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We propose a Wigner-like inequality suitable for testing the hypothesis of realism. We show that this inequality
is identical neither to the well-known Wigner inequality nor to the Leggett-Garg inequality in Wigner form. The
obtained inequality is suitable for testing realism not only in quantum mechanical systems, but also in quantum
field systems. Also we propose a mathematically consistent derivation of the Leggett-Garg inequality in Wigner
form, which was recently presented in the literature, for three and n distinct moments of time. Contrary to these
works, our rigor derivation uses Kolmogorov axiomatics of probability theory. We pay special attention to the
construction and studies of the spaces of elementary outcomes. Based on the Leggett-Garg inequality in Wigner
form for n distinct moments of time we prove that any unitary evolution of a quantum system contradicts the
concept of macroscopic realism. We show that application of the concept of macroscopic realism to any quantum
system leads to “freezing” of the system in the initial state. It is shown that for a particle with an infinite number
of observables the probability to find a pair of the observables in some defined state is zero, even if the operators
of these observables commute. This fact might serve as an additional logical argument for the contradiction

between quantum theory and classical realism.
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I. INTRODUCTION

It seems that foundations of the concept of local realism
(LR) were used by FEinstein while creating special relativity
theory. But consistently the concept of LR was introduced in
the famous paper by Einstein, Podolsky, and Rosen [1]. Local
realism comprises the following three statements.

(1) Classic realism: an aggregate of all physical charac-
teristics (in classical terms) of a system exists jointly and is
independent of an observer, even if the observer cannot si-
multaneously measure these characteristics with any classical
measurement device.

(2) Locality: if two measurements are performed in spa-
tially separated points of the space-time, then the readings of
one classical device do not affect the readings of a second one
in any way.

(3) Freedom of choice: the observer can freely choose any
experimental parameters from the available ones.

In their pioneering paper [2] Leggett and Garg have ren-
dered concrete the intuitive notions of properties of classical
objects using two simple principles: the “macroscopic re-
alism per se” and “noninvasive measurability.” Using these
principles the authors have suggested inequalities (LGI),
which are satisfied for any physical system that follows our
“macroscopic intuition.”. Typically two canonical principles
are combined with a third one, the “induction” [3-5]. Jointly
these three principles are called “macroscopic realism” or
“macrorealism.”

Let us formulate these three principles.

(1) Macroscopic realism per se: a physical system
which can obtain several macroscopically distinct states
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exists in one and only one of its possible states at any
time.

(2) Noninvasive measurability principle: it is possible to
determine the state of a physical system while introducing
only a negligible impact on its further dynamics.

(3) Induction: reflects a layman’s understanding of the
freedom of will, i.e., that the result of the current measure-
ment does not influence what measurements the observer will
perform in the future.

Both macroscopic realism per se and noninvasive measur-
ability are satisfied in classical physics and are violated in the
quantum paradigm. First because of quantum superposition.
Second because, according to the Bohr or Dirac—von Neu-
mann projection postulates, a state vector or a density matrix
of a quantum system is subject to reduction when measured
with a classical device. The induction principle is satisfied in
both the quantum and the classical worlds. This principle is
closely linked with the freedom of will principle (third local
realism condition) and with the no-signaling condition [6,7].

Usually the no-signaling condition (NSC) is written in the
following form [7]:

Z w(a, bg, ...

a

|A, B, ...) = w(bg, ... |B, ...), (1)

where A is an observable selected for measurement, a is
the measured value of the observable A, and ), sums all
possible values of the observable A. Often A is thought of as a
state of a classical device which measures the corresponding
observable. The same notation is used for the observable B.
For two or more spatially separated measurement devices in
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classical paradigm, the no-signaling condition is a corollary
of the locality of special relativity. In nonrelativistic quantum
mechanics, the NSC is known as Eberhard theorem and is a
corollary of probabilistic nature of the outcome of any mea-
surement of a quantum system with a classical device. In this
case it is supposed that the quantum system is separated into
few subsystems. The observable A is related to one of these
subsystems together with its macrodevice. The observable
B and its macrodevice are related to some other subsystem.
In the formalism of Popescu-Rohrlich boxes (PR boxes) the
no-signaling condition is introduced as one of the axioms [7].

Using classic realism and the no-signaling condition it is
possible to obtain the well-known Wigner inequalities [8]. The
details are outlined in Appendix A. They are important for the
comparison below of Wigner inequalities and various forms of
Leggett-Garg inequalities considered here. Note that a delicate
question arises here: to what extent is the NSC equivalent to
the condition of locality of the LR concept? Here we assume
that NSC follows directly from the condition of locality.

The noninvasive measurability principle in the concept of
macroscopic realism for the derivation of LGI plays the same
role as the principle of locality in the concept of local realism
for the derivation of Bell inequalities [9-11].

The “no signaling in time” condition (NSIT) was intro-
duced in [12]. This condition may be considered as an analog
of the no-signaling condition for LGI and as an alternative
statistical version of noninvasive measurability. No signaling
in time demands that the probability w(g;, ¢;, ... |#j, t;, ...)
of measurement of an observable Q at times #;, #; > ¢; and so
on, does not depend on the state of the observable Q at time
ty # {ti, tj, ...}. Denoting O(t;) as g;, the no signaling in time
condition may be written as follows:

Z w(qj, Gics Gis - - - 115 T iy o)
qk
- w(qj’ qi’ .. |tj’ tk’ ti’ "')
= w(qj, qiy - |tj, tiy ...). 2)

In this form the analogy between (1) and (2) is quite obvious.
Note that the no-signaling condition and no signaling in time
condition are satisfied in the classical paradigm. However, the
no-signaling condition is naturally obtainable from quantum
mechanics [13], while no signaling in time is not [12]. Note
that the role of NSIT in obtaining the relations for testing the
MR concept may be more complex than the role of NSC for
the LR concept. For example, in [14] it was shown that there
are various necessary and sufficient conditions for the MR
concept depending on the chosen NIM form.

A test of the Leggett-Garg inequalities requires the tech-
nique of noninvasive (soft) measurements. However, if we go
from a noninvasive measurement of an observable Q(t) of a
single particle at distinct times to a fully invasive measure-
ment of fully correlated observables of a pair of particles “1”
and “2.” for instance, Q" (¢) and Q®(¢), at two distinct times,
it is possible to obtain an inequality similar to the LGI for one
particle, but without using noninvasive measurability. What
statement could be tested in violation of such an inequality?
There is no common opinion in the literature [15-18]. Most
often this statement is the hypothesis of realism [17,19]. This

hypothesis is a peculiar mix of classic realism and macro-
scopic realism per se, but not their mechanical union.

In the current work we will use the following formulation
of hypothesis of realism.

(1) At any time ¢#; a system is in a “real physical state”
which exists impartially and independently of any observer.
“Real physical states” are distinguished from each other by
the values of observables that characterize the system under
study. We do not suppose these values to be jointly measurable
by any macroscopic device.

(2) Observable physical states of a system are distinguished
by the values of variables which can be jointly measurable in
the system at time #;. We will equate “real physical state” and
“ontic state” [19,20], describing it using joint probabilities of
the observable states.

(3) For the considered system the no signaling in time
condition in form (2) and/or no-signaling conditions hold.

(4) The experimentalist has free will to plan, per-
form, and analyze the results of the experiments on the
system.

Note that the hypothesis of realism with the addition
of NSC or NSIT and the free will condition may serve
as a suitable base for obtaining relations which are true
in classical physics, but are not true in the framework of
quantum field theory (QFT). Actually, in derivation of Bell
or Wigner inequalities a static correlated state is assumed.
Such approximation is valid for nonrelativistic quantum me-
chanics, but in the framework of QFT it is in principle not
possible to exclude interaction of the fields related to the
correlated state with other particle fields and with vacuum
fluctuations. Such interactions may decrease correlation over
time [21]. However, the time dependence is not included into
the concept of local realism. In the framework of macroscopic
realism the time dependence is introduced; however, it is
severely restricted by the NIM condition. Also in MR the
locality, which is one of the main properties of QFT, is not
considered.

This paper is a continuation of a series of papers study-
ing time-dependent extensions of the Wigner inequalities
[22-25]. This series was stimulated by a desire to generalize
the Bell inequalities [9—11] and Wigner inequalities [8] for
quantum field theory (QFT). Given that in the formalism of
QFT the probability calculation procedure is well defined
(contrary to the correlator calculation procedure), the Wigner
inequalities are preferable for their generalization in QFT.
However, in QFT it is not possible to use the well-known
static (i.e., time-independent) form of the Wigner inequalities
[8], because field interactions and interactions with vacuum
fluctuations cannot be neglected. In Refs. [22-24] some at-
tempts have been made to obtain a nonstationary version of
the Wigner inequalities in the framework of local realism. In
[25] another attempt has been made: using the Bayes theorem
and its combination with hypothesis of realism. The results of
these studies have demonstrated that the description of testing
of quantum concepts in the “probabilistic approach” (which
is based on ideas of Wigner) has potential comparable to the
commonly used “orthodox” correlator-based approach. This
fact has stimulated the authors to make in the current paper
an attempt to apply the Wigner formalism to Leggett-Garg
inequalities.
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The Leggett-Garg inequalities in Wigner form for three and
n moments of time were first introduced in [26]. The macro-
scopic realism concept was used in the derivation. However,
in [26] and in subsequent works [27,28] there has been no
study performed of the spaces of the elementary outcomes and
structure of events that correspond to the probabilities from
the Leggett-Garg inequalities in Wigner form. We will show
that such a study may lead to some nontrivial statements about
the scope of the application of the Leggett-Garg inequalities
in Wigner form and for analogous inequalities suitable for
testing the hypothesis of realism.

Another interesting development was introduced in [29],
where the role of the NSIT condition has been studied and
various situations for violation of the LGI have been consid-
ered.

The paper is organized as follows. In the Introduction
section we present definitions of local realism, macroscopic
realism, and the hypothesis of realism, necessary for our
derivations. In Sec. II we propose an inequality for testing
the hypothesis of realism and a difference between it and
the Wigner inequality is shown. In Sec. III basing on Kol-
mogorov axiomatics some variants of Leggett-Garg inequal-
ities in Wigner form are derived for three distinct times. We
discuss there differences in spaces of elementary outcomes
for the inequalities considered. Also we demonstrate violation
of the obtained inequalities in quantum theory. Section IV is
devoted to generalization of the Leggett-Garg inequalities in
Wigner form for n moments of time. A theorem is proven
that if a quantum-mechanical transition is compatible with
the macroscopic realism concept then the probability of any
quantum transition is zero. In Sec. V we consider an alterna-
tive foundation for the incompatibility of local realism with
quantum theory. The Conclusion section contains the main
results of the present work. Appendix A contains a short
discussion of Wigner inequalities as background information.
In Appendix B a technique for calculation of time evolution
of neutral pseudoscalar B mesons is presented.

II. TEST OF THE HYPOTHESIS OF REALISM

Let us consider a closed physical system which consists
of two subsystems, “1” and “2.” Suppose that in each of the
subsystems there is a dichotomic variable Q(¢), where n =
{1, 2} is the subsystem index. At any time #; both variables
O™ (¢) must have a defined value q(”) +1. Let us consider
three times, f3 > t, > t;. According to an experimentalist’s
free will, at any two of these three times a measurement of
Q" is performed. At time ¢, there is an anticorrelation be-
tween dichotomic variables Q1 (¢) and Q@ (¢) like QV(r;) =
—0P(1), or

91 = —q. 3)
If at time 7, a destructive or invasive measurement of Q(z;)
occurred, then at times #, and 3 there is no correlation between
0DV () and QP (¢). If at time 7, there is no measurement of
O™(1,), then the anticorrelation (3) will hold at .. Note that
by definition at #; the anticorrelation between the observables
0 (1) and QP (¢) cannot be observed under any conditions.
Let us stress again the fact that the above situation is different
from the situation with a test of Legget-Garg inequality, when

the NIM condition is held. When testing the hypothesis of
realism we suppose that any measurement performed on the
system breaks the correlation. _

We introduce a space of elementary outcomes o €
QUG which consists of the aggregates

@ @ 2 1) (1) (1)
{45a- 9p> diy> B> 2p> qu:—y}

where  the indices {a, B, v, o/, B, y'} = {+, =},

and the anticorrelation condition (3) is taken

into account. We denote an elementary event as
LG Xe

IC((Z))(Z) o o o o S QEO. The full aggregate of

Bo 928 91y D340 qzﬁ/ qu——y

such events forms a o algebra FIO_ 0op (Q(L~G), .7-'("7”)

let us introduce a non-negative o-—additive measure

e ,» 2 2 1 (1) (1)
LU((,()( )a 934> 6]2,3, qua 934> qzlgu qu_,y |t3a b, tl)-

The triplet QIS FIO (.. ) is a probabilistic model,
which will be used for testing the hypothesis of realism.

For rigorous application in the framework of Kolmogorov
axiomatics, the mathematical form of the no signaling in time
condition (2) should be corrected for the definition of the
elementary outcome as follows:

Z Z 7QJ1quqm-"|tj7tkvtiv-~')
(LG] }C(LG) gk
II
=w(gj, qir --- Itjs tis -..). (4)

We now prove the inequality which is analogous to Wigner
inequality (A4), which is discussed in Appendix A. We intro-
duce an event:

ey (LG) (LG)
IC( =K 2 @ @ () [ K

(1 2 2 2 1 1 1

2 4% a2 4. 4t 5. 4" 454242 4. 5. 4"
(LG) (LG)

U ,C (2) (2) (7) 1 () (1) U ’C (2) 2) (2) (1) (1) (1)

By 9a— 91— 9340 Dot D1+ = 41293 Doy iy

)

Equation (5) takes into account that the variables Q" (¢) and
0@(t) are anticorrelated at time #;, as well as at time 1,
because there has been no measurement at #;. Then, taking
into account (4), we may write

w(gs), 5 |3, 1)

= Z Z Z Z 8_g 4@

LG LG (]) (1) 2)
wgz) /C( ) q, q1

(Le) @ @ 2) 1 1 1)
X w(w32 ) q:(5+5 42,, qg E) q:(; )’ q;jJ ql |t37 tza tl)7

(6)

where §;; is the Kronecker delta. Then let us introduce another
two events. These are

K7 = Kttt ¥
N IC%”G)(/Q RN ’C(;)G)ff(fﬁ 024,441}
Ottty O it
UK g Y g )

)
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and
(LG) _ ++(6) (£G)
IC12 —’Cm @ @ 1) () (1) U’Ca) @ @ 1) () (1)
340 Do Do D340 9oy 41— 340 Do D1 D3—2 9oy 41—
(LG) (LG)
UK(Z) @ @ ) () () U’Cm @ @ ) () ()
9591 By 9oy 41— 931592 9142939 41~
LG) (LG)
U K UK
@ @ @ (1) (1) (1) @ @ @ 1) 1) (1)
991+ B 9oy 91— 43 9 914> 93- 9> 41—
iG) (LG)
U K UK (8)
@ @ @ 1) (1) () @ @ @ O 1) (1)*
4B 9> dig> D340 9240 91— 4B 9> 914> 93— 9240 91—

Equations (7) and (8) take into account that the anticorrelation between Q1 () and Q®)(¢) exists only at the time 7, when the
first measurement of one of the observables takes place. This distinguishes (7) and (8) from (5).
For events (7) and (8) we define probabilities

wigs), il ls, n) = 35 3 Y w(e@h? & & a7 4, 4, 4} 16, 6, n) ©)

LG LGy (1 1 2)
WD e D g g g

and

2 1 LG 2 2 2 1 1 1
w@® @ im )= T Y w@. ¢, 4. ¢ 4. ). 4 |15, 1 1), (10)
0P Lo ¢ ¢ 4P
The sums (9) and (10) are defined for the event IC%]G) = IC%G) U IC%G). This event also contains the event IC;%G). Taking into
account the non-negativity of the probability measure from (6), (9), and (10) we find that for event ICgélG) the following is satisfied:

w(gsl 457 16, ) < w(ahls @i 16, n) + w(al, 65 1o, n). an
Inequality (11) is the main result of the current work. It is obtained using the hypothesis of realism and no signaling in the time
condition. Violation of the inequality (11) in experiments with correlated systems will prove the unsoundness of the hypothesis
of realism.

Consider an example of violation of (11) in quantum mechanics. We will use notations and calculation technique from
Appendix B. Consider a pair of neutral pseudoscalar mesons, which at time #; = 0 are in a Bell-entangled state (B8). This state
is anticorrelated by flavor of the pair, but is correlated by CP-parity and mass or lifetime. Hence this state cannot be used for
testing the Wigner inequality (A4), but can be used for testing the inequality (11).

Let us choose as an observable Q(¢) the flavor of a pseudoscalar meson. Q = +1 corresponds to a meson with flavor

“M,” while Q = —1 corresponds to a meson with flavor “M.” Using the relation for the state vector (B9), the probability
w(qg:, q(21+) | 3, ;) may be written as
1 AT At AT (ty + ¢
w(qy), g5 113, ) = 7 ¢ cosh (T”)[cosh (%) — cos[Am (1, +z3)]]. (12)
In analogy, using (B10) and (B11) we obtain
1 AT At Al't
w(qg%:, q&) |13, 1)) = Zefzm cosh( 5 3) [cosh <T3> - cos(Amt3):| (13)
and
1 ATl At Al't Al't
w(qﬁ:, qglj |tr, t1) = — e 2" cosh 22 72 ) cosh )| cosh 2) — cos(Amty)|. (14)
4 2 2 2
[
Denote In order to simplify the above inequality let us consider B, B;-
meson pairs. For By meson AT ~ —6.0 x 107! MeV and
= 2L Amn. B = Amn, Am~ 1.2 x 10-8 MeV [24]. Hence  ~ —2.5 x 10~. That
2Am is, violation of (15) may be considered in the ¥ = 0 regime.

Then substituting (12)—(14) into (11 leads to the following In this case inequality (15) turns into the simple relation

inequality:
cos(a) + cos(B) — cos(e + pB) < 1 (16)

[cosh[k (a + B)] — cos(a + B)]cosh[k (a — B)] \ \
for @ > B >0. We choose @ =73 and B = 5. Then
S [cosh(k @) = cos(a)] cosh(k @) + [cosh(k B) — cos(B)] s o ~ 0383, cos ~ 0.588, and cos(a + B) ~ —0.522,
x cosh[k (¢ — B)] cosh(x a). (15)  which leads to violation of inequality (16), and consequently
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to violation of inequality (11). We have shown that inequality
(11) may be violated in quantum theory.

It might appear to be possible to introduce a one-to-one
correspondence between inequality (11) and Wigner inequal-
ity (A4) such as a{ — q;"i, b — q;"j)t, and ¢’ — qﬁ"j)t,
where n = {1, 2}. But this is not true.

Instead, let us apply to (A4) a cyclic permutation ai’) —
B, P — ¢, and ¢ — 4. Inequality (A4) will trans-
form to a new inequality

2 1 2 1
w(b( ), C( )|B(2), (:(1)) < w(a( ), C( ) |A(2), (:(1))
2 1 2
+W(b( ), Cl( ) |B( ), A(l)). (17)

For the proof of (17) on the set of elementary outcomes Q,
which is defined in Appendix A, it is necessary to introduce
three events:

0

B == ’C (D) (1) (2)7(2) (2) U ’C MM (1) (2)1(2) (2) g
a; b ¢, a” b+07 a. bfc+ ay b+ c’

O

= C

C ICa(Ub(l)C(l) a(Z)b(Z)C(Z) U Kag)b(])c(l)u(z)b(z)c(}) )
= C

./4 ’Ca(l)b(l)c(l) a(Z)b(Z)C(Z) U Ka(l)b(])c(])a(Z)h(Z)C(Z) Q,

and repeat all the steps used in the proof of (A4). The prob-
ability w(b?, cﬁrl) |B®, C1) is defined for the event B C
AU C, and the sum of probabilities w(af), csrl) [A®, cD)
w(bf), aﬁrl) | B®, AD) is defined for the event .A U C. Hence
Eq. (17) is valid for the event Auc.

For inequality (11), one might examine whether an anal-

ogous cyclic permutation may be introduced: qé”j)t — q;"j)t,

@ — ¢\",and ¢\") — ¢\"). However, after this permutation

the valid inequality (11) transforms into a false inequality:

w(gy) a1 [0, n) S w(asys a5y |65, 1)

+w(ey), i |6, n),  (8)

because in the space of elementary outcomes Q4% there are
no events for which the left and the right part of the inequality
are simultaneously true. The left side of inequality (18) is
valid for the event

(LG) _ 1~(L6) (LG)
IC21 —’Cm @ o o o oY ’Cm @ @ ) (1) (1)
340 Do G- D30 Do D14 340 Doy D1—> D3—> D240 91+

(LG) (LG)
U ’C<2> o o o o oY K @ @ @ O 1) )
340 Do - D340 9> 91+ 40 4o di—> B3> - G4

(LG) (LG)
U ’C<2> o o o n oY ’Cm @ @ () () (1)
B> Doy D> 9310 Doy D1+ B> Doy 9> 93— 9ot D1+

(LG) (LG)
U ’Cm @ o o n oY K @ @ 2 () () ()

B9 D3 D iy B 91939914

And at the same time the right side of inequality (18) is valid

for the event K$5¥ U K-?, where event K{-9 is defined in
(7), and the event

(LG) _ 4~(LG) (LG)
IC23 —]C(Z) @ @ (1) (1) (1) U’Cm @ @ 1) 1) (D)
34 D D140 9340 92— 91— DBy Dy 4140 93-0 9> 91—

(LG) (LG)
UK > o oo m o oY K @ @ @ 1) (1) (1)
340 Doy 4= D340 2> G4 340 Doy 41 43-0 A2 914

One can see that IC&LIG) Z IC(ng) U IC_ngG).
There is no equivalence between inequalities (11) and
(A4), because the space of elementary outcomes Q4 is not

isomorphic to €. This is due to the fact that in QL9 the
anticorrelation between the observables QV(z) and Q@ (¢)
takes place at time #; and sometimes at f,. But in order to
establish a one-to-one correspondence between the spaces
Q€O and € it is necessary for the anticorrelation between
0W(t) and QP(t) to hold at any time. In the absence of
this equivalence let us hope that the study of hypothesis
of realism may provide additional insight into the structure
of quantum theory relative to local realism and macroscopic
realism concepts.

III. DERIVATION OF LEGGETT-GARG INEQUALITIES IN
WIGNER FORM FOR THREE DISTINCT TIMES USING
KOLMOGOROV PROBABILITY AXIOMATICS

We use the macroscopic realism concept and Kolmogorov
axiomatics of probability theory for the derivation. According
to macroscopic realism per se, a dichotomic observable Q
at any time #; may have one and only one of its possible
values Q(t;) = q; = £1. Let us consider triple probabilities
w(gk, q;, qiltj, ), w(q;, gk, qiltj, t), w(q;, qi, qx Itj, 1),
and so on, where k # {i, j}. We suppose that at times #;
and t; # t; the measurement of the observable Q has taken
place, while there has been no measurement of Q at time
t, yet at that time Q had some defined value (according to
macroscopic realism per se). Taking into account the nonin-
vasive measurability condition one can see that it is not im-
portant at which two of three times the measurements of Q(¢)
have been made. Hence we can write w(qx, q;, gi |t tj, t;)
and w(q;, qx, qiltj, &, t;) instead of w(qx, g, g; |t;, t;) and
w(Ql’ dk> qi |tj’ ti)'

Let us consider three distinct times t3 > t, > t;, with the
observable Q measured at any two of them. Then in the triple
probabilities the values g, g, and g3 present only once.
The order is not important. We will present the values of the
observable Q from right to left ordered by time. Let us apply
the same rule to double probabilities. That is, we will deal with
triple probabilities like w(qs, q2, g1 |t3, t2, ;) or with double
ones like w(gs, q1 |13, f2, t1) and so on. Also if ¢; = =1 we
denote it as g;+. The latter is introduced in order to clarify
the link between the derivation of the Leggett-Garg inequality
in Wigner form and the derivation of the well-known Wigner
inequality for a single particle (see Appendix A).

Let us denote the space QU¥ of the elementary out-
comes 0" € QL9 as consisting of the aggregate of
{930, 928, q14}, where {a, B, ¥y} = {+, —}. Note that, under
the noninvasive measurability conditions, times # and ¢;,
when the measurement has taken place for the observable
Q(t), do not enter the definition of Q®?. The structure of
the QUP space repeats the structure of the  space, which
has been used for the derivation of the Wigner inequality
(A3) for a single particle (see Appendix A). In the Q¢
space let us denote an elementary event IC%E)W, o, S
that at times f3, f,, and f; the observable Q has been in
states g3q, g2, and gi, accordingly. Noninvasive measur-
ability conditions tell us that it is not important which two
of the three moments of time the measurement took place.

LG) -
The set of elementary events ICqquﬁ,qu forms o alge

bra F&9, with structure isomorph to o algebra F from
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Appendix A. On (QU*9, FEG) Jet us introduce a real non-
negative o -additive measure w(... | t3, t», #;). Triplet QU®,
FLO w(...| ts, tp, t;) forms a probabilistic model of the
task. It is obvious that this is a model related to classical

physics.
We introduce the events

(LG) (LG) (LG)

IC ]CtIH 92—, 41+ U ’CQH Q- q1->
(LG) _ (LG (LG)

,C - ]C43+~qz—’q1+ U ’C%— — 414>
(LG) (LG) (LG)

,C ICQH 92+, 91— IC‘]H— q2—,491 - (19)

and elementary outcomes a)gLZG), wéﬁc), and a)(LG), which

correspond to events IC(LG) IC(LG) and ICngG) accordingly. Dif-
ferent values of the observable Q at any time are independent
events; hence

w(qs+, g2 |13, 1, 11)

- Z Z (@59, G342 @2—. @1 |13, 12, 1),

LD KL a1
w(q2—, g1+ 113, o, 1)

- Z Z “’% s ars gy }fa, f. 1),

(LG) (LG)
wy e Ky B

w(g3+, q1- 113, o, 1)

= 2 Qw

(LG) (LG)
wy e Ky 9

w31 ), 43+ 92, 91+ }fa, I, fl),

(20)

where }_ ~ means Z;Cl:_l. The sum of the probabilities
w(g2—, i1+ |13, o, 11) and w(g3 4, q1 - |f3, fr, t1) is defined
on a set IC§2]) = IC(LG) UIC(LG) And IC €£o) C IC%]G), this
follows from (19). Hence all the elementary outcomes belong
to the set K57, ie., {0, o9, 05} e KED. Taking
into account that all the probabilities that enter the sums (20)
are non-negative, we obtain the Leggett-Garg inequality in

Wigner form for a single particle:

w(q2—, g1+ 113, B, 1)
+w(q3+s q1 - |t39 t21 t1)9 (21)

which is defined on the set K5 € Q@9 The Leggett-Garg
inequality in Wigner form (21) which is obtained in the
framework of macroscopic realism and classical probability
theory, is analogous to Wigner inequality (A3) for a sin-
gle particle, obtained under a classic realism condition and
Kolmogorov axiomatics of probability theory. We stress that
the no signaling in time condition (2) was not used for the
derivation of (21). The sums (20) are one of the properties
of independent events in the Kolmogorov formalism of prob-
ability theory and are not a corollary of the no signaling
in time condition. Here one can see another full analogy
with the substantiation of formula (A2). The possibility to
consider the events with different values of ¢; as independent
follows from macroscopic realism per se and noninvasive
measurability. Let us emphasize the fact that neither macro-
scopic realism per se nor noninvasive measurability allow
one to perform summation (20). In order to substantiate the

w(gs+, 2113, b, 1) <

summation it is necessary to build the probabilistic model
[QUED FLO y(... | 3, ta, t;)] of the considered task. In-
troduction of such a model and its use for the derivation of
(21) is the first important result of the present work. It distin-
guishes the derivation of (21) from the analogous inequality
in [26,29].

For the three times t;, t,, and #; in the framework of
macroscopic realism it is possible to write yet another type of
the Leggett-Garg inequalities in Wigner form. Different from
the inequality (21), this one is defined on the space of states
QU9 and cannot be defined on its subsets. Let us introduce
the events:

O =KL, UKL,
UKD, g Y ’C(LG)qz e

K = ’C(quj)qu - IC(‘IL‘?QZ -
U K(LG)q2+ . ’C(qu)qu qi-

and define probabilities

w(qi+, 113, 2, 1)

= > Y wel? @ g g |6 6n),

e
w(gqi—, |13, t, t1)

= Z Z Z wS_G)’ q3, 92, 91— |13, b, t1)~

SOk a5 @

Due to the normalization condition, the sum
w(qi4, |13, b, 1) +w(q1—, |53, ©, 1) =1 and is defined
on the set IC(ISFG) U ICEL_ = QU9 Taking into account the
relations
w(q24, g1+ 18, b, 1) + w(qa—, g1+ |53, B2, 11)
=w(q1+ |8, B, 1),
w(@3+, q1- 18, b, 1) + w(gz—, q1-
=w(q- |1, ©, 1)

|13, t, 11)

from (21) we derive

w(@z+, q2— |13, 0, 1) + w(Gqa+, g1+ |83, 12, 11)
+w(q3—5 q1 — |t3’ t2a tl) < la (22)

which is defined on the space of states Q“%, contrary to (21).
The inequality (22) has a direct analog among various forms
of Wigner inequality. This analog is obtained in Appendix A
of [22].

IV. GENERALIZATION OF THE LEGGETT-GARG
INEQUALITY IN WIGNER FORM FOR N TIMES

The inequality (21) can be generalized for n times 7, >
t,_1 > --- > t;. Let us introduce a space of states Q"M
which consist of the aggregates {g,a, gu—-18---, 924, 15}
where the Greek indices are + or —. On Q¥ we define
elementary events IC(LG”) arany S 2 o-algebra F (LGn)|
and o -additive probablhty measure w(... |t,, ty_1, ... 11).
Analogs of events IC(LG) in this space are more complicated.
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For example, the analog of ICgIEG) will have a form

(LGn) __ (LGn)
IC32 - ]an+,4(n—1>+»»»qz+»qz-,ql+

(LGn)
U Ianqu[lel)#»“‘q3+vq27$ql+ U...
(LGn)
U ]C‘In—,ZZ(n—l)—»»»l]3+»42—,1]1—’ (23)

i.e., an event which is a combination of all possible events with
g>» = —1, g3 = +1. The values of the other g; may be +1 or
—1. The analog of the probability w(gs+, g2 — | 13, 12, t;) can
be written as

w(q3+v q2*|tn7 tnfla ... tl)
OO g, P
(LGn)

X w(a)32 s qns --- 44, 434, 42—, 41
X | tyy tuets - 1). 24)
Then, based on (21), it is possible to write a chain of inequal-
ities:
w(CIn-H qi - |tna h—1, - .. tl)
g w(anrv qr— |tna i1, «.. tl)
+w(qat, gi—|ty, tat, ... 1),
W(Gnt> q2— | tus tazt, ... 11)
< IU(qn+, q3 — |tn’ h—1, ... tl)
+w(gs4, g2 |1y, tats - .- 1),

w(anr? qn-2)— |t,,, -1, -+ tl)
S wW(Gn+t, Gu—-1y— | tn, tats .. 1)
+wW(Gn-1)+1 G-2)— | tns ta—1s ... 1),

Using this chain we obtain the generalization of the one-
particle inequality (21) for n times:

W(Gn+> G-ty tazt, -.. 1)
S W(Gnts Go—1)— | tus tae1, . 1)
F WGty 4> G-2)— |t tats vv t1) + oo
+w(@s+, g2 |ty ta—1s ... 1)
+w(qa+, q1— b, a1y ... 1) (25)

This inequality is defined on the set Q£6™,

The inequality (25) is quite easily violated in quantum
mechanics. Consider a precession of a spin s =1/2 in a
constant and homogeneous magnetic field, oriented along the
axis y. Let us set the field intensity such that, during the
time Ar =t, — t;, the spin rotates by an angle 7 in the (x, z)
plane. Let us choose the intervals between times #; and #;|
to be equal and study the spin projections onto axes defined
by unitary vectors d;, lying in the (x, z) plane. In this case
the angle between the vectors d;y; and a; will be 641 ; =
m/(n — 1), while the angle between the vectors d, and d; will
be 6, | = . Then the inequality (25) may be written as

Lo (T .2 T
sin (E) < (n—1) sin (m)

For n > 1 it transforms into a false inequality:

72 1

S 4 -1

The angle 6,; may be freely chosen, except zero and 2.
In the limit n — oo the inequality (25) will be violated. So
for the spin in the magnetic field any positive probability
contradicts the concept of macroscopic realism.

This statement may be generalized as a theorem: the
macroscopic realism concept leads to the fact that the prob-
ability w(q,+, q1— | ta, ti—1, ... 1), calculated in the frame-
work of quantum mechanics in the limit n — oo, cannot be
positive. This is the one of the main results of the present
work.

The theorem is a corollary of the quantum Zeno paradox
[30,31], applied to the macroscopic realism. But we will
introduce another proof.

Let the evolution of a closed quantum system be de-
fined by a Hamiltonian A. Using the orthogonality condition
(gi+1qi-1)-) = 0 we find that

= 0. (26)

w(qi+, gi-1)— | tn, tam1, ... 11)
iy In—1

= {qi+ le” " = g

R T

~ — o 27
(n— 12 52 7! @7

where

(H)

oD = (qi1H| qi-1y-){qi-1)-1H | gi 1)

— @i 1B gy =) + (qi-1y - 1H* gi ).

From (27) it follows that all ./} > 0. Let us denote the

maximal value from the set {ﬁ—l2 ai(ﬁ )1} as |./\/l|2. Then from
(25) and (27) we obtain that
(tn — 1)’

)< —M?* -0

w(CIn-&-, qi - |t117 z‘}’l—]v o
n—1

when n — 00, because #, — #; and |M|? are finite. Q.E.D.

So one can state that the application of macroscopic real-
ism to quantum systems must lead to the Zeno effect [30,31],
i.e., the freezing of the quantum system in the initial state. This
is the simplest experimental test of the concept of macroscopic
realism for the microworld. It is known experimentally that
closed quantum systems do evolve in time, so one can con-
clude that the concept of macroscopic realism is not suitable
for the description of quantum phenomena.

V. LOGICAL ARGUMENT AGAINST THE
CONCEPT OF LOCAL REALISM

Note that in analogy it is possible to introduce a statement
about the Wigner inequality for a single particle. For instance
(all the notations are defined in Appendix A),

lim w(a4, b- |A, Ci—1, Cu—z, ... Co, B) < 0. (28)
n—oo

This means that if a particle has an infinite set of distinct
observables then the joint probability of the existence of any
two of its observables is zero. It seems this statement also
contradicts quantum mechanics, as if the operators of the
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observables A and B commute, then this joint probability may
not be zero. That is, we present yet another proof of the
impossibility of the combination of the CR (with NSC) and
quantum physics. This fact may be considered as an additional
argument of the incompatibility of the LR concept with the
principles of quantum mechanics.

VI. CONCLUSION

In the present work we obtain an inequality (11) for testing
the hypothesis of realism. Studying the probabilistic model of
this inequality we have shown some fundamental distinctions
between the inequality (11) and Wigner inequality (A4). We
stress the fact that derivation of (11) requires the no signaling
in time condition. We have shown that inequality (11) is
violated in quantum mechanics.

Based on Kolmogorov axiomatics of probability theory and
the concept of macroscopic realism we present a derivation
of the Leggett-Garg inequality in Wigner form for three (21),
(22) and for n (25) distinct moments of time. We pay spe-
cial attention to the construction of the probabilistic models
QUG FLO (... | ts, ta, 1;)] of each of the considered
tasks and to the study of the properties of the state space
of each of the inequalities. This distinguishes the present
work from the derivation of the corresponding inequalities in
[26,29].

Based on (25) we prove a theorem that any unitary evolu-
tion in quantum mechanics is not compatible with the macro-
scopic realism concept, i.e., that the application of the concept
of macroscopic realism to the time evolution of microparticles
leads to a quantum Zeno paradox.

Inequality (28), which is written in analogy with inequality
(25), shows that the hypothesis of classical realism for mi-
croparticles may contradict the possibility of measuring for a
single particle of any pair of its observables, even those that
are described by commuting operators in quantum mechanics.
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APPENDIX A: NO SIGNALING CONDITION
AND WIGNER INEQUALITIES

Using Kolmogorov axiomatics we derive a Wigner in-
equality for one particle with spin s = 1/2. For the no-
signaling condition we will obtain a Wigner inequality for
a pair of spin anticorrelated fermions. This derivation will
shed more light on the role of the no-signaling condition in
obtaining the Wigner inequalities. Also this derivation will be
needed for comparison of the Wigner inequalities to newly
obtained forms of Leggett-Garg inequalities (21), (22), and
1n).

Let us denote as ny a state of a particle with a spin projec-
tion of +1/2 onto an axis defined by a unitary vector 7. Let us
consider spin projections onto three nonparallel axes d, b, and
¢. Using the classic realism concept it is possible to introduce
a space €2 of elementary outcomes w;, consisting of aggregates
of spin projections {ay, bg, ¢, }, where {«, B, y} = {+, —}.
We introduce an elementary event ICaa,;,ﬁ,CV C Q as a sub-
set of all elementary outcomes w; € 2, when the particle
simultaneously has spin projections a,, bg, and ¢, onto d, l;,
and ¢ accordingly. The aggregate of events K, 5, ., forms
a o algebra F. On (€2, F) it is possible to introduce a real
non-negative o -additive measure w for any elementary event.
Using this measure it is possible to define joint and conditional
probabilities on the set 2. The triplet (2, F, w) is a proba-
bilistic model for constructing the Wigner inequalities for a
single particle. The aggregate {a,, bg, ¢, } can be thought of
as ontic states [20] of the model. Epistemic states of the model
are the states for which the spin projections are defined for
only one or two axes, i.e., states like {a,, ¢, } or {bg}.

In (1) for the no-signaling condition the concept of an
elementary outcome w; was not used. This can be fixed if we
demand that

Z Z w(w;, a, bg, ...

wi ek, SR a

=w(bg, ... |B, ...).

|A, B, ...)

(AL)

The no-signaling condition in form (A1) corresponds to the
Kolmogorov probability theory. Event /C, is a combination of
all elementary events /Cy,, bg.c,» for which @ = +, and index 8
and the rest of the indices have fixed values defined by (Al).

To obtain the Wigner inequality for a single particle with
spin s = 1/2, let us consider the events

Kag =Ko, b_,c. UKar b, c s

Kec =Kai b e, UKa_ b c,s

Kac =Ko, boc. UK b e
and elementary outcomes w; € Kap, w; € Kpc, and wy €
Kac- Given that the spin projections of £1/2 onto any of

the axes in the framework of classic realism are independent
events, we have

w(as, b_|A, B, C)

= Z Z w(w;, ay, b_, c|A, B, C),

wi€Kap €
w(b_, cy |A, B, C)
= Z Z w(wj, a, b_, c. |A, B, C),
ij]CBC a
w(a-'r’ C— |Aa B’ C)
= D> D wlw ar, b c_|A, B, C). (A2

W€ ’CAC b

The sums w(b_, ¢4 |A, B, C) and w(ay, c_|A, B, C) are
defined on the set Kpc U Ky = K C Q. Given that Kyp C
K and w; € Kap, then w; € K. Taking into account the non-
negativity of probabilities on the right side of Egs. (A2), we
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obtain the Wigner inequality for a single particle:

w(a,, b_|A, B, C) < w(b_, c; |A, B, C)

+w(ay, c-|A, B, C),  (A3)

which is defined on elementary outcomes of the event A.
Note that in the derivation of (A3) only the concept of classic
realism and Kolmogorov axiomatics are needed. Also, the
condition (A2) is not identical to the no-signaling condition,
written in form (A1), because the devices A, B, and C measure
the same particle, and cannot be separated by spacelike inter-
vals. However, the inequality (A3) is not testable by any setup
with a classical measurement device in the final state.
Practically, the Wigner inequalities can be tested if one
uses particles “1” and “2” with spins s = 1/2, if the spin
projections onto any axis defined by a unitary vector 7 fully
anticorrelate, i.e., n') = —n®. Then (A3) becomes

w(a(f)7 b(Jl) |A(2), B(l)) < w(cf), b(Jl) |C(2), B(l))

+w@?, ¢ 1A®, c). (A4)

The derivation of inequality (A4) is given in [23]. This deriva-
tion uses some ideas from [32], which in turn harks back
to [33] and [34]. Here we briefly summarize this derivation
as a slightly different notation, which is more suitable for
comparison of the well-known inequality (A4) to the obtained
new inequality (11). -

As a first step, define a space 2 of elementary out-
comes w;, which consist of the aggregate of spin projections
{ag,”bfgl)c;” a? b(z)ﬁ c(_z}),}, which are anticorrelated. The set of

Zab”
such events forms a o-algebra F. On (5, F ) we introduce
a real non-negative probability measure, which is o additive.
Taking into account the anticorrelation condition, the aggre-
gate of the spin projections in the space €2 may be defined by
using any triplet of the spin projections onto the axes d, b, _and
¢ despite the particle index “1” or “2.” That is, the set Q2 is
isomorphic to the space 2 of the probabilistic model, which
was constructed during the derivation of inequality (A3).
At the second step, define the events

= C
A=K om0 0400 U Koy oo S 2,

= C
B = K0ppem 2500 U Kappp 00 05000 S €,
Q.

C == ,C D) (1) (2)2(2) (2) U ]C (D (D) (1) (2)1(2) (2) g
a’’b, ¢’ a’b ¢ a_’b’cy’a’bc”

The probability w(a?, b’ |A®, BD) from formula (A4)
is defined for the event A, and the sum of the probabilities
w(c?, B 1c®, BOyand w(@?, ¢ 1A®, ¢ D) is defined
for the event BUC, to which the event 4 belongs. Hence
inequality (A4) is defined for the event B U C.

At the third step, use, instead of the sums (A2), the no-
signaling condition in form (Al). This excludes dependence
of double probabilities on the third measurement device,
which can be attributed to subsystem 1 or to subsystem 2.
Here we will provide more details on the substitution of (A2)
by the condition (A1), expanding the explanation in [23]. The

key role in this case is played by the probability

w@?, ¢V 1A®, cD)

_ Z Z w(ox, a2, bV, DA, BD, ch),

wreC pH
Given that w; € C, then under the assumption of locality
w(wg, af)’ b(J:)’ cﬂrl) |A(2)7 BD, cM)
= w(wy, af{ bﬁ), 1A, B c@),

which, together with the non-negativity of the rest of the
probabilities, leads to the inequality (A4). That very use of
the no-signaling condition and locality has allowed us to
exclude the dependence of double probabilities on the type of
the device C” and use the anticorrelation condition. Hence the
derivation of the inequality (A4) is based on the local realism
concept and on the no-signaling condition (Al). Inequality
(A4), unlike inequality (A3), can be tested experimentally.

In quantum theory an anticorrelation of spin projections
onto any axis corresponds to a spin-singlet maximally entan-
gled Bell state | W ~), which violates the Wigner inequality [8].
Given that in the situation of two particles the no-signaling
condition is satisfied on both the micro- and the macrolevels,
one may state (based on the violation of the Wigner inequali-
ties) that the local realism is violated in quantum mechanics.
The question of which of the local realism conditions is
violated, locality or the classic realism concept, is still under
discussion. In order to exclude locality it is necessary to write
the Wigner inequalities in the framework of quantum field
theory, which is local by definition [22,23].

Instead of the spin-1/2 projections one can use the quan-
tum numbers of neutral pseudoscalar mesons BY, B?, and K,
which are born in pairs in the entangled state |W™) in the
d%ca%/s of Y(4S) — B°B’, 1(55) — BYBY, and ¢(1020) —
K°K".

APPENDIX B: DESCRIPTION OF TIME EVOLUTION OF
NEUTRAL PSEUDOSCALAR MESON SYSTEMS

Consider neutral pseudoscalar mesons M = {K, D, B,},
where ¢ = {d, s}. As an observable Q let us choose the flavor
of pseudoscalar meson. Let Q = +1 for meson flavor M and
Q = —1 for meson flavor M. Let us index each meson of the
pair by «, that is, in the pair &« = {1, 2}. The state of each
of the mesons will be described in two-dimensional Hilbert
space H®. Let us introduce in this space a basis of the states
with a defined flavor:

ey = (5). mren = (9). B1)

Also let us define an arbitrary phase of CP conjugation, that
CPIM@) =M@, CPM®) =|M™).

In the orthogonal basis (B1) one can write states with some

defined CP parity

1 _
M) = 5 (M) + ), ()

= = (M) — 151

V2
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and with defined values of the mass and lifetime

M) = pIM) + qIM),

M) = pIM) — qIM).
CP eigenstates are orthogonal, but (M 2“) |M,(f) Y =|p|* —
|qr|2 # 0, i.e., in the chosen basis the states with some defined

mass and the lifetime are not orthogonal. Complex parameters
p and ¢ suit the following normalization condition:

ML) = g ) = 1o g = 1. )

Let D be the operator of converting to the basis where the
states |M 2“;1 ) are orthogonal. This operator has the following

form:
1
—<‘1 ”). (B3)
2pg\4d P

In basis where the states |M 2‘”) and |M,(f)) are orthogonal,
the operator of time evolution has the following form:

~ —iEpt 0
0“() = (e 0 eiE,,f) (B4)

D@ —

and
I I
EL=mL—§FL, EH=mH—§FH

are the complex energies related to the states |M£°‘)) and

|MS‘) ) accordingly. For the subsequent calculations let us use
the following definitions:

AT =Ty —T;,, T =1Ty+TL).

Am =my —my, 3

The inverse operator for D has the form

(D)~ = (2 _”q). (B5)

It changes the orthogonal states |M, 2"‘) )} and |M1(f)> back into
nonorthogonal. Finally, in the space H®, let us introduce the
S matrix

S@@)y = (DT @ @) D®. (B6)
This matrix satisfies the group property
8O + 1) = 89089 w), (B7)

as the evolution matrix U@ (¢) satisfies it.

In the above technique it is easy to calculate any time
evolutions of any states of pseudoscalar mesons. For example,

M@ (1)) = 89@¢) M)

= g (1) IM@) — %g_m @),

M@ (t)) = 8§ @) |M™@)

= g, (M) — é’g,(t) M@,

where gu (1) =1 (e7'E#' £ ¢~'Fi!). Functions gu(r) satisfy
the following conditions:

e*l—‘t

g ()]

. -rer ATt o
gLt)g_(t)=— 5 |:smh(T> +1i sm(Amt)].

Also from the group property (B7) it follows that

g+t + 1) = g+(t2) g+(t1) + g-(2) g-(11),
g-(+1n) = gi()g-(t1) + g_(2) g+ (t1).

Let us consider a pair of pseudoscalar mesons which at time
t = 0 exists in a flavor Bell-entangled state:

o) = %(IM%@ MDy + MP) @ |MDV)).  (BS)

Evolution of the state |W™ ) is described in Hilbert space H =
HD ® H@. In this space the S matrix has the form

S@) =8V @ SP 1),
and projectors to states [M(") and [M® ):

Py =B ®1?, Py =1Vep),

where 1@ is a unitary operator in the space H® and P\ =
IM@Y(M©®)] is a projector to the state |[M @) in the space
H@,

Consider an example of the above technique. If, in the
time ¢; = 0, our system was in the state |¥™), then at the
time 1, > t; the first meson was measured in the state “M,”
and at the moment of time 73 > t, the second meson was
also measured in the state “M.” Then at time f; the pair of
pseudoscalar mesons is in the state

|W(t3, 1o, [1])) = P S(ts — ) Py St — 1) [ (1))

1 _
= — P+ ts)(g+(Af32) IMDy — %g_(Am) |M<“>) ® IM?), (B9)

V24q

where Aty; = t3 — fp and [¢;] defines the time where there were no measurements. In order to introduce an example of violation of
(11) from Sec. II, let us write two more state vectors. The first is related to the fact that at the time #; = 0 the pair of pseudoscalar
mesons was in the state |[¥™ ). Then at #; the first meson was measured in the state “M” and at 3 > t; the second meson also was
measured in the state “M.” At the time #, measurement is not performed. #3 > #, > #;. Then,

W, [0, 1)) = PP S(ts — 1) Sty — 1) P (W (1)) = PP S(ts — 1) P Wt (1))

L p

V2 g

g(t3>(g+(r3) MD)y — l%gf(m |M“>>) ® |MP).

(B10)
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The second state vector is related to the fact that at #; = 0 the system was in the state | ¥ *). At the same time the second meson is
measured in the state “M.” At t, > t; the first meson is measured in the state “M.” It is necessary to find a state vector at #3 > 1,

where no measurements take place. We have

(3], 12, 1)) = S(t5 — 1) P 802 — 11) PP W (1))

1 _ _
=—— Bg(l2)<g+(m32) MD)y — l%gxmn) |M“>>> ® (g+(l3) M®) — %g—(k) |M<2)>). B11)

V2 4q
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