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The high-order harmonic generation process of H,™ in a co-rotating two-color circularly polarized laser pulse
was investigated by numerically solving the time-dependent Schrodinger equation. Compared with the target
of the atom, the harmonic intensity of H,™ is remarkably enhanced. Moreover, the harmonic intensity of H,™
approaches its maximum when the electric field amplitude ratio of the fundamental frequency and the second
one is approximately 1:2.3. By analyzing the evolution of the time-dependent wave packets, the enhancement
of harmonic intensity may be attributed to an increase in the probability of the ionized electron recolliding
with the parent ion. In addition, the dependence of harmonic intensity on the internuclear distance and the
alignment angle of H," is explored. We found that the ellipticity of the particular harmonic order changes with
the molecular alignment angle, which provides a chance to generate an extreme ultraviolet coherent light pulse

with controllable polarization.
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I. INTRODUCTION

High-order harmonic generation (HHG) from atoms and
molecules in an intense laser pulse is a coherent light source
with the spectra from extreme ultraviolet (XUV) to soft x
ray [1-6]. Owing to its wide spectrum, HHG is an important
way to produce optical pulses with an attosecond duration
(10718 5) [1,7-11]. As HHG is generated by the collision of
the ionized electron with its parent ion in the laser electric
field, the harmonic spectrum carries the structural properties
of the atomic and molecular ion. Therefore, HHG can be used
as a detector for a static and dynamic molecular structure
[12-17].

According to the three-step model of the harmonic
generation process, the ionized electron recombines with
the parent ion and releases the gained energy by radiating a
harmonic photon. On the basis of the model, when an atom is
driven by a linearly polarized laser field, the ionized electron
moves in a one-dimensional space, and harmonic polarization
is linear as a result of the recollision of the ionized electron
with the parent ion along the polarized direction of the driven
laser pulse. If the driving pulse is a circularly polarized laser
field, the ionized electron moves in a two-dimensional plane,
and the direction of the electron’s velocity changes with time,
which leads to an ionized electron with fewer chances to
recollide with its parent ion; therefore, the harmonic intensity
is very low [18,19]. However, when an atom is irradiated
by a counter-rotating two-color circularly polarized laser
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pulse, the ionized electron can return back to the parent ion
from different angles, and the strong circularly polarized
harmonic radiation could be observed in experiment [20]. The
circularly polarized harmonics were applied to the magnetic
circular dichroism measurement of Co [21]. Owing to the
potential application of circularly polarized harmonics
in the measurement of magnetic materials and chiral
molecules, the effects of laser parameters on the harmonic
intensity and the polarization were further studied in recent
years [22-26].

Compared with studies on HHG from the counter-rotating
two-color circularly polarized laser, there are fewer studies on
HHG of an atom or a molecule in the co-rotating two-color
circularly polarized (CRTCCP) laser pulse. In 1995, Becker
et al. initially examined HHG from an atom irradiated by
the CRTCCP laser [27], and they illustrated that HHG is
caused by high-order difference-frequency mixing processes,
and the harmonic signal decreases rapidly with the increase
of the harmonic order. In 2000, on the basis of a strong-
field approximation scheme, Milosevic et al. reported that the
harmonic intensity from the hydrogen atom in the CRTCCP
field is weaker than that of the counter-rotating two-color
circularly polarized laser field [28]. Sharma et al. studied the
generation of even and odd harmonics by the propagation of
co-rotating and counter-rotating two-color circularly polar-
ized laser beams through homogeneous, underdense plasma
and found that the normalized amplitudes of the harmonics
are approximately the same as those obtained by the two-color
linearly polarized laser beams [29]. Recently, a study on the
double ionization of the atom and the molecule provided a
possibility to produce a high-intensity harmonic by using a
CRTCCEP field. Hang et al. found the nonsequential double-
ionization yield of the atom can be changed by adjusting
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the amplitude ratio of the CRTCCP field [30]. BusuladZzi¢
et al. theoretically investigated the photoelectron emission
spectra of the aligned N, and confirmed the contribution of
rescattered electrons in the CRTCCP laser field [31]. Whether
the electrons rescattered in the CRTCCP field will produce
efficient HHG is the content of this paper.

In this work, we have focused on HHG from the molecule
in the CRTCCP laser pulse and the features of the har-
monic spectra. By adopting the numerical solution of the
time-dependent Schrodinger equation (TDSE), the dynamic
process of the molecular HHG in the CRTCCP laser pulse was
performed. We found that the harmonic intensity is enhanced
for a specific amplitude ratio of the CRTCCP laser field,
which can be explained by utilizing the wave-packet evolution
and the classical trajectory analysis. In Sec. II, the numerical
method and theoretical scheme for calculating the harmonic
spectrum are discussed. In Sec. III, we show the results
and provide some discussions. This article is summarized
in Sec. IV, and atomic units are used throughout this paper
unless specified otherwise.

II. THEORETICAL MODEL AND NUMERICAL METHOD

Under electric dipole approximation and length gauge, the
TDSE of H,* driven by the CRTCCP laser pulse is

9 .
lgl//(x, v 1) =H(,y, D)yx, y,1). (1)

The Hamiltonian in Eq. (1) is
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where R is the internuclear distance, and a(R) is the soft-core
parameter. The soft-core parameter is called a(R) as it is
necessary to adjust the soft-core parameter to ensure that the
ionization energy at a different R of the molecule is consistent
with the ionization energy of the real molecule. For example,
when R = 3.2, a(R) = 0.68; then the ionization energy is
about 24 eV [32]. 0 is the angle between the molecular axis
and the x axis. The electric field vector of the CRTCCP
pulse E(t) = E,(t)é; + E,(t)é, was chosen to rotate in the x-y
plane. E,(t) and E,(¢) are the x and y components of the laser
field, respectively. The detailed form of the laser electric field
used in this work is as follows:
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The f(¢) is the laser pulse envelope with a duration of
eight optical cycles. The shape of the envelope is trapezoidal,

Vix,y) =

., 3)

with a one-cycle linear turn-on and a one-cycle linear turn-off.
Eyp and w are the peak amplitude and the frequency of the
laser pulse, respectively. Furthermore, ¢ is a parameter used
to adjust the amplitude ratio between the fundamental field
and the second harmonic laser. The electric field amplitude
ratio of the fundamental frequency and the second one is 1:¢.

A time-dependent wave function was obtained through
the numerical solution of Eq. (1) with a splitting-operator
fast-Fourier-transform scheme [33-37]. To avoid unphysical
reflection of the wave packet from the boundary, the wave
function was multiplied by a cos'/® mask function at each time
step. By using the time-dependent wave function, the dipole
accelerations in the x and y directions are written as
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The corresponding harmonic spectra are calculated by
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In order to explain the observed harmonics, the classical
Monte Carlo model [38] was adopted to analyze the recolli-
sion probability of Hp™ in the CRTCCP field. In this model,
the electronic movement in Ho* is followed by Newton’s
equation:
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III. RESULTS AND DISCUSSION

A. The enhancement of harmonic intensity of H,* in
the co-rotating two-color circularly polarized laser field

In Fig. 1(a), we present the harmonic spectra of the atom
(the dashed black line) and H, ™ (the solid red line) irradiated
by the CRTCCP laser pulse. The wavelength of the funda-
mental field is 800 nm, and the laser field peak amplitude
Ey is 0.092, corresponding to I = 3x10'*W /cm?. When the
amplitude ratio of the two-color pulses is 1:1, the atomic
harmonic intensity is extremely low [see Fig. 1(a)]. With the
increase of the harmonic order, its intensity decreases rapidly.
The harmonic intensity can be controlled by the amplitude
ratio of the two pulses. We found that the harmonic intensity is
the largest when ¢ = 2.3. For the 15th harmonic, the harmonic
intensity of ¢ = 2.3 is about an order of magnitude higher than
that of ¢ = 1. This finding is similar to previous studies of
double-ionization enhancement of atoms [30]. In the case of
the harmonic spectrum from H,* irradiated by the same pulse,
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FIG. 1. Comparison of harmonics generated by H,* and the
atom under different forms of driving lasers. (a) Harmonic spectra of
H," and the atom by the co-rotating two-color circularly polarized
laser. The inset shows the electric fields of the CRTCCP laser
when the amplitude ratios are 1:2.3 (solid red line) and 1:1 (dashed
black line), and the counterclockwise rotation direction of the two
fields is marked with red and black arrows, respectively. The angle
between the molecular axis and the x axis is also depicted here.
(b) The harmonic spectra of H,* by the co-rotating (solid red line)
and counter-rotating (dash-dotted black line) two-color circularly
polarized lasers. (c) The harmonic spectra of H,™ by the co-rotating
two-color circularly polarized field using an 800—400-nm laser pulse
(solid red line) and linearly polarized 800-nm (dashed black line)
and 400-nm (dash-dotted blue line) lasers. (d) The harmonic spectra
of H,™ by the co-rotating two-color circularly polarized field using
an 800—400-nm laser pulse (solid red line) and circularly polarized
800-nm (dashed black line) and 400-nm (dash-dotted blue line)
lasers.

it is found that the harmonic intensity is high when the angle
6 between the molecular axis and the x axis of the laser field
is equal to 15°, and the internuclear distance is R = 3.2. The
variation of harmonics with the internuclear distance and the
alignment angle is further discussed in Sec. IIC. The Hp™
harmonic spectrum exhibits a clear plateau with even and odd
ordered harmonics. Comparing with the harmonic from the
atom, the harmonic intensity of Hy™ is enhanced by about
three orders of magnitude.

In addition, we gave the harmonic spectra generated by
H,* at R =3.2, 9 = 15°, under different laser fields, as
shown in Figs. 1(b)-1(d). In Fig. 1(b), we calculated the
harmonic spectra of the co-rotating and counter-rotating two-
color circularly polarized laser pulses with the same laser
parameters and ¢ = 2.3. The previous results demonstrated
that the harmonic intensity of atoms in the CRTCCP Ilaser
field was far lower than that of the counter-rotating two-color
circularly polarized laser field. However, harmonic intensities
of molecules in the co-rotating (solid red line) and counter-
rotating (dash-dotted black line) two-color circularly polar-
ized laser pulses are comparable. In general, the harmonic
intensity of the CRTCCP laser field is slightly lower than
that of the counter-rotating two-color circularly polarized
laser field. However, at some particular orders, the harmonic
intensity of the CRTCCP laser field could be higher than that
of the counter-rotating two-color circularly polarized laser

x(a.u.)
40 0 40 40 0 40 -40 O 40 -40 0 40

1.0E-07

1.6E-06 2.5E-05 4.0E-04 0.0063 0.10

FIG. 2. The wave-packet motion of (a)—(d) the atom and (e)—(h)
H," at different times T,, T, T., and T, in the co-rotating two-
color circularly polarized laser. The arrow indicates that the electron
probability flow and the solid black lines in (e)—(h) all represent the
classic electronic trajectory of the 7,—7; period, where the purple dot
indicates the electronic position at the corresponding time, and the
electric fields of the corresponding four moments are shown as the
red dot in the solid black line of (d).

field. Figure 1(c) shows the harmonic spectrum comparison
of Hy* under the CRTCCP field using an 800-400-nm laser
pulse (solid red line) and linearly polarized 800-nm (dashed
black line) and 400-nm (dash-dotted blue line) lasers. From
the comparison of the harmonics of the CRTCCP field and
the linear polarization field in Fig. 1(c), it can be seen
that the harmonics of the CRTCCP field can reach the equiv-
alent intensity of the linear polarization even though the
intensity at some order exceeds that of the linear polarization.
Moreover, odd and even harmonics appear in the case of the
co-rotating two-color circularly polarized field. In addition,
Fig. 1(d) shows the comparison of harmonic spectra in the
CRTCCEP field and the monochromatic circular polarization
field. The harmonic intensities of the circular polarization at
400-nm (dash-dotted blue line) and 800-nm (dashed black
line) laser pulses are very low. The harmonic in the CRTCCP
(solid red line) field has several orders of higher magnitude
intensity than the others.

According to the above discussions, the harmonics of Hp ™
driven by the CRTCCP laser field are different from the har-
monics of atoms in the commonly known CRTCCP field. The
harmonic intensity of Ho* driven by the CRTCCP laser field
is not always low, and it can near the harmonic intensity of
the counter-rotating two-color circularly polarized laser field
and the monochromatic linear polarization field at a suitable
double-circle amplitude ratio. In some orders, intensities are
even stronger. In the following, we focused on the mechanism
of harmonic generation in the co-rotating two-color circular
polarization field in this paper.

B. Harmonic generation mechanism

In order to understand the high-intensity harmonics gener-
ated in the interaction between H,™ and the CRTCCP laser
pulse, we present the time-dependent evolution of the Hy™
wave packet, as shown in Figs. 2(e)-2(h). For comparison,
the wave-packet evolution of the atom is also shown in
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Figs. 2(a)-2(d). In Fig. 2, the time domain changes from
2.56T (where T is the optical cycle of the fundamental laser)
to 2.94T, with an interval of 0.127, and electric fields at four
corresponding instants: T, Tp, T, and T;, which are depicted
in Fig. 2(d). One can see from Fig. 2 that ionized wave packets
of the atom [Figs. 2(a)-2(d)] and the molecule [Figs. 2(e)—
2(h)] rotate counterclockwise by the laser field, and the rota-
tion direction is the same as that of the electric field vector.
This is consistent with the behavior of classical charged
particles driven by the same laser pulse. The electronic wave-
packet distributions of the molecule [Figs. 2(e)-2(h)] and the
atom [Figs. 2(a)-2(d)] appear significantly different. In the
case of the atom, the ionized electron wave packet is produced
near the nucleus, and then it gradually moves away from
the nuclear region. Although the wave packet diffuses with
gradual time, there remains no visible component of the wave
packet, which can collide with the parent ion. Owing to the
low recollision probability of the ionized electron colliding
with the parent ion, the intensity of the HHG from the atom
is extremely low. However, the ionized wave packet of the
molecule has a more pronounced dispersion effect. There is a
clear distribution of ionized electron wave packets in the nu-
clear region at a specific time, which means that there is a pos-
sibility of higher harmonic emissions under such conditions.

In order to understand this process more, we gave one of
the classic trajectories returning to the nuclear region, which
is a main contributor to the harmonic emission, as shown
in Figs. 2(e)-2(h). The purple circle denotes the classical
position of the ionization electron at the corresponding in-
stant. At the same time, the spatial distribution of the electron
probability stream obtained by the electron wave function is
given as j = %[I/I*ﬁl/f — ¥ pyr*], indicated by the arrow in
Fig. 2. The direction of the arrow represents the direction of
the movement of the ionized electrons, and the length of the
arrow represents the magnitude of the flow rate. In the case
of the atom, the electron probability flow rate and positions
are generally away from the nuclear region. This indicates
that the electrons are always moving away from the nuclear
region, and it is difficult to generate high-order harmonics in
collision. For the molecule, there is a component in which
the electrons initially move away from the nuclear region and
then return to the nuclear region, as shown by the area marked
by the red arrow. It is clear that the direction of the electron
probability flow rate changes to the left after ionization at time
T, in Fig. 2(e), which indicates that the electron moves to
the left and away from the nuclear region. As time passes,
the electrons at 7;, 7., and T; move to the lower left, lower
right, and upper right, respectively, before returning to the
nuclear region. During the T,—T; periods, the wave-packet
motion behavior reflected by the probability flow is con-
sistent with the electronic motion behavior of the classical
trajectory.

To understand the enhancement of the molecular harmonic
intensity, we systematically studied the effect of amplitude
ratios of the CRTCCP laser field on the harmonics in the
plateau region. Figure 3(a) exhibits the variation of the 25th
to 30th harmonic intensity for different amplitude ratios. The
laser field peak amplitude is 0.16, corresponding to I = 8§ X
10'* W /cm?. The internuclear distance of H,* is R = 2, and
the angle 6 is 0°. Figure 3(a) demonstrates that the amplitude
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FIG. 3. (a) HHG of H,™ in the CRTCCP laser pulse with differ-
ent amplitude ratios. (b) The 26th (black square) and 29th (blue cir-
cle) harmonic intensity, and the recollision probability (red triangle)
as a function of the amplitude ratio.

ratio 1:e influences the molecular harmonics in the plateau
region. When the amplitude ratio is approximately 1:2.3, the
harmonic intensity is generally higher, and when the ampli-
tude ratio is 3:1, the harmonic intensity is generally lower.
There are about three orders of magnitude in the harmonic
intensity between both cases. Furthermore, considering the
26th and 29th harmonics as examples, we examined the
harmonic intensity as a function of the amplitude ratio, as
shown in Fig. 3(b). With an increasing amplitude ratio, the
harmonic intensity initially increases, reaching a maximum at
0.3-0.5, and then it begins to gradually decrease. When the
amplitude ratio is larger than 1.2, the harmonic intensity does
not change substantially.

In order to clearly explain the variation in the harmonic in-
tensity, we calculated the recollision probability of the ionized
electron at different amplitude ratios using the classical Monte
Carlo method, as shown by the red triangle in Fig. 3(b). In
this classical calculation, the initial position and momentum
of the electron distribute randomly in the molecular potential.
The ionization probability is calculated from the electronic
energy at the end of the driving laser pulse. Figure 3(b)
shows that the variations in the recollision probability and
the harmonic intensity with the amplitude ratio are almost
identical.

To explore the harmonic generation’s dynamic process of
H,* in the CRTCCP laser pulse, we calculated the elec-
tronic classical trajectories for different amplitude ratios.
Figures 4(a)-4(d) show the instantaneous variations of
the electric field vector with different amplitude ratios.
Figures 4(e)—4(h) present the trajectories of the ionized elec-
tron of the corresponding laser fields in Figs. 4(a)-4(d),
respectively. The line’s color indicates the different ionization
instances. Compared with the quantum results in Figs. 2(e)—
2(h), more ionized electrons return to the parent ion region
(near the coordinate origin) at an amplitude ratio of 1:2.3.
For this laser field, the recollision electron is generated at the
vicinity of the maximum value of the inner field, as shown by
the green part in Fig. 4(b).
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FIG. 4. (a)—(d) The instantaneous variations of the electric field
vector with different amplitude ratios; (e)—(h) classical motion trajec-
tories in different ionization instants at one optical cycle for different
amplitude ratios.

C. Influence of the internuclear distance and the alignment
angle on the harmonics of H,*

According to the above discussion, the harmonic intensity
depends on the ionization and recollision probability of the
ionized electron. The ionization and recollision probability are
affected by the internuclear distance of the molecule. There-
fore, the HHG spectrum can be altered. Figure 5(a) shows
the harmonic spectra of Hy* with internuclear distances of
R =2 and R = 3.2 under the CRTCCP laser pulse with an
amplitude ratio of 1:2.3. Figure 5(a) shows that the intensity
of the overall harmonic emission spectrum from R = 3.2 is
significantly stronger than that from the molecular ion with
a small internuclear distance. In Fig. 5(b), taking the 20th

Harmonic order
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FIG. 5. (a) The harmonic spectrum comparison of H,™ at R = 2
(black line) and R = 3.2 (red line) in the co-rotating two-color
circular polarization field. (b) The intensity comparison of the 20th-
order (black square) and 21st-order (red circle) harmonics of H,™"
in the co-rotating two-color circular polarization field at different
internuclear distance, and the ionization probability as a function
of the internuclear distance (five-pointed purple star). Hy™ in the
counter-rotating two-color circular polarization field of the 20th-
order (blue triangle) and monochromatic linear polarization field of
the 21st-order (red circle) harmonic intensity as a function of the
internuclear distance.
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FIG. 6. (a) Ionization yield, (b) harmonic intensity in the plateau
region, (c) 23rd harmonic ellipticity, and (d) harmonic ellipticity in
the plateau as a function of the angle.

and 21st harmonics as examples, we examined the harmonic
intensity as a function of the internuclear distance. After
increasing the internuclear distance, the harmonic intensity is
gradually increased, and the harmonic intensity is strongest
when the internuclear distance is R = 3.2. However, after
further increasing the internuclear distance, the harmonic in-
tensity is no longer increased and even begins to decline. The
reason for the intensity changes with the internuclear distance
can be understood by the molecular ionization. In Fig. 5(b) we
gave the ionization probability of the molecule as a function of
the internuclear distance by the CRTCCP field, as indicated by
the five-pointed purple star. When the molecular internuclear
distance is small and as the internuclear distance is increased,
the ionization probability and intensity of the harmonic emis-
sion become higher. At the same time, the spatial scale of the
molecule is gradually increased, and the recolliding proba-
bility for the ionized electron with the molecular nucleus is
also enhanced; therefore, the harmonic intensity is increased.
However, with a large enough internuclear distance, the ion-
ization potential of the electrons in the molecule will decrease
less. Under the action of the laser field, ionization saturation
occurs in the molecule. The electrons of the molecule are
rapidly ionized and become vacant near the nucleus in the
rising edge of the pulse field. Since the generation of higher
harmonics is a process of excited recombination [39], the
depletion of the ground-state electrons will lead to a decrease
in harmonic intensity. In addition, we conducted a harmonic
intensity comparison of the H,™ generated by the co-rotating
two-color and counter-rotating two-color circularly polarized
fields and monochromatic linearly polarized field, as shown
in Fig. 5(b). At R = 3.2, the harmonic intensity under the
co-rotating two-color circularly polarized field is comparable
to that of the counter-rotating two-color circularly polarized
field (blue triangle) and the monochromatic linearly polarized
field (green diamond), and in another calculation range under
the internuclear distance, the harmonic intensity under the
co-rotating two-color circularly polarized field is weak.

The harmonic intensity is affected not only by the molec-
ular internuclear distance but also by the angle 6 between the
molecular axis and the laser electric field vector. Figure 6
shows the ionization yield of Ho* [Fig. 6(a)], the harmonic
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intensity in the plateau region [Fig. 6(b)], the 23rd har-
monic ellipticity [Fig. 6(c)], and the harmonic ellipticity in
the plateau as a function of angle 8 [Fig. 6(d)]. As shown
in Fig. 6(a), the ionization yield has little change with the
varying of the alignment angle, and the variation of the
harmonic intensity with the alignment angle is attributed to
the recollision probability of the ionized electron. As the
angle 6 increases, the harmonic intensity can be changed,
and the intensities of the high-order harmonics are weaker
near 0 = 120°, which can be observed in Fig. 6(b). The
effect of the alignment angle on the harmonic intensity is
weaker than that of the amplitude ratio and the molecular
internuclear distance on the harmonic intensity. The harmonic
ellipticity of the plateau region at different angles is shown
in Figs. 6(c) and 6(d). In this figure, the ellipticity is rep-
resented by color. The right circular polarization is +1, and
the left circular polarization is —1. The harmonic ellipticity
can be calculated by e = (|a+| — |a—|)/(la+| + |a—|), where
ay = \%(Clx +iay). a, and a, are the x and y components of
the dipole acceleration in the frequency domain, respectively
[26,40]. The harmonic ellipticity is significantly affected by
the molecular alignment angle. As the molecular alignment
angle is changed, the high-order harmonics are converted
among the left circular, linear, and right circular polarizations.

IV. CONCLUSIONS

In summary, we numerically studied the harmonic genera-
tion of Ho* in the CRTCCP laser pulse. The simulated results
showed that the amplitude ratio of the CRTCCP laser pulse

has an impact on harmonic intensity. When the amplitude ratio
is approximately 1:2.3, the harmonic intensity is generally
higher. Furthermore, the harmonic intensity of H,™ is much
higher than that of the atomic situation. By analyzing classical
trajectory and the evolution of the electronic time-dependent
wave packet, we found that the laser electric field amplitude
ratio, the molecular internuclear distance, and the alignment
angle directly affect the probability of the ionized electron rec-
olliding with the parent ion, which correspondingly changes
the harmonic emission intensity. Moreover, by adjusting the
molecular alignment angle, the ellipticity of the harmonics
of the plateau region can be controlled, and some harmonics
can be converted among left circular, linear, and right circular
polarizations. Therefore, this scheme can be used to generate
a more intense and polarization controllable coherent high-
frequency light source in experiments.
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