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Physically, quantum gates (unitary gates) for quantum computation are implemented by controlling the
Hamiltonian dynamics of quantum systems. When full descriptions of the Hamiltonians are given, the set of
implementable quantum gates is easily characterized by quantum control theory. In many real systems, however,
the Hamiltonians may include unknown parameters due to the difficulty of performing precise measurements
or instability of the system. In this paper, we consider the situation that some parameters of the Hamiltonian
are unknown, but we still want to perform a robust control of the Hamiltonian dynamics to implement a
quantum gate irrespectively to the unknown parameters. The existence of the robust control was previously
shown for single-qubit systems, and a constructive method was developed for two-qubit systems if a full
control of each qubit is available. We analytically investigate the robust controllability of two-qubit systems,
and apply Lie-algebraic approaches to handle the cases where only one of the two qubits is controllable. We
also numerically analyze the robust controllability of the two-qubit systems where the analytical approach is
not necessarily applicable and investigate the relationship between the robust controllability of systems with a

discrete and continuous unknown parameter.
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I. INTRODUCTION

To implement the quantum circuit model of quantum com-
putation [1] in physical systems, each quantum gate (unitary
gate) is generated by Hamiltonian dynamics of the physical
systems such as Nuclear Magnetic Resonance (NMR) [2,3],
nitrogen-vacancy (NV) center [4-6], and superconducting
qubits [7-9]. However, the Hamiltonians of available phys-
ical systems may not be the exact generators of the unitary
gates. We can still implement unitary gates by using time-
dependent Hamiltonians, if some parts of the Hamiltonian
can be changed in time. For a given Hamiltonian and its
time-controllable parts, a set of implementable gates can
be obtained by quantum control theory [10-12]. Consider a
simple example in which a system Hamiltonian is given by
H({) = u(®)Hy + v())H,, where Hy and H, are fixed time-
independent Hamiltonians and u(f) and v(f) are functions
representing the time-dependent part that we can control in
time. The functions of u(f) and v(f) are referred to as control
pulses in quantum control theory and we will assume that they
can take both positive and negative values. The corresponding
unitary evolution operator of the Hamiltonian dynamics of
H(f)is given by U(F) = Te 7 /9™H® where T represents the
time-ordering operator.

There are two key formulas for deriving the set of imple-
mentable unitary gates [11,13,14], i.e., for any bounded oper-
ators A, B and t € R;.. (i) Commutator expansion formula:

Ua.p () := oAV =BV AV BV

We define a dimensionless quantity of the system Hamiltonian
H() by H(t) = H(f)/(hw.) where fiw. denotes a charac-
teristic energy scale of H(f) and t = w.f is a dimension-
less parameter. For H(t) = u(¢t)Hy + v(¢)H;, the commuta-
tor expansion guarantees that the Hamiltonian dynamics of
%[iHo, iH] is simulable by appropriately setting the con-
trol pulses u(z) and v(t) as limy_, oo [Upa (¢ /N)IV = €48,
Here, we implicitly use the condition that the values of u(t)
and v(¢) can be positive and negative. This formula further
implies that dynamics of multiple commutators of iHy and
iH such as 1[iHy, [iHy, iH,]] is also simulable as el#4l =
e 4Bl and thus the negative times can be simulated. The
Trotter expansion formula verifies that the dynamics of all
linear combinations of these multiple commutators of iH
and iH; are simulable due to limy_, oo [Uy p(t /N)]¥ = eAFB)",
Therefore, a set of simulable Hamiltonians has a Lie-algebraic
structure, and any unitary gates are implementable by appro-
priately setting u(¢) and v(¢) if the multiple commutators of
the Hamiltonians span all Hermitian operators on the system.
We call such systems to be fully controllable.

In fact, one of the control pulses is not necessary for
achieving the full control [10-12]. Consider that the total
Hamiltonian is given by H(¢t) = Hy + v(t)H;, where Hj is
called a drift Hamiltonian constantly applied on the system
and we cannot change any part of Hj in time. It is still
possible to implement the same set of unitary gates generated
by H(t) = u(t)Hy + v(¢)H, if Hy is a finite-dimensional op-
erator, since we can effectively control the contribution of H

32 (1) by setting v(r) = 0 and simulating the action of its inverse
=1+1[A, Blt + 0@™), —H, within an arbitrary error & by choosing the evolution
(ii) Trotter expansion formula: time 7’ = 7, — t, where T, is the recurrence time of Ho, i.e.,
[I — e T || < &. Implementing H; alone is then a simple
Uap(t) = "e® =14+ (A+ By + 0(). (2)  consequence of the Trotter expansion formula.
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However, if there are unknown parameters in a drift Hamil-
tonian, which happens in real systems [3,6,9], the recurrence
time depends on the parameter, and the inverse unitary trick
cannot be used. Nevertheless, it has been shown that there
exist robustly controllable single-qubit systems with unknown
parameters in compact and continuous sets [15-20], i.e., we
can implement any single-qubit unitary gate irrespective to
the unknown parameter by a technique called the polynomial
approximation developed by Refs. [15-18] or a systematic
search of control pulses for canceling the unknown parameter
[19,20].

Two-qubit unitary gates are necessary for constructing
global unitary operations [1,21] required for quantum comput-
ers to outperform classical counterparts. The robust controlla-
bility of two-qubit systems has been explored for the cases
where all single-qubit controls are achieved and a general and
constructive control method has been proposed [22].

In this paper, we take a more universal method by em-
ploying an Lie-algebraic approach to investigate the robust
controllability of two-qubit Hamiltonian dynamics even appli-
cable for the cases where the control pulse is available on the
Hamiltonian of only one of the two-qubits. We also consider
the robust controllability of the two-qubit systems where the
values of the unknown parameters are given as finite sets,
or a discretized subset of a given continuous set. The robust
controllability of the systems with unknown parameters given
in finite (discretized) sets has been well studied [18,23,24], but
the differences between continuous and discretized cases have
not been clarified, i.e., whether the robust controllability of the
systems with unknown parameters in all discretized subsets
of a given continuous set implies the robust controllability of
the continuous one. We investigate this problem by combining
analytical and numerical approaches.

This paper is organized as follows. We briefly review
the proofs of the robust controllability of given single-qubit
systems in Sec. II and show the robust controllability of
two-qubit systems in Sec. III. We also give systems whose
robust controllability is unclear by our analytical approach in
this section. In Sec. IV, we introduce another technique, dis-
cretization, to numerically investigate their robust controlla-
bility by using the QuTip control package [25,26] and provide
an example which does not seem robust controllable in Sec. V.
We also discuss the relation between robust controllability
for unknown parameters in continuous and discretized sets in
Sec. V. Finally, we present the summary and discussions in
Sec. VL.

II. REVIEW OF THE ROBUST CONTROL FOR
SINGLE-QUBIT SYSTEMS

The total Hamiltonian of the system is given by H(t) =
H;(w) + v(t)H,, where the drift Hamiltonian H;(w) contains
an unknown parameter w and H, is the part of the Hamiltonian
called the control Hamiltonian associated with the control
pulse v(zr). We set that the characteristic energy scale hiw, for
defining the dimensionless Hamiltonian H (¢) is given in terms
of the energy scale of the control Hamiltonian H.. in this paper.
Note that parameters w and ¢ in H(¢) are also dimensionless
quantities. We allow v(¢) to consist of arbitrary piecewise
constant elements and the bang-bang style §-function pulses

[27-29]. Tt is important to separate the drift Hamiltonian from
the controllable part by the control pulse for the case with
unknown parameters. We also assume o is in [wg, w;] C R
and denote the set of Hamiltonians which can be simulated by
H(t) as ILH(,).

The first example [15,16,19] of the robust control of the
single-qubit system is presented in the system whose Hamil-
tonian is H;(w) = wX and H. = Z, where X,Y, and Z are
Pauli operators. Note that the characteristic energy scale fiw,
for the dimensionless Hamiltonian H () is defined in terms
of the control Hamiltonian, namely, H,. = hw.Z in this case.
By applying é-function pulses, we can effectively apply the
unitary gate Z and thereby invert H;(w), i.e., —Hy(w) €
Ly because of ZXZ = —X and aHy(w)+ BH: € Ly
by the Trotter expansion formula. According to the com-
mutator expansion formula, oY = [iH;(w), iH.]/(2i) is in
Ly and w?H, = [ioY, iH;(®)]/(2i) € Ly). By induction,
the dynamics of w?"*'X, @**'Y are implementable for n =
0,1,2,.... Taking linear combinations with weighted coef-
ficients and using the Trotter expansion formula, we can see
wfi (@)X + o fz(wz)Y € Ly for any polynomial functions
fi’s. fi(w) can be approximated so that wf; (w*) =6, and
wfr(w?) = 6, within an arbitrary small error for any w €
[wo, w1] and constant 8;, 6, € R if wyw; > 0 because o fi(w?)
is odd. Having any rotation around the X and Y axes at hand,
we can robustly perform any quantum gate on this system
when wow; > 0, and this technique is called the polynomial
approximation [15-17].

The second example is Hy(w) =X + Y and H, = Z.
This has the same controllability of u(f)H,;(w) + v(t)H, since
—H;(w) = ZH ;(w)Z. By a similar procedure of the first
example, we can see

fi(@HHy (@) + fr(@HH, + f3(w*)Ha(w)
= [fi(0®) — ofs(0®)]X
+ [f3(@®) + 0 filoD)]Y + fr(0?)Z,

where H,(w) := Y — wX is simulable [18] for arbitrary poly-
nomial functions f;(w?). Assume there are robustly control-
lable functions f, f3 satisfying fi(@?) — wf3(w®) = 6; and
f3(0?) + ofi(w?) = 6, for any 0y, 6, € R. Then,

01 + wb,

O + 0b b2 — 0t
14+ w?

0

2 2

= 5 = 3
Ji(w®) f3(@%) T o 3)
are required, and if wyw; > 0, either v = Vw? or —w = vV ?
is satisfied for all w € [wy, w;]; thus the right-hand sides
of Egs. (3) are described by polynomials of w® within an
arbitrary accuracy, and this system is robustly controllable as

long as wow; > 0.

III. ROBUSTLY CONTROLLABILITY OF
TWO-QUBIT SYSTEMS

We show that there exist robustly controllable two-qubit
systems for a compact and continuous unknown parameter
with the polynomial approximation in Sec. IIT A. In Sec. III B,
we will give systems for which we cannot show the robust
controllability by the polynomial approximation. Whether
these systems are robustly controllable is an open problem.
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A. Proofs of robust controllability by the
polynomial approximation

We show four robustly controllable two-qubit systems in
this subsection. The total Hamiltonian of each system has
either one or two control Hamiltonians, e.g., H(¢) = Hy(w) +
v(t)H, or H(t) = Hy(w) + u(t)H,, + v(t)H,,. The first two
systems (systems A and B) have one control Hamiltonian, and
the unknown parameter @ of systems A and B is on a local
Hamiltonian of one of the two qubits and on an interaction
Hamiltonian between two qubits, respectively. The other two
systems (systems C and D) have two control Hamiltonians,
and their unknown parameter  is the coupling strength of
the two-qubit Heisenberg interaction. Also, system D has a
second unknown parameter v corresponding to an additional
local field.

1. System A: Hj(@) =X QI+ X QX +Y QY +ZQ®Zand
H, =Z ® I (one unknown parameter » on a local Hamiltonian
and one control pulse)

This system can simulate the Hamiltonians dynamics of the
following Hamiltonians:

H;(w)and £ H,, @
—Hy(w)+2Z®Zand +ZQ® Z, 6)
—H;(w)and + wX ® I, (6)
+XRX+YRY+ZRZ). 7

The Hamiltonians in (4) are simulable by the §-function tech-
nique for v(¢). From the observation of (Z @ I)[Hy(w)](Z ®
I)=—-H;(w)+2Z ® Z, we obtain Hamiltonians in (5) by
the Trotter formula and the finding recurrence time of Z ® Z.
Hence, the Hamiltonians in (6) are simulable by the Trotter ex-
pansion formula and the commutator expansion formula since
wX @1 x[Z®Z, [Hiy(w),Z ® Z]], and finally Hamiltonians
given by (7) are obtained by the Trotter expansion formula.

We showed in Sec. II that adjusting £wX and £Z is
sufficient to robustly control single-qubit dynamics for w €
[wo, w1] if wow; > 0 is satisfied. Full control for one of
the qubits and the two-qubit Heisenberg interaction achieve
the full controllability of the two-qubit system; thus we can
implement any unitary gate in SU(4) on the system as long as
wowy > 0.

This procedure also works for the system with H;(w) =
XQ@QI+o0Y @I+ XQRX+YQRY+ZQ®Z and H. =72 Q
I. That is, we can obtain the same simulable Hamiltonians
given by (4)—(7) except the right Hamiltonian of (6), i.e.,
X Q@I = XQ®I+wY ®I. Adjusting X ® I + wY ® I and
Z ® 1 is sufficient to robustly control single-qubit dynamics,
and therefore this system is also robustly controllable.

2. SystemB: Hj(w) =XQ@I+I®X +wo(X®X +Y ®Y)and
H, =Z ® I (one unknown parameter » on an interaction
Hamiltonian and one control pulse)

The simulable Hamiltonians of this system are

Hy(w)and £Z ®1, (8)
—Hy)+2I®X and £1®X, 9)
—Hy(w)and £ Y ®Y. (10)

The procedure of obtaining Hamiltonians in (8)—(10)
are the same as in (4)—(6) due to W/ @Y x[I®
X, I ®X,H;(w)]]. By the commutator expansion for-
mula, @’ I QY x[I®X,[Hy(®),[ZRI, Hi(w)]]], «*®
Zx[I®X, 0’ I®Y], and 0l @ X x [0’ Y, w*] ® Z]
are simulable, and thus 0™t I QY « [0 ® X, 0" 2 @
Z] and 0*"*?2I ® Z  [0*l ® X, *" 2] ® Y] are inductively
simulable for any n =1,2,..., and / ® Y is robustly sim-
ulable by the polynomial approximation if [wg, w;] does
not include zero. Now we obtain wX X x[ZQ®I,[I ®
Z, oY ®Y]]and thus X ® I + I ® X by the Trotter expansion
formula. X ® X andY ® Y are robustly simulable via multiple
commutators of w?’l ® Z if wyw; > 0. System B is robustly
controllable because controlling X I + I ® X, IQY, X ®
X,and Y ®Y is sufficient to implement any unitary gates in
SU4).

3. System C: Hi(@) =0 X QX +YQY+ZQZ),H, =XQ®I
and H,, = Z ® I (one unknown parameter » on an interaction
Hamiltonian and two control pulses)

The simulable Hamiltonians of this system are
Hy(w)and £ X @I and +ZQ1, (11)

—Hj(w)+2wX ® X and — Hy(w) +20Y QY
and —Hy(w) +2wZ ® Z,
+TwX @ X and +wY QY and + wZ Q Z. (13)

(12)

Hamiltonians in (12) are obtained by applying strong lo-
cal fields, i.e., a,'Hd(a))of fori=1,2,3, where o =X ®
I, o, =(ZRDNHX®I), and 03 =Z ® I, respectively. By
the Trotter expansion formula and the §-function technique,
we can simulate Hamiltonians in (13) and +0**''X ®
X, ™'Y ®Y and o™X ®X for n=0,1,2,...
since @ M'X @ X « [ZQ I, [0X @ X, [wX @ X, [ 'X ®
X, Z ® I1]]] holds and so on. Thus, weobtain X ® X, Y ® Y,
and Z ® Z dynamics by the polynomial approximation if
w € [wg, w1] and wow; > 0, and the robust controllability of
system C is shown by using the full controllability of each
single qubit and the Heisenberg interaction.

4. System D: Hi(v,0) =vX QI+ 0o X X +Y QY +ZQZ),
H, =XQ®Iand H.,, =Z ® I (two unknown parameters v, ® and
two control pulses)

The simulable Hamiltonians of system D are almost same
as the Hamiltonians given by (11)—(13) except wX ® X —
VX ® I+ wX ® X. We can robustly simulate ¥ ® Y and
Z ® Z similarly to system C, and +vX @  x [Y ® Y, [vX ®
I+ wX ®X,Y ®Y]] are obtained, i.e., canceling X ® I is
possible. Thus, system D is robustly controllable for w €
[wo, 1] (wow; > 0) and any v € R in principle.

In systems A to D, we introduced three techniques to
show robust controllability, obtaining a set of Hamiltonians
whose inverse dynamics are simulable, showing simulable
Hamiltonians generated by the set via Lie-algebraic approach
and the polynomial approximation. However, there are the
cases where we cannot obtain a large enough set of invertible
Hamiltonians to algebraically show robust controllability, as
presented in the next subsection.
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B. Systems whose robust controllability is unclear

We show examples of the systems whose robust control-
lability is unclear via the polynomial approximation in this
subsection.

1. System E: Hy (@) =X QI+ 0o X X +YQ®Y+ZR®Z)and
H, =Z ® I (one unknown parameter ® on an interaction
Hamiltonian and one control pulse)

Simulable Hamiltonians are the following ones obtained by
the same procedure of system A:

Hy(w)and £ Z ®1, (14)

—Hy(w) +20Z ® Z and 0Z @ Z. (15)

However, the simulability of —wZ ® Z is unclear since the
recurrence time of wZ ® Z depends on the unknown param-
eter w. Also strong fields do not work because wZ ® Z is
commuting with H.. Hence, we cannot apply the procedure
for obtaining (5) and (6), and the Hamiltonians (14) and
(15) are not enough to prove the robust controllability of
system E. Whether this system is robustly controllable is
unclear from the polynomial approximation, as there may be
less direct ways involving nonalgebraic evolutions leading to
robust elements.

This kind of problem happens even in a single-qubit system
such as Hy(w) = X + wZ and H, = Z. By applying strong
fields, we can simulate Z(—H;(w))Z = —H;(w) 4+ 2wZ and
wZ by the Trotter expansion formula. However, simulability
of —wZ is unclear because wZ and H. commute, and thus the
robust controllability of this system is also unclear with our
Lie-algebraic approach. Note that, however, it does not neces-
sarily imply that these systems are not robustly controllable.

In the following section, we will numerically investigate
the robust controllability by using a method called discretiza-
tion [18,23,24] for a given region of the unknown w to provide
arobust control pulse and investigate the robust controllability
of system E for the region. In addition, system E is a good
candidate to see the difference between the robust controlla-
bility for continuous and discretized unknown parameters as
mentioned in Sec. V B.

IV. DISCRETIZATION OF THE UNKNOWN PARAMETER

In this section, we introduce another method to seek robust
controllability, discretization. The idea is to make sure that
the controls are robust on equally spaced points in the interval
and hope that the robust controllability is kept in other points
between them. This may seem to be a natural strategy, but with
increasing number of points the control time also increases,
and thus it is not clear if this strategy works toward the
continuous limit.

Specifically, consider @ in a finite set Qy =
{0, 0?, ..., 0™} C [wy, ®]. In this case, we only need to
guarantee the robustness for N different configurations of the
systems whose Hamiltonians are given by H;(0™) + v(t)H,
for n=1,2,...,N. Our goal is to implement any target
unitary gate U on each configuration of the systems in
the same time. The robust controllability for w € Qy is
guaranteed by quantum control theory; i.e., the system

can be described by a larger dimensional system with a
fully known system by defining another total Hamiltonian
H(t) = Hy(Qy) + v(t)H,, where

Hy(Qy) = &_ Hy(w™),

Hy(o™)
Hy(0®)

Hy(o™)
HC = @i:l:]Hc’

are given in block-diagonal forms. The recurrence time of
the extended fully known system H,;(2y) can be derived in
principle, and thus this system has the same controllability
of u(t)H;(Qy) + v(t)H,. Now, the problem to be solved
becomes the number of linearly independent Hamiltonians
generated by the multiple commutators between H,;(Q2y) and
H,. The maximal number is N(d?> — 1) since H(t) are in
the block-diagonal form, where d is the dimension of the
individual systems. To achieve the maximal number, there is a
useful lemma for controllability of such a block-diagonalized
Hamiltonian system [18,23,24]: The system with H,(t) :=
H;(w) + v(t)H, is robustly controllable for w € Qy within an
arbitrary small error if and only if the following are true:

(1) The system with Hamiltonian H,(¢) is fully control-
lable for each w € Qy.

(2) All Hamiltonians H,cq, (t) are not mutually unitarily
equivalent.

Note that an operator A is unitarily equivalent to another
operator B via a unitary operator X if the relation A = XBX
holds.

The first condition guarantees to implement an arbitrary
quantum gate on the individual systems. The second condition
is required to perform quantum gates on each of the systems
independently. Note that the first condition is not necessary
if full controllability is not required and satisfying the second
condition implies not only robust but also ensemble control-
lability; i.e., we can implement U = eaf";lUi for any U;’s in
SU(d). A special case of ensemble control where all U; for all
i are identical to a given target gate U, namely U; = U for all
i corresponds to robust control.

From the second condition, we can see the reason why
wow; > 01is required in the case of H;(w) = wX and H, = Z.
It is trivial for w = 0, and thus we assume that wow; < 0, i.e.,
wy < 0 < wy, then there exists & > 0 such that & € [wy, w].
He(t) is unitarily equivalent to H_¢(¢) via Z and the second
condition is violated.

Discretizing the unknown parameter is a useful technique
for numerically searching an appropriate v(¢), as the search
can be reduced for finding a robust control pulse v(¢) to
implement U = @Y ,U by the fully known block-diagonal
Hamiltonian H(¢) for a target gate U. The gradient ascent
pulse engineering (GRAPE) algorithm [30] is a well-known
method to solve this kind of problem, although there are many
other methods to search control pulses [31-37]. We use the
QuTip control package [25,26] to find the robust control pulse
v(t) by the discretization approach in Sec. V.

By using numerical searches with the discretization, we
can estimate the control time 7, (V) to achieve ¢ error for all N
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e(w)

104

6x107°

4x107°

1?0 1?2 1?4 1j6 1j8 2?0
w

FIG. 1. The error spectrum €(w) for dimensionless w € [1, 2]
to implement a controlled-NOT (CNOT) gate by the dynamics of
H(t) = Hy(w)+v(@)H, for Hj(w) =X QI +X X +Y QY +
ZQ®Z and H. =Z ® I (system A), where v(¢) is numerically ob-
tained by the discretization approach for ;; = {1.0, 1.1, ...,2.0}.
The black line represents errors (a vertical axis) of the dynamics with
w € [1, 2] (a horizontal axis) from the ideal CNOT gate evaluated by
Eq. (17) where d = 4 and T = 32. The black dots represent errors
for the points in €24;.

points. If the scaling of T, (N) is less than O(N), then we can
see the worst error between N points becomes smaller with
increasing N. To see this, we use the inequality [38]

10w, () — Us, (DIl < tlHa(wa) — Ha(wp)ll,  (16)

where U, (1) = Te=Jo47Ho®_ For any w, € [wy, 1], there
exists w, € Q2 such that ||Hy(w,) — Hy(wp)|| X |, — wp| <
1/2(N — 1), and ||Hy(w,) — Hy(wp)||T:(N) decreases with
N if T,(N) < O(N). Thus, the robust controllability for a
continuous unknown parameter can be clear with respect to
a given allowed error by estimating 7,(N). Although the re-
search in Refs. [19,20] show methods to obtain robust control
pulses for several single-qubit systems, two-qubit and more
general single-qubit cases are still unclear. Thus, we use the
discretizing approach to see the robust contollability.

V. NUMERICAL RESULTS OF ROBUST CONTROL

The analytical result provides the existence of a control
pulse v(z) approximating any unitary gate in SU(4) in arbi-
trary accuracy for a compact and positive (or negative) con-
tinuous parameters, but it does not provide the construction of
v(t). We investigate whether the pulse sequences numerically
obtained by the discretization approach can be also applicable
to achieve the robust control for the continuous range of
the corresponding unknown parameter [31-37] and whether
the applicability depends on the types of Hamiltonians whose
robust controllability for a continuous unknown parameter is
analytically shown (system A) or not (system E).

A. Numerically searching robust control pulses by discretization

We show the discretization trick helps to find the ro-
bust control pulse for a continuous unknown parameter w €

5.0

2.5

0.0

=25

0 5 10 15 20 25 30
t

FIG. 2. The control pulse v(#) for the robust control realizing the
error spectrum shown in Fig. 1. The total time of control T is 32.
We divide the total time by 128, and set v(f) be a constant in ¢t €
[(n—1)T/128,nT /128] for any n =1,2,...,128 where ¢ and T
are dimensionless parameters.

[wo, 1] by an example of system A, where the robust con-
trollability is analytically shown. For the numerical search
of v(t), we first choose 2;; ={1.0,1.1,...,2.0} C [1, 2],
i.e., wp = 1 and w; = 2, and a controlled-NOT (CNOT) gate as
the target unitary gate. We obtain v(¢) by using the QuTip
control package [25,26]. The accuracy of robust control is
evaluated by the error €(w) of the dynamics U, (T ) generated
by H;(w) + v(t)H, with a control time T against the target
gate operation U, given by
e)=1—(1/d)TrU,

arg

Un(T)), a7

where d is the dimension of the system and d = 4 is selected
in the numerical analysis.

Figure 1 represents the error spectrum e(w) over w € [1, 2]
(the black line), and the black dots represents the errors € (w)
for the discrete points in €21, where the control time is T =
32. The error spectrum is kept around O(10~*) and the robust
control is achieved in w € [1, 2] despite the fact that v(¢) is
obtained by the algorithm guaranteeing the accuracy only for
w € 2. Figure 2 represents the control pulse v(¢) generating
the robust control of Fig. 1. Note that the §-function-like
large amplitude control pulses are necessary to show the
robust controllability for the continuous unknown parameter
analytically by the method presented in Secs. II and III, but
such pulses do not appear in Fig. 2.

B. Robust controllability of system E

We investigate the robust controllability of system E by
numerical approaches where the robust controllability is un-
clear within our analytical approach. System E with H,, () is
fully controllable for each w € [1, 2] and all H,,(¢) and H,, (t)
with @ # ' € [1,2] are not mutually unitarily equivalent;
thus, there exists a robust control pulse v(¢) for w € € in
an arbitrary small error according to the lemma presented
in the previous section. In this sense, investigating the ro-
bust controllability of system E helps us to understand the
relations between the robust controllability for continuous
and discretized unknown parameters. To search the robust
control pulse for a continuous unknown parameter w € [1, 2],
we choose Q217 := {1.0, 1.1, ..., 2.0} C [, 2], the CNOT gate
as the target gate, and 7 = 32. We obtain Fig. 3, whose
black dots represents the errors of the dynamics generated by
H;(w) + v(t)H,. with a duration time T = 32 for the discrete
points in €2;;, and the black line represents €(w) over w €
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€(w)

1073 4

1074 A

1.0 1.2 1.4 1.6 1.8 2.0
w

FIG. 3. The error spectrum €(w) for dimensionless w € [1, 2] to
implement a CNOT gate by the dynamics of H(¢) = H;(w) + v(¢)H,
for Hi(w)=XQ@I+oX X +Y QY +Z®Z)andH. =ZQ1
(system E), where v(#) is numerically obtained by the discretization
approach for Q;; = {1.0, 1.1, ...,2.0}. The black line represents
errors (a vertical axis) of the dynamics with w € [1, 2] (a horizontal
axis) from the ideal CNOT gate evaluated by Eq. (17) where d = 4
and T = 32. The black dots represent errors for the points in €2y;.

[1, 2] by using the same control pulse v(¢) for the cases of both
discretized and continuous unknown parameters. The error
spectrum is kept around O(10~*) over w € [1, 2].

The question now is whether we can obtain the robust
control pulse for an arbitrary small allowed error. To see this,
we numerically estimate the minimum control time 7 (N) for
given N and &, where N is the number of discretization such
as Qp :={1+N’i1 |ln=0,1,...,N—1} €[1,2], and ¢ is
an allowed error for each configuration. We set the target
gate to the CNOT gate and investigate the time in the cases
of allowed errors 1072, 1073, 107, and 10~ for system E
with discretizing 3, Qs, ..., where we search the time in
only integers as control time and check if the error of each

T.(N)

(a) System A

30 A

254

204

15 A

101

configuration w € Qy is under a given allowed error which
is estimated by Eq. (17). We also investigate system A to
compare the results of system E.

The results of systems A and E are shown in Figs. 4(a)
and 4(b), respectively. They represent the minimum control
time 7. (N) (a vertical axis) to let all the NV (a horizontal axis)
points in 2 be under a given allowed error (a color of lines),
where @ := {1.0}. The black dots show the minimum control
time T,(N) achieving the CNOT gate within each of allowed
errors (1072, 1073, 10~%, 107>) for all w € Q. We can find a
robust control pulse to be under a given allowed error for all
€ [1, 2] on points with a red square.

System E looks robustly controllable since we can find the
robust control pulse for w € [1, 2] under 1073 error, which is
the same level as system A, although this result does not mean
the existence of the control pulses achieving an arbitrary small
error. The numerical search for the robust control pulse for
system E is more difficult than that for system A since the
large N is required to obtain the pulses for a given allowed
error to implement the CNOT gate. This tendency also appears
in the cases of implementing another target unitary gate or
the single-qubit systems. For example, this tendency appears
when we compare the system with H;(w) =X + wY and
the system with H. = Z with H;(w) = X + wZ and H. = Z,
where the former system is shown to be robustly controllable
but the latter is not.

VI. SUMMARY AND DISCUSSIONS

We performed a Lie-algebraic analysis on robust control-
lability for two-qubit systems and showed that there exist
robustly controllable two-qubit systems by constructing ex-
amples (systems A, B, C, and D). In the examples we have
shown, the control pulse v(¢) of the control Hamiltonians is
applied only on one of the two qubits and the robust control is
achieved for an unknown parameter in a compact and positive
(or negative) continuous set. We also numerically analyzed
the robust controllability of systems A and found the robust
control pulses by using the QuTip control package. Then, we
numerically investigated a system whose robust controllabil-
ity is analytically unclear (system E), and we obtained a robust

T-(N)

— 105 .
304 --- 10¢ (b) System E

—-- 1072
Je ]
20
151
104
5]

0 5 10 15 20

FIG. 4. (a) System A. (b) System E. The minimum control time 7;(N) (a vertical axis) to let all the N (a horizontal axis) points in Qy be
under a given allowed error (line style) where ©; := {1.0} and we search the time in only integers. The black dots show the minimum control
time 7,(N) achieving the CNOT gate within each of allowed errors (1072, 1073, 10~*, 10~°) for all w € Qu, and we can find a robust control
pulse to be under a given allowed error for all w € [1, 2] on points with a gray square. 7, (N) is a dimensionless quantity.
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control pulse achieving around 10~* error for all € [1, 2] as
shown in Fig. 3. To study the robust controllability of system E
within an arbitrarily small error, we investigate the minimum
control time for a given N-discretized w € Qy by the same
numerical approach. As a result, the robust controllability of
under 107 error for all w € [1, 2] on systems A and E are
numerically shown in Fig. 4. Thus, we conjecture that system
E is also robustly controllable for continuous unknown w, and
any systems which satisfy the conditions (1) and (2) presented
in Sec. IV [39]. It is worth noting that the difficulty of finding
the robust control pulses via the QuTip control package may

be related with the invertibility of a drift Hamiltonian, as we
observed this tendency in our numerical results.
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