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Attosecond streaking spectrum in the photoionization of the hydrogen molecular ion
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We investigate the attosecond streaking spectrum of H2
+ by numerically solving the time-dependent

Schrödinger equation. The results show that the streaking spectrum of H2
+ depends sensitively on the

internuclear distance R. In addition to the regular streaking structure, some streaking spectra of H2
+ with the

splitting and distorted structures are also observed as R changes. The splitting and distorted streaking spectra of
H2

+ are demonstrated to be related to the destructive two-center interference and resonant transition triggered by
the IR field, respectively. Meanwhile, the mixture structure of split and distortion on the streaking spectrum
of H2

+ is attributed to the coupling of the destructive two-center interference and resonant transition. The
R-dependent streaking spectra might pave an accessible route toward monitoring the ultrafast nuclear dynamics
of molecules.
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I. INTRODUCTION

In the past two decades, fascinating developments in the
field of ultrafast optics have stimulated the generation of
attosecond pulses [1–3], which provides a powerful tool
for probing and controlling the electronic dynamics inside
atoms [4–6] and molecules [7,8] and on the surface of
metal nanostructures [9–11] with unprecedented resolutions.
To date, a number of ultrafast detection techniques based
on attosecond pulses have been developed [12–16], among
which the attosecond streaking technique is a prominent one
[17].

In the attosecond streaking technique, the photoelectron
wave packet is created by an attosecond extreme ultraviolet
(XUV) pulse and steered by a moderately strong IR field.
By recording a set of photoelectron energy spectra (PEESs)
over a range of delays between these two pulses, a streaking
spectrum is obtained. Since the time structure of the exciting
pulse is fully encoded in the released electron wave packets,
the streaking spectrum therefore has been widely used for
accurate characterization of the attosecond pulse [18–21].
On the other hand, the released electron wave packets carry
valuable information about the processes that produced them,
and the streaking spectrum has also been applied to monitor
the ionization dynamics of electrons [22–27]. For example,
Schultze et al. measured a small time shift of 21 ± 5 as be-
tween the photoemission from 2p and 2s subshells of atomic
neon by the streaking technique [24]. Zhang and Thumm
found that the Coulomb-laser coupling effect in a streaking
setting of hydrogen atom results in an advanced emission
of the electron wave packet relative to the IR field’s vector
potential [25]. Moreover, the polarization of the initial state
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[26] and many-electron effects [27] are also demonstrated to
be imprinted on the streaking spectrum.

Compared to the atoms, the IR field-assisted photoion-
ization of molecules is more complicated due to the rich
internal structure of the molecule [28–33]. Recently, Ning
et al. found that the destructive Cohen-Fano interferences
can lead to an increased streaking time shift in the H2

+
[32]. Chacón and Ruiz demonstrated that the interference of
electron wave packets emitted from the highest occupied and
lowest unoccupied molecular orbital will also give rise to a
larger streaking time shift in the CO molecule [33]. Except
the streaking time shift, the shapes of the streaking spectra
intuitively reveal the electron dynamics in the laser-molecule
interaction, which, however, has scarcely been investigated.

In this paper, we take the simplest molecule H2
+ as an ex-

ample to systematically investigate the features of molecular
streaking spectra by numerically solving the time-dependent
Schrödinger equation (TDSE). The results show that with the
internuclear distance changes the splitting and distorted struc-
tures are observed in the streaking spectra of H2

+. Moreover,
at a specific internuclear distance, the splitting and distorted
structures coexist in the streaking spectrum. Further analyses
indicate that the splitting streaking spectrum originates from
the destructive interference of electron wave packets emitted
from the two nuclei of H2

+, while the distorted streaking
spectrum is a consequence of the resonant transition from
1sσg to 2pσu states of H2

+ induced by the IR field. The
coexistence of the splitting and distorted structures in the
streaking spectrum is due to the coupling of the destructive
two-center interference and resonant transition.

II. THEORETICAL MODEL

In this paper, the IR and XUV fields are both linearly
polarized along the �x direction, thus the electron dynamics
are mainly confined along the polarization direction. It is
reasonable to model the streaking spectrum of H2

+ by solving
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the TDSE in one spatial dimension [34]:

i
∂�(x, t )

∂t
=

[
−1

2

∂2

∂x2
+ V (x) + Vl (x, t )

]
�(x, t ), (1)

where V (x)=1/R−1/
√

(x−R/2)2+1−1/
√

(x+R/2)2+1 is
the soft-core potential of H2

+, the first term of V (x) is the
Coulomb interaction between the two nuclei of H2

+, the latter
two terms of V (x) denote the Coulomb interaction between
the electron and the two nuclei, and R is the internuclear dis-
tance. In the dipole approximation, the length-gauged laser-
molecule interaction can be written as Vl (x, t ) = −E (t )x.
E (t ) is the electric field, which is composed by a linearly
polarized IR field and an XUV pulse:

E (t ) = El0cos2(πt/Tl )cos(ωl t )

+ Ex0e−2In(2)[(t−τ )/Tx]2
cos[ωx(t − τ )]. (2)

Here El0 (Ex0), ωl (ωx), and Tl (Tx) are the amplitude, central
frequency, and pulse duration of the IR (XUV) field, respec-
tively. τ is the time delay between these two pulses.

Equation (1) is solved by using the Crank-Nicholson
method. The initial wave function is prepared by imaginary-
time propagation [35]. The electron wave function �(x, t ) is
split into two parts at each time step ti [36]:

�(x, ti ) = �I(x, ti ) + �II(x, ti )

= �(x, ti )[1 − Fs(Rs)] + �(x, ti )Fs(Rs). (3)

Fs(Rs) = 1/[1 + e(|x|−Rs )/
�

] is a spilt function that sepa-
rates the whole space into the inner (0 −→ Rs) and outer
(Rs −→ Rmax) regions smoothly. � is the width of the
crossover region and Rs is the boundary of the inner space.
In the inner space, �I(x, ti ) propagates under the full Hamil-
tonian, while in the outer region �II(x, ti ), which denotes
the “ionized part,” propagates under the Volkov Hamiltonian
[37]. Specifically, the ionized wave packet �II(x, ti ) is first
transformed into the momentum space C(�k, ti ) at each time
step ti, and then it propagates from time ti to the end of
the laser pulse. The photoelectron momentum distribution
(PEMD) is obtained in terms of

dP(�k)

dE f
= √

2E f

∣∣∣∣∣
∑

i

C̄(�k, ti )

∣∣∣∣∣
2

, (4)

where C̄(�k, ti ) = e−i
∫ ∞

ti
1
2 [ �p+ �A(t ′

i )]2dt ′
i C(�k, ti ). E f = �k2/2 and �k

represent the final energy and momentum of the electron. �A(t ′
i )

is the total vector potential of the laser fields. By integrating
the PEMDs at the different XUV-IR delays, the streaking
spectrum of H2

+ is obtained.
In our simulations, the boundary of the inner space Rs

and the width of the crossover region
�

are set to 40 and
2 a.u., respectively. The Cartesian grid ranges from −2300
to 2300 a.u. with a grid size of

�
x = 0.1 a.u. The time

step of propagation is
�

t = 0.01 a.u. At the end of the
pulse, the wave function is propagated for an additional few
femtoseconds to collect “slow” electrons [38,39].

III. RESULTS AND DISCUSSIONS

We have calculated the streaking spectra of H2
+ with

different internuclear distances R by using a 600-as XUV
pulse with the photon energy of 50 eV in combination with
a five-cycle, 800-nm IR field. In our simulations, the H2

+ is
assumed to be aligned along the polarization direction of laser
pulses. The intensities of XUV and IR fields are 1 × 1012 and
1 × 1011 W/cm2, respectively. The calculated results show
that the streaking spectrum of H2

+ depends sensitively on the
internuclear distance R. Four types of streaking spectra are
observed as R varies. The detailed results are discussed in the
following subsections.

A. Type 1: Regular structure

The first kind of streaking spectrum is the most common
one, which appears at a large majority of the internuclear
distances and exhibits a regular streaking structure as shown in
Figs. 1(a) and 1(b) for the results of R = 3 and 7 a.u. In these
cases, the single-photon PEES generated by using the XUV
pulse shows a Gaussian distribution [see Figs. 1(c) and 1(d)]
that is centered at Ec = ωx − Ip, where Ip is the ionization
potential of H2

+. Note that the ionization potential Ip of
H2

+ decreases with the increase of the internuclear distance
[40,41]. Therefore, Ec for R = 7 a.u. [Fig. 1(d)] is much
larger than that for R = 3 a.u. [Fig. 1(c)]. When subjected
to the IR field, the electron ionized at the XUV-IR delay τ

by the XUV pulse will be reaccelerated by the IR field and
gain extra energy, which is proportional to Al (τ ) [25]. Here,
Al (τ ) = ∫ τ

−∞ El (t ′)dt ′ is the IR field’s vector potential at the
ionization time τ . As the τ is changed, the center energy
Ec of the PEES will oscillate like the time-dependent vector
potential of the IR field, thus leading to the regular streaking
spectra in Figs. 1(a) and 1(b).

B. Type 2: Splitting structure

The second kind of streaking spectrum is observed at
some specific internuclear distances, such as R = 8.5 a.u. in

FIG. 1. (a, b) The streaking spectra of H2
+ by using a 50-eV

XUV pulse and a synchronized 800-nm IR field with the intensity
of 1 × 1011 W/cm2. The internuclear distances of H2

+ are fixed at 3
and 7 a.u., respectively. (c, d) Same as (a) and (b), but for the PEESs
by using only the XUV pulse.
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FIG. 2. (a–c) The streaking spectrum, PEES, and predicted position of the photoionization-yield minimum for R = 8.5 a.u. (d–f) Same as
(a)–(c), but for R of 12.3 a.u.

Fig. 2(a) and R = 12.3 a.u. in Fig. 2(d). In these cases, the
central parts of streaking spectra are seriously suppressed
(marked as B). The obtained streaking spectra are split into
up (marked as A) and down (marked as C) parts. To under-
stand this phenomenon, we have calculated the single-photon
PEESs with R = 8.5 and 12.3 a.u. The results are presented
in Figs. 2(b) and 2(e), respectively. One can see that the
PEESs in these two cases are also suppressed at the central
parts [marked as B in Figs. 2(b) and 2(e); the corresponding
photoelectron energy is about 28.5 eV for R = 8.5 a.u. and
29.4 eV for R = 12.3 a.u.] and exhibit a two-peak structure
[marked as A and C in Figs. 2(b) and 2(e)]. These results are
consistent with the splitting streaking spectra in Figs. 2(a) and
2(d). For H2

+, the ionized electron wave packet can be consid-
ered as a coherent superposition of that emitted from the two
nuclei. Similar to Young’s double-slit interference [42], the
photoionization yield is approximately proportional to [1 +
cos(δφ)]2, where δφ is the phase difference of the two electron
wave packets emitted from the two nuclei. Based on the
eikonal model [43], the phase difference δφ can be derivated
as δφ = ∫ R/2

−R/2 p(x)dx, where p(x) = √
2[E f − V (x)] is the

instantaneous momentum of the electron and E f is the pho-
toelectron energy. Here, the two nuclei are assumed to lo-
cate at (R/2, 0) and (−R/2, 0), respectively. In Figs. 2(c)
and 2(f), we have calculated the cos(δφ) as a function of
the photoelectron energy E f for R = 8.5 and 12.3 a.u. It
is obvious that the destructive interference [cos(δφ) = −1]
occurs at E f =28.5 eV for R = 8.5 a.u. and at E f =29.4 eV for
R = 12.3 a.u., which correspond to the minima (marked as B)
in the single-photon PEESs and streaking spectra in Figs. 2(a)
and 2(b) and in Figs. 2(d) and 2(e), respectively. Note that,
since the IR field used in our simulation is very weak, it hardly
changes the phase difference δφ or therefore the position of
the minimum in the streaking spectrum as the XUV-IR delay
varies.

C. Type 3: Distorted structure

Figure 3(a) presents the third kind of streaking spectrum,
which appears at R = 5.5 a.u. One can see that the streaking
spectrum is seriously distorted, especially at τ > −4 fs. To
understand this phenomenon, we have also plotted the single-
photon PEES for H2

+ at R = 5.5 a.u. in Fig. 3(b). Like the
results in Figs. 1(c) and 1(d), the PEES here also shows a
Gaussian distribution. This result indicates that the distortion
on the streaking spectrum in Fig. 3(a) should not arise from
the single-photon ionization by the XUV pulse, but from the
interaction with the IR field. We note that the photon energy
of the IR field is very close to the energy difference between
the 1sσg and 2pσu states of H2

+ when R = 5.5 a.u. [see
Fig. 3(c)]. Thus, a resonant transition from the 1sσg to 2pσu

states will possibly occur through the absorption of one IR
photon ωl [see black arrows in Fig. 3(c)]. Such a resonant
transition will lead to a superposition of the 1sσg and 2pσu

states of H+
2 . The interference of the electron wave packets

emitted from these two states could therefore give rise to
the distorted structures in the streaking spectrum. To verify
the above analysis, we have calculated the time-dependent
populations of the 1sσg and 2pσu states of H2

+ in the IR
field. In our calculations, the populations of the 1sσg and
2pσu states are obtained by |〈ψs,p(x)|�(x, t )〉|2. Here �(x, t )
is the time-dependent wave function driven by the IR field
alone. ψs,p(x) represents the wave function of the 1sσg and
2pσu states of H2

+, respectively. As shown in Fig. 3(d), the
population of the 2pσu state (green solid line) is gradually
increased after t = −4 fs; meanwhile, the population of the
1sσg state (orange solid line) is decreased, meaning that
the IR field induces a transition between these two states.
Furthermore, we have calculated the relative phase δϑ of the
wave functions from the 1sσg and 2pσu states, which is given
by δϑ = ϑs − ϑp with ϑs,p = arg[〈ψs,p(x)|�(x, t )〉]. As can
be seen from Fig. 3(e), the oscillation of delay-dependent
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FIG. 3. (a, b) The streaking spectrum and PEES for R = 5.5 a.u.
(c) Energy levels of the 1sσg and 2pσu states of H2

+. The blue dashed
line indicates the energy difference between the 1sσg and 2pσu states.
(d) Populations on the 1sσg and 2pσu states as a function of time. The
blue dashed line indicates the IR streaking field. (e) The orange solid
line indicates the center energies Ec (τ ) of the streaking spectrum in
Fig. 3(a). The blue dashed line indicates cos(δϑ), where δϑ is the
relative phase of the 1sσg and 2pσu states in H2

+ obtained by using
only the IR streaking field.

center energies Ec (τ ) (orange solid line) of the streaking
spectrum matches well with cos(δϑ ) (blue dashed line). Such
an agreement indicates that the distorted streaking spectrum
in Fig. 3(a) is indeed a consequence of the resonant transition
between the 1sσg and 2pσu states triggered by the IR field.

D. Type 4: Mixture of the splitting and distorted structures

In Fig. 4(a), we show the fourth kind of streaking spectrum,
observed at R = 5 a.u. In this case, the streaking spectrum
presents a splitting structure at τ < −4 fs and a distorted
structure at τ > −4 fs. Likewise, we have also calculated the
single-photon PEES for H2

+ at R = 5 a.u. The result is shown
in Fig. 4(b). Similar to the results in Figs. 2(b) and 2(e), the
obtained PEES also shows a two-peak structure [marked as
A and C in Fig. 4(b)]. The splitting streaking spectrum at
τ < −4 fs in Fig. 4(a) thus can be understood as a con-
sequence of the two-center interference effect as Type 2 in
Fig. 2. Further evidence can be found in Fig. 4(c), which
shows our simulations based on the eikonal model [43].
One can see that the destructive interference [cos(δφ) = −1]
occurs at E f = 25.2 eV, which corresponds to the minima
(marked as B) in the single-photon PEES and streaking spec-
trum in Figs. 4(a) and 4(b). For the distorted structure at τ >

−4 fs, it can also be related to the resonant transition effect
induced by the IR field, since the energy difference (0.066 eV)

FIG. 4. (a–c) The streaking spectrum, PEES, and predicted posi-
tion of the photoionization-yield minimum for R = 5 a.u. (d) Popu-
lations on the 1sσg and 2pσu states as a function of time. The blue
dashed line indicates the IR streaking field. (e) The orange solid
line indicates the center energies Ec (τ ) of the streaking spectrum
in Fig. 4(a). The blue dashed line indicates cos(δϑ).

between the 1sσg and 2pσu states of H2
+ at R = 5 a.u is also

close to the photon energy of the IR field (0.057 eV). To check
this point, we have plotted the time-dependent populations of
the 1sσg to 2pσu states in Fig. 4(d). It is clear that the electron
wave packet is partly transferred from the 1sσg (orange solid
line) to 2pσu state (green solid line) at t > −4 fs. The interfer-
ence of the wave functions from these two states will therefore
lead to the distorted structures as discussed in Fig. 3. This
can also be confirmed from Fig. 4(e), which shows relative
phase δϑ between the wave functions from the 1sσg to 2pσu

states as well as the delay-dependent center energy Ec (τ )
of the streaking spectrum. The oscillation behavior of Ec (τ )
(orange solid line) is very similar to that of the cos(δϑ ) (blue
dashed line). Note that at τ < −4 fs the 2pσu state is hardly
populated, thus the streaking spectrum structure is mainly af-
fected by the two-center interference effect, while for τ > −4
fs the resonant transition effect becomes dominant.

IV. CONCLUSION

In conclusion, we have investigated the streaking spectra
of H2

+ by numerically solving the TDSE. We find that in
our laser conditions the streaking spectrum of H2

+ depends
sensitively on the internuclear distance R and four types of
streaking spectra are observed as R varies. The first kind is
the conventional streaking spectrum, which exhibits a reg-
ular streaking structure and appears at a large majority of
internuclear distances. The second kind of streaking spectrum
is observed at the internuclear distances like R = 8.5 and
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12.3 a.u., which presents a splitting structure. Based on the
eikonal model, the splitting structure in the streaking spectrum
is demonstrated to originate from the destructive interference
of electron wave packets emitted from the two nuclei of
H2

+. At R = 5.5 a.u., we discover the third kind of streaking
spectrum with a distorted structure, which is demonstrated
to be a consequence of the resonant transition from 1sσg to
2pσu states of H2

+ induced by the IR field. Moreover, due
to the coupling of the destructive two-center interference and
resonant transition, the fourth kind of streaking spectrum,
i.e., a mixture of the splitting and distorted structures on

the streaking spectrum, is also found at R = 5 a.u. The R-
dependent streaking spectra will provide a valuable guideline
for monitoring the ultrafast nuclear dynamics of molecules.
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