describing the basis functions
reduces to matrix ordinary differential equations. These functions and the corresponding mean values of velocity,
momentum, energy, and spin operators are found for both types of crystals. Localized solutions describing the
families of orthonormal beams in electromagnetic space-time crystals and free space, defined by a given set
of orthonormal complex scalar functions on a two-dimensional manifold, are obtained. By way of illustration
the orthonormal beams in free space and various localized states with complex vortex structure of probability
currents, defined by the spherical harmonics, are presented. The obtained solutions have high-probability density
only in very small core regions. The evolution of wave packets with one-dimensional localization in both types

of crystals created by two circularly polarized waves is described.
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I. INTRODUCTION

An electromagnetic space-time crystal (ESTC), which is
an electromagnetic field lattice with periodic dependence on
space-time coordinates, can be created by counterpropagating
plane waves. Due to the periodicity of the vector potential in
both spatial coordinates and time, one can treat the motion
of electrons in ESTCs by analogy with the crystals of solid-
state physics, described by the Schrodinger equation with
a periodic electrostatic scalar potential. The natural in this
context term “space-time crystal” was introduced in Ref. [1],
where the electron wave functions for the ESTC created
by two linearly polarized plane waves were calculated by
using the first-order perturbation theory for the Schrodinger-
Stueckelberg equation. The harmonic time dependence of the
Hamiltonian is a generic feature of ESTCs. In a different con-
text, the terms “time crystal” and “space-time crystal” have
been used in the recent discussion [2—6] around the question
of whether time-translation symmetry might be spontaneously
broken in a time-independent, conservative classical system
and a closed quantum mechanical system, such as chains of
trapped ions [4-6].

In Refs. [7-12], we presented the fundamental solution of
the Dirac equation for the ESTC created by six plane waves
with the same frequency wy and the four-dimensional wave
vectors,

Ko = (koey, iko), Kotz = (—koey, iko), (1)

where kg = wo/c = 21 /Ao, c is the speed of light in vacuum,
e, are the orthonormal basis vectors, « = 1, 2, 3. In this case
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the periodic vector potential is given by the relation

6
A=Y AR 4 AT, (2

J=1

A =

m.c?

where e is the electron charge, m, is the electron rest mass,
x = (r,ict), r = x;e; + x,e, + x3e3, and x;, xp, and x3 are
the Cartesian coordinates. The plane waves may have any
polarization, so that their complex amplitudes are specified
by dimensionless real constants a; and b as follows:

3
Aj =) (ap+ibjpe. j=1.2,..6 (3)
k=1

where ajj = bjj =daj3j = bj+3j = 0, ] = 1, 2, 3. In the
general case, Eqgs. (1)—(3) describe a four-dimensional ESTC
(4D-ESTC), i.e., with periodic dependence on all four space-
time coordinates. The condition A; = Ag = 0 reduces it to
a 3D-ESTC with periodic dependence on xi, x;, X4, Whereas
the condition A, = A3 = A5 = Ag = O results in a 2D-ESTC
periodic in xj, x4. In the simplest case, when A; is the only
nonzero amplitude, the Dirac equation has the well-known
Volkov solution [13]. There exist different representations of
this solution [11,14,15].

Calculation of quantum electrodynamics (QED) processes
occurring in strong laser beams by using the Furry represen-
tation [16] requires the exact analytical solution of the Dirac
equation in the presence of the background electromagnetic
field, which describes the so-called laser-dressed electron
state. To this end the analytical tools for studying strong-
field QED processes in tightly focused laser beams, apply-
ing the Wentzel-Kramers-Brillouin (WKB) approximation to
find such electron states, have been presented in [17,18]. In
[19] the analytical solution for the Klein-Gordon equation in
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counterpropagating plane waves is obtained, which can be
used to derive the solution of the Dirac equation in the same
electromagnetic field by the method presented in Ref. [17].
The techniques presented in [8§—12] provide the tools to find
the electron wave functions which describe the laser-dressed
states in calculation of QED processes in various ESTCs.

In the past two decades, considerable attention has been
focused on the localized solutions of the Dirac equations,
such as the free-electron vortex beams carrying orbital angu-
lar momentum [20-23]. The free-electron vortex states have
promising applications in electron microscopy and provide
new directions to study fundamental interaction phenomena:
(i) the interaction of vortex electrons with intense laser beams
and (ii) radiation processes with vortex electrons [21]. In
Ref. [20] the exact Bessel beam solution of the Dirac equa-
tion is constructed from plane wave functions. A different
approach to constructing relativistic electron wave packets
carrying angular momentum and twisted three-dimensionally
localized solutions is suggested in Refs. [22,23]. In the frame
of this approach one starts with a solution of the scalar
Klein-Gordon (KG) equation. Then, the bispinor solution of
the Dirac equation is expressed in terms of this scalar wave
function and its derivatives with spatial coordinates and time.

In Refs. [24,25] we have proposed an approach to design-
ing localized fields, that provides a broad spectrum of tools
to construct electromagnetic fields with a high degree of two-
dimensional and tree-dimensional spatial localization (2D and
3D localized fields) and promising practical applications. It
enables one to obtain a set of orthonormal beams defined by
a set of orthonormal scalar functions on a two-dimensional
or three-dimensional manifold (beam manifold) and various
families of localized fields: three-dimensional standing waves,
moving and evolving whirls. In particular, it can be used in
designing fields to govern motions of charged and neutral
particles. Some illustrations for relativistic electrons in such
localized fields have been presented in Ref. [25]. The pro-
posed approach can be applied to any linear field, such as
electromagnetic waves in free space, isotropic, anisotropic,
and bianisotropic media [24-26], elastic waves in isotropic
and anisotropic media [27,28], sound waves [28], weak grav-
itational waves [24], etc. In the present article, we extend this
approach to the Dirac equation in free space and electromag-
netic space-time crystals. In Sec. II, we discuss the techniques
for calculating the basic wave functions in the ESTCs and
free space, mean values of operators velocity, momentum,
energy, and spin with respect to these wave functions, and the
dispersion relations. Various localized solutions composed of
the basis functions are presented in Sec. III.

II. BASIS FUNCTIONS
A. 4D-ESTC

1. Fundamental solutions

In analysis of localized solutions to the Dirac equation in
the ESTCs, there exist two natural units of space-time inter-
vals Ay = 2m /ko and A, = 27 /«,, related by the parameter

Q:k:]&: h(l)()
)"0 Ke

4)

A 9
m,c?

where k, = m.c/h and & is the Planck constant. It is conve-
nient to use the dimensionless coordinates X = xi/A., kK =
1,2,3, R=r/X., and X4 = ct/A,, so that the Dirac equation
takes the form

DY =0,
3
i 9 ad
D= 2 ‘vl
;a"< 27 9%, k)““‘ o @

0 0 0 1 0O 0 0 —i
0O 0 1 O o 0 i O
“=lo 1 0 o] *Tlo -i 0o o)
1 0 0 O i 0 0 O
0 O 1 0 1 0 O 0
{0 0 0 -1 0 1 0 0
=11t o o o) *““lo o -1 o
0O -1 0 O 0O 0 0 -1
For a given four-dimensional wave vector,
K = (kv l(,()/C) - KEQ? Qv = (qﬂ iq4)7 (6)
Eq. (5) has the solution [8,11,12]
W= \I/()é'ix'K, \I’O — Zc(n)eix'G(n)’ (7)
nel
where
nk hiw
q=qier+pertq@pes=—, qg=—>, (8
meC meC
x-K =2n(q R — qsXy),
x-G(n) =212m - R — nyXy), )

G(n) = (kon, ikony), n =n;e; + nye; + nizez, points n =
(ny, ny, n3, ny) of the integer lattice £ have even values of the
sum n; + ny + n3 + ng, and c(n) are the Fourier amplitudes
(bispinors). The bispinor function ¥ is periodic in X;, X5, X3,
and X, with the period T = 1/Q.

Substitution of A’ (2) and ¥ (7) in Eq. (5) results in
the infinite system of homogeneous matrix equations relating
bispinors c(n) [8,11,12]. In the general case, each amplitude
c(n) enters in 13 different equations of this system. The
set C = {c(n), n € L} of the Fourier amplitudes c(n) can be
treated as an element of an infinite-dimensional complex
linear space V. Since for any given n € L, c¢(n) is the bispinor,
C € V¢ is called the multispinor. The fundamental solution S
is the Hermitian operator of projection (ST = §? = S) onto
the solution subspace of the multispinor space V. For any
Co € Ve, C = SCy is the exact particular solution specified
by the multispinor Cy, i.e., the function W Eq. (7) with the
set of amplitudes {c(n),n € L} = SC, satisfies Eq. (5) for
the problem under consideration. The fundamental solution S
has been expressed in terms of an infinite series of projection
operators calculated by a recurrent process based on a fractal
approach. This technique has been detailed and applied to
various ESTCs in Refs. [8-12].
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2. Particular solutions

Numerical implementation of the presented technique im-
plies the replacement of the infinite system of matrix equa-
tions by its subsystem defined by some finite solution domain
L' C L, whereas outside £ bispinor amplitudes c(n) are
assumed vanishing. The recurrent process gives the exact fun-
damental solution of the subsystem, which is an approximate
solution of the corresponding infinite system. In this case, the
electron wave function is approximated by a bispinor function
with a limited discrete Fourier spectrum. When the amplitude
Cy is localized at the point n, = (0, 0, 0, 0), it is specified by
one bispinor as Cy = {c(n,)} and the solution domain can be
given as

{n_ (n17n27n37n4) 0 gmax}v (10)

where g44(ny, ny, n3, ng) = max{|n;| + |nz| + |nsl, |n4|} and
gmax 18 the integer specifying the domain size and hence the
accuracy of such approximations [10-12].

For an approximate solution

84a(n) <

W= WK wp = " m)e O, (n
nel’
the functional
) DY

where

1/2
W) = (Zc/*(mc’(n)) : (13)

nel’

evaluates the relative residual at the substitution of W Eq. (11)
into Eq. (5). It provides a convenient fitness criterion to accu-
rately compare various approximate solutions of this equation
[9-12]. If R[¥] < 1, then the function W may be treated as
a reasonable approximation to the exact solution for which
R[Y] = 0, and the smaller is R[], the more accurate is the
approximation.

Since the system of matrix equations in c(n) is homoge-
neous, q and g4 are related by a dispersion relation which
manifests itself in the spectral distribution of c(n) for each
exact particular solution ¥ Eq. (7). In the general case, this
Fourier spectrum is nonlocalized. In numerical calculations
instead of an exact particular solution, we obtain its ap-
proximation with a localized Fourier spectrum bounded by
the truncation condition g4q(n) < gmax for all n € £'. Con-
sequently, the dispersion interrelation of q and g4 is defined
by the minimum of the fitness function R(§) = R[W(x, &)]
with graphical representation in the form of a spectral curve
of approximate solutions [10-12], where

E=q—V1+q =

The ESTCs created by circularly polarlzed waves pos-
sess the spin birefringence, i.e., at a given quasimomentum
q, the dispersion equation has two solutions g4, and gqup,
which specify bispinor wave functions describing electron
states with different energies and mean values of momentum
and spin operators [10-12].

hk2

(14)

e

3. Orthogonality relation
Let us consider two solutions of Eq. (5),

W, = Wpe*Ke W, = WK, (15)

where K, = (k.qq, ik.q4q) and K, = (k.qQp, ik.q4p). Substitu-
tion of W, in Eq. (§) results in the identity Dy, Vo, = 0, where

3

i 0
Doa = Zak [___ + (('Ika A;C)Ui|
P 21 0X,
i 0
+a4_q4“U_EU8_X4' (16)

In a similar manner, Dy, Wy, =0 and hence the identity

(W} DopWop)* — Wi, DoaWo, = 0 takes the form
3 3
1
Z 2__(“IJObak Wo,) + Z(ka - Qka)q]gbak Woq
k=1 k=1
—(qap — qaa) Wiy Wou + =— (‘-I-’ yWoa) =0. (17)

2w 0Xy

Let now K, and K, be two different solutions of the dispersion
equation and

Wog = a(m)e™ 0™, Wy, =" bm)e™ ™. (18)
nel meL

Taking into account the periodicity of these amplitude func-
tions, upon integrating Eq. (17) over Xi, X3, X3, and X4 from
0 to 7, we obtain the orthogonality relation

3
PAD! [Z(qkb — Gra)oti — (qap — q4a>U]a(n) =0.

nel k=1
(19)
If 9, = q» = q and g4, # qa,, then it reduces to [11]
> bi(ma(n) = 0. (20)
nel
B. 2D-ESTC

1. Evolution equations
In the 2D-ESTC, the potential A’ Eq. (2) takes the form:
A = Alei(wl—m) + ATet’(—tm-Hm)
+A4ei(*fﬂ1*¢4) + Aze[(¢'+‘p4), 21

where ¢; = 27 QX;, j =1, 2, 3, 4. For this case, we present
below two families of solutions to the Dirac equation,

U = Yk =V(Xy) +ie""W(Xy),  (22)
and

W = Wye 2mids =VX) +ie "W (Xp), (23)

where s = £1. Substitutions of Egs. (22) and (23) in Eq. (5)
result in two ordinary differential equations which have
nonzero solutions only in the 2D-ESTCs created by circularly
polarized waves (A7 = A2 = 0). Without the loss of general-
ity, the appropriate amplitudes can be written as follows:

A =ap(e +iges), Ay =ap(e,+igles), 24)
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where a;, and a4, are real numbers, g = +1. The solutions ¥
Eq. (22) exist when the counterpropagating waves have the
same circular polarization (L = —1), whereas the solutions
W Eq. (23) exist in the case of the waves with left and right
circular polarizations (L = 1).

The bispinor functions V = V(Xy) and W = W (X, ) satisfy
the evolution equation

d (v fa b\[(V
w) == ) e

a=—qa; —as, d=—(q+5sQa; —ay,
b=c' = (ioy + pas)(ane*” + apne %), (26)

and p = gs. The functions V = V(X)) and W = W (X ) satisfy
the equation

o 0\ d (VN _ _ .(fa b\(V
(3 @)amlw) == ) e

a=q4U —ay, d=(q4s+5sDU — ay,

b= CT = (i + pa3)(a126_i‘w] + Cl42€is‘ﬂl),

where

where
(28)
Both the families of solutions are subject to the same
conditions,
(iex + paz)V =0, (iay — paz)W =0, (29)

which can be taken properly into account using the basis

—_—

uy =

Sl-
5l

uz = (30)

—_— oo OO

Sl -

Sl-
[\S)
—_—— O O OO = =

-1
Since
Moz +ion) = j(a3 —ien) =, @ uj +us @uf, (31

the bispinors V and W can be written as

V =Viuy +Vauz, W =Waouy + Wyuy, (32)
for p = —1, and
V =Voup, +Vauy, W = Wiu; + Wius, (33)

for p = 1. Because of this, Egs. (25) and (27) reduce to the
similar evolution equations,

d .
where j = 1 forL=1,and j =4 forL = —1,
V1 V2
_ |V __ _|Va _
Z = W, forp=—-1, Z= W, forp=1, (39
W4 W3

0 —paa—p  —F 0
M- | TP TP 0 0 —
= Fig 0 0 ras+r|
0 Fi, pg,—p 0
(36)
-1 pq 0 PFys
21 1 PFy s 0
M, = ' , 37
! 0  pF;, -1 —pq
pFf, 0  —pq; 1
Fis = 2(a1n€"™” + ane %), (38)

q;=q;+sQand F = F; .

2. Fundamental solutions

The evolution operator F; [the fundamental solution of
Eq. (34)] describes the dependence Z on X; for the whole
family of particular solutions as

Z = Fi(X;)Z(0), (39)

where Z(0) may be prescribed arbitrarily and

=

X
Fi(X)) =/
0

J
U +2miM;dX;) (40)
is a multiplicative integral. The multiplicative integral of a
matrix function P = P(t) is defined as follows [29]:

<=

/ (U + Pdt)

Iy

= lim (U +P@,)As]...[U +P@)AR]  (41)

where U is the unit matrix, #, f, ..., f,—; are arbitrary in-
termediate points splitting the interval [fy, ] into n parts,
Aty =ty —ti_1, k=1,2,...,n;t, =t. If the matrix P is
independent of ¢, then this integral reduces to the exponential
exp[(t — t9)P]. The above definition provides the direct way
to close numerical approximations of multiplicative integrals
by using sufficiently small steps Af,. However, in analytical
investigation and numerical calculation of evolution operators
for superpositions of counterpropagating waves, like electro-
magnetic fields in a plane stratified bianisotropic medium, it
is useful first to apply the wave splitting technique [30] based
on the integration by parts for multiplicative integrals [29]. In
particular, it reduces multiplicative integrals of 4 x 4 matrix
functions with strong (“fast”’) dependence on the integration
variable to multiplicative integrals of 2 x 2 matrix functions
with weak (“slow”) dependence on this variable.

3. Particular solutions

Owing to the periodicity of the matrix functions M| =
M;(X;) Eq. (36) and My = M(X4) Eq. (37), from the Lya-
punov theorem [29] it follows that F; Eq. (40) can be
written as

F; = Pi(X;)e™ X%, (42)

0121124
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where P; is a periodic matrix function in X; with the period 7,
C; is a matrix independent of X;, and j = 1, 4. It is significant
that M; and hence C; are specified by a given g,, where n =
5 — j. We use below these related indices to describe both the
families of solutions in a concise form.

Let us consider the particular solutions of Eq. (34) defined
by the eigensystem of matrix C; as C;Z(0) = n,;Z(0), n1 = q,
and 14 = —qa. In this case, from Egs. (39) and (42) follows

Z = Ye&*miniXi, (43)

where Y = P;(X;)Z(0) is the periodic function in X; with the
period T and hence it can be written as

Y1

+o00
» ik;
Y = = VA 44
Ve E e (44)
k=—o00
V4

Substituting these relations in Egs. (22), (23), and (32)—(35)
gives

W = TN (p,) + Wl expl(=DVisp, ). (45)

where

Vo = yiug + youg, Wo = y3u, + yaus, (46)

{a,B,v,6} =1{1,3,2,4} forp = —1,
={2,4,1,3}forp=1. a7

In the 2D-ESTC created by two waves with the same circular
polarization [L = —1 in Eq. (24), j =4, and n = 1] My, Cy,
and g4 depend on ¢, hence, this defines a dispersion relation
g4 = q4(q1). In the 2D-ESTC created by two waves with left
and right circular polarizations (L =1, j=1, and n =4)
M, Cy, and ¢; depend on g4, and this defines a different
dispersion relation g; = q;(qa).
The matrix functions M and M, can be written as

Mi = MJO —i—Mj_e_i‘”f' +Mj+e’¢/, (48)

where j = 1, 4, and

0  —qu—1 0 0
~|=a+1 0 0 0
Mio=pl "9 0 0 g1 @
0 0 g—1 0
0 0 —fi 0
0 0 0 —f
Mli =p fi O 0 0 ) (50)
0O f 0 0
-1 pq 0 0
_|ran 1 0 0
e S S TPl FEN
0 0 -—pgp 1
0 0 0 fi
_[0 0 f 0
M4i - 0 f:F 0 O ) (52)
£ 0 0 0
fr=glan(s £ 1) +anisF 1] (53)

Substitution of Z Eq. (43) in Eq. (34) results in the infinite
system of matrix equations

Qjk)=0, k=0,%1,%2,..., (54)
where

Qi(k) =N;j(kK)Yy + M; Y1 +M; Yy,
Ni(k)y =Mjy — (n; +kQ)U. (55)
It can also be written as
Yo =T_-(K)Y_1 +To (b)Y, k=0,%1,£2,..., (56)
where T_(—1)=T,(1)=U,T_-(1) = T, (—1) =0, and
T (0) = —[N;(0)]™' Mz, (57)

To(k — 1) = =M IO (k) + M Tk + D1, (58)

fork=—-1,-2,...,and
Te(k+1) = =M [N;() T (k) + M Te(k — 1)), (59)
for k =1,2,.... Because of this, the particular solution Z

Eq. (43) and hence the wave function W Eq. (45) are uniquely
defined by 7n; and the Fourier amplitudes Y.

To find these parameters, let us replace the exact solution
Z by an approximate solution

km
7 = Z Yk82”i(77j+k9)xf, (60)
k=—kp

obtained from Eqgs. (43) and (44) by the truncation condi-
tions ¥, =0 and T4 (k) = O for |k| > k,,. For this function,
Egs. (55)—(59) result in the identities Q;(k) =0 for |k| <
k, — 1 and |k| > k,, + 1, whereas
Q,(Eky) = Nj(£kp) Yoy, + M2 Y1, 1),
Qjlky + 1) =M; Y, (61)
Qj(_km - 1) = Mj—Y—k,,,

remain nonzero. The norm of Z’ can be written as

, : Y.
Iz = YN Y= <Yll>, (62)
where
O (THk)
= - T_(k) Ty (k). 63
N=>" (Tj(k)>[ (k) Ty (k)] (63)
k=—kn
Since Eq. (34) can be rewritten as d;Z = 0, where
i d
di=M;,+ —U——, 64
=Mt Uy (64)

the relative residual R at the substitution of Z’ into this
equation is defined by the relation

7 RPN 2
oo 1Z _ (y Ry) ’ ©5)

12"l VINY
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where
_ (DL(k)
S(k) = (Dl(k))(D_(k) Dy (k)), (67)
D (k) = Ny (T3 (k) + My, T (k — 1)+ M;_To(k + 1),

(63)

Since NV and R are Hermitian positively definite matrices, the
characteristic equation det(R — AN') = 0 has positive Toots
specifying the generalized eigenvalues A;,i =1,2,..., < 8.
Let 1, and ), be the minimal eigenvalue and the correspond-
ing generalized eigenvector, i.e., RY; = AN V. This pro-
vides the values of Y_; and Y;, which give the most accurate
approximate solution at the prescribed values of g; and g.
Substituting YV = Y in Eq. (65) evaluates the fitness parame-
ter R = R(qy, q4) of this solution and thus makes possible to
find the dispersion relations g4 = q4(q;) and g; = q1(g4) as
described below.

4. Dispersion relations

It follows from Eqs. (2) and (4) that the intensity /; of the
plane harmonic wave A ;™™ 4 A%e™" ¥ is specified by the
dimensionless parameters €2 and |A;|* as

w
I; = 9.2962227 Q*|A;|* x 10290?. (69)

The intensity parameter
6
h=2) |A;] (70)
j=1

of the electromagnetic lattice A’ Eq. (2) plays an important
role in the dispersion relations for various ESTCs [10,11].
In Ref. [31], the probability of electron-positron pair cre-
ation by a focused laser pulse was calculated. It was shown
that this process starts playing a role at intensities of the
order of 102”W /cm?. Such QED effects can be neglected at
intensities treated in the presented article. As an example,
let us consider the 2D-ESTC with parameters L = —1 and
g=11in Eq. (24), hence p=s,j=1,n=4 in Eqgs. (34)-
(68), and IA = 4(61%2 + a?Q). At alp = ag and IA = 00064,
the parameter 2 = 0.1 specifies the x-ray lattice with the
wavelength Ao = 2.426310 x 10~'! m, created by two circu-
larly polarized waves with intensities /; = I, = 1.487395 x
10 W /cm?.

The plots of function R = R(s, g4) in the form of two
spectral curves of approximate solutions fors = —l ands = 1
at fixed g = 0.024 are shown in Fig. 1. In this article, we
consider only the positive frequency solutions (g4 > 0). Each
curve has two domains (“valeys”) called spectral line 1 and
line 2, where R reaches local minima g4 and ¢}, respectively.
The width of these valleys is rapidly decreasing function of
k, hence we use k, = 3 only for illustrative purposes in
Fig. 1, but in other cases we set k,, < 14 to obtain approximate
particular solutions satisfying the fitness condition R < 10~!7,
whose deviations from the corresponding exact solutions are
negligibly small. As |k| increases, norms |Y;| of the Fourier
amplitudes Y; in Egs. (44) and (60) constitute a decreasing

0.35 ' Y 71 —

0.2

0.1

>
a
os]
W)

q4

1.004 1.008 1.012

FIG. 1. Fitness parameter R against g4: (A) line 1 fors = —1, (B)
line 2 for s = —1, (C) line 1 for s = 1, and (D) line 2 for s = 1; L =
—1;g=1,Q2=0.1; ap = as; I = 0.0064; g, = 0.024; k,, = 3.

sequence which begins with |Yy| & 1 and tends to zero. The
rate of decrease becomes greater as I is reduced, for example,
at 2 = 0.1 and ¢g; = 0, for I, = 0.0256, 0.0064, and 6.25 x
1075, the condition |Y;| < 107'¢ is satisfied for k > 18, 14,
and 6, respectively. Some further examples for various types
of ESTCs and values of I and €2 are given in Refs. [10-12],
in particular, see in Ref. [10] Tables I and II comparing results
of different truncations and Fig. 1 illustrating the limiting case
at IA — 0.

It follows from the results of computer simulation that the
dispersion relations can be written in terms of the representa-
tion (1 +d)?q; =1+ 14+ ¢F as

qar = (L+ds) "1+ 1L+ ¢,
Gy = A +dp ) ' VI+ L+ (g1 £ Q)02

where g4+ and ¢, are the solutions of the dispersion equa-
tions for s = %1, specified by the positions of minima for
lines 1 and 2, respectively. The functions dsy and dj, are
small and depend only weakly on ¢g;; see Fig. 2. They vanish
at I, = 0, when Eqgs. (71) reduce to the free-space dispersion

(71)

ds
2.55x1076 |

45

C 2.35

2.25

B 2.15

-0.15 -0.10 -0.05

D

q1
0.05 0.10 0.15

FIG. 2. Function d; against q;: (A) ds =ds—(q1), (B) dy =
dy_(q1), (C) dy = dsy(q1), and (D) dy = d; (q1); L=—1;¢g=1;
Q= 01, app = dgn, [A = 0.0064.
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d4, 6d4
! ! ! ! ! ! ! ! ! ! ! ! IOglolA
6 -5 -4 -3 -2 -1
4}t
A B i
_gl
C i
_12_
_16f

FIG. 3. Function dy = ds(I4, ) and difference §dy = §d4(1y)
against log,Ix: (A) dy =dsi(I4,0.1), (B) 8ds = da(I4,0.1) —
d, (I4,0.1),(C) 8dy = day (I4,0.01) — dyy (14, 0.1); L = —1; g = 1;
ap = asp; q1 =0.

relations for given ¢; and ¢|, = ¢; £ Q. For preliminary
localization of spectral lines, one can substitute dsy = dj, =
0 in Egs. (71).

When the particular solutions are found with the required
accuracy, the parameters

diz = =1+ (qa) "1+ 1a + 4},

diy = 1+ (gh) " "V1+ 1L + (g1 £ Q)

provide a convenient graphic description of the dispersion
interrelations; see Figs. 2 and 3. In particular, it follows from
Fig. 2 and Egs. (71) that dy_ = dy4y # d;_ = d, and hence
Gia— = qay # q4_ = q,, at gy = 0. Although lines A and C
appear coinciding in Fig. 1, their minima do not coincide since
dy_ #dyy and g4 # g4y at gy = 0.024. The differences
|d4y —dy4—| and |d,, —d,_| are small, Fig. 3 illustrates the
dependence of ds and d + on I for two values of the lattice
frequency 2.

(72)

5. Integrals of motion and mean values of operators

Let us impose the normalization condition

. 1 27 : +00 :
(v \p)EE/O Uide; = > ¥v=1 (13
k=—00
on the electron wave functions W Eq. (45) of both types
{L, j,n} ={—1,4, 1} and {1, 1, 4}. It follows from Egs. (22)
and (25) that d(WW)/dp, = 0, and hence

+00
wiy = Z Y'Y =1 (74)
k=—00
is the integral of motion at L = —1. Similarly, it follows from
Egs. (23) and (27) that d(¥ o, W) /d¢; = 0, and hence
. 0 -1 0 O
+ _ +[-1 0 0 O
Ve w=p Y ¥ o o 1|% (75)
= \o o0 1 0

is the integral of motion at L = 1.

The Hermitian forms for the operators of probability cur-
rent density (velocity) jix = coy and spin S = %Zk with
respect to W Eq. (45) result in the vector fields j = cv and
S = gs, where

3
V=Y eV

k=1
= vie; + 2vp(eypcos ® — ez sin D), (76)

vo = |y1ya + y3y3l,
e = (viys + y5y3)/vo, (77)

vi = 2pRe(—yjy2 + y3y4),
® =5+ (—1)sgn,

3
s=) eV nW)
k=1

= s1e; + 2sg(eypcos @' — e3 sin @), (78)

s1= p(=il>= 12 F sl + yal®), so = [yiys + yiyal,
O =8+ (=1)sp,, € =iy +yiva)/so. (79)

Here, vg, v, 8, and sg, 51,8 are periodic functions in ®j.
However, at L =1, the velocity component v; = Uig W
Eq. (77) is independent of ¢; owing to Eq. (75).
The mean values of Hamiltonian
3
H=c) api+mec’as, (80)
k=1

operators of kinetic momentum

.0 e
pe = —ih— — —Ay, (8D
Xy ¢
velocity ji, and spin S; with respect to the wave function
W Eq. (45) can be conveniently expressed in terms of 4 x 4
matrix

+00
C=(rh)=) vy (82)

with the unit trace and components Cp, = (yiy;);l, m =
1, 2, 3, 4. Because of the foregoing normalization condition,
the mean value (L) of a linear operator L with respect to the
wave function W reduces to the mean value of the correspond-
ing Hermitian form:

1 2 2 .
(L) = 4—2/ dﬁ"l/ dps VLW, (83)
T Jo 0

The mean values (ji), (px), and (Si) are zero at k = 2, 3 for
both types of wave function, whereas the nonzero normalized
mean values of the velocity V;, the momentum Py, and the spin
X0 are defined by the relations

Vi = {j1)/c = 2pRe(Cy3 — Cy1) for L = £1, (84)

Pr = (p1)/(m.c) = q1 + sQCs3 + Cag) for L=-—1,
+00
=q1+Q Y kY% for L=1, (85)

k=—00

h
(S1) = 5210, Zi0 = p(—Ciy — Cn +C33+ Cua),  (86)
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[)>

.05~ 0.10

L a
0.15

-0.0010

B D

FIG. 4. Deviation §X against g;: (A) §X = X9 — Xy, for g4
solution, (B) 6% = X9+ Xy, for ¢;_ solution, (C) §X = %o +
i for g4y solution, and (D) §% = X9 — Xy, for g, solution;
L=-1;g=1,2=0.1; a0 /a;, = 0.25; I, = 0.0064.

for L = 1. The normalized energy E is given by

) i 9
E = (H)/(mec”) = <EU >

X,
+00
=q—-Q Z kY'Y, for L=-—I,
k=—00

=q4 + sQ2ACs3 +Cy) for L=1. 87

For the particular solutions defined by Egs. (71) and illus-
trated in Figs. 1 and 2, the mean values of spin are independent
of ¢, and take the following values: (S|) = %Elm for g4—
and g, solution, (S;) = —gElm for g;_ and g solution,
where E]m = |E10| = 0.99366079. HOW&VCI‘, if apn # aqn,
then these mean values depend on g; and deviate from the
above-listed values as shown in Fig. 4.

Figures 5-7 illustrate the dependence of energy E on ¢
for these four solutions. The mean values of momentum P,
linearly depend on g; and can be written as P, = ¢q; = pjo and
Py = q1 £ (2 — pyo) for gax and g}, solutions, respectively,

1 P n 1 1 1 1 P 1 1 1 1 1 PR 1 1 1 1 1 1 1 ql
-0.15 -0.10 -0.05 0.05 0.10 0.15

FIG. 5. Energy E against ¢;: (A) g4 solution, (B) ¢}_ solution,
(C) g4 solution, and (D) qu solution; L =—1; g=1; Q =0.1;
asp = ap; Iy = 0.0064. Curves A and C appear coinciding here, their

difference is illustrated in Fig. 6.

E-1

0.0031930

0.0031928

-0.0005

n n n n n n 1 n n ql
0.0000 0.0005
FIG. 6. Energy E against ¢;: (A) g4— solution, (C) g4 solution;

L= —1;g= 1; Q= 0.1;a42 = alz;IA = 0.0064.

where pjp = 0.00031696. They vanish at the minimum point
of the corresponding energy function E = E(q;). The min-
imum energy value En;, = 1.00319228 is the same for all
these four functions.

It follows from Egs. (25) and (26) that the same wave
function W Eq. (22) can be specified by two different sets
of parameters {s, g;} and {5, 4} = {—s, g1 + s}. Similarly,
from Eqs. (27) and (28) follows that the same wave function ¥
Eq. (23) can be specified by both the sets of parameters {s, g4}
and {5, g4} = {—s, g4 + s}. The corresponding amplitude
functions are related as V = iW and W = —iV . Figures 5-7
illustrates in terms of energy E the relation of (A) g4_ solution
with (D) ¢}, solution and the relation of (C) g4 solution with
(B) ¢,_ solution.

III. LOCALIZED SOLUTIONS
A. 4D-ESTC

Let (u;) be a set of complex scalar functions on a real
manifold B, satisfying the orthonormality condition

/ M:MldB = (Sk[, (88)
B
E-1
0.00319240
0.00319230
L L L a1
0.0995 0.1000

FIG. 7. Energy E against g, for ¢_ solution; L = —1; g=1;
Q= 01, agy = djo, [A = 0.0064.
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where d B is the infinitesimal element of d B, u; is the complex
conjugate function to u, and &, is the Kronecker symbol. Let
us consider a superposition of particular solutions ¥ Eq. (7)
(termed below the “beam” for the sake of brevity),

133 .
W, =/ dg/dBvuk che’x'K", (89)
& B

nel

where K, = K 4+ G, = «.(q, iqs) + ko(n, iny), the function
q = q(&, b) defines g4 = q4(£€, b) owing to the dispersion re-
lation g4 = q4(q), and ¢, = c(n, &, b) are the bispinor Fourier
amplitudes for given real & € (&}, &] and b € B. The set of
particular solutions forming the beam (beam base) is specified
by functions K,, and c,. The beam states are prescribed by
the set of complex functions u; = u(b) and a real function
v = v(&, b) which is used below to obtain orthonormal beam
sets. By setting the beam manifold, the beam base, and the
beam states in various ways, one can obtain a multitude of
localized solutions to the Dirac equation.

Let 5 be a two-dimensional manifold with the local coordi-
nates b = {by, b,}, and d B = g(b)db,db,. To find the function
v, we use the following designations:

Lilf] = /3 X1, X0, X3, X4)dX,dXod X3,
R,

1/Q

Lilfl=Q (X1, X5, X3, X4)d Xy, (90)

0

Lulfl = L4 f]]

Let us assume that a Hermitian operator O has the restriction
O, to the function exp(ix - K,), independent of x and defined
by the relation

O~ Kn = K 91)

It follows from Egs. (89)—(91) that

) &
L[ W] O] = / de / dBvu; " cf,
& B

mel
&
X / dE’/ dB'v'u, Z O,c,
1 B nel
x 8[q — q+ Qm—m)IL[e™],  (92)

where
&y = 27 X4lqy — qa + Qns — my)]. (93)

For simplicity sake let us preset the function q = q(§, b) such
that the argument of the Dirac § function in Eq. (92) vanishes
if and only if ' = q and n = m. The condition ¢’ = q results
in gy — g4 = q4(q’) — g4(q) = 0 and hence Zs[exp(iP4)] =
8myn,- Because of this, upon integrating with respect to £’ and
b’ we obtain

&
oW, 0¥ = / dg f dBuZu;v2§Zc;0mcm, (94)
& B

meL

where J = 9(q1, g2, q3)/9(&, by, by) is the Jacobian determi-
nant of the mapping (¢, b) — q.

From Eqgs. (88) and (94) follows that the function

J
V= T , (95)
gAg: Zmeﬁ C’”Omcm
where A& = & — &, defines the orthonormal beam set satis-
fying the condition
T3 [V, OW] = 8. (96)

In particular, the function

J
= [—————— 97
0 gAE Zmeﬁ CLC’” ( )

gives the beam set satisfying the condition
T4l W Wi = 8. 98)

In this case, the mean value of operator O with respect to the
beam W can be written as

(0) = TulV[OW ]

1 & Tom -
- dg dBm,{ﬂM. (99)
& Jg B

A mel EmCm

B. Free space

By way of illustration let us consider localized solutions
of the Dirac equation in free space, defined by the spherical
harmonics ¥,".

1. Beam base

For a plane wave function

W= Yot ARTED gy = (zl;%) (100)
Eq. (5) reduces to the matrix equation
(I —gul q-0
DYy, =0, D= , 101
0 ( q-0  —(+qor) 1

where

10 :
1=<0 1>, Q'U=k2:qu,
=1

(0 1 O (1 0
=\ o) 22=\i o) “=lo -1)

The nonzero solutions are described by the relation
q-o
1+4q4

wy = vp, (102)
where ¢4 = /1 + g% and the spinor vy may be prescribed
arbitrarily.

The spherical harmonics Y," =Y/ (¢}, ¢) satisfy the
relations

2 bd ,
/ dgo/ sin 0do Y™ Y)" = 818w (103)
0 0

i.e., the manifold B = S is a unit sphere, dB = sin 9dd¥d,
and g = sin ¥ [see Eq. (88)].
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Since g4 depend only on the magnitude ¢ = |q| of the vec-

tor q = ge,, we specify its direction by spherical coordinates
6 and ¢ as

e, = e; cos 6 + sin (e, cos ¢ + e3sin ). (104)

Taking into consideration Egs. (100)—-(102) and (104), we
define two linearly independent solutions for each given q by

amplitudes
w,= L v (105)
P Ny \poovp )’
where p = —1, 1, and
q
=——\ N =,/1 z, 106
00 Gt b =+/1+0; (106)

i$p i0 170)
v, = exp (—701) exp <—503) exp (ph?al)vp(O)

P .
= v,(0) cos 3 exp [p%(ph - 1)i|

: .0 i¢
—iv_,(0)sin = exp [p;(ph + l)},

2
p \/_2 p ’

and a real coefficient p;, may be set arbitrarily. The bispinor
amplitudes W, and the spinors v, satisfy the relations

(107)

¥ T
\prlll,, =V,0p = 1,

(e - 0)v, = pvp,

i — ot —
Vv, =v,v_, =0,

(108)

for any values of 6, ¢, and pj,. The spinors v, and v_, are
interrelated as v,(0 + 7, ¢ + 2m) = iv_,(0, ¢) at p, = 0.

The function q = q(&, b) can be prescribed by various
mappings {£, ¥, ¢} — {q, 0, ¢}. In this article, let us consider
the beams with & = ¢,0 = xv', ¢ = ¢, where x is some
real parameter, 0 < x < 1. From Egs. (89), (97), (100), and
(104)—(108) we obtain the localized solutions

g T 2 .
\Lrl’f'p:f dqfo dz?vsinz?/o d(pY,""l’,,elq), (109)

where
q o
V= —v)(, ‘)X = T 4
26q sin

® = 2m(gR, — qiXs). R,=R-e,
8q = (b —qa)/2, qo=(qa+ a»)/2. (110)
They satisfy the orthonormality condition
L[ W] = 810 Sum Sy - (111)

2. Probability density and vortex currents

The spherical harmonics are defined by the relations

Q@1+ 1)1 — |m])!
4 + jm))!

)

Y/" = NinP/" (cos )¢, mz/

(112)

p,
1.04
[\
(48}
0:8r\
[\
I+
06| 1
[ |
dal |
I [\
baf |
{} 3 \
. o
I TR R T i I S SRS S S H. -J—1P S Xk
-15  -10 -5 5 10 15

FIG. 8. Relative probability density p’ for/ = 0,m = 0,and p =
+1 against X; along the coordinate axes X; (solid line), X, (dashed
line), and X3 (dash-and-dot line); p, = 0; x = 1;qo = 1; 8g = 1078;
000 = 9.05507 x 1078,

where Pl‘m‘ is the associated Legendre function [32]. The phase

factor ™% in ¥;" and the spinors v, Eq. (107) preset the initial
phases of plane waves in W;", Eq. (109) as functions of ¢ and
. In particular, v, become periodic in ¢ with the period 27
at p, = £1.

It is convenient to compare probability densities of beams
defined by different spherical harmonics in terms of the rela-
tive density p’ = |\Ill’f’p|2 / Poo, where pog = |¥g | is the prob-
ability density of the beam \118, at the origin of coordinates
x = 0 (see Fig. 8). Figures 8—13 illustrate probability density
for quasimonochromatic (8g < go) three-dimensionally lo-
calized beams defined by some spherical harmonics at p;, = 0
and p, = —1forx =1/2and x = 1.

In the case p, =0 and x = 1, illustrated in Figs. 8-10,
oo and p’ are the same for both beam states p = —1 and
p = 1. The functions p’ = p'(l, m, p, X;) are symmetric about
the axis X; for m = 0. This symmetry breaks at m # 0, in
particular, for the X3 axis at [ =m =1 (see Fig. 10). The
probability densities of beams \If[}) and \1111_ , are related as

:0/(1, _17 D, X3) = /0/(1’ 17 D _X3)

0

0.5F

04F

0.3}

0.2}

’ I ~

i S EE SR S | T SR S S S .

Xy
-15 -10 -5 5 10 15

FIG. 9. Relative probability density p’ for/ = 1,m = 0,and p =
+1 against X, k = 1, 2, 3; the other parameters and the notations are
the same as described in the caption of Fig. 8.
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0

0.8

J r \
- 3 \_\ X

-15 -10 -5 5 10 15

FIG. 10. Relative probability density p’ for I = 1,m = 1, and
p = =£1 against Xi, k = 1, 2, 3; the other parameters and the nota-
tions are the same as described in the caption of Fig. 8.

The parameter x relating the polar angle 6 = x¢' in
Eq. (104) with the angle ¢ in Eq. (112) specifies, in par-
ticular, the solid angle €2, which embraces all propagation
directions of the plane waves creating the beams. Figures 8
and 11 illustrate the probability density changes for the beam
11181 in passing from x =1, Q, =4m to x =0.5, Q, =2x.
In the latter case, the beam states p = —1 and p = 1 have
different densities which are related as p’(0,0, —1, X3) =
0'(0,0, 1, —X3) along the X3 axis.

Figures 10, 12, and 13 illustrate the probability density
changes for the beams W| | and W{, when in use p, = —1
instead of p;, = 0, i.e., the spinors v, become periodic in ¢.

One can obtain the beams localized with respect to all
space-time coordinates by integrating over a wide range §q.
The probability density for the four-dimensionally localized
beams W , is shown in Fig. 14.

The localized states defined by the spherical harmonics
W =" have a complex vortex structure of probability

currents vy = ViU, k=1,2,3. Figures 15-20 illustrate

.
14F
12}
145
0.’85\‘
0,'6? \
L\
i
A AR

L  —n - P L - — s 1 Xk

-15 -10 -5 5 10 15

FIG. 11. Relative probability density p’ for I =0, m =0, and
p=—1lagainst X;, k =1,2,3; x =0.5; poo = 4.3949 x 1078; the
other parameters and the notations are the same as described in the
caption of Fig. 8.

o
041
n "\
[ " i
| \
] 0\3_ | \
[ | 1
f Vi1 g
I ol
I 111! 1
| I-'l 1
| [ \
/ 0“-' \
. |...r....|....|.'.".-t-|X
-15 -10 -5 5 10 15

FIG. 12. Relative probability density p’ for I = 1,m = 1, and
p = —1 against X;; p, = —1; poo = 1.0928 x 1077; the other pa-
rameters and the notations are the same as described in the caption
of Fig. 8.

these vortex currents for the beam W[ _. To simplify these
graphic representations, we use the normalized components

Vi = v/ poo.

3. Mean values

The mean value of the spin operator S with respect to the
wave function \If,’f‘p Eq. (109) is given by

h __ph

($1) = 220 = 24" 00, ($2)=1(55) =0, (113
where
T 2
Z}ml(x)zzﬂ/ |Yl”’| cos x ¥ sin 9dv. (114)
0
The operator of the orbital angular momentum
. ]
L=—iirx — (115)
ar
o
1.0
»
A
A
0B
fEA
I~ ¥
05.6 r A
[| ]
)
P4t §
I oo
i [ \
/0.2y
,_‘/’/ I \\w,\
U PO S I e P 1 1 bl T ] X
-15 -10 -5 5 10 15

FIG. 13. Relative probability density p’ for I = 1,m = 1, and
p = 1 against X;; p, = —1; poo = 1.0928 x 1077; the other param-
eters and the notations are the same as described in the caption of
Fig. 8.
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Xk

FIG. 14. Probability density p for / =0,m =0, and p = +£1
against X; along the coordinate axes X; (solid line), X, (dashed line
almost coincident with solid one), X5 (dash-and-dot line), X, (dotted
line); pp = 0; x = 1; g0 = dq = 1.

has the mean value given by

L) =i[w =220, (1) =) =0, a16)
where m’ = m + ppy,/2. Because of this, the operator of the
total angular momentum J = L + S has the mean value de-
pending only on the parameters m, p, and p;, as

() =t = h(m+222). ) = ) = 0.
The operators of Hamilton, velocity, and momentum have

the following mean values:

(117)

mec?

(H) = m[qchw — Gaqaa + sinh ™" g, — sinh ™" ],

(o) = c%zy”'u), (v2) = (v3) = O,
(p) = mee B L2 G0, () = (ph =0, (119)

FIG. 15. Component V| of the probability current as a function of
Xand X5; X1 =Xy =0;l=1,m=1,p=—-1;p,=—1; x =0.5;
qo = 1;8g = 107%; pgy = 1.90536 x 1078,

10

FIG. 16. Component V; of the probability current as a function
of X, and X3; the other parameters are the same as described in the
caption of Fig. 15.

where g4, = /1 +¢2and qsp = /1 + ql%. The dependence of

Z" on yx is shown in Fig. 21.
For the localized solutions W/"  illustrated in Figs. 8-10

and Figs. 12-14, leml(l) = 0 and in consequence the mean
values of the operators of spin, velocity, and momentum
vanish. These mean values are non-zero for the solutions
illustrated in Figs. 11 and Figs. 15-20, since 28(0.5) =2/3,
79(0.5) = 22/35, and Z} (0.5) = 24/35. The operators of the
orbital and total angular momentums have coinciding non-
zero mean values (L;) = (J;1) = h and (L) = {(J;) = A(1 —
p/2) with respect to the wave functions \I-'l1 , depicted in
Fig. 10 and Figs. 12, 13, respectively.

4. Wavelet representation

Since the spinors v, Eq. (106) are independent of g,
whereas the function v Eq. (110) is independent of ¢ and ¢,

10

FIG. 17. Component V; of the probability current as a function
of X, and Xj3; the other parameters are the same as described in the
caption of Fig. 15.
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FIG. 18. Component V| of the probability current as a function
of X; and X;; X3 = Xy = 0; the other parameters are the same as
described in the caption of Fig. 15.

the wave function \Ill’flp Eqg. (109) can be written as

T 2
v, =/ do/x sinz?sin)(l?/ deY"W,,  (119)
0 0
where
W, = e 1), 120
p ¢ <pf2vp ( )
f1> 1 M q (1> is®
= — — " dn, (121)
(fz 28q J_sq No \Qo
o = 27 (qoRy — qa0Xa),  qao =/ 1+ g5, (122)
8@ =2x(nR; — 8qaXs), 1 =q— qo,
(2q0 + 1)
5qs = qs — quo = LT, (123)
q40 + g4

FIG. 19. Component V; of the probability current as a function
of X; and X;; X5 = Xy = 0; the other parameters are the same as
described in the caption of Fig. 15.

10

FIG. 20. Component V; of the probability current as a function
of X; and X;; X3 = X4 = 0; the other parameters are the same as
described in the caption of Fig. 15.

These relations describe the wave function ¥}", as a superpo-
sition of plane wavelets V), with the wave normals

e, = e; cos x ¥ + sin x ¥ (e; cos ¢ + e3sin @), (124)
where @ € [0, 7] and ¢ € [0,27]. The wavelet W, =
W, (&, ¢, Ry, X4) is the wave packet obtained by integrat-
ing the corresponding plane harmonic wave function on the
quasimomentum g € [g,, gp]. As a first approximation for
quasimonochromatic beams with 6g < qo, Eq. (121) can be

written as
fi go (1 \sinDy
= /26— e 125
(fz qNoo 2w/ D, (125)
where
D, = 2n8q<Rq - @)(4),
440
000 = #, Noo = /1 + 0. (126)
zy

' ' ' ' X
0.2 0.4 0.6 0.8 1.0

FIG. 21. Plot of Z" against x for I =m = 0 (solid line), I =
1, m = 0 (dashed line), and [ = m = 1 (dash-and-dot line).
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FIG. 22. Relative probability density p’ = \IJ; W, /poo as a func-
tion of X; and Xy; poo = 0.00063392; the other parameters are the
same as described in the caption of Fig. 6.

C. Wave packets in 2D-ESTC

In this section, we present the wave packets W, which can
be composed from the basis wave functions ¥ = W(s, g,)
defined by Eq. (22) for {L, j, n} = {—1, 4, 1} and by Eq. (23)
for {L, j,n} = {1,4, 1} as

1

qb,s
vy = Vs/ V(s, gn)dqn, Vs = ———,
Ga.s db,s — Ya,s

(127)

where W(s, g,) satisfy the normalization condition Eq. (73),
and gp s — q4.s < 2. Owing to Egs. (46) and (47), these wave
packets satisfy the normalization condition

Tin(W]Wy) =1, (128)
where
1 2 400
Tn(H)=5- / do; [ fle; X0dX,.  (129)
T Jo —o0

The mean value (L), of a linear operator L with respect to the
wave function Wy can be expressed in terms of mean values
(L) of L with respect to the basis wave functions W as

1 db,s
/ (L)dg,.  (130)

(L)y = Tjn(W]LY,) =
qb,s — Ya,s Jq.,

To this end, one can use the mean values (L) presented in
Sec. IIT B 3: the velocity V; Eq. (84), the momentum P,
Eq. (85), the spin (S;) Eq. (86), and the energy E Eq. (84).

In Ref. [12], the superpositions of two basic wave functions
W(—1, q;) and W(1, q;) describing different spin states and
corresponding to (i) the same quasimomentum ¢; (unidirec-
tional electron states with the spin precession) and (ii) the two
equal-in-magnitude but oppositely directed quasimomenta
(bidirectional electron states) are presented. Such electron
states can be extended to the wave packets W Eq. (127) as
follows:

W, = W_¢® cosa + ¥ sina, (131)

where o € [0, 7/2] and § € [0, 2r]. Let ¢g,,— and g, be inte-
gration variables for W_; and W, respectively. If the condition
|gnt+ — gn—| < 2 is fulfilled for any g1 € [ga,+1, gb +1], then

FIG. 23. The Hermitian form s," = \112T ¥, /poo as a function
of X, and Xj; the other parameters and notations are the same as
described in the captions of Figs. 6 and 22.

the wave function W, Eq. (131) satisfies the normalization
condition ._71-,1(‘112T W,) = 1, and the mean value (L), of a linear
operator L with respect to W, is given by

(L)y = Tin(WILW,) = (L) cos’ a + (L) sin’a.  (132)

1. 2D-ESTC with L = —1

As an example let us consider first the wave packets W
composed of g4+ solutions illustrated in Fig. 6. In this case,
L =—1,j=4,n=1, and the mean value of momentum P,
vanishes at g; = £pjo for g4+ solutions, respectively. To
obtain a bidirectional electron state W,, we setq, —; = —2pjo,
dp.—1 =qa1 = 0,951 =2p19, ¢ =1 /4, and § = 0. The elec-
tron states with the wave functions W have the mean values
of velocity V| = £0.000316462, the spin (S;) = :thlm, and
the same values of the momentum P; = 0 and the energy E =
1.00319230. Because of this, the function W, describes the
electron state with the vanishing mean values of the velocity,
the momentum, and the spin.

Figures 22 and 23 illustrate the localization at the X; axis
and the evolution with time X4 of the probability density
0= \Ilg W, and the Hermitian form \Ilg S1¥, = gsl/ of the
spin operator S| = %El . Whereas in free space an electron has
the minimum energy £ = 1 at g; = 0, in the 2D-ESTC under
consideration it has two different states with the minimum
energy Enin at g1 = £pjo and with the mean values of spin
opposite in sign (see Sec. III B 3). In terms of the localized
solution W;, this manifests itself with time as the splitting of
the central domain with the maximum probability density in
two domains with s;” of opposite sign and negligibly small
variations of s;” during the time interval AX, =t =1/Q =
10; see Fig. 23.

2. 2D-ESTC, L = 1

Inthecase L =1, j =4,and n = 1, Egs. (71) and (72) are
replaced by the relations

qi+ = \/%2;(1 +dip)? —1—1Iy,

(133)
do = Jlga £ Q2 +d; 2~ 114,
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d
0.00040 |
0.00035 |
§1 .0030 1.0035 1.0040
0.00025 | C
0.00020 F

FIG. 24. Function d, against q4: (A) dy =di-(q4), (C) d\ =
d1+((14); L= l, 8= l, Q= 01, Ay = dygy, IA = 0.0064.

and

1
diz =—-14+—/1+1L+qi,,
q4
L i
Y =

respectively. The quasimomentums ¢+ and ¢, specify the
wave functions W Eq. (23) for a given g4 at s = £1. The
functions d+ and d{ are small (|di+| < 1, |d{,| < 1) and
depend only weakly on g4; see Fig. 24. They can be found by
using the fitness parameter R Eq. (65) in much the same way
as dsy and dj . The quasimomentums ¢;4 and ¢|_ tend to
zero as ¢4 is reduced. For the 2D-ESTC under consideration,
the ground states of the Dirac electron with ¢; =0 and
the vanishing mean values of the operators of velocity and
momentum are treated at various values of the frequency 2
and the intensity I in Ref. [11].

Let us now consider the neighborhood of the ground
state with |g| < /2 = 0.05. The minimum values q4,,— =
1.002887854 and q4,,,+ = 1.002987379 of g, are specified by
the condition g; = O for the ¢;_ and g, solutions, respec-
tively. Figures 24 and 25 illustrate the functions d; = d+(g4)
and the mean value P; = P;(q4) Eq. (85) of the momentum
operator for these two solutions. There are no solutions ¢/ _ in
the g4 domain under consideration, whereas solutions ¢/, are

(134)

dig =—1+

0.04
0.03
0.02

0.01

1.0030 1.0035 1.0040

FIG. 25. Momentum P; against g4: (A) s = —1, (C) s = 1; the
other parameters are the same as described in the caption of Fig. 24.

specified by Eq. (133), where the function d{, can be linearly
approximated as

d}, =0.0001631225(¢4 — 1.0828569), (135)

with deviations smaller than 10~°.

The mean values of spin are independent of g4 and take
the following values: (S|) = —%Elm for g solution, (S1) =
2% m for gi— and ¢}, solutions, where Xi,, = 0.99366079
coincides with the similar parameter for g4+ and ¢, solutions
at L = —1. The normalized energy E (87) linearly depends on
q4 as

E =q4+£6E for
=q4+Q—8E for g, solution,

¢1+ solution,
(136)

where E = 0.000316960. The mean values (S;) and E, as
well as the functions d;4 and dj, are independent of the
sign of ¢;. The mean values of the operators of velocity and
momentum have the same sign as g .

Let us now consider the bidirectional superposition W,
Eq. (131) of the wave packets Wy, Eq. (127) obtained by
integrating W(+£l1, g4) over the g4 domains illustrated in
Figs. 24 and 25. We use the negative branch of the square
root in Eq. (133) for g,_, the positive one for g;4 and set
qa,—1 = G4m—> qb,—1 = Gam— +0.00113, qu1 = Gam+, qp1 =
Gam+ +0.00116.

As for the described above superposition W, in 2D-ESTC
with L = —1, both packets have the same range of g; magni-
tudes: |g;x| < 0.05. However, the velocity, momentum, and
energy operators now have different magnitudes of mean
values V¢, Pi¢, and E; with respect to the functions W_;
and ¥;:

Vi— = —=0.030350831, Vi =0.031237500,
P_ = —-0.030449571, P4y =0.031362632,
E_=1.0031429, E, =1.0038919.

Since the mean values of the spin operator with respect to
W_; and | are equal in magnitude and opposite in direction,
the bidirectional state \V; Eq. (131) with the parameters o =
/4, and § = 0 has the vanishing mean value of spin, but
nonvanishing mean values of velocity V; = 0.00044333427
and momentum P; = 0.00045653041. This localized state has
the energy £ = 1.0035174. Figures 26 and 27 illustrate the
splitting of the central domain with the maximum probability
density in two domains with s,” of opposite sign.

IV. CONCLUSION

To construct localized solutions of the Dirac equation in
the ESTCs or free space, it is necessary to calculate first
the basis wave functions W Eq. (7) specified by a set of
four-dimensional vectors Q, = (q, iq4). To attain these ends
in the general case of 4D-ESTCs one can use the solutions and
techniques presented in Refs. [7-11]. It is shown in Sec. Il A 3
that these wave functions satisfy the orthogonality relations
Eq. (19). In free space, the basis functions reduce to the
plane waves W Eq. (100) which obey the dispersion equation
g =1+q%
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FIG. 26. Relative probability density p’ = \I/; W, /poo as a func-
tion of X, and Xy; pgo = 0.00063392; the other parameters are the
same as described in the caption of Fig. 24.

It is shown in Sec. IIB that there exist families of wave
functions W Eq. (22) and ¥ Eq. (23) in the 2D-ESTCs created
by two counterpropagating circularly polarized plane waves,
for which the Dirac equation reduces to matrix ordinary differ-
ential equations. If these two electromagnetic waves have the
same circular polarization [L = —1 in Eq. (24)], then Eq. (25)
defines amplitudes V =V (X4) and W = W (X4) of the wave
function ¥ Eq. (22). However, if they have left and right
circular polarizations (L = 1), then Eq. (27) defines ampli-
tudes V = V(X;) and W = W (X)) of the function ¥ Eq. (23).
The dispersion equations for both families can be written in
the form qi(l +dP =1+ q%, where |d| <« 1. The technique
presented in Sec. II B is based on the use of the fitness criterion
R Eq. (12) and Fourier expansions of amplitudes V and W. It
makes possible to calculate with any prescribed accuracy the
basis wave functions ¥ Eq. (22) for a given ¢; at L = —1
as well as W Eq. (23) for a given g4 at L = 1. In this article
we present integrals of motion and mean values of velocity,
momentum, energy, and spin operators with respect to these
wave functions.

In Sec. IIT A, we extend the general approach to design-
ing and characterizing localized solutions of wave equations
[24,25] to the Dirac equation in the ESTC and free space. The
presented technique uses the basis wave functions to compose
a set of orthonormal beams and various localized states with
complex vortex structure of probability currents, defined by a
given set of orthonormal complex scalar functions on a two-
dimensional manifold. By way of illustration various localized
solutions in free space, defined by the spherical harmonics, are
presented in Sec. III B.

To compose a localized solution of the basis wave func-
tions W, one must specify their vectors Q, the normalized
amplitudes (bispinors in free space and multispinors in the

FIG. 27. The Hermitian form s;" = \Il;r ¥, W,/ poo as a function of
X; and X4; the parameters are the same as described in the captions
of Figs. 24 and 26.

ESTC), magnitudes given by real scalar factors, and ini-
tial phases. At a given Q, the amplitude subspace is one-
dimensional in the 4D-ESTC and the 2D-ESTC treated in this
article. Since it is two-dimensional in free space, we defined
two linearly independent amplitudes for each given Q and
obtained two families of beams W}" with p = +1, defined by
the spherical harmonics Y;". They constitute the ortonormal
system satisfying Eq. (111) and in consequence can be used as
a basis in characterizing and designing even more complicated
localized solutions. These beams have high probability den-
sity only in very small core regions; see Figs. 8—14. The beams
\Ill"fp with m # 0 have complex vortex structures of probability
currents; see Figs. 15-20. We also presented the beams local-
ized with respect to all four space-time coordinates, which can
be described as flash electron states; see Fig. 14.

The solutions W Eq. (45) are special cases of the
function W Eq. (7), for which the Fourier expansions of
the bispinor amplitude ¥, are specified by the subsets £_; =
{(0,0,0,2k), (5,0,0,2k+1);k=0,£1,£2,...} C L in
the 2D-ESTCs with L = —1 and £; = {(2k, 0,0, 0), 2k +
1,0,0, —s);k=0,+1,4£2,...} C L in the 2D-ESTCs
with L = 1. They are described by the dispersion relations
g4 = qa(s,q1) and q; = qi(s, q4) with given ¢; and g¢q,
respectively. The mean values of velocity, momentum,
energy, and spin operators with respect to both families of
basis wave functions and the one-dimensionally localized
wave packets are obtained. The similarities and distinctions
of these 2D-ESTCs are illustrated also in terms of the
bidirectional electron states.
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