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Consider the set S = {pse} of possible initial states of the system-environment, steered from a tripartite
reference state wgsp. Buscemi [F. Buscemi, Phys. Rev. Lett. 113, 140502 (2014)] showed that the reduced
dynamics of the system, for each ps € TrgS, is always completely positive if and only if wgse is a Markov
state. There, during the proof, it has been assumed that the dimensions of the system and the environment can
vary through the evolution. Here, we show that this assumption is necessary: we give an example for which,
though wgsg is not a Markov state, the reduced dynamics of the system is completely positive, for any evolution
of the system-environment during which the dimensions of the system and the environment remain unchanged.
As our next result, we show that the result of Muller-Hermes and Reeb [A. Muller-Hermes and D. Reeb, Ann.
Henri Poincare 18, 1777 (2017)], of monotonicity of the quantum relative entropy under positive maps, cannot
be generalized to the Hermitian maps, even within their physical domains.
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I. INTRODUCTION

Consider a closed finite-dimensional quantum system
which evolves as

p— p' =Ady(p) =UpU", (1)

where p and p’ are the initial and final states (density opera-
tors) of the system, respectively, and U is a unitary operator.
(UUT =U'U =1, where I is the identity operator.)

In general, the system is not closed and interacts with its
environment. We can consider the whole system-environment
as a closed quantum system which evolves as Eq. (1). So the
reduced state of the system after the evolution is given by

ps = Trg o Ady (psg) = Tre(U psgU™), ()

where pgg is the initial state of the combined system-
environment quantum system and U acts on the whole Hilbert
space of the system-environment.

There was a tendency to assume that the reduced dynamics
of the system can always be written as a completely positive
trace-preserving (CP) map; i.e., it can be written as

ps = ZE" Os E,T, ZE,TEI' = I, (3)
i i
where ps = Tre(psg) is the initial state of the system. In

addition, E; are linear operators and Iy is the identity operator
on the Hilbert space of the system Hg [1].
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But, in general, this is not the case. In fact, the CP-ness
of the reduced dynamics has been proven only for some re-
stricted sets of initial states of the system-environment [2—8].

A remarkable result in this context is that given in [6].
Consider the set S of possible initial states of the system-
environment, steered from a tripartite state wgsg. There, it has
been shown that, for all pgg € S, the reduced dynamics of the
system is CP, for arbitrary U, if and only if wgsg is a so-called
Markov state.

The above result is important, not only because it includes
all its previous results [7], but also because it is, in fact, the
most general possible result [9], at least, within the framework
of [10]. In the next section, we will review this result.

During the proof of the above result in [6], it has been
assumed that the dimensions of the Hilbert spaces of the
system Hg and the environment Hp can vary during the
system-environment evolution U, in general. In [11], we have
questioned whether this assumption can be relaxed or not. In
Sec. III, we show that this assumption is necessary for the
result of [6]: we give an example, for which, though wgsg
is not a Markov state, the reduced dynamics is CP, for any
evolution U, which does not change ds and dg, the dimensions
of Hs and Hp, respectively.

We give our next result, on monotonicity of quantum
relative entropy, in Sec. IV. The quantum relative entropy of
the state p to another state o is defined as

S(pllo) = Tr(plog,p) — Tr(plog,o), 4)

if supp[p] C supplo], otherwise it is defined to be +o0 [1]
(supp[n], the support of the state 7, is the subspace spanned
by the eigenvectors of n with nonzero eigenvalues).

©2019 American Physical Society
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It was known that the relative entropy is monotone under
CP maps W [1,12]:

S(pllo) = S(¥(p)lI¥(0)), ®)

for arbitrary states p and o. Recently, the above result has
been generalized to the case of positive trace-preserving maps,
too [13]; i.e., in Eq. (5), ¥ can be a positive trace-preserving
map. Positive maps are those which map any positive operator
to a positive operator. If we consider positive maps as the most
general physical time evolutions, then this result means that
the relative entropy is monotone under any physical evolution.

But, in [14], it has been shown that any Hermitian trace-
preserving map @ is physical within its physical domain. By
a Hermitian map, we mean a map which maps any Hermitian
operator to a Hermitian operator. Therefore, ® may map
a state to a nonpositive operator. So, in [14], the physical
domain of @ is defined as the set of states which are mapped
by @ to density operators.

In Sec. IV, using a theorem proven in [6], we show that
one can find physical evolutions, given by Hermitian trace-
preserving maps @, for which the relative entropy increases
after the evolution. So, the result of [13] cannot be generalized
to the Hermitian trace-preserving evolution, in general. In
addition, we illustrate this result, using the example given in
Sec. III.

In the example considered in Sec. IV, ds and dg vary
through the evolution. In Sec. V, we give another example
in which the Hermitian nonpositive evolution does not change
ds and dg, but the monotonicity of relative entropy is again
violated. This shows that the variation of ds and dr is not
necessary for the nonmonotonicity of relative entropy, under
Hermitian nonpositive evolution.

Finally, in Sec. VI, we end our paper, with a summary of
our results.

II. REDUCED DYNAMICS OF AN OPEN QUANTUM
SYSTEM

A. Reduced dynamics for a steered set

Consider the tripartite state wgsg, on the Hilbert space
of the reference-system-environment Hz ® Hs @ Hp, where
‘Hr is an ancillary Hilbert space. The set of steered states from
performing measurements on the part R of wgsg is [6]

Trr[(Pr ® Isg)wgsk]
Tr[(Pr ® Isg)wgrse]

where Pg is arbitrary positive operator on Hyz such that
Tr[(Pr @ Isg)wgrse] > 0 and Igg is the identity operator on
Hs ® Hg. Note that, up to a positive factor, Pz can be con-
sidered as an element of a positive operator-valued measure.
In [6], it has been shown that the reduced dynamics of the
system, for all pg € Sy = TrgS and arbitrary U, is CP if and
only if wgsg 1s a Markov state, i.e., if it can be written as [15]

wgse = idg ® A§F (wgs), @)
where wgs = Trg(wgsg), idg is the identity map on L(Hpg),
and ASP : L(Hs) —> L(Hs ® Hg) isa CP map. [L(H) is the
space of linear operators on H.]

When wggg is a Markov state, then there exists a decompo-
sition of the Hilbert space of the system S as Hg = @, H,, =

3={pSE= PR>0}, ©)

@D Hy ® Hy; such that

wrse = EP M Wy ® Oy, (®)
k

where {A;} is a probability distribution (Ax > 0, >°, Ax = 1),
Wyl is a state on Hp ® ’Hszk, and wy g is a state on Hy @ He
[15].

Let us summarize the result of this subsection, for later
reference [6].

Theorem 1. Assume that the set of possible initial states of
the system-environment is given by S, in Eq. (6), which is the
steered set from a tripartite state wgsg. The reduced dynamics
of the system, in Eq. (2), is CP, for arbitrary U and any psg €
S, if and only if wgsg is a Markov state, as Eq. (8).

The following point is also worth noting. In this paper,
when we say that the reduced dynamics is given by a CP
map W, we mean that there exists a CP extension of W to the
whole L(Hs), as Eq. (3), such that the reduced dynamics of
the system, for each ps € S, is given by this CP map.

B. Reduced dynamics for an arbitrary set

A general framework for linear (Hermitian) reduced dy-
namics, when both the system and the environment are finite
dimensional, has been introduced in [10]. In this paper, we
will restrict ourselves to the case that there is a one to one
correspondence between the system initial states ps and the
system-environment initial states pgg. So, in this subsection,
we review the framework of [10] for this case.

Consider the set S = {psg} of possible initial states of the
system-environment. Since, both the system and the environ-
ment are finite dimensional, a finite number m of the members
of S, where the integer mis 0 < m < (ds)*(dg)?, are linearly
independent. Let us denote this linearly independent set as
S = {pé};, pg? ,/ogg)}j Therefore, any psg € S can be
written as psg = Z:"zl a; ,0;'1;, where a; are real coefficients.

We restrict ourselves to the case that all péi) = Trg (,o;'g) €
Sg=TrgS,i=1,....m< (ds)z, are also linearly indepen-
dent. Therefore, there is a one to one correspondence between
the members of S and the members of Sg = TrgS. It is
worth noting that when S is a steered set, as Eq. (6), from a
Markov state wgse, as Eq. (7), then the above correspondence
holds [9].

"The subspace V is defined as the subspace spanned by
pé’g € &’ [10]. Therefore, each X € V can be expanded as
X = Z;": L Ci pgg, with complex coefficients ¢;. In additiop, for
each x = Trg(X) € Vg = TrgV, we have x = Zf"zl c[pél).

Let us denote the set of density operators in L(Hs ® Hg)
and L(Hs) by Dsg and Dy, respectively. Note that S € V' N
Dsg and Ss € Vs N Ds. So, that which we show for the whole
V and Vs is also valid for their subsets S and S, respectively.

Since all p{’ € S; are linearly independent, as all p{) €
§’, for each x € Vs, there is only one X € V such that
Trg(X) = x. This allows us to define the linear assignment

map Ag as below. We define Ag(péi)) = ng), i=1,...,m.

So, for any x = 27;1 c,-,oéi) € Vs, we have

m

As() = cihs(p) =) cpip=X. (9
i=1 i=1
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Ay is a Hermitian map, by construction. It is defined on the
whole Vs, and even if m < (ds )2 it can be simply extended to
the whole L(Hs) [16].

Although the assignment map Ag, in Eq. (9), is only a
mathematical tool which acts as the reverse of Trg, it has an
important physical consequence. It allows us to assign to each
pos € Tre(Dsg NV) a psg € Dsg NV such that Tre(psg) =
ps- So, for any ps € Trg(Dsg N'V), and any unitary evolution
U of the whole system-environment, the reduced dynamics of
the system, using Egs. (2) and (9), is given by

ps = Trg o Ady o Ag(ps) = Ps(ps).

The unitary evolution U and the partial trace Trz are CP maps
[1]. We have seen that the assignment map Ag is, in general,
Hermitian. Therefore, the dynamical map ®g is, in general, a
Hermitian map.

It is worth noting that for [the extension to the whole
L(Hs) of] each linear trace-preserving Hermitian map, as ®g,
there exists an operator sum representation such that

~ ~T ~T~
pg = ZeiEipSEi ) ZeiEi E; = I,

i i

(10)

(1)

where E; are linear operators on Hg and e; are real coefficients
[10,17,18]. Only for the special case that all of the coefficients
e; in Eq. (11) are positive, then we can define E; = \/e; E; and
so the reduced dynamics of the system is CP, as Eq. (3). [Also,
for the Hermitian map Ag, there exists a similar operator sum
representation, as Eq. (11), with linear operators E; : Hg —

Hs @ He.]

C. Reference state

In [9], introducing the reference states wgsg and wgs =
Trg(wgse), we have connected the results of [6,10], re-
viewed in the two previous subsections. wgs is defined
as [9]

m

1
wrs = ) —IIx)(lel ® pg,
=1

(12)

where ,o;l) € 8¢ and {|lg)} is an orthonormal basis for the
reference Hilbert space Hg. In addition, the reference state
wgsk 1s defined as [9]
“ 1
wpse = idg ® Ag(wps) = Y —|lg) (x| ® 2,
RSE R s(wgs) ; m| RIIRI ® g
where p{) € S’ is such that Trg (p{2) = pi.
We can construct subspaces Vs and V as the generalized
steered sets, from wgs and wgsg, respectively. We have [9]

Vs = {Trr[(Ar ® Is)wgs]},

13)

(14)
and

V = {Trrl[(Ar ® Isg)wrse]l},

where Ay are arbitrary linear operators in L(Hpg).

When wgsg, in Eq. (13), is a Markov state, as Eq. (7), i.e.,
when there exists a CP assignment map, then, using Eq. (10),
the reduced dynamics ®y is, consequently, CP.

15)

Comparing Eqgs. (6) and (15) shows that, for the steered
set S from the reference state wgsg in Eq. (13), we have
S € Dgg NV. So, when the reduced dynamics, for all psg €
Dgre NV, is CP, then, from Theorem 1, we conclude that wgsg
is a Markov state, as Eq. (8).

In summary, we have [9].

Theorem 2. Consider the subspace V C L(Hs ® Hg), in
Eq. (15). The reduced dynamics of the system, in Eq. (10), is
CP, for arbitrary U and any psg € Dgg NV, if and only if the
reference state wgsg in Eq. (13) is a Markov state, as Eq. (8).

III. MARKOVIANITY OF THE REFERENCE STATE AND
COMPLETE POSITIVITY OF THE REDUCED DYNAMICS

Theorem 2 is based on Theorem 1. In [6], during the proof
of Theorem 1, it has been assumed that, in general, the unitary
time evolution U : Hs ® Hg — H5 ® H is such that the
final Hilbert spaces of the system H and the environment HJ;
may differ from their initial ones, Hg and Hg, respectively.

In [11], we have questioned whether the above assumption
can be relaxed or not. In other words, if the reduced dynamics,
in Eq. (10), is CP, for arbitrary U : Hs @ Hg — Hs @ HEg
and any psg € Dgsg NV, then whether we can conclude that
the reference state wgsg in Eq. (13) is a Markov state, as Eq.
(8), or not.

In this section, we consider an example, which is, in fact,
example 4 of [10], for which we see that, though the reference
state is not a Markov state, the reduced dynamics is CP, for
arbitrary U : Hg @ Hg — Hs ® Hg and any psg € Dsg N V.
Therefore, the assumption of variability of Hilbert spaces
of the system and the environment, during the time evolu-
tion U : Hy ® Hp — Hg @ H, is necessary, for validity of
Theorems 1 and 2.

Assume that the set S’ is given by 8’ = {p, o'}, where p =
ds%,EISE and o = [I5)(ls| ® [1g)(1El, |1s) € Hs, and [1g) €
Hg. V is the subspace spanned by &', and Vs is spanned by
Sg=1{p= ils, & = |1s)(1s]}. Sg is a linearly independent
set, as §’. So, there is a one to one correspondence between the
members of V and Vs. Therefore, from Sec. II B, the reduced
dynamics ®g, in Eq. (10), is given by a Hermitian map, as
Eq. (11), for arbitrary U and any psg € Dsg N V.

It can be shown simply that the assignment map Ag, in
Eq. (9), is nonpositive on Vs [10]: for a > 0 and —d% <b<
—ﬁ,x =ap +bé > 0,but Ag(x) =ap + bo > 0. So, any
extension of Ag, to the whole L(Hs), is also nonpositive,
at least, on Vs. Therefore, we expect that the reference state
wgsg, in Eq. (13), is not a Markov state, as Eq. (8). In the
following, we show this, explicitly. We have

1
WRSE = §(|1R181E><1R151E| + 127) (28] ® Isg). (16)

dsdg

Note that <1R1E|a)RSE|1R1E> = %|15><lsl Ifa)RSE is a Markov

state, then, from Eq. (8), we have

1
(1rlelorsel1g1E) = @)\k ng @1y = §|15)(15|, (17)

where 7y and ng are positive operators on Hy and Hy,
respectively. Therefore

s} = |1sgo>|1s;0)v (18)
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where |lsf(0) € ?—[% and |1%) € 7-[520, for some ko, and other
un and N for k # ko, are zero. Now, Egs. (8) and (18)
result that (1s|wgse|ls) must be as ng ® ng, where ng and
ng are positive operators on Hg and Hp, respectively. But,
from Eq. (16), it can be shown easily that (1s|wgsg|1s) cannot
be written in a product form ng ® ng. Therefore, wgsg, in
Eq. (16), is not a Markov state.

Though wgsg is not a Markov state, it can be shown that the
reduced dynamics, for arbitrary U : Hs @ Hg — Hs ® HE,
is CP. Note that, if we do not extend Ag to the whole L(Hs),
the dynamical map ®g, in Eq. (10), is a map on Vs. Now, by
CP-ness of ®g, we mean that there exists an extension of ®g to
the whole £(H.s), as ®g, such that &g is a completely positive
trace-preserving map, as Eq. (3).

A simple way of extending ®g is what is called zero
extension [10]. First, we define the orthonormal projection P :
L(Hs) — Vs (according to the Hilbert-Schmidt inner product

J

idg ® ®s(IE)(E]) = |1&)(1g] ® Trg(UoU™) 4 (I — |1z) (1)) ®

When the final Hilbert spaces of the system and the en-
vironment are the same as their initial ones, i.e., for all
U:Hs®@Hrg — Hs ® Hg, then dsTrg (U pU™) = I;. So, the
Choi matrix is positive, since it is the summation of two
positive operators. Therefore, ®g is CP.

According to Theorem 2, we expect, from the non-
Markovianity of the reference state in Eq. (16), that there
exists, at least, one unitary evolution U : Hs ® Hp — H5 ®
‘Hj; for which the reduced dynamics is non-CP. Assume
Up is such that H = Hs ® Hg, and Hy is a trivial one-
dimensional Hilbert space. (In fact, this Uy is what has been
used in [6], during the proofs of Theorem 3, below, and,
consequently, Theorem 1.) Then, the reduced dynamics of the
system, for any ps € Trg(Dsg N'V), is given by

psg = Ps(ps) = Trp: o Ady, o As(ps) = As(ps),  (22)

which is nonpositive, since (any extension of) Ag is nonposi-
tive.
Also, note that we have dSTrEr(UopUJ) = éISE, and

TI’Ef(U()O’UJ) =0 =|ls)(1s| ® |1g)(1g|. So, the second
term, on the right-hand side of Eq. (21), is nonpositive.
Therefore, the zero extension @, for Uy, is non-CP, too.

Using this fact that when there exists a positive assignment
map Ag then the reference state wgsg, in Eq. (13), is a Markov
state [16], we can summarize the results of this section as
below.

Proposition 1. Consider the subspace V C L(Hs Q@ Hg),
in Eq. (15). The reduced dynamics of the system, in Eq. (10),
is Hermitian, for arbitrary U and any ps € Trg(Dsg N V). If
the reference state wgse in Eq. (13), is not a Markov state,
as Eq. (8), then there exists, at least, one Uy : Hs @ Hg —
H ® Hj; for which the reduced dynamics is nonpositive. But,
the non-Markovianity of wgsg does not guarantee the non-CP-
ness of the reduced dynamics, when the unitary evolution U
is such that Hy = Hs and H = Hg.

[1]), as below. For any A € L(Hs), we have

2
P(A) =) Tr(PAP, (19)
i=1
where P = [15){1s| and Py = L= 395 |js) (jsl. {1)js)} is
an orthonormal basis for Hg, including |1g). P is CP, as
Eq. (3), and, for each x € Vg, we have P(x) = x. Now, the
zero extension of ®g to the whole L(Hy) is
és:TI‘E OAdU OASOP. (20)
From Egs. (10) and (19), it is obvious that, for each x € Vs,
we have ®g(x) = dg(x).

In [10], by constrllcting the Choi matrix (operator) [19], it
has been shown that &5 is CP, forany U : Hs @ Hg — Hs ®
Hp. Consider the ket |£) = 3%, |ir)|is) € Hg ® Hs, which
is, up to a normalization factor, the maximally entangled state.
The Choi matrix, for the map @y, is [10]

dsTrg(UpUT) — Trg(UoUT)
ds — 1 '

2n

Note that Proposition 1 includes a generalization of The-
orems 1 and 2. Theorems 1 and 2 state that when wgsg iS
not a Markov state then there exists, at least, one U, such
that the reduced dynamics is non-CP. But, Proposition 1 states
that the non-Markovianity of wgsg leads to the nonpositivity
of the reduced dynamics, for, at least, one Uy, as Eq. (22),
since the non-Markovianity of wgsg results in the nonpositiv-
ity of the assignment map Ag [16].

IV. NON-MARKOVIANITY OF THE REFERENCE STATE
AND MONOTONICITY OF THE RELATIVE ENTROPY

In [13], it has been shown that the relative entropy, Eq. (4),
is monotone under positive trace-preserving maps, as Eq. (5).
As we have seen in Sec. IIB, the dynamical map &g, in
Eq. (10), is, in general, a Hermitian trace-preserving map.
Therefore, the question arises as to whether the relative en-
tropy is monotone under Hermitian maps, too, or not.

In this section, we show that the result of [13] cannot
be generalized to the Hermitian trace-preserving maps, in
general. In other words, there exist physically admissible
processes for which the relative entropy is not monotone.

First, note that, when the system and the environment
undergo the unitary time evolution U, jointly, the reference
state wgsg, in Eq. (13), evolves as

a);i’SE = ldR ® AdU(a)RSE). (23)

This can be considered as an actual time evolution, for a tripar-
tite closed quantum system of reference-system-environment,
during which the reference remains unchanged.

From Egs. (13) and (23), we have

m

, 1
Wpgp = ) —Lg) (| ® P (24)
=1
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where pSE = Ady (,0 ). Therefore, the evolution of wgg, in
Eq. (12), is given by

m

Wiy = Trp(wpsp) = Z _|lR><l |® oy
=1

= idg ® Os(wrs) = Prs(wrs), (25)

where pg 0 = TrE(,o/( )) and @y is given in Eq. (10). Note that
@ is a Hermitian map, in general, and so is ®gg.

In addition, from Eq. (25), we have wy = idg(wg) = wg
and wy = Ps(ws), where wg = Trs(wrs), wi = Trs(wgg),
ws = Trr(wgs), and w = Trg(wkg). So, the evolution of
the state ors = wr @ ws is also given by Pgg; ie., opg =
Drs(ogs). Equivalently, we can consider the tripartite state
OrseE = wg ® wsk, where wsg = Trr(wgsg ), which evolves as
Eq. (23): ojgp = idg @ Ady(ogse). Now, it can be shown
easily that UI/?S = TrE(O—I/QSE) = Ops(ogs).

Next, using Eq. (4), it can be shown that

S(wrsllors) = S(wgs||lwor @ ws) = S(wr) + S(ws) — S(wgs)
=IRR:S),, (26)
where S(p) = —Tr(plog,p) is the von Neumann entropy, and

I(R : S), is the mutual information, for the bipartite state wgg
[1]. Similarly, we have S(wggllogs) = I(R : S)y .

We want to verify whether the monotonicity relation,
Eq. (5), is also valid for the Hermitian map ®gg, within its
physical domain, or not. We examine the monotonicity for the
two states wgg and ogs. So, using Eq. (26), we want to verify
whether

IR:S)y = IR : ). Q27)

The following theorem, proven in [6], will be helpful.

Theorem 3. Consider the tripartite state wgsg, which
evolves as Eq. (23). The inequality (27), for the bipartite state
wgs, holds, for arbitrary U : Hs ® Hp — Hy ® Hy, if and
only if wgsg is a Markov state, as Eq. (8).

Theorem 3 states that when wgse is not a Markov state,
e.g., Eq. (16), then there exists, at least, one U, for which the
inequality (27) is violated. In other words, there exists, at least,
one Hermitian map ®gg, for which we have

S(Prs(wrs)|| Prs(ors)) = I(R : §)u
> I(R : 8)o = S(wgsl|ors). (28)
Therefore, the relative entropy is not monotone, under Hermi-
tian maps, in general.

Let us illustrate Eq. (28), using the example considered in
the previous section. Assuming that the system-environment
evolution is given by Uy, using Egs. (12), (13), and (22), we
can easily show that

Drs(wrs) = wrsE,
Dgs(Ors) = OgsE = WR @ WsE .- (29)
So, as Eq. (26),

S(Prs(wrs)||Prs(ors)) = S(wrsellwr @ wsk)
= S(wg) + S(wsg) — S(wgse). (30)

Now, from Egs. (26) and (30), we have
S(DPrs(wrs)||Prs(ors)) — S(wrsl|ors)

= S(wgs) + S(wsg) — S(wgse) — S(ws).  (31)
The right-hand side is always non-negative, using the strong
subadditivity relation [1]. In fact, only when wgsg is a Markov
state, as Eq. (8), the right-hand side is zero; otherwise, it is
greater that zero [15]. So, e.g., for wgsg in Eq. (16), the in-
equality (28) is satisfied, when the evolution of the reference-
system-environment is given by idg ® Ady,. For this wgsg,
the right-hand side of Eq. (31) is 0.2375, when ds = dg = 2.

V. NONMONOTONICITY OF THE RELATIVE ENTROPY
FOR A HERMITIAN EVOLUTION WHICH DOES NOT
CHANGE INITIAL HILBERT SPACES

In the previous section, we have seen that the result of
[13], of monotonicity of relative entropy under positive maps,
cannot be generalized to Hermitian maps, in general. The
example, which we gave, illustrating this result, was for the
case that the final Hilbert spaces H and H}; differ from their
initial ones Hg and Hg, respectively. In this section, we give
another example, for which inequality (28) is satisfied, while
Hs = Hs and Hj = Hg, during the evolution.

We consider the example given in [20], in which both the
system and the environment are qubits. An arbitrary state of
the system can be written as

ps = 3(Is +@.3s), (32)

where &¢ = (0(1),0S(2),as3)) Us) are the Pauli operators,

and the Bloch vector & = (¢, «®,a®) is a real three-
dimensional vector such that || < 1 [1].

Consider the following (linear trace-preserving) Hermitian
assignment map Ag:

A ( (l)) (l) ®IE

1
As(ls) = (ISE+aZa<’>®o ) (33)

i=1

(i=12,3),

where a is a fixed real constant. So,

Tse = As(ps)

3
1 .
i) (1) i i
=Z<ISE+i§=1a” ® Ir +a§ a<>®a,g>). (34)

When a > 0, l'SE is positive for |&| < /(14 a)(1 — 3a),
and, when a <0, tsg is positive for |a| < (1 4+ a) [10,20].
Therefore, for a # 0, Ag is a nonpositive map.
The reference state wgsg, for this example, is constructed
in [9]:
3

1
wrse = ), 1 lle) el
=1

®<Is5+a(’> YA —i—aZo(’) (t))

1 .
(l) (l)
+ _16|4R)(4R| ® (155 +a E o ), (35)
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FIG. 1. (a) Mutual information /(R : S).), as a function of 0, for
a=-0.8,a® =0.15b, «® = 0.25b, and «® = —0.6b, where b =
1+ a, in Eq. (35). (b) Three of the eigenvalues of the Choi matrix,
which are negative, for some values of 6, for a = —0.8.

where o® are arbitrary real constants such that, for a > 0,
0 < || < T+ a)T —=3a) and, for a <0, 0 < || <
(1 + a). From the nonpositivity of the assignment map Ag,
in Eq. (33), we expect that the reference state wgsg iS non-
Markovian. In [9], it has been shown that wgsg, in Eq. (35), is
not a Markov state, as Eq. (8).

According to Theorem 2, the non-Markovianity of wgsg
results in existence of, at least, one U, for which the reduced
dynamics &g, in Eq. (10), is non-CP. In [20], a class of unitary
evolutions of the system-environment, as

1 0 0 0
0 cosf sind 0

ve)= 0 —sinf® cos6 O}’ (36)
0 0 0 1

has been introduced, where, for some values of 6, the reduced
dynamics of the system ®s(0) = Trg o Ady) o As is non-
CP [10,20]. The non-CP-ness of ®5(0) can be detected by
calculating the eigenvalues of the Choi matrix of it. For this
example, the Choi matrix is given explicitly in [10]. When,
at least, one of the eigenvalues of the Choi matrix is negative,
then ®g(0) is non-CP. For this example, the eigenvalues of the
Choi matrix can be calculated analytically. In Fig. 1(b), three
of the eigenvalues of the Choi matrix, which are negative, for

some values of 6, are plotted, for a = —0.8. (The fourth one
is always positive.)
Non-CP-ness of &g(0) results in nonpositivity of

DOrs(0) =idg ® g(f), since dgr =4 >2=ds. From
Eq. (25), we have wgs(0) = Drs(0)[wrs], where wgs =
Trg (wgsk ), and wgsg is given in Eq. (35). Fortunately, for this
example, the eigenvalues of wggs(0) and ws(0) = Trr[wrs(0)]
can be calculated analytically. Therefore, from Eq. (26),
I(R : S)wp), where w(0) = wgs(0) can, also, be calculated
analytically. In Fig. 1(a), the mutual information I(R : S),)
is plotted as the function of 6. Figure 1(a) shows that
I(R : S)w() exceeds its initial value, for some values of 6. So,
for these values of 0, the inequality (28) is satisfied. Note that
the unitary evolution U (0), in Eq. (36), does not change Hg
and Hg.

Let us summarize the result of the two last sections.

Proposition 2. The result of [13], of monotonicity of the
relative entropy under positive trace-preserving maps, cannot
be generalized to the Hermitian trace-preserving nonpositive
maps, within their physical domains, in general. Inequality
(28) can be satisfied, both when Hg and Hg vary, during the
nonpositive evolution gy = idg ® Py, and when they do not
vary.

To achieve the above result, first, we have considered the
time evolution of reference-system-environment as Eq. (23),
which allows us to use Theorem 3. Second, we have con-
sidered the two appropriate states wgs and ogg, for which
we can write Eq. (26), both before and after the evolution
s = idp ® ;. Therefore, we could write the monotonicity
relation, Eq. (5), as the inequality (27), which, from Theorem
3, we know is violated for a non-Markovian wgsg, for, at least,
one U.

Note that og = Trg(ors) = ws and, so, o5 = Pg(os) =
wy. Therefore, for the two equal states wg and og (and the
evolution ®g) the monotonicity relation, Eq. (5), is, trivially,
satisfied. But, as we have seen, the evolution @z = idg ® Dy
can lead to the violation of the inequality (5), for the two states
wgs and ogs.

VI. SUMMARY

In [9], we have introduced the reference states wgsg,
Eq. (13), and wgs, Eq. (12). There, we have used them to
connect the results of [6,10], as reviewed in Sec. II. In this
paper, we have given two other results, using these reference
states.

First, in Sec. I11, giving an explicit example, we have shown
that, even when wgsg is not a Markov state, as Eq. (8), the
reduced dynamics of the system can be CP, for arbitrary
system-environment unitary evolution U, which does not
change ds and dg.

This shows that the assumption of variability of Hilbert
spaces of the system and the environment, during the time
evolution U : Hs ® Hp — Hg @ H, is necessary, for valid-
ity of Theorems 1 and 2.

Second, in Sec. IV, considering the time evolution of the
reference states wgsg and wgs, and using Theorem 3, proven
in [6], we have shown that, when wggsg is not a Markov state,
then there exists, at least, one Hermitian nonpositive map
drs = idg ® Py, for which the inequality (28) is satisfied.
Note that wgs and ogg, in Eq. (28), are in the physical domain
of ®gs. Therefore, the relative entropy is not monotone,
under Hermitian nonpositive maps, even within their physical
domains, in general.

When wgsg is not a Markov state, any possible assign-
ment map Ag is nonpositive [16]. So, choosing &5 = Ag,
as Eq. (22), results in a nonpositive ®gg. In Sec. IV, we
have seen that, at least, for this ®gg, inequality (28) is
satisfied.

In addition to the above example, which includes changes
in ds and dg after the evolution, in Sec. V, we have
given another example, for which inequality (28) is sat-
isfied, while Hs and Hg remain unchanged, during the
evolution.

042121-6



MARKOVIANITY OF THE REFERENCE STATE, COMPLETE ...

PHYSICAL REVIEW A 100, 042121 (2019)

[1] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information (Cambridge University, Cambridge, Eng-
land, 2000).

[2] C. A. Rodriguez-Rosario, K. Modi, A.-M. Kuah, A. Shaji, and
E. C. G. Sudarshan, Completely positive maps and classical
correlations, J. Phys. A 41, 205301 (2008).

[3] A. Shabani and D. A. Lidar, Vanishing Quantum Discord is
Necessary and Sufficient for Completely Positive Maps, Phys.
Rev. Lett. 102, 100402 (2009); 116, 049901(E) (2016).

[4] L. Liu and D. M. Tong, Completely positive maps within the
framework of direct-sum decomposition of state space, Phys.
Rev. A 90, 012305 (2014).

[5] A. Brodutch, A. Datta, K. Modi, A. Rivas, and C. A. Rodriguez-
Rosario, Vanishing quantum discord is not necessary for com-
pletely positive maps, Phys. Rev. A 87, 042301 (2013).

[6] F. Buscemi, Complete Positivity, Markovianity, and the Quan-
tum Data-Processing Inequality, in the Presence of Ini-
tial System-Environment Correlations, Phys. Rev. Lett. 113,
140502 (2014).

[7] X.-M. Lu, Structure of correlated initial states that guarantee
completely positive reduced dynamics, Phys. Rev. A 93, 042332
(2016).

[8] L. Sargolzahi and S. Y. Mirafzali, When the assignment map is
completely positive, Open Sys. Info. Dyn. 25, 1850012 (2018).

[9] 1. Sargolzahi, Reference state for arbitrary U-consistent sub-
space, J. Phys. A 51, 315301 (2018).

[10] J. M. Dominy, A. Shabani, and D. A. Lidar, A general frame-
work for complete positivity, Quant. Info. Proc. 15, 465 (2016).

[11] I. Sargolzahi and S. Y. Mirafzali, Structure of states for which
each localized dynamics reduces to a localized subdynamics,
Int. J. Quantum Inf. 15, 1750043 (2017).

[12] G. Lindblad, Completely positive maps and entropy inequali-
ties, Commun. Math. Phys. 40, 147 (1975).

[13] A. Muller-Hermes and D. Reeb, Monotonicity of the quantum
relative entropy under positive maps, Ann. Henri Poincare 18,
1777 (2017).

[14] J. M. Dominy and D. A. Lidar, Beyond complete positivity,
Quant. Info. Proc. 15, 1349 (2016).

[15] P. Hayden, R. Jozsa, D. Petz, and A. Winter, Struc-
ture of states which satisfy strong subadditivity of quan-
tum entropy with equality, Commun. Math. Phys. 246, 359
(2004).

[16] 1. Sargolzahi, Positivity of the assignment map implies com-
plete positivity of the reduced dynamics, arXiv:1906.11502
(2019).

[17] E. C. G. Sudarshan, P. M. Mathews, and J. Rau, Stochastic
dynamics of quantum-mechanical systems, Phys. Rev. 121, 920
(1961).

[18] T. F. Jordan, A. Shaji, and E. C. G. Sudarshan, Dynamics of
initially entangled open quantum systems, Phys. Rev. A 70,
052110 (2004).

[19] M.-D. Choi, Completely positive linear maps on complex ma-
trices, Linear Alg. Appl. 10, 285 (1975).

[20] H. A. Carteret, D. R. Terno, and K. Zyczkowski, Dynamics
beyond completely positive maps: Some properties and appli-
cations, Phys. Rev. A 77, 042113 (2008).

042121-7


https://doi.org/10.1088/1751-8113/41/20/205301
https://doi.org/10.1088/1751-8113/41/20/205301
https://doi.org/10.1088/1751-8113/41/20/205301
https://doi.org/10.1088/1751-8113/41/20/205301
https://doi.org/10.1103/PhysRevLett.102.100402
https://doi.org/10.1103/PhysRevLett.102.100402
https://doi.org/10.1103/PhysRevLett.102.100402
https://doi.org/10.1103/PhysRevLett.102.100402
https://doi.org/10.1103/PhysRevLett.116.049901
https://doi.org/10.1103/PhysRevLett.116.049901
https://doi.org/10.1103/PhysRevLett.116.049901
https://doi.org/10.1103/PhysRevA.90.012305
https://doi.org/10.1103/PhysRevA.90.012305
https://doi.org/10.1103/PhysRevA.90.012305
https://doi.org/10.1103/PhysRevA.90.012305
https://doi.org/10.1103/PhysRevA.87.042301
https://doi.org/10.1103/PhysRevA.87.042301
https://doi.org/10.1103/PhysRevA.87.042301
https://doi.org/10.1103/PhysRevA.87.042301
https://doi.org/10.1103/PhysRevLett.113.140502
https://doi.org/10.1103/PhysRevLett.113.140502
https://doi.org/10.1103/PhysRevLett.113.140502
https://doi.org/10.1103/PhysRevLett.113.140502
https://doi.org/10.1103/PhysRevA.93.042332
https://doi.org/10.1103/PhysRevA.93.042332
https://doi.org/10.1103/PhysRevA.93.042332
https://doi.org/10.1103/PhysRevA.93.042332
https://doi.org/10.1142/S1230161218500129
https://doi.org/10.1142/S1230161218500129
https://doi.org/10.1142/S1230161218500129
https://doi.org/10.1142/S1230161218500129
https://doi.org/10.1088/1751-8121/aacaaa
https://doi.org/10.1088/1751-8121/aacaaa
https://doi.org/10.1088/1751-8121/aacaaa
https://doi.org/10.1088/1751-8121/aacaaa
https://doi.org/10.1007/s11128-015-1148-0
https://doi.org/10.1007/s11128-015-1148-0
https://doi.org/10.1007/s11128-015-1148-0
https://doi.org/10.1007/s11128-015-1148-0
https://doi.org/10.1142/S0219749917500435
https://doi.org/10.1142/S0219749917500435
https://doi.org/10.1142/S0219749917500435
https://doi.org/10.1142/S0219749917500435
https://doi.org/10.1007/BF01609396
https://doi.org/10.1007/BF01609396
https://doi.org/10.1007/BF01609396
https://doi.org/10.1007/BF01609396
https://doi.org/10.1007/s00023-017-0550-9
https://doi.org/10.1007/s00023-017-0550-9
https://doi.org/10.1007/s00023-017-0550-9
https://doi.org/10.1007/s00023-017-0550-9
https://doi.org/10.1007/s11128-015-1228-1
https://doi.org/10.1007/s11128-015-1228-1
https://doi.org/10.1007/s11128-015-1228-1
https://doi.org/10.1007/s11128-015-1228-1
https://doi.org/10.1007/s00220-004-1049-z
https://doi.org/10.1007/s00220-004-1049-z
https://doi.org/10.1007/s00220-004-1049-z
https://doi.org/10.1007/s00220-004-1049-z
http://arxiv.org/abs/arXiv:1906.11502
https://doi.org/10.1103/PhysRev.121.920
https://doi.org/10.1103/PhysRev.121.920
https://doi.org/10.1103/PhysRev.121.920
https://doi.org/10.1103/PhysRev.121.920
https://doi.org/10.1103/PhysRevA.70.052110
https://doi.org/10.1103/PhysRevA.70.052110
https://doi.org/10.1103/PhysRevA.70.052110
https://doi.org/10.1103/PhysRevA.70.052110
https://doi.org/10.1016/0024-3795(75)90075-0
https://doi.org/10.1016/0024-3795(75)90075-0
https://doi.org/10.1016/0024-3795(75)90075-0
https://doi.org/10.1016/0024-3795(75)90075-0
https://doi.org/10.1103/PhysRevA.77.042113
https://doi.org/10.1103/PhysRevA.77.042113
https://doi.org/10.1103/PhysRevA.77.042113
https://doi.org/10.1103/PhysRevA.77.042113

