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Preparation of a steady entangled state of two nitrogen-vacancy centers by simultaneously utilizing
two dissipative factors
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A dissipation-based scheme is proposed to prepare the steady entangled state of two spatially separated
nitrogen-vacancy (NV) centers fixed on the exterior surface of two microtoroidal resonators coupled by a
whispering-gallery-mode (WGM) field. The effective operator method is used to get an effective master equation
which simplifies the systematic dynamics into ground-state subspace. Based on the effective dynamics, the
parameter condition to use the NV center’s spontaneous emission and that to use the resonator’s photon loss
as resources to prepare entanglement are achieved. Interestingly, we find that these two conditions are almost the
same. To some extent, these two dissipative factors are no longer detrimental, but can be used simultaneously as
powerful resources to prepare the steady entangled state, which forms a sharp contrast with most of the currently
schemes utilizing one dissipative factor. On the other hand, the different forms of the steady entangled state
are achievable via modulating systematic parameters. The scheme is independent of initial states and does not
require precise time control. Numerical results show that high fidelity and purity can be obtained and the scheme
is robust against small parameter deviations.
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I. INTRODUCTION

Dissipation has been considered a detrimental factor tra-
ditionally because it would destroy unitary dynamics and
induces errors. The quest to find viable strategies for miti-
gating errors is an essential prerequisite for the development
of quantum technologies. Generally, a variety of feasible
methods have been devised, including quantum error cor-
rection [1,2], decoherence-free subspaces (DFSs) [3–5], and
noiseless subsystems [6,7]. Recently, a new opinion has been
put forward: the dissipation can act as a resource for quantum
information processing, in cases such as universal quantum
computation [8], quantum repeaters [9], quantum memories
[10], and quantum simulators [11,12] within the framework
of quantum reservoir engineering. Moreover, the dissipation
also provides a means of quantum entangled state preparation
for atom-cavity and solid state systems [11,13–28] and for
quantum computation [8,29]. In contrast to unitary-dynamics-
based schemes, these dissipation-based schemes to prepare
quantum entangled states do not require specifying initial
states and controlling evolution time accurately, and the pre-
pared entangled state is the steady state of the system.
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In particular, Kastoryano et al. consider a dissipative
scheme for preparing a maximally entangled state of two
� atoms in a high finesse optical cavity [15] based on the
effective operator method developed by the same group [17]
and widely used in Refs. [17–21]. In addition, a scheme for
the dissipative preparation of specific entangled states be-
tween two nitrogen-vacancy (NV) centers was also proposed
[22]. Moreover, Zheng et al. proposed a scheme to prepare
the maximal entanglement between two atoms coupled to
a decaying resonator [23]. These schemes in Refs. [22,23]
show that the resonator’s photon loss plays a positive role in
state preparation. Nevertheless, the NV center’s and atomic
spontaneous emission would decrease the performance of the
schemes. Differently, Ref. [20] shows that atomic spontaneous
emission can also to be used to prepare the entangled state but
cavity mode leakage plays negative roles. Busch et al. show
that both dissipative factors can be utilized to cool the system
to an entangled state but more classical lasers are required
[16]. And almost all of the dissipation-based schemes are
aiming to prepare one specific entangled state.

Although many quantum computing schemes are based
on photon [30], ion [31], and atom [32–34] systems,
solid-state-based quantum platforms such as quantum dots
[35], superconducting circuits [36], or color centers are also
given much attention due to the scalable property of quantum
information processing (QIP). Particularly, the NV center
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consisting of a substitutional nitrogen atom and an adjacent
vacancy in diamond has been considered as an excellent
candidate for QIP [37]. Many fundamental researches confirm
that electron spin states in NV centers have a long lifetime
even at room temperature and can be manipulated by an
electromagnetic field or optical pulse [38,39]. Importantly,
the NV center provides a �-type three-level system [40–42],
which can be used for various quantum engineering ap-
plications. As a promising application, the combination of
NV centers and microcavities has gained widespread atten-
tion [43–47]. One of the microcavities is the microtoroidal
resonator (MTR) with a quantized whispering-gallery-mode
(WGM) which exhibits ultrahigh quality factor and small
mode volume [48–51]. Many QIP tasks have been proposed
to be accomplished by means of NV centers coupled with
WGM microresonators, such as entangled state generation
[52], quantum state transfer [53], conditional phase gate con-
struction[54], and distributed QIP by coupling the two cavities
via either a flying photon or optical-fiber-taper waveguide
[22,55].

In addition, the NV center can also offer heterogeneous
spin degrees of freedom where the bound electron spins are
used for fast high-fidelity control and readout [56,57] while
the nearby nuclear spins are used as long-lived quantum bits
[58,59]. Therefore, the nuclear spins have proved to be a
valuable resource for nonvolatile memory [60] via hyperfine
interaction between electron and nuclear spins. In Refs. [61]
and [62], high-quality entanglement between two nuclear
spins in diamond has been demonstrated to occur via the spin
state storage technique and repeated qubit parity measure-
ment, respectively. However, these two methods require spec-
ified initialization and precise time control. In contrast, Chen
et al. designed a dissipative scheme [63] to generate a high-
fidelity singlet pair of nuclear spins, in which the final state
is independent of the initial state of the nuclei and robust to
external field fluctuations. Similarly, Ref. [64] showed that the
decay of short-lived electron spins in solids can be exploited
to generate an entangled steady state between electron and
nuclear spins for any initial state conditions. It is interesting
to compare this protocol with Ref. [63]. The main idea in
Ref. [63] is the combination of periodic resets of the electron
spin which provides a tunable artificial reservoir and coherent
local control of the target nuclear spins with imbalanced
detunings to ensure that the steady singlet state of the nuclei
is unique. In contrast, Ref. [64] is based on the dark state
interference effects of the optical and microwave driving fields
in the presence of spontaneous emission from the electronic
excited states to stabilize the maximally entangled state of the
electron and nuclear spins.

In this work, based on the effective operator method [17],
we propose a scheme for dissipative preparation of an elec-
tronic steady entangled state of two spatially separated NV
centers; especially, the steady maximally entangled Knill-
Laflamme-Milburn (KLM) [65] state, which plays important
roles in QIP, such as quantum teleportation [66] and quantum
error correction [67]. In order to know more clearly the effect
of each dissipative factor, we first consider the system without
spontaneous emission of NV centers and then consider it
without resonator decay. Interestingly, we find that the con-
ditions for achieving the dominant dissipative channels of

the spontaneous-emission-based case are exactly consistent
with those of the resonator-decay-based case, which means
that our proposal can take advantage of both dissipation
factors simultaneously. Our scheme forms sharp contrast to
the schemes [15,18,20,23] in which one out of the two factors
plays a positive role while the other plays a negative role.

The main characteristics of our scheme can be summarized
as follows: (i) Both spontaneous emission of NV centers and
resonator decay can be utilized simultaneously for preparing
the entangled state. (ii) The different forms of the steady
entangled state can be achieved by modulating the detuning
(β) and effective Rabi frequency (�L) of the classical field,
which lead to the diversity of the prepared entangled states
and would no doubt broaden the applications of the scheme.
(iii) Unlike the dissipation-based scheme studied in the atom-
cavity system [15,19,23,24], our scheme considers the solid-
state system, which has advantages in storing quantum infor-
mation and repetitive readout. (iv) In contrast to the unitary-
dynamics-based scheme, it does not require specifying the
initial state and accurately controlling the evolution time.

This paper is organized as follows. In Sec. II, we describe
the model Hamiltonian and derive the effective dynamics of
the system. In Secs. III A and III B, we prepare steady entan-
gled states by only utilizing resonator decay and spontaneous
emission of NV centers, respectively. In Sec. III C, we simul-
taneously consider the two dissipative factors to prepare the
steady entangled state and numerically simulate the fidelity of
the target steady state with different entanglement forms via
modulating systematic parameters �L and β. In Sec. IV, we
consider the experimental implementation and the robustness.
The conclusions are summarized in Sec. V.

II. BASIC MODEL

The negatively charged NV center has six electrons from
the nitrogen and three carbons surrounding the vacancy. The
electron-spin ground states of an NV center consist of a spin
triplet labeled as |3A2〉 with 2.88 GHz splitting between the
lower |ms = 0〉 level and the upper levels |ms = ±1〉 due to
the spin-spin interactions [70]. The structures of six excited
states are defined by group theory [42]: |A1〉 = (|E−〉|ms =
+1〉 − |E+ 〉 |ms = −1〉)/

√
2, |A2〉 = (|E−〉|ms = +1〉 +

|E+〉|ms = −1〉)/
√

2, |Ex〉 = |X 〉|ms = 0〉, |Ey〉 = |Y 〉|ms

= 0〉, |E1〉 = (|E−〉|ms = −1〉 − |E+〉|ms = +1〉)/
√

2, and
|E2〉 = (|E−〉|ms = −1〉 + |E+〉|ms = +1〉)/

√
2. Here, |E±〉,

|X 〉 = (|E−〉 − |E+〉)/2, and |Y 〉 = i(|E−〉 + |E+〉)/2 are the
orbital states, and |E±〉 has angular momentum projections
±1 along the NV axis. It is known [42,71] that the spin-spin
interaction splits the states |A1〉 and |A2〉 by ∼3.3 GHz.
The spin-orbit interaction produces different total angular
momenta among the pairs (A1, A2), (Ex, Ey), and (E1, Ey)
which are split from each other by about 5.5 GHz. Thus,
the state |A2〉 is robust to low strain and magnetic fields
due to the stable symmetric properties that are protected
by an energy gap arising from the spin-orbit and spin-spin
interactions. And it decays to the ground-state sublevels
|ms = +1〉 and |ms = −1〉 with radiation of σ− and σ+
circular polarizations, respectively [42,55]. The σ− (σ+)
corresponds to the right(left)-circularly polarized light.
This particularly useful �-type transition was employed
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FIG. 1. (a) The schematic for dissipative preparation of a steady
entangled state between two NV centers coupled to two different
MTRs, respectively. The MTRs are coupled via evanescent fields of
the WGM. (b) Energy level structure of two NV centers. Quantum
information is encoded in the spin states |ms = ±1〉 of the 3A2 triplet,
i.e., |g〉i ≡ |ms = −1〉 and | f 〉i ≡ |ms = +1〉 (i = 1, 2). The excited
state is |e〉i ≡ 1/

√
2(|E−〉|ms = +1〉 + |E+〉|ms = −1〉). It should be

mentioned that, according to the selection rule of the transitions
[42,68], the ground state sublevels |ms = +1〉 and |ms = −1〉 cannot
be coupled directly. However, the transitions |g〉1(2) ↔ | f 〉1(2) with
detuning β (−β) and effective Rabi frequency �L1(2) can be achieved
by the Raman process (see Appendix A) or by a stress applied
perpendicularly to the axial direction of the NV center [69]. In
the main text, we temporarily use the direct ground state coupling
process to illustrate the scheme, while in the Appendix we give the
practical correspondence of the ground state coupling based on the
Raman process.

experimentally for spin-photon entanglement generation
[42]. In addition, if one considers polarization of the
single-photon pulse input in a MTR under the resonant
regime, different phase shifts for the left-circularly and
right-circularly polarized light reflected from the NV-MTR
coupled system would be yielded, which is called Faraday
rotation [72] and can be easily detected experimentally [73].
This giant Faraday rotation induced by a single-electron spin
originates from the spin-dependent optical transitions and the
effect of cavity quantum electrodynamics (QED).

In our work, we consider two negatively charged NV
centers fixed on the exterior surfaces of two MTRs, which are
coupled via the evanescent fields of the WGM, as shown in
Fig. 1(a). The relevant electron level structures of the NV cen-
ters coupled by WGM, driving lasers, and effective classical
fields are shown in Fig. 1(b). We encode the qubits as |ms =
−1〉 ≡ |g〉i, |ms = +1〉 ≡ | f 〉i, and 1/

√
2(|E−〉|ms = +1〉 +

|E+〉|ms = −1〉) ≡ |e〉i (i = 1, 2), which facilitates quantum
information storage and further applications. By combining
individual laser pulse (σ+ circularly polarized) irradiation
[41,74] with the WGM field (σ− circularly polarized), one
can model each NV center as an optical �-type three-level
structure. For the first (second) NV center, an off-resonance

coherent laser with detuning � and Rabi frequency �1(2) is
applied to drive the transition |g〉1(2) ↔ |e〉1(2). The WGM
dispersively couples the transition | f 〉1(2) ↔ |e〉1(2) with the
detuning � − δ and coupling strength g, where δ is resonator
detuning from two-photon resonance.

We assume that the level splittings are the same for the two
NV centers and do not fluctuate in time. Within the rotating
wave approximation, the system Hamiltonian can be written
as Ĥ = Ĥ0 + Ĥg + V̂+ + V̂−, where

Ĥ0 = δ(a†
1a1 + a†

2a2) + �(|e〉1〈e| + |e〉2〈e|)
+ [

g(|e〉1〈 f |a1 + |e〉2〈 f |a2) + H.c.
]

+ J (a†
1a2 + a1a†

2), (1)

Ĥg =
∑

m=1,2

�Lm

2
(|g〉m〈 f | + H.c.)

+β(| f 〉1〈 f | − | f 〉2〈 f |), (2)

V̂+ =
∑

n=1,2

�n

2
(|e〉n〈g| + H.c.), (3)

V̂− = V̂ †
+, (4)

where a j is the annihilation operator for the jth ( j = 1, 2)
resonator mode and J is the hopping rate of photons between
the resonators. By introducing two delocalized bosonic modes
c1 = (a1 − a2)/

√
2, c2 = (a1 + a2)/

√
2, the Hamiltonian Ĥ0

can be rewritten as

Ĥ0 = g√
2

[|e〉1〈 f |(c1 + c2) + |e〉2〈 f |(c1 − c2) + H.c.]

+ (δ − J )c†
1c1 + (δ + J )c†

2c2 + �
∑
i=1,2

|e〉i〈e|. (5)

Here, Ĥ0 describes that delocalized field mode c1(2) interacts
with the NV center asymmetrically (symmetrically) due to
the contributions of the resonator modes. Thus, each of them
would cause a collective dissipation channel.

We assume that the system-environment interaction is
Markovian so that the temporal evolution of the system can
be described by the Lindblad master equation

˙̂ρ = i[ρ̂, H] + 1

2

∑
x

[2L̂xρ̂L̂†
x − (L̂†

xL̂xρ̂ + ρ̂L̂†
xL̂x )], (6)

where the Lindblad operators L̂x with x belong to the set
{κ1, κ2, γ 1, γ 2, γ 3, γ 4} denoted as the dissipation process
of the system. We assume κ1 = κ2 = κ and γ1 = γ2 = γ for
simplicity, and the six Lindblad operators can be expressed
as L̂κ1 = √

κc1, L̂κ2 = √
κc2, L̂γ 1 = √

γ /2|g〉1〈e|, L̂γ 2 =√
γ /2|g〉2〈e|, L̂γ 3 = √

γ /2| f 〉1〈e|, and L̂γ 4 = √
γ /2| f 〉2〈e|

with the branching spontaneous emission rate. Under the weak
excitation condition, the excited states of the NV center and
the delocalized field modes can be adiabatically eliminated
when the excited states are not initially populated. On that
basis, one can get the effective master equation as [17]

˙̂ρ = i[ρ̂, Ĥeff ] + 1

2

∑
x

{
2L̂x

eff ρ̂
(
L̂x

eff

)† − [(
L̂x

eff

)†L̂x
eff ρ̂

+ ρ̂
(
L̂x

eff

)†L̂x
eff

]}
, (7)
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where

Ĥeff = − 1
2

[
V̂−Ĥ−1

NHV̂+ + V̂−
(
Ĥ−1

NH

)†
V̂+

] + Ĥg,

L̂x
eff = L̂xĤ−1

NHV+, (8)

where Ĥ−1
NH is the inverse of the non-Hermitian Hamiltonian

Ĥ−1
NH = Ĥ0 − i/2

∑
x(L̂x )†L̂x.

In the following, we use the effective operator method to
simplify the system and study the dissipative process. Full
Hamiltonian H rather than effective Hamiltonian Heff is used
for numerical simulation to assess the performance of this
scheme.

III. PREPARATION OF KLM-TYPE STEADY
ENTANGLED STATE

A. Use delocalized field mode decay as a resource

For the sake of gaining better insight into the ef-
fect of delocalized field mode decay on the preparation
of entanglement, we neglect the influence of sponta-
neous emission first. For simplicity, we set �1 = �2 = �

and �L1 = �L2 = �L and work in the triplet-singlet ba-
sis of the ground states: {|gg〉, | f f 〉, |T 〉, |S〉}, where |gg〉 =
|g〉1|g〉2, | f f 〉 = | f 〉1| f 〉2, |T 〉 = 1/

√
2(|g〉1| f 〉2 + | f 〉1|g〉2),

and |S〉 = 1/
√

2(|g〉1| f 〉2 − | f 〉1|g〉2). The effective Hamilto-
nian, along with the effective Lindblad operators correspond-
ing to delocalized field mode decay, are given as Eqs. (B1)–
(B5) in Appendix B.

As shown in Fig. 2(a), L̂κ1
eff [Eq. (B3) in Appendix B]

indicates the effective decays from |gg〉 to |S〉 at a rate K1,1

and from |S〉 to | f f 〉 at a rate K1,2 caused by the c1 mode;
L̂κ2

eff [Eq. (B4) in Appendix B] denotes the effective decays
from |gg〉 to |T 〉 at a rate K2,1 and from |T 〉 to | f f 〉 at a
rate K2,2 caused by the c2 mode simultaneously. The decay
rates K1,1(2) and K2,1(2) are equal to the square of the first
(second) coefficient on the right-hand side of Eqs. (B3) and
(B4), respectively. If we set Mκ1 = Mκ2 = 0,

J =
√

δ2 − (δ/�)g2 (9)

is achieved which leads to K1(2),1 � K1(2),2. That is, the de-
cays from |S〉 to | f f 〉 and from |T 〉 to | f f 〉 can both be largely
suppressed. On the other hand, the effective classical fields
cause resonant transitions between the three triplet states
{|gg〉, | f f 〉, |T 〉} and coherent shuffling of the states |S〉 and
|T 〉 with coupling strength β [Eq. (B2) in Appendix B]. The
combined effect of the unitary and dissipative dynamics drives
the population to singlet state |S〉 and overlap with | f f 〉. It can
be seen that

|ψS〉 = 1√
�2

L
2 + β2

(
β| f f 〉 + �L√

2
|S〉

)
(10)

is the unique steady singlet-like state [75] of the master equa-
tion (7), i.e., ρ̂(t → ∞) = |ψS〉〈ψS|. This state is equivalent
to a standard KLM state [65] by applying local operations
and modulating the parameters β = �L/

√
2. To understand

the dissipative state preparation mechanism more clearly, we
transform the dynamics of the system into the steady state
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FIG. 2. Effective processes for coherent and dissipative (delo-
calized field modes decay) interactions. (a) In the triplet-singlet
basis picture, effective classical fields cause resonant transitions
between the three triplet states {|gg〉, | f f 〉, |T 〉}. The singlet state |S〉
is coherently coupled to |T 〉 by the level shift β. The states of the NV
center decay from |gg〉 to |S〉 and |T 〉 with effective decay rates K1,1

and K2,1, and from |S〉 and |T 〉 to | f f 〉 with effective decay rates K1,2

and K2,2. (b) In the steady-state picture, the desired steady state |ψS〉
is no longer coherently coupled, but dissipatively prepared from |gg〉
at a rate of K1,1�

2/2η, where η = β2 + �2/2.

picture consisting of |ψS〉 and the orthogonal state

|ψ1〉 = 1√
�2

L
2 + β2

(
�L√

2
| f f 〉 − β|S〉

)
. (11)

As shown in Fig. 2(b), the desired steady state |ψS〉 is no
longer coherently coupled, while the other three undesired
states are well shuffled by effective classical fields. Under the
condition K1(2),1 � K1(2),2, the decaying processes related to
K1,2 (|ψS〉 → |ψ1〉 and |ψ1〉 → |ψS〉) and K2,2 (|T 〉 → |ψ1〉
and |T 〉 → |ψS〉) are greatly suppressed. Hence, the dissi-
pation dynamics of the system is mainly governed by the
effective decays from |gg〉 to |ψS〉 at a rate K1,1�

2/2η, from
|gg〉 to |ψ1〉 at a rate K1,1β

2/η, and from |gg〉 to |T 〉 at a rate
K2,1, where η = β2 + �2/2. With the coherent drivings and
delocalized field modes decay continuing, the population of
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FIG. 3. (a) [(b)] Time evolution of the fidelities of tar-
get state |ψS1 〉 = 1/

√
41(3|S〉 + 4

√
2| f f 〉) [|ψS2 〉 = 1/

√
2(| f f 〉 +

|S〉)], three triplet states {|gg〉, | f f 〉, |T 〉}, and singlet state |S〉 versus
time in units of g−1 with the initial state |gg〉. In (a), the parameters
are chosen as � = 0.065g, �L = 0.015g, β = 4�L/3, � = 1.3g,
δ = 0.942g, J = √

δ2 − (δ/�)g2, κ = 0.06g, and γ = 0. In (b), the
parameters are chosen as � = 0.075g, β = �L/

√
2, � = 2.2g, κ =

0.03g, and other parameters are the same as in (a).

the desired entangled state |ψS〉 is gradually accumulated over
time.

The preparation of the steady state is independent of the
initial states. Consider the initial state |S〉 or | f f 〉, which can
be regarded as a superposition of the states |ψ1〉 and |ψS〉. As
has been shown, |gg〉, |T 〉, and |ψ1〉 can be translated to each
other through effective classical fields. And |gg〉 would be
transformed to |ψS〉 due to the combined effect of the unitary
dynamics and the dissipative process. Thus the initial state
|S〉 or | f f 〉 would be converted to the desired state finally.
Similarly, if the initial state is |T 〉, it would be transformed to
the state |ψS〉.

In order to verify the feasibility of above analysis, we
numerically solve the full Lindblad master equation in Eq. (6)
and utilize the definition of fidelity F (t ) ≡ Tr[(|〉〈| ⊗
Ic)ρ̂(t )] (|〉 = |ψS〉, |gg〉, |ψS〉, |ψT 〉, and |ψT 〉) to assess
the performance of the current scheme. In Fig. 3(a) [3(b)],
we consider the parameter relation β = 4�L/3 [β = �L/

√
2]

and plot the fidelity of target state |ψS1〉 = 1/
√

41(3|S〉 +
4
√

2| f f 〉) [|ψS2〉 = 1/
√

2(| f f 〉 + |S〉)], three triplet states
{|gg〉, | f f 〉, |T 〉}, and singlet state |S〉 starting from the initial
state |gg〉. We can obtain the target states |ψS1〉 and |ψS2〉
both with fidelities higher than 95%, and the times needed for
reaching the steady state are 9065/g and 4560/g, respectively.
In Figs. 3(a) and 3(b), the fidelities of singlet state |S〉 (black
solid line) and triplet state | f f 〉 (green solid line) exhibit a
distinct difference and an approximate coincidence when the
system is in stabilization, respectively, which exactly char-
acterize two forms of the steady entangled state that can be
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FIG. 4. Purities as a function of evolution time for the |ψS1 〉 and
|ψS2 〉 with the initial state |gg〉. The systemic parameters correspond-
ing to the |ψS1 〉 and |ψS2 〉 are the same as those in Figs. 3(a) and 3(b),
respectively.

modulated with systematic parameters �L and β. Dissipative
processes generally lead to the production of mixed states.
Therefore, we introduce purity to characterize the mixture
degree of the target state. In Fig. 4, the purities of the |ψS1〉
(red solid line) and |ψS2〉 (black solid line) are plotted as a
function of the evolution time. Owing to the initial state of the
system being |gg〉, the purity is precisely unity. In addition,
note that the purity curves exhibit a valley in the regime
0 < t < 1000/g. This valley occurs because the coherent driv-
ing is dominant in the early stages of evolution, thus leading
the system to be in a mixture of a variety of quantum states.
With increasing evolution time, the competition between the
coherent driving and dissipation gradually drives the system
to a dynamic equilibrium.

B. Use spontaneous emission of NV centers as a resource

In this subsection, aiming to gain better insight into the
effect of spontaneous emission of NV centers on the prepara-
tion of entanglement, we consider a perfect resonator without
decay. As shown in Fig. 5(a), L̂γ1

eff [Eq. (B6) in Appendix B]
indicates the states |gg〉, |T 〉, and |S〉 with effective level shifts
�1,1 , �1,2 and �1,3 , respectively, and effective decays from |T 〉
to |S〉 at a rate �1,2 and from |S〉 to |T 〉 at a rate �1,3 ; L̂γ3

eff
[Eq. (B7) in Appendix B] denotes the effective decays from
|gg〉 to |T 〉 and |S〉 at a rate �3,1 , respectively, from |T 〉 to
| f f 〉 at a rate �3,2 and from |S〉 to | f f 〉 at a rate �3,3 . The
spontaneous emission rates �1,ε and �3,ε (ε = 1, 2, 3) are
equal to the square of the εth coefficient on the right-hand side
of Eqs. ( (B6)) and (B7), respectively. If we set �̃1,eff � 0,

J =
√

δ2 − (δ/�)g2 (12)

would be achieved, thus parameter relation �1(3),1 � �1(3),2 ,
�1(3),3 is satisfied. The dominant decays from |gg〉 to |S〉
and |T 〉 can both be largely enhanced. Two effective classi-
cal fields induce transitions between the three triplet states
{|gg〉, | f f 〉, |T 〉} and between triplet state |T 〉 and the singlet
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FIG. 5. Effective processes for coherent and dissipative (sponta-
neous emission of NV centers) interactions. (a) In the triplet-singlet
basis picture, effective classical fields cause resonant transitions
between the three triplet states {|gg〉, | f f 〉, |T 〉}. The singlet state |S〉
is coherently coupled to |T 〉 by the level shift β. The states of the NV
center decay from |gg〉 to |S〉 and |T 〉 with effective decay rate �3,1 ,
and from |T 〉 and |S〉 to | f f 〉 with effective decay rates �3,2 and �3,3 .
The loop-like elements �1,1 , �1,2 , and �1,3 represent the square of the
coefficient in the corresponding term |X 〉〈X | (X = gg, T, S). (b) In
the steady-state picture, the desired steady state |ψS〉 is no longer
coherently coupled, but dissipatively prepared from |gg〉 at a rate of
�3,1�

2/2η, where η = β2 + �2/2.

state |S〉 [Eq. (B2) in Appendix B]. In this case, we can also
prepare the steady state of the two NV centers in an entangled
|ψS〉 state.

We move on to the steady state picture as shown in
Fig. 5(b): the dissipation dynamics of the system is mainly
governed by the effective decays from |gg〉 to |ψS〉 at a rate
�3,1�

2/2η, from |gg〉 to |ψ1〉 at a rate �3,1β
2/η, and from

|gg〉 to |T 〉 at a rate �3,1 , where η = β2 + �2/2. The effective
decay channels related to �1,2 , �1,3 , �3,2 , and �3,3 can be
approximately ignored. With the coherent drivings and spon-
taneous emission of NV centers continuing, the population
of the desired entangled state |ψS〉 is gradually accumulated
over time for arbitrary initial state. In Figs. 6 and 7, we
plot the fidelities and purities of target states |ψS1〉 and |ψS2〉
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FIG. 6. (a) [(b)] Time evolution of the fidelities of target state
|ψS1 〉 [|ψS2 〉], three triplet states {|gg〉, | f f 〉, |T 〉}, and singlet state
|S〉 versus time in units of g−1 with the initial state |gg〉. In (a), the
parameters are chosen as � = 0.085g, �L = 0.015g, β = 4�L/3,
� = 1.8g, δ = 6.2g, J = √

δ2 − (δ/�)g2, κ = 0, and γ = 0.25g. In
(b), the parameters are chosen as � = 0.049g, �L = 0.007g, β =
�L/

√
2, � = 2g, δ = 6.5g, J = √

δ2 − (δ/�)g2, κ = 0, and γ =
0.275g.

respectively, starting from the initial state |gg〉 with a set of
optimal parameters. One can see that the desired states can be
achieved with high fidelity and purity.
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FIG. 7. Purities as a function of evolution time for the |ψS1 〉 and
|ψS2 〉 with the initial state |gg〉. The systemic parameters correspond-
ing to the |ψS1 〉 and |ψS2 〉 are the same as those in Figs. 6(a) and 6(b),
respectively.
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FIG. 8. [(a),(b)] Contour plot (white dotted lines) of steady state
fidelity for the target states |ψS1 〉 and |ψS2 〉 versus spontaneous
emission of NV centers γ /g and resonator decay κ/g with the initial
state |gg〉. The red dash-dotted line, dotted line, dashed line, and
solid line in (a) and (b) denote the cooperativity C ≡ g2/κγ = 1000,
400, 200, and 120 (from left to right), respectively. [(c),(d)] A three-
dimensional plot correspond to the boxes in the bottom left corner
of (a) and (b), in which γ /g and κ/g range from 0 to 0.06 and 0
to 0.02, respectively. In (a) and (c), the parameters are chosen as
� = 0.075g, �L = 0.01g, β = 4�L/3, � = 1.3g, δ = 0.942g, and
J = √

δ2 − (δ/�)g2. In (b) and (d), the parameters are chosen as
�L = 0.015g, β = �L/

√
2, � = 2.2g, and other parameters are the

same as in (a) and (c).

C. Use the two dissipative factors simultaneously to prepare the
entangled state

From the above two subsections, we find that the parameter
condition in Eq. (12) coincides with that in Eq. (9). It is
thus possible to utilize both of these two dissipative factors
simultaneously as resources for entanglement preparation. In
that case, the effective decay processes can be character-
ized by L̂κ

eff and L̂γ

eff at the same time. By setting Mκ1 =
Mκ2 = �̃1,eff � 0, J =

√
δ2 − (δ/�)g2 would be achieved,

which leads to the effective decay rates K1(2),1 � K1(2),2

and �3,1 � {�1,2 , �1,3 , �3,2 , �3,3}, so that the effective decay
channels caused by delocalized field modes decay [|gg〉 →
|ψ1〉 (K1,1β

2/η), |gg〉 → |ψS〉 (K1,1�
2/2η), and |gg〉 → |T 〉

(K2,1)] and spontaneous emission of NV centers [|gg〉 → |ψ1〉
(�3,1β

2/η), |gg〉 → |ψS〉 (�3,1�
2/2η), and |gg〉 → |T 〉 (�3,1 )]

are greatly enhanced, while others are effectively suppressed,
i.e., the engineered decays into state |ψS〉 are mediated to be
much stronger than the decays out of |ψS〉. Consequently,
the population of state |ψS〉 is accumulated asymptotically
to a steady value with time. Furthermore, coherent coupling
of the undesired states |gg〉, |T 〉, and |ψ1〉 by the effec-
tive classical field �L/

√
2 guarantees that the populations

in the steady-state picture tend rapidly towards the target
state |ψS〉.
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FIG. 9. Steady state fidelity for the target state |ψS〉 as a function
of the ratio of systematic parameters β and �L with different dissipa-
tive factors. Dashed boxes represent three specific values β/�L = 0,
1/

√
2, and 4/3 corresponding to the fidelity of states |S〉, |ψS1 〉,

and |ψS2 〉, respectively. The remaining parameters are chosen as
� = 0.05g, � = 1.3g, δ = 0.942g, and J = √

δ2 − (δ/�)g2.

In Figs. 8(a) and 8(b), we plot the contour of the fi-
delity for target states |ψS1〉 and |ψS2〉 versus two dissipa-
tive factors after solving the master equation numerically,
and we add four curves which denote that the cooperativity
C ≡ g2/κγ = 1000 (red dash-dotted line), 400 (red dotted
line), 200 (red dashed line), and 120 (red solid line) from left
to right, respectively. The value of each corresponding coop-
erativity for the optimal fidelity of |ψS1〉 (|ψS2〉) approaches
98.6% (95.7%), 98.3% (95.3%), 97.6% (94.4%), and 97.1%
(93.3%), respectively. The results show that the fidelity of
the desired stated would be higher than 90% even when the
cooperativity C is as low as 200; these data are instrumental
for researchers to seek more suitable physical systems for
preparation of entanglement with high fidelity. The boxes in
the bottom left corner of Figs. 8(a) and 8(b) correspond to the
three-dimensional plots in Figs. 8(c) and 8(d) where the γ /g
and κ/g range from 0 to 0.06 and from 0 to 0.02, respectively.
One can see from Figs. 8(c) and 8(d) that, when the values
of the dissipative factors are set to zero, the scheme will not
succeed. As two dissipative factors increase, the role of the
dissipative process becomes evident and the fidelity increases.
Moreover, the results give a further verification that both of
the dissipative factors could be utilized to prepare the desired
steady state |ψS〉.

In addition, it is clear that the form of steady state |ψS〉
in Eq. (10) is related to the systematic parameters β and �L.
Therefore, we can prepare an entangled state with different
forms on demand by modulating β/�L. This distinct feature
of the present scheme may find important applications in
quantum information and quantum computation. To further
demonstrate this point, in Fig. 9 we plot the fidelity of the tar-
get steady state as a function of the ratio β/�L under the dif-
ferent dissipative factors and choose three values β/�L = 0,
1/

√
2, and 4/3 in the dashed boxes (from left to right), which

correspond to Bell state |S〉, singlet-like state |ψS2〉, and |ψS1〉,
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FIG. 10. Fidelities of the target steady states |ψS1 〉 and |ψS2 〉
as a function of the parameters � and �L with the initial state
|gg〉 at the times 2 × 104/g and 1 × 104/g, respectively. In (a), the
parameters are chosen as β = 4�L/3, � = 1.3g, δ = 0.942g, J =√

δ2 − (δ/�)g2, κ = 0.05g, and γ = 0.1g. In (b), the parameters are
chosen as β = �L/

√
2, � = 2.2g, δ = 0.942g, J = √

δ2 − (δ/�)g2,
κ = 0.03g, and γ = 0.05g.

respectively. It is also observed that the fidelity increases with
the increase of β in a specific range.

IV. ROBUSTNESS OF SCHEME
AND PRACTICAL CONSIDERATIONS

It is necessary to verify that the scheme is robust
against moderate fluctuations of the systemic parameters
through numerical simulations. In Figs. 10(a) and 10(b),
the fidelities of target states |ψS1〉 and |ψS2〉 are plotted as
functions of the Rabi frequencies � and �L, respectively,
for the given dissipative factors κ and γ , from which
one can see that the fidelities are higher than 90%,
respectively, within a wide range of Rabi frequencies,
demonstrating that the scheme is insensitive to deviations
of the controlled parameters � and �L. Note that the
above analysis has neglected the dephasing effect of the
NV centers, however, which should be considered under
realistic circumstances. In the following, this detrimental
effect will be included in the numerical simulation. The
Lindblad operators describing the dephasing of NV centers
can be written as L̂γφ1

= √
γφ/2(|e〉1〈e| − |g〉1〈g|), L̂γφ2

=√
γφ/2(|e〉2〈e| − |g〉2〈g|), L̂γφ3

= √
γφ/2(|e〉1〈e| − | f 〉1〈 f |),

and L̂γφ4
= √

γφ/2(|e〉2〈e| − | f 〉2〈 f |), where γφ is the
dephasing rate of NV centers. In Figs. 11(a) and 11(b),
we plot the respective fidelity of two special types of
entangled singlet-like states |ψS3〉 = 1/

√
3(|S〉 + √

2| f f 〉)
and |ψS4〉 = 1/

√
3(| f f 〉 + √

2|S〉) from initial state
1/2(|gg〉 + |S〉 + |T 〉 + | f f 〉) by utilizing both spontaneous
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FIG. 11. (a) [(b)] Fidelity of a special type
of entangled singlet-like state |ψS3 〉 = 1/

√
3(|S〉 +√

2| f f 〉)[|ψS4 〉 = 1/
√

3(| f f 〉 + √
2|S〉)] as a function of evolution

time with initial state 1/2(|gg〉 + |S〉 + |T 〉 + | f f 〉). The parameters
are chosen as � = 0.04g, �L = 0.01g, β = �L , � = 1.5g,
δ = 0.942g, J = √

δ2 − (δ/�)g2, κ = 0.05g, γ = 0.04g, and
γφ = 0 [β = �L/2 and other parameters are the same as in (a)].
The inset of (a) [(b)] shows the fidelity of the target steady state
as a function of the dephasing rate of NV centers, γφ , which
varies from 0 to 0.001 at time 2 × 104. The reference value of
the fidelity corresponding to the dephasing rate of NV centers is
γφ � 2.653 × 10−4g, which is an estimated value based on the
experimental works [76,77].

emission of NV centers and delocalized field mode decay as
resources without consideration of dephasing, from which
we can see that the system evolves to the steady state with
fidelities higher than 97% and 95%, respectively. In the inset
of Fig. 11(a) [11(b)], we consider the system in stabilization
and plot the fidelity versus the dephasing rate of NV centers,
γφ . The fidelity is observed to decrease as γφ increases.
Experimentally, the dephasing time induced by the nearby
nuclear spin can reach about 2 ms with an isotopically pure
diamond sample [76] and the NV centers are coupled with a
chip-based microcavity with quality factor Q > 25 000, and
the coupling strength between a single microdisk photon and
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FIG. 12. Fidelity of |ψS1 〉 with two groups of experimental pa-
rameters versus time in units of g−1. The red (dashed) and blue (dash-
dotted) lines are plotted with the typical experimental parameters
extracted from Refs. [77,84], respectively.

the NV center zero phonon line (ZPL) is g/2π ∼ 0.3 GHz
[77]. Taking the above factors into consideration, in our
simulated data we choose γφ � 2.653 × 10−4g as reference
standard, which correspond to the fidelity 87.73% [89.13%].
When γφ changes from 0 to 2.653 × 10−4g, the fidelity is
decreased by 9.71% [6.59%]. This result occurs because
the dephasing of NV centers results in a population transfer
between the singlet states |T 〉 and |S〉, decreasing the fidelity
of the target state.

Our protocol is based on theoretical and realistic experi-
mental progress, e.g., the optical �-type three-level structure
in the NV center system [42,53–55] and the light-matter
coherent coupling in quantized WGM resonators [45,77,78].
Technological advance has recently made it possible to
realize strong coupling that depends on the critical pho-
ton number to saturate an NV qubit [79]. It requires the
NV center to be embedded in an optical nanocavity with
the evanescent field of the WGM, which is of importance
because it offers an effective way to exchange energy between
the WGM and the NV center, and significantly improves the
resonant ZPL [80,81] relevant to the emitted photons from
the NV centers. In the presence of a cavity, 70% of the
photonic emission would be in the ZPL, and with an achiev-
able collection efficiency of ∼90% [82]. Experimentally, the
coupling strength between NV centers and the WGM can
reach g/2π ∼ 0.3–1 GHz [43,45,77,83]. We consider two sets
of relevant attainable experimental cavity QED parameters
[(g, κ, γ )/2π = (55, 50, 25) MHz, (70, 5, 1) MHz] extracted
from Refs. [45,84]. The numerical results of our scheme are
shown in Fig. 12. It is clearly seen that the fidelity of desired
state |ψS1〉 can reach 94.11% and 97.79% when the the time
required for the system to reach the steady state is about
30.71 μs and 31.52 μs, respectively. The other parameters are
chosen as � = 0.085g, �L = 0.015g, β = 4�L/3, � = 1.8g,
δ = 6.2g, and J =

√
δ2 − (δ/�)g2. It is worth noting that the

essential idea of the above discussions can be generalized
to a system in which two microsphere resonators coupled

by an optical-fiber-taper waveguide, due to the near-perfect
fiber-cavity coupling with an efficiency in excess of 99.97%,
has been achieved using fiber-taper coupling to high-Q silica
microspheres [48]. The optical fiber decay at 852 nm wave-
length is about 2.2 dB/km [85], leading to fiber decay rates
κ f = 0.152 MHz.

On the other hand, the main parameters of decoherence
are characterized by spin relaxation time and dephasing time.
As discussed in [83], the electron spin relaxation time of NV
centers in diamond scales from ∼ms at room temperature to
∼s at low temperature. The dephasing time induced by the
nearby nuclear-spin fluctuation of more than 600 μs for the
spin ensemble has been demonstrated [86]. According to
the numerical results in our scheme, the time to reach the
steady state |ψS〉 is about 104/g � 5.3 μs, which is shorter
than the typical decoherence time for this system. Moreover,
note that identical NV centers are required in our proposal;
although it is a challenge with current techniques, the energy
levels of different NV centers can be adjusted by external
magnetic fields. Therefore, even though experimental imper-
fections exist, our scheme still has a certain experimental
feasibility.

V. CONCLUSION

In conclusion, we have proposed a scheme for dissipative
preparation of a KLM-type steady entangled state of two
spatially separated NV centers based on the effective operator
method. Spontaneous emission of NV centers and resonator
decay have been investigated to achieve the desired state, con-
secutively and simultaneously. The whole evolution process
leads to the population moving into and out of the target state,
so that it is the steady state of the system. We have shown that
entanglement can be obtained with high fidelity and purity
regardless of the initial state, and that it is robust against
parameter fluctuations. Considering current technologies and
the future technical advances, we hope that this work will be
useful in future applications of distributed quantum communi-
cation and quantum computation with solid-state cavity QED
system.
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APPENDIX A: EFFECTIVE GROUND STATE COUPLING
VIA TWO-PHOTON RAMAN PROCESS

In order to realize the effective coupling between ground
state sublevels |ms = +1〉 and |ms = −1〉, we consider a two-
photon Raman process for the electronic ground states of NV1
and NV2. As illustrated in Fig. 13(a) [13(b)], two additional
lasers are employed to drive the transitions |0〉1(2) ↔ |g〉1(2)

and |0〉1(2) ↔ | f 〉1(2) with Rabi frequencies �′
1(3) and �′

2(4),
detunings �1(2) and �2(1), respectively. The time-dependent
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FIG. 13. Level structure of NV1 (a) and NV2 (b) in the electronic
ground states |3A2〉. The qubits |0〉, |g〉, and | f 〉 are encoded into the
spin states |ms = 0〉, |ms = −1〉, and |ms = +1〉, respectively. Two
external laser fields are applied to dispersively drive NV1 and NV2,
respectively, which induce an effective coupling between ground
state sublevels |ms = +1〉 and |ms = −1〉.

interaction Hamiltonian in the interaction picture is

HI = �′
1|g〉1〈0|ei�1t + �′

2| f 〉1〈0|ei�2t

+ �′
3|g〉2〈0|ei�2t + �′

4| f 〉2〈0|ei�1t + H.c., (A1)

under the large-detuning conditions �1 � {�′
1,�

′
4}, �2 �

{�′
2,�

′
3}, we obtain an effective Hamiltonian by utilizing the

method proposed in [87],

Heff = �′2
1

�1
(|g〉1〈g| − |0〉1〈0|) + �′2

2

�2
(| f 〉1〈 f | − |0〉1〈0|)

+ �′2
3

�2
(|g〉2〈g| − |0〉2〈0|) + �′2

4

�1
(| f 〉2〈 f | − |0〉2〈0|)

+
(

�′
1�

′
2

�̄
|g〉1〈 f |ei(�1−�2 )t

+ �′
3�

′
4

�̄
|g〉2〈 f |e−i(�1−�2 )t + H.c.

)
, (A2)

where �̄ = 2�1�2/(�1 + �2); in the rotating frame with
U ≡ �′2

1 /�1(|g〉1〈g| − |0〉1〈0|) + �′2
2 /�2(| f 〉1〈 f | − |0〉1〈0|)

+ �′2
3 /�2(|g〉2〈g| − |0〉2〈0|) + �′2

4 /�1(| f 〉2〈 f | − |0〉2〈0|),
the effective Hamitonian becomes

H ′
eff =

(
�′

1�
′
2

�̄
|g〉1〈 f |ei(�1−�2+ �′2

1
�1

− �′2
2

�2
)t

+ �′
3�

′
4

�̄
|g〉2〈 f |e−i(�1−�2− �′2

3
�2

+ �′2
4

�1
)t + H.c.

)
,

(A3)

and we tune the Rabi frequencies �′
1 = �′

4 and �′
2 = �′

3.
In the original picture with respect to U ′ = −(�1 − �2 +
�′2

1 /�1 − �′2
2 /�2)(| f 〉1〈 f | − | f 〉2〈 f |), the effective Hamito-

nian is described as

Heff
′′ =

(
�1 − �2 + �′2

1

�1
− �′2

2

�2

)
(| f 〉1〈 f | − | f 〉2〈 f |)

+
[
�′

1�
′
2

�̄
(|g〉1〈 f | + |g〉2〈 f |) + H.c.

]
, (A4)

and the corresponding parameters in Eq. (2) are as follows:

β = �1 − �2 + �′2
1

�1
− �′2

2

�2
,

�L1 = �L2 = �′
1�

′
2

�̄
. (A5)

APPENDIX B: EFFECTIVE HAMILTONIAN AND
LINDBLAD OPERATORS

According to Eq. (8), the effective Hamiltonian, along with
Lindblad operators corresponding to delocalized field mode
decay can be derived as

Ĥeff = −Re

[
�2

2�̃1,eff

]
|gg〉〈gg| − Re

[
�2

4�̃2,eff

]
|T 〉〈T |

− Re

[
�2

4�̃3,eff

]
|S〉〈S| + Ĥg, (B1)

in which

Ĥg = −β(|S〉〈T | + |T 〉〈S|) + �L√
2

(|gg〉〈T |

+ |T 〉〈 f f | + H.c.), (B2)

L̂κ1
eff =

√
(δ + J )g2

effκ/4

M2
κ1 + N2

κ1

|S〉〈gg| +
√

g2
effκ/4

P2
κ1 + Q2

κ1

| f f 〉〈S|,

(B3)

L̂κ2
eff =

√
(δ − J )g2

effκ/4

M2
κ2 + N2

κ2

|T 〉〈gg| +
√

g2
effκ/4

P2
κ2 + Q2

κ2

| f f 〉〈T |,

(B4)

where

1

�̃1,eff
= −(δ′ − J )(δ′ + J )

δ′g2 − �′(δ′ − J )(δ′ + J )
,

1

�̃2,eff
= −gJ − δ′g2 + �′(δ′ − J )(δ′ + J )

[g2 − �′(δ′ − J )][g2 − �′(δ′ + J )]
,

1

�̃3,eff
= gJ − δ′g2 + �′(δ′ − J )(δ′ + J )

[g2 − �′(δ′ − J )][g2 − �′(δ′ + J )]
,

Mκ1 = Mκ2 = δg2

�
− (δ2 − J2),

Nκ1 = Nκ2 = κ

(
δ − g2

2�

)
+ γ (δ2 − J2)

2�
,

Pκ1 = g2

�
− (δ − J ), Qκ1 = κ

2
+ γ (δ − J )

2�
,

Pκ2 = g2

�
− (δ + J ), Qκ2 = κ

2
+ γ (δ + J )

2�
,

geff = g�

�
, δ′ = δ − i

2
κ, �′ = � − i

2
γ . (B5)

Under the weak driving condition, i.e., � is very small, the
terms consisting of �2 can be neglected in Eq. (B1), so
that Ĥeff � Ĥg. There are two primarily effective decay chan-
nels characterized by L̂κ1

eff and L̂κ2
eff through two delocalized
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bosonic modes c1 and c2, respectively. We assume {κ, γ } �
{g, δ, J, �}, so that the minor terms with higher order than
κ2, γ 2, and κγ in the denominators of L̂κ1

eff and L̂κ2
eff can be

omitted.
Applying Eq. (8) again, the analytic expressions of spon-

taneous emissions of NV centers with the effective Lindblad
operators L̂γ1

eff and L̂γ3
eff are given by

L̂γ1
eff =

√
γ

2

[
�

2

∣∣∣∣ 1

�̃1,eff

∣∣∣∣|gg〉〈gg|+ �

4

∣∣∣∣ 1

�̃2,eff

∣∣∣∣(|T 〉〈T |+ |S〉〈T |)

+ �

4

∣∣∣∣ 1

�̃3,eff

∣∣∣∣(|T 〉〈S| + |S〉〈S|)
]
, (B6)

L̂γ3
eff =

√
γ

2

[
�

2
√

2

∣∣∣∣ 1

�̃1,eff

∣∣∣∣(|T 〉〈gg| + |S〉〈gg|) + �

2
√

2

×
(∣∣∣∣ 1

�̃2,eff

∣∣∣∣| f f 〉〈T | +
∣∣∣∣ 1

�̃3,eff

∣∣∣∣| f f 〉〈S|
)]

, (B7)

where | · | denotes modulus of the symbol in it, L̂γ2
eff = L̂γ1

eff ,
and L̂γ4

eff = L̂γ3
eff . For the sake of simplicity, we only explain

the dissipative processes characterized by L̂γ1
eff and L̂γ3

eff .
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