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We study collective effects in an inhomogeneously broadened ensemble of two-level emitters coupled to an
optical cavity with narrow linewidth. Using second-order mean-field theory we find that the emitters within a
few times the cavity linewidth exhibit synchronous behavior and undergo collective Rabi oscillations. Under
proper conditions, the synchronized oscillations give rise to a modulated intracavity field which can excite
emitters detuned by many linewidths from the cavity resonance. To study the synchronization in further detail,
we simplify the model and consider two ensembles and study steady-state properties when the emitters are

subjected to an incoherent drive.
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I. INTRODUCTION

There has been significant progress in the study of opti-
cal emitters in solids like nitrogen-vacancy (NV) centers in
nanodiamonds [1,2], rare earth ions doped in crystals [3,4],
quantum dots in nanoscale semiconductors [5], etc. The sci-
entific effort in the last decade has been dedicated equally
towards investigating spectral properties of these systems
[6,7] and also interfacing light with these systems using an
optical cavity [8—10]. Advancements in this domain include
superradiance with NV centers [11,12], proposals for scalable
quantum computing architectures [13—16], Purcell-enhanced
decay [17,18], stable single-photon sources [19-21], etc.

Due to interaction with the host environment, emitters in
solids may suffer from vast intrinsic inhomogeneous broad-
ening, which makes it difficult to observe coherent effects
[22-25]. For systems like doped crystals or NV centers, the
transition frequencies of all the emitters span across few-GHz
broad spectra [6,7,26], while the linewidth of optical cavities
ranges from a few hundreds of kHz to a few GHz. The vast
inhomogeneity poses both a theoretical and an experimental
challenge for the study of coherent light-matter interactions
and for implementing these emitters for quantum computing
applications.

Inhomogeneous systems, however, also offer the possi-
bility for qubit encoding in frequency space [14-16] for
multimode quantum memories and they sometimes give rise
to interesting physics like synchronization [27], quantum
phase transition [28-32], many-body localization [33], etc.
Synchronization is an old classical phenomenon and has been
reported in a plethora of systems in diverse fields ranging from
optomechanical arrays [34,35], cold atomic ensembles [36]
in quantum optics [36] to fireflies and pendula in nonlinear
dynamics [37].

“kamanasish.debnath @phys.au.dk

2469-9926/2019/100(5)/053821(8)

053821-1

In this paper, we study the synchronization dynamics of an
inhomogeneously broadened ensemble of two-level emitters
coupled to an optical cavity, subjected to a coherent drive.
There have been studies, both theoretically [38—40] and ex-
perimentally [41,42], on inhomogeneous systems coupled to
a cavity, but a majority of them have concentrated on the case
where the cavity linewidth was larger or similar to the inho-
mogeneous linewidth of the emitters. In our case, we consider
the opposite regime where the inhomogeneous broadening
is much larger than the linewidth of the cavity, at least by
1 order of magnitude. Systems which fall in this regime in-
clude NV centers and different species of rare earth ions doped
in host crystals. For controllable test studies, ultracold atoms
in a high-finesse optical cavity may be spectrally broadened
by an inhomogeneous magnetic field [41]. In addition, the
Doppler broadening naturally induces inhomogeneous effects
in atomic gases [43,44].

We find that a large group of emitters with frequencies
within several linewidths of the cavity resonance display syn-
chronized behavior and perform collective Rabi oscillations.
The frequency of these oscillations depends on the number
of emitters within the cavity linewidth and the light-matter
coupling. In the presence of a large number of emitters, this
collective behavior generates a strongly modulated field inside
the cavity which, under the right conditions, is capable of
exciting a select group of emitters, resonant with the corre-
sponding sideband to the bare cavity mode.

Finally, we investigate the synchronization effect in the
case when the emitters are subjected to an incoherent drive.
We simplify the model to two ensembles and study the coher-
ences between the emitters and verify that the synchronization
persists under the incoherent drive.

The paper is arranged as follows. In Sec. II we describe
the model followed by a brief description of the numeri-
cal approach used for the simulations. We present results
of our calculations in Sec. III, where we first consider
the complete model and explain the observed results with
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FIG. 1. Schematic of the system. (a) Ensemble of two-level
emitters with inhomogeneously broadened excited level is coupled
to an optical cavity of linewidth « and frequency w.. The cavity
is resonant with the central frequency @' of the inhomogeneous
distribution. A corresponds to the detuning of the emitters due to the
inhomogeneous broadening. The emitters are initialized by driving
the cavity at resonance with the amplitude F'(¢). (b) In this paper, the
inhomogeneous linewidth I';,, is larger than the cavity linewidth «.

semianalytical arguments and then we study a simplified toy
model, which confirms the synchronous behavior by inves-
tigating the steady-state properties. We summarize our main
findings in Sec. IV.

II. MODEL

We consider a collection of two level emitters whose
inhomogeneous broadening I'j, is larger than the linewidth «
of the optical cavity to which they are coupled (i.e., ['jyn > «),
as shown in Fig. 1. We consider a general model which can be
applied to a variety of inhomogeneous systems. Defining o)
as the transition frequency and g; as the coupling of the ith
emitter with the cavity mode, we can write the Hamiltonian of
the system of N emitters as (2 = 1 throughout the paper)

N .
. &t . . .
H=68.a"a+ E [Eaazl + gi(ao) + aTG‘_):| +F()a+ah),
i=1
(D

where F(¢) is the time-dependent strength of the coherent
pump with the frequency w,. a and a' are the annihilation
and creation operators of the optical mode in the frame
rotating with the pump frequency [i.e., §. = (w. — wp) and
8! = (wl, — w)], respectively, and they follow the usual com-
mutation relations [a,a’] = 1. ¢!, o}, and o’ are the Pauli
operators. The dynamics of the system can be described by

the master equation

N

dp/dt = —ilH, p] + kDlalp+y y_ Dlo’ Ip
i=1

N
+ 1Y D[o!]p, @
i=1

where y and I" are the decay rate and the dephasing rate of the
individual emitters, respectively. The superoperator is defined
as D[O]p = OpOF — %{OTO, p}, for any operator O.

Throughout this paper we use parameters which are rele-
vant to systems like Eu*t ions doped in Y,0;3 crystals [7].
The homogeneous linewidth of the emitters in Eu®*:Y,0j3
varies from a few kHz [7] to a few MHz [4] and typically
depends linearly on the temperature [6]. Due to computational
advantage, we initially choose a high value of the decay
rate y /2m = 2 MHz. We choose the coupling to be g/2n =
1.6 kHz and an optical cavity of linewidth « /2w = 160 kHz.
The inhomogeneous broadening reported in the experiments
[7] was 22 GHz; however, we initially restrict our calcula-
tions to [jy/2m = 3.75 MHz, following a Gaussian distri-
bution with the mean §. and the standard deviation 10«. In
Appendix B, we extend the study to a peaked distribution,
where the number of emitters with detuning A = (§, — 82)
is proportional to 1/|A| with Ap.c/2m = 0.1 GHz as the
maximum value of the detuning. The parameters are also
compatible with the optical transition for NV centers [11];
however, their complex level scheme due to phononic side-
bands at room temperature [45] may not be well described by
a model using two-level systems.

We consider N = 10® emitters in our model. Solving
Eq. (2) for the full density matrix of the many emitters
is impossible, and we treat the model by discretizing the
inhomogeneous distribution into & = 220 frequency classes,
following a Gaussian distribution with the mean §. and the
standard deviation 10«. Further, we assume each frequency
class to have identical and nondistinguishable emitters and
we employ a second-order mean-field theory to describe the
dynamics of the system. In addition, we consider identical
coupling between single emitters and the cavity. This ap-
proximation is justified in the regime of weak excitation,
where the ensemble collective excitation dynamics in each
frequency class depends only on the rms coupling strength.
From Eq. (2), we calculate the equation of motion for the
mean intracavity photon number (a’a), which couples to
the correlations between the cavity and the emitters (aai),
which in turn couple to the correlations between the emitters
in different frequency classes, i.e., (afaf/). These second-
order correlations, in turn, couple to third-order correlations
resulting in a hierarchy of equations. In order to truncate
this hierarchy, we approximate any third-order correlation
by products of lower-order correlations: (ABC) ~ (AB){(C) +
(BC)(A) + (AC)(B) — 2{A)(B)(C). The resulting set of equa-
tions is reported in Appendix A. We integrate these equations
to study the dynamics of the system.

One can also employ a first-order mean-field theory with
the approximation (AB) & (A)(B) to describe the dynamics.
However, such an approximation neglects the correlations
between emitters mediated via the cavity mode, which is
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a crucial component of this study. The maximum practical
number of frequency classes that can be simulated with our
code parallelized on Graphics Processing Units is approxi-
mately 220. Our aim to investigate the dynamics of ensembles
with frequencies both inside and outside the cavity linewidth
restricts the full width at half maximum (FWHM) (I'j,n) of
our Gaussian distribution to 3.75 MHz.

III. RESULTS

In this section, we discuss the collective response of the
inhomogeneously broadened ensemble upon driving. First, we
consider the case when the cavity is subjected to a coherent
drive and we investigate the transient dynamics. We apply a
strong square pulse of duration fyep, = 0.2 ©s and strength
F =21 x 3 x 107 Hz resonant with the cavity frequency to
excite the cavity and the emitters from their ground states, and
subsequently, we study the exchange of energy between the
emitters and the cavity followed by their decay. In the next
subsection we simplify the model and consider the case when
the emitters are subjected to an incoherent drive leading to a
steady-state emission.

A. Transient synchronization

We initially consider the case when the single emitter-
cavity coupling is g/2m = 1.6 kHz. Figure 2(a) shows the
dynamics of single emitters in different frequency classes. The
results are the same for negative as for positive A. The cavity
linewidth is marked with the horizontal dot-dashed green line
in the figure and the vertical dot-dashed white line marks the
end of the excitation pulse fprep. For ¢ < #yp, as evidenced
by the homogeneous bright and dark regions well beyond
the cavity linewidth « in Fig. 2(a), the emitters exhibit syn-
chronous behavior. By synchronization, we explicitly mean
that the emitters exhibit identical population and coherence
dynamics, irrespective of their detuning. After the drive is
turned off at # = 0.2 us, the energy remaining in the emitters
oscillates back and forth to the cavity mode until it is gradually
lost. Around A/2m ~ 107 Hz, we also observe a peculiar,
nonsynchronized excitation of the emitters (shown within the
green rectangle) in a region detuned far beyond the dot-dashed
green line. The origin of this peculiar long-lived excitation of
the emitters is explained later in the text.

In Fig. 2(b), we plot the intracavity photon number for
the same parameters as in Fig. 2(a). During the driving pulse
we observe a complex oscillatory evolution of the excitation
of both the emitters and the photon number. This can be
explained as follows. The collective emitter-cavity coupling
is given by g/, where A is the number of emitters collec-
tively coupled to the cavity mode. When this coupling exceeds
the cavity decay rate «, the photons emitted after 7., can be
coherently reabsorbed multiple times by the emitters before
leaking out of the cavity. This leads to the damped Rabi
oscillations after the preparation pulse is switched off. This
behavior was recently observed with trapped ultracold atoms
in an optical cavity [41].

Let us denote the frequency of the Rabi oscillations by €.
The decay rate of these oscillations is determined jointly by
k, v, and I';, where I'. = gz./\/ /K 1is the Purcell rate of the
emitters. The frequency 2 can be extracted from the period of

(b)

%109 ‘
SR

— = At

0.5
0.5
0 2.5 5 0 5 10

Time (ps)

Time (us)

FIG. 2. Population inversion (o)) for emitters in frequency
classes with positive detuning, A as a function of time for (a) g/27 =
1.6 kHz and I' =0, (c) g/27 = 1.6 kHz and I' /2w = 3.18 MHz,
and (e) g/27 = 16 Hz and I' = 0. Panels (b), (d), and (f) are the
corresponding variation of the intracavity photon number associated
with the population inversion shown in the left panels.

the oscillations Ar (shown with dot-dashed orange lines) as
Q/2m ~ 1.5 x 107 Hz. This acts as an intensity modulation
of the intracavity field and thus provides sidebands to its
carrier frequency which can excite emitters with detunings
A =+Q =427 x 10’ Hz as observed in Fig. 2(a). The
Purcell-enhanced decay of this excitation is suppressed due
to the detuning from the cavity resonance.

It is interesting to note that the oscillation frequency of
(azi) and (a'a) in Figs. 2(a) and 2(b) differ by a factor
of 2. The difference in frequency is due to the evolution of
the excitation amplitude (o_) around a finite offset value,
while the field amplitude evolves around zero. These coherent
excitation amplitudes indeed oscillate at the same frequency
Q, but the resulting number of excitations for (o) and (a'a),
proportional to |(o_)|? and |({a)|?, show features at frequency
2 (due to the offset) and 2€2, respectively.

The synchronization between the emitters is still preserved
in the presence of dephasing as shown in Fig. 2(c), while
for a weaker coupling, Fig. 2(d) shows the absence of
collective Rabi oscillations and hence of any resonant
sideband excitation.

In Figs. 2(e) and 2(f), the coupling is reduced to g/27 =
16 Hz and I" = 0. The Purcell-enhanced decay rate, given
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FIG. 3. (a) Population inversion (O’Zi) for emitters in different
frequency classes as a function of time for y /2w = 1.6 kHz. Other
parameters are the same as those in Fig. 2(a). (b) Correlation between
emitters in different frequency classes, defined by [(o¥o¥), as a
function of A, the detuning of the k’th frequency class in our
calculations while we assume k = 1 corresponding to the frequency
class which is resonant with w,.

by I';, in this case, gets reduced by 4 orders of magnitude.
The reduction in the effective Rabi frequency by 2 orders of
magnitude explains the absence of Rabi oscillations in the
emitter excitations in Fig. 2(e) and the intracavity photon
number in Fig. 2(f).

The results presented in Fig. 2 correspond to y /2w =
2 MHz, which is comparable to the critical detuning A,
where the synchronization tends to break. This raises a natural
question of whether the linewidth broadening due to large y is
solely responsible for the synchronization effect. In Fig. 3(a),
we show the transient dynamics for y = 1.6 kHz (y < «),
while keeping all other parameters the same as those in
Fig. 2(a). It is evident from the plot that the synchronization
persists even for small y. Due to reduction in the decay
rate of the emitters, the observed Rabi oscillations are more
prominent and long lived compared to Fig. 2(a).

The motivation to employ second-order mean-field theory
in this study is to take into account the correlations, which
are neglected in a first-order treatment. The coherences
between the emitters belonging to different frequency classes,
(O’_If_O'k,), are mediated by the cavity field, since the emitters
do not interact directly. In Fig. 3(b), we plot [(0lo¥)| as a
function of time, where &’ is varied from 1 to 220. Clearly, the
synchronization is supported by the presence of high, nonzero
cross correlations between emitters in different frequency
classes. The correlations decrease around the same detuning
A region where the synchronous Rabi oscillation dynamics
cease to occur.

In Appendix B, we consider a frequency distribution,
Ni(A) < 1/]A], in the range —10% Hz < A2m < 10% Hz.
Our simulations confirm that the features observed here with
a Gaussian distribution remain valid even for a different distri-
bution. In addition, we also verify in Fig 5(c) in Appendix B
that the sideband detuning 2 increases with the number of
emitters, leading to a shift of the far-detuned excitations.

We have shown that a large group of emitters exhibit
identical dynamics and nonzero cross correlation between
emitters in different frequency classes, which we refer to
as synchronization in analogy with the Huygens classical
experiment with pendula. A multitude of factors play a role
in determining the synchronized behavior, namely the de-
tuning A, the cavity linewidth «, the Purcell rate I'., and
the emitter linewidth y. In an attempt to quantify the most
important factors, we simplify the model into two ensembles
and investigate how the interplay between A, «, y, and I,
determines synchronization in a steady-state scenario in the
next subsection.

B. Steady-state synchronization

The previous deals with transient synchronization, when
an inhomogeneous ensemble of emitters is subjected to a
coherent drive. One may also be interested in the case when
the emitters are incoherently pumped, which leads to a steady-
state emission (lasing) [46—49]. If the synchronization effect
holds also for the driven-dissipative case, one may observe
narrow linewidth lasing with an inhomogeneous ensemble
because synchronization causes emission at a single, common
frequency. We introduce incoherent excitation of the emitters
with rate n and the master equation [Eq. (2)] gets modified as
3 new /1 = dp/dt +n Y 1, Ll ]p. This leads to few addi-
tional terms in the equations of motion. To reach more clear
conclusions on the role of synchronization for the spectrum
of the steady-state radiation field, we simplify the model into
two ensembles A and B, with N = 10° emitters and transition
frequencies w, and wpg, respectively. A similar model has been
studied to explore synchronization in the y < x regime in
Ref. [36].

In Fig. 4(a), we plot the steady-state intracavity photon
number (a’a), as a function of detuning and pump intensity.
The steady state of a driven-dissipative system emerges due
to the balance between the drive (1) and the decay rates (k,
y, and I';). As the pumping rate n overcomes the decay rates,
the steady-state intracavity photon number starts increasing,
and beyond a limit, it drops due to saturation effects. These
regimes are described in the literature as subradiance, super-
radiance, and saturation depending on the number of steady-
state photons per emitter [50,51].

As shown in Fig. 4(a), (a'a), s drops abruptly as the detun-
ing A surpasses the Purcell rate, given by I'. = g’?N/k (shown
with a horizontal dotted white line). Note that in this case, I'.
is larger than both the emitter linewidth y (dot-dashed yellow
line) and the cavity linewidth x (dashed green line). This was
also reported in a different study [36], but operating in the
regime where k > ¥, Tipn.

In Fig. 4(b), we plot the coherence between the emitters in
different ensembles, (oXo*'), where k # k’. As evident from

the plot, once the pumping rate overcomes the decay rates, the

053821-4



COLLECTIVE DYNAMICS OF INHOMOGENEOUSLY ... PHYSICAL REVIEW A 100, 053821 (2019)

10* 10° 106 ' 104 10° 109 1(‘)7””108
n/2m (Hz) n/2m (Hz)

FIG. 4. Steady-state (a) photon number (a’a),s and (b) coherence between emitters in different ensembles, |(afaf/)s_s|, as a function
of incoherent pump and detuning when I'. > y. The inset in panel (a) shows the ratio of coherences between emitters in different- and
same-frequency classes, X, for different values of 1 (shown with white vertical line) as a function of detuning (in the x axis). (c) (a'a),s as
a function of detuning and pump intensity when y > I'.. Parameters chosen are as follows: (a) and (b) y /27w = 0.2 MHz, « /2mr = 160 kHz;

(c) y /2w =20 MHz, « /27 = 160 kHz.

system exhibits high values of coherences in the regime where
the system is synchronized. As A exceeds T, (cXoX') drops
abruptly. Further, we define ¥ as the ratio of (afof’) and the
coherence between different emitters in the same frequency
class, (Ji’iaf’i,), and plot X as a function of A for different
values of 1 (shown with vertical white lines) in the inset of
Fig. 4(a). The ratio of the coherences confirms that the two
ensembles are synchronized (X = 1) until A increases beyond
r..

For y > I',, k, Fig. 4(c) shows that synchronous behavior
of the spins persists for detunings as large as ¥ and may be
ascribed to the linewidth broadening of the emitters.

IV. CONCLUSION

To summarize, we have studied the interaction of an in-
homogeneously broadened ensemble of emitters coupled to
an optical cavity with a linewidth smaller than the inhomo-
geneous broadening. The parameters chosen are consistent
with recent experiments with systems with rare earth ions
doped in host crystals. We showed that a large group of
emitters can show synchronous behavior irrespective of their
detunings. When the effective coupling between the emitters
and the cavity is stronger than the cavity decay rate, the Rabi
oscillations lead to the generation of a strong intracavity field
with frequency sidebands at +€. These sidebands can in
turn interact resonantly with the emitters in the wings of the
inhomogeneous distribution.

In an attempt to quantify the factors which determine
synchronization, we simplified the model into two ensembles
and investigated the steady-state properties when the emitters
were subjected to an incoherent drive. We observed a sudden
drop in the cross coherences between the emitters at the onset
of the nonsynchronous regime when the detuning exceeded
the Purcell-enhanced rate or the emitter linewidth, whichever
is dominating. We suspect that a similar criterion for syn-
chronization holds in the transient regime of the coherently
driven system, while it is an open question how many emitters
contribute effectively to the collective coupling and hence
determine the value of I...
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APPENDIX A: SECOND-ORDER
MEAN-FIELD EQUATIONS

The Hamiltonian of N emitters coupled to an optical cavity
is given by Eq. (1). Since solving the master equation exactly
is impossible, we approximate the system by discretizing the
inhomogeneous spectrum into k = 220 ensembles with Ny
identical emitters in each ensemble. The Hamiltonian can thus
be written as

220 N,

ski A ‘
H=b.a'a+ Z Z [%Uz{m + grilact' + aTof’l)]
=1 i=1

+ F(t)(a+a"). (A1)

We assume that all the emitters in each frequency class k are
identical to the same detuning 8% and the coupling strength
gi. Hence, for simplicity, we drop the superscript i and retain
only k, which labels the frequency class (or ensemble) k to
which it belongs. The mean-field equation for any operator O
can be calculated using

0

5(0) = Trace{p O},

(A2)
where dp/dt is given by Eq. (2) plus an additional term due
to the incoherent drive explained before. We begin with the
equation for the mean intracavity photon number:

220
a

gwfa) = - 2k§gkaIm<aai> — iF (t)({a) — (a"))

— K(aTa), (A3)
where of represent the Pauli operators describing the emitters
in the kth frequency class. The equation for the mean intracav-
ity photon number couples to the mean cavity field (a), which
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is given by
9 220
o (@) =—ibcla) =1} Nelol) = iF @), (Ad)

where @, = 6. — i(k/2). In addition, we would also require
the equation for (a®) when we truncate the third-order corre-
lations later, which is given by

8 220
§<a ) = —2id(a 2z;gkzvk< ac®) + (ac*))
—2iF (t){a). (AS)

The interaction of the cavity field with all the frequency
classes results in the summation over all ensembles from
k =1 to 220. The above equations couple to (o¥) and also
to the correlations between the emitters and the cavity mode,
namely (ao +) and {ac¥). The equations for these correlations
and their further dependencies are given by

%«rf) = —idy + igilac’), (A6)
9
o l00) = 4gdm(aot) —y (1+{of)) +n(1 = {of)). (AD)
B
o laot) = —idc(asf) - ,gk[< >+<Nk—1>< Yot
— iy geNelofo) - 2igil(aot) — (aao*)]
k£k'
—v((@) +{ac?)) + n((@) — {ac?))
— iF(t)(a}), (A8)
%<aaf>=—z<wc+wk)<aa ) =iy geNe(oto®)
k£k'
— ige[(Ne = D{eMTo*") — (@Pof)] — iF (1)(0").
(A9)
3
= —(ao}) = i(@ — @) aot) — i(ge/2)(1 — (o))
— igr (N — D{o™'at")
—1i Z 8w Ny (afaf lgk(aaTak)
ks#k'
— iF(t)(o}), (A10)
where @, =8 —i[(y +1)/2+T]. The third-order
correlations in the above equations like (a2a£) and

(aa’o*) are approximated as the product of lower-order
correlations using the following formula: (ABC) ~
(AB)(C) + (BC)(A) + (AC)(B) — 2(A)(B)(C) (e.g., (a’0k) =
(a2)(0f> + (aof)(a) + (aa}ﬁ)(a) — 2{a){(a )(a+)). The terms
with the prefactor (N, — 1) in the above equations correspond
to the correlations between different emitters within the
same frequency class. Since each emitter interacts with all
other emitters, hence the prefactor (N, — 1). In addition,
each emitter in the kth frequency class also interacts with N
emitters in the k'th frequency class mediated by the cavity
mode. Such interactions lead to the terms with the prefactor

Ny. The equations for the correlations between the emitters
in the same frequency class are given by

a

o{otiol ") = —iayfot o) + igifact ot
— 2igi({act ok "y — (a'oF k)
=y (o) + (o o) + n((oh)
= {oal)), (A1)
%((Tfjai’i,) = 2Im(ay ) (o* ’oi’ )y + nglm(aTaf’ia;‘*i/)’
(A12)
%(oﬁ’igf ) = 2idy (o 1oh ) + 2igi{act ok ), (A13)
a .
g(azk,lakl)_ggklm( ki k[> 2)/(<Uzk>+(0'1“0'k[>)

+2n((of) = (o)),

Finally, the equations governing the correlations between
emitters in different frequency classes k and k’ are given by

(A14)

;t (o* o) = —i(an + ww)okor) + igilact o)
+ igk/(aafazkl), (A15)
8t<ak6 ) 4gkIm<aa_lf_a >~|—4gkrIm<aU+ k)

= (lof) +ofol)) +

) n(ler)
—(ofol)) = v (o) +
2

(oor')) + n((o?)

— (ofal)), (A16)
%(azkaf,) = —la)k/<aka ) + lgk/<aakak)
— 2igi((acka®) — (a'o* o))
—y(te®) +{oka®)) + n((0*)
—(ofa®)), (A17)
0
8t< _ﬁok) =—i(@y — a)k)(o+o ) +ige (aoﬁ k)
tgk(aTakak ) (A18)

The third-order correlations are approximated as described
before. For simplicity, we consider ensembles with homo-
geneous coupling, i.e., g; = g; = g, which is justified in the
weak-excitation regime investigated here. For an ensemble
with k frequency classes, the total number of equations is 3 +
9k + 4k*. This includes three equations for the cavity mode,
9k equations for each ensemble and their correlations, and
4k? equations for the correlations between different ensembles
mediated by the cavity field.

APPENDIX B: 1/|A| DISTRIBUTED
FREQUENCY CLASSES

In the main text, we modeled the inhomogeneous broad-
ening [y, as a normal distribution with a FWHM of
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FIG. 5. (a) Population inversion (ozi ) of emitters in all the frequency classes with positive detuning A as a function of time. (b) Population
inversion (o) for emitters in selected frequency classes. (c) (o) of emitters in all the frequency classes with positive detuning for N = 10°

and other parameters remaining the same as in panel (a).

Iinn = 3.75 MHz. Here, we consider frequency classes dis-
tributed as N;(A) o« 1/|Al|, where Ny is the number of emit-
ters in each frequency class k. We initialize the system by
driving the cavity with the same pulse as in the main text, and
we study the dynamics of the single emitter in each frequency
class.

In Fig. 5(a), we plot the excitation of the single emitters in
different frequency classes as a function of time and we find

that the synchronization effect persists. The excitation of the
far-detuned emitters due to the intensity modulation is also
prominent for the emitters with A/2mw &~ 1.5 x 10" Hz. The
synchronization effect is also evident in Fig. 5(b), where we
have shown the population inversion for selected horizontal
sections from Fig. 5(a). In Fig. 5(c), we plot the population
inversion (o) for N = 10°, keeping all other parameters the
same as those in Fig. 5(a).
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