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Evaluation of local heating in Doppler-broadening thermometry
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We report on an optical and thermal model that allows one to quantify the local heating effect in a cavity
ring-down spectroscopy (CRDS) experiment. The effect is due to the intracavity absorption of the laser radiation
propagating inside the optical cavity, when this latter is filled with an absorbing gas. The local heating generates
a temperature profile into the volume probed by the laser radiation, thus leading to a systematical deviation in
temperature measurements by means of Doppler-broadening gas thermometry. Exploiting the representation
of the cavity as a linear system for the electric field in the frequency domain, we were able to determine
the spatial and temporal behaviors of the heating source and solve the inhomogeneous Fourier heat transfer
equation using the method of the Green’s functions. The local heating effect is strongly dependent on several
parameters characterizing the CRDS experiment, including the geometrical size of the cavity, the two mirrors’
reflectivity and loss, the absorption coefficient of the intracavity gaseous medium, the incident power, and the
intracavity beam waist. The dynamical behavior of the gas temperature was calculated in three experimental
regimes, depending on the laser switch-on time interval as compared to the cavity decay time and heat diffusion
characteristic time. In the worst case, the local heating provides a systematical shift in Doppler broadening

thermometry of about one part per million.
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I. INTRODUCTION

On May 20, 2019, the most significant revision to the
International System of Units (SI) came into force. It results
from new measurement methods, developed in the past two
decades, including those that use quantum phenomena. The
new SI is based on a set of definitions linked to funda-
mental constants of physics. In particular, the new kelvin
(the unit of thermodynamic temperature) is defined in terms
of a fixed value of the Boltzmann constant, namely, kg =
1.380649 x 10723 J/K. Reviews of the experiments that led
to this value are reported in Refs. [1,2]. Research efforts of
the international community working in the field of primary
gas thermometry are being devoted to the implementation
of the redefined kelvin [3]. Within this framework, Doppler-
broadening thermometry (DBT) is widely recognized as a
valuable method for the primary realization of the unit kelvin,
even though it has not yet reached the same level of accu-
racy of more consolidated techniques, such as acoustic gas
thermometry [4] and dielectric constant gas thermometry [5].
DBT consists of determining the Doppler width from the
shape of a given atomic or molecular line, as observed from
a highly accurate laser-based absorption-spectroscopy experi-
ment under a linear regime of radiation-matter interaction [6].
Recently, there have been interesting DBT implementations
based on cavity ring-down spectroscopy (CRDS) [6,7]. Unlike
direct detection of laser transmission from a conventional
absorption cell, the high sensitivity of CRDS enables one to
work at low pressures (of the order of 1 Pa) so that it is
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possible to limit the influence of collisions, thus simplifying
the spectral analysis. This is of the utmost importance to
reduce the uncertainty associated to the choice of the line-
shape model that has been one of the major hurdles for a
low-uncertainty implementation of DBT. By recording the
spectrum of CoH, at 787 nm, the study of [7] demonstrates
a statistical uncertainty of 6 parts per million (ppm), with the
potential of approaching the 1 ppm limit with a proper choice
of molecular target and spectral region. This is confirmed in
Ref. [8], whose temperature determinations on a CO, gaseous
sample at 1.578 um show a statistical uncertainty of 8 ppm.
The uncertainty budget of both papers did not consider the
local heating that results from the intracavity light absorption.
This effect may lead to significant systematical deviations
due to the enhancement of the laser power inside a resonant
high-finesse optical cavity. The present paper is aimed at
investigating this issue. Of the two CRDS experiments, the
attention was focused on the one with the highest precision,
namely, the work dealing with the near-infrared spectrum of
acetylene [7].

II. THEORETICAL MODEL

A. Thermal model

In Fig. 1, a sketch of the optical cavity is reported. We
consider the case of an open symmetric stable resonator
constituting of two circular mirrors with reflection coefficient
r; and r, and transmission coefficient #; and 7,, respectively.
The mirrors’ radius is py and the cavity length is L. We denote
with T = Ty + 8T (r, t) the temperature in the position r at
time ¢, while 7j is the temperature on the walls of the cavity
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FIG. 1. Conceptual scheme of the optical cavity and representa-
tion of the electric fields propagating inside the cavity.

and 47 is the temperature variation due to the optical power
absorbed by the gas sample, Wy, which is assumed to be
completely transformed into thermal energy. The evaluation
of the perturbation induced by the local heating on the tem-
perature determination is given by 87 /Ty, setting Ty at 300 K.
The thermal diffusion inside the optical cavity is ruled by
the inhomogeneous heat-conduction equation with Dirichlet
boundary condition (67 = 0 on the boundary surface, §), that
is,

L 9 A 6T (r t)—1 (r,1)
Dat ’ - K abs ’ ’

(D
8T (r,1)|s =0,

where D and « are the thermal diffusivity and the thermal
conductivity of the gas sample, respectively.

The solution is obtained by the time convolution of the
Green’s function of Eq. (1) with the thermal source, namely,
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where G(r,r’,t —t’) is the solution of the Eq. (1) when a
point source is located at r’ at the time ¢'. The geometry of the
system leads us to choose a cylindrical coordinate system with
the origin at the center of mirror 1 and the z axis coincident
with the cavity axis. Therefore, the Green’s function, taking
into account the boundary condition, is given by [9]
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where 6(r —t") is the Heaviside step function; ¢,(z) and
Yy(p) are the orthonormal and complete sets of eigenfunc-
tions of the longitudinal and radial parts of the Laplacian oper-
ator, respectively; and B,s’s are the sums of the corresponding

eigenvalues:
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Here, Jy(x) and J;(x) are the Bessel functions and I, are the
zeros of Jyo(x). It is worth noting that Eq. (2) describes the
response of the system to a heating source Wy,s by means of
the response at a point source. Finally, the temperature inside
the volume (V,) probed by the laser beam can be evaluated as
the spatial average of 67 (r, ¢):

8T (1) = Vi/ d’r 8T (r, 1). (7)
L VL

B. Optical model

The electric fields playing a fundamental role in the defini-
tion of the heat source Wy, are reported in Fig. 1. We denote
the incident field (at z = 0) as

7iwct7ﬁ
Ei(p,t) = Eygi(t)e (8)

that is the time-domain complex representation of a linearly
polarized Gaussian laser field incident on mirror 1. In this
equation, o, is the laser carrier frequency and wy is the spot
size of the laser beam. The function g;(¢) describes the pulse
envelope, that, in typical CRDS experiments, is a rectangular
function with a time duration A, defined as the switch-on
time of the laser. The frequency spectrum of the incident
field, E;(p, ), has been found via Fourier transformation of
Ei(p, ). Its general form is

>
]
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Ei(p,w) = Eg gi(0 —w)e 5. 9)

The cavity eigenmodes of an open resonator constitute source-
less configurations of the electromagnetic field that satisfy
Maxwell’s relations and the boundary conditions imposed
by the mirrors. As is well known, these modes are uniquely
denoted as transverse electromagnetic (TEM) modes labeled
with eigenfrequency wy,,. The excited eigenmodes depend on
the overlap of the spectral content of the incident field with
cavity eigenfrequency structure and on the extent to which
the transverse profile of the incident beam overlaps with the
cavity transverse modes [10]. Considering that the transverse
size of the incident beam is very small with respect to the
mirror radius and that the spectral content of the incident
beam includes only the fundamental eigenfrequency of the
cavity, it can be assumed that only the fundamental Gaussian
mode (TEM,q) with eigenfrequency wqo0 = 27 q/7,, where
T, = 2L/c is the cavity round-trip time, is excited. The cavity
eigenmodes propagate unchanged after one round trip inside
the cavity, except for a small intensity loss. Thanks to this
property, we can write the fields emerging from the two
mirrors by considering all cavity round trips:

~ €t ~ -

Ep(p. 0) = ———5Ei(p. 0) = Hy(@)Ei(p, @), (10)
— rne
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— ryne

where § = (w/c + it /2)2L is the phase shift due to a single
round trip of the electric field, « is the absorption coefficient
of the gas sample at the frequency w, and € is the coupling
coefficient between the incident field and the fundamental
cavity mode. For an excitation frequency near the fundamental
transverse mode of any longitudinal mode, wyo (|Aw|T, =
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| — wy00lT- < 1), and for an optical thin sample (L < 1),
it is possible to simplify Egs. (10) and (11) so that the response
functions H;(w) and Hy(w) are closely approximated by the
familiar dispersion functions:

1
Hy ~Ap—m8—, 12
) = A— (12)
JAN
Hy(w) ~ —4, 2129 (13)
yr —iAw

where yy = [(1 — rir2)/(rir2) + aLl/t, v = (2 —al)/7,
Ay = ety /(t,r112), and A, = €t1/(2ry). The electromagnetic
flux energies, I and I, from the mirrors 1 and 2, respectively,
are given by the squared modulus of the electric fields in the
time domain. After the inverse Fourier transform, we obtain

I1(p, 1) = L(p)| F [Hy(w)gi(@ + 01> = L(p)hy(t),
L(p,t) = L(p)|F ' [Hy(@)gi(w + 0 )]1* = L(p)hp(t),
(14)

where I;(p) = 2P,/(ww3)e~2*"/" represents the incident in-
tensity and P; is the overall incident power. In summary,
there are two counterpropagating optical fields that induce
an absorption and consequently a local perturbation of the
temperature inside the cavity, each of them depending on the
incident light intensity multiplied by the transfer functions A
and hy,. These latter can be defined as the power enhancement
factors for the forward and backward fields, respectively. The
absorbed power density, in the approximation of an optically
thin sample, is given by [11]
Wavs(p, 2, 1) = a{ly(p, 1)1 — az) + L(p, D1 — a(L — 2)]}.
15)
In CRDS experiments, the mirrors’ reflectivity is quite high
(r1, r» = 1); this feature jointly with the optically thin sam-
ple condition leads to Hy(w) ~ —Hj(w), being y, ~ 2/1, >
|Aw| and Apy,/Ar ~ 1. Taking into account this approxi-
mation, from Eq. (15) it emerges that W, is independent
of z:

(aL1)
Wavs(p, 1) = aly(p,1)(2 —al) = 2ali(p)he@). (16)

We remind the reader that /i (¢) is the squared modulus of the
inverse Fourier transform of Hy(w)g;(w + w.). The transfer
function A () has been calculated exactly; however, an idea
of the qualitative behavior can be obtained considering that
Hy(w) is the response of the cavity to the incident field. After
switching on the laser beam, the electric field E; inside the
cavity grows with an exponential law, E¢(f) oc e’’’ until it
reaches the stationary value. Obviously, because Iy o |E /|2, it
rises with a characteristic time 7. = 1/(2y;). When the laser
beam is switched off, the intracavity intensity decays in an
exponential way with same time constant t.. Therefore, from
Egs. (3)—(7), (14), and (16), we obtain §T,,(¢) as a series of
time functions, namely,
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FIG. 2. Behavior of 7, as function of eigenvalue labels m and s.
The values have been normalized at 7.
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where A, and B; represent the overlapping coefficients be-
tween the eigenmodes of the heat equation, ¥, and ¢,, with
the spatial distribution of the heat source Wy,; on the other
hand, f,s(¢) represents the combined effect of the temperature
rise due to Wy, and the heat diffusion with the decay time
1/(BnsD). After a straightforward calculation of the integrals
of Egs. (18) and (19), considering that A, is equal to zero for
even values of n and that B, cannot be calculated analytically,
we obtain
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In order to determine the number of eigenmodes that are
needed to have a good approximation of §7,y, namely, N; X
N,,, we calculate 1,,; = 1/(Ban+15sD), which determines the
weight of each eigenmode in the sum in Eq. (21) as a function
of m and s. To this purpose, we consider the experimental
configuration of Ref. [7]: L =50 cm, pp = 1 cm, and wy =
0.3 mm. Figure 2 shows the diffusion time t,,; for a variety of
eigenmodes normalized to the value of 7. It is clear that g
is the bottleneck for the heat diffusion process since it gives
the dominant characteristic time limiting fast heat dissipation.
The value of 7, for s > 20 is about 2 x 10~ times smaller
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TABLE I. Summary of the experimental conditions of Ref. [7]
used for the aims of the theoretical calculations.

Operation conditions

Laser power, P; 10 mW
Intracavity beam waist, wy 0.3 mm
Mode matching parameter, € 2.5%x 1073
Empty cavity finesse ~60 000

Mirror’s radius, p 1cm
Cavity length, L 50 cm
Gaseous medium C,H,
Absorption coefficient, & (@50 Pa) 422 x 107%cm™!

than its value at s = 0. In terms of m, the truncation value,
N, has been chosen equal to 50, for which t,,,/ty is about
0.1. In summary, the time evolution of §7,,(¢) is strictly
related to three characteristic times involved in the process:
A, to0 and ., which obviously depend on the experimental
conditions.

III. RESULTS AND DISCUSSION

As already stated above, our model is applied to the CRDS
experiment of Ref. [7], in order to quantify the possible
systematic deviation arising by the local heating produced by
the laser beam. Therefore, we assumed r; = r, = 0.999975.
The sample gas is acetylene at room temperature, 7 =
300 K, with a pressure between 1 and 100 Pa. The incident
wavelength is 787 nm, while the absorption coefficient per
unit pressure is ag = 8.45 x 1078 cm™!' Pa~!. The thermal
properties of acetylene adopted in our calculation are [12]
k = 19.2975 mW/(m K), heat capacity at constant pressure
¢, = 1580 mJ/(gK), and thermal diffusivity given by D =
Kk /(cpd), with being d the gas density. A summary of the
experimental parameters values adopted in the calculation are
reported in Table I. We are now ready to calculate the three
characteristic times. Since p7 < L? and the thermal diffu-
sivity is inversely proportional to the gas pressures, 7o can
be easily found by doing the following approximation 7oy =
1/(Bi10D) ~ ptp/(I5D°), where p is the pressure expressed
in Pa and D° is the thermal diffusivity at the pressure of
1 Pa. If 7 increases with the pressure, the cavity decay time,
7., has an opposite behavior with the pressure, as shown in
Fig. 3. In fact, it can be easily demonstrated that the following
equation holds: . = 1,71 /[2(1 — riry + agpriraL)]. It must
be noted that the heat diffusion time is significantly larger
than the cavity decay time, for almost the entire pressure
range under investigation. Because of the strong difference
between 7. and 7tg0, it is possible to distinguish among
three different dynamical heating regimes depending on the
magnitude of A. In order to describe the heating effect
in the various regimes, we set the gas pressure at 50 Pa,
thus obtaining 7, = 1914 7, ~ 6.4 us and 1oy = 206786 7, ~
0.69 ms. Then, we calculate the behavior of 67,,(t) as a
function of A.

A. Case 1: A K€ 1, < Ty

Equation (14) allows one to calculate analytically the
function hy(t) that determines the time evolution of the in-
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FIG. 3. Behavior of cavity time constant, 7., and heat diffusion
time, Tgo, as function of gas pressure in the cavity.

tracavity heating power. For small values of ¢, a quadratic
approximation holds for A¢(¢), as shown graphically in the
inset of Fig. 4. This figure plots 67, (¢) and h¢(¢) in units of A,
assuming A =4 x 10% 1, (namely, about 1.33 us). Fort = A,
hy(t) reaches its maximum value, that is, hs(A) ~ |AfA|2.
This value is significantly lower than we should expect when
a standing wave condition is established in the cavity. As a
consequence of the small intracavity power, the temperature
variation, §7,y, does not exceed 0.57 uK. Since the effective
temperature variation is the mean value of 87,,(¢) over the
time span of a few t., the net effect of local heating is
absolutely negligible. This is true even though the recovery
time, calculated as the time to fall from 90% to 10% of the
peak value of 7,, maximum of signal (that is, o9 — #o.1) is
relatively large, being about 60 s, and the repetition rate of
the ring-down events is set at the maximum value of the order
of 1/7..
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FIG. 4. Temporal dynamics of §T,,(t) and hs(t) in the case of
A = 4 x 10%1,. The inset shows the quadratic behavior of h(t)
during the time in which the laser is on. The recovery time is about
of 60 us.
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FIG. 5. Temporal dynamics of §T,,(¢) and h,(¢) in the case of
A = 4 x 10*z,. The cavity enhancement factor reaches its maximum
value (|Ay/ yf|2) that is about 730. The recovery time of §T,,(¢) is
about 0.21 ms.

B. Case2: 1. € A K 19

Setting A =4 x 10* 7, (~ 133 us), a standing wave is
established inside the cavity before the laser light is switched
off and the cavity enhancement factor reaches its stationary
value, hrmax = JA7/y¢|?. Heat dissipation occurs with a char-
acteristic time much larger than A; therefore § 7,y (¢) increases
up to the value of 0.24 mK, as shown in Fig. 5. The effective
temperature variation is of the same order of magnitude since
the mean value is calculated over a time interval during which
8T, () exhibits a small variation.

C.Case3: 1. K190 € A

This case is described in Fig. 6. We set A =4 x 10° 1,
corresponding to about 13 ms. In this experimental condition,
light absorption takes place for a long time, during which
the power builds up into the cavity and the produced heat
propagates throughout the medium. Therefore, §7,, reaches
the value of 0.4 mK, thus leading to a perturbation in the gas
temperature of about 1.3 ppm.

IV. CONCLUSIONS

An optical and thermal model to quantify the local heating
in DBT experiments, based on the CRDS technique, has been

0.4+
0.3+
0.2+

av

5T (mK)

0.1+

0.0

800

700
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500
400
3004
2004
100
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-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
Time (units of A)

cavity enhancement factor, hf

FIG. 6. Temporal dynamics of §T,,(¢) and hf(¢) in the case of
A = 4 x 10°z,. The maximum deviation of temperature is 0.4 mK.
The recovery time is 0.85 ms.

presented. This effect is caused by light absorption from the
intracavity gaseous medium. The temperature maps have been
calculated by using the Green’s functions method for heat dif-
fusion. The temperature perturbation depends on several pa-
rameters, such as the size of the optical cavity, the reflectivity
of the mirrors and the thermal and optical characteristics of the
probed gas. It turns out that three dynamical regimes can be
identified. The worst case in terms of temperature perturbation
occurs when the incident laser is switched on for a time in-
terval that is larger than the heat diffusion time and the cavity
decay time. In this condition, which is quite common in CRDS
experiments, the perturbation at room temperature amounts
to about 1 ppm. In each regime, the temperature perturbation
increases linearly with the incident power and the absorption
coefficient, which, in turn, is proportional to the gas pressure.
Consequently, there might be experimental situations in which
the local heating is far from being a negligible source of
systematical uncertainty in Doppler broadening thermometry.
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