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Canonical quantization for quantum plasmonics with finite nanostructures
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The quantization of plasmons has been analyzed mostly under the assumption of an infinite-size bulk medium
interacting with the electromagnetic field. We reformulate it for finite-size media, such as metallic or dielectric
nanostructures, highlighting sharp differences. By diagonalizing the Hamiltonian by means of a Lippmann-
Schwinger equation, we show the contribution of two sets of bosonic operators, one stemming from medium
fluctuations and one from the electromagnetic field. The results apply to general models including dissipative

and dispersive responses.
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I. INTRODUCTION

Quantum effects in plasmonic systems are expected to
open a whole branch of new perspectives both in fun-
damental physics and in technological applications [1-7],
e.g., in quantum information, sensors, and generally in new
types of circuits involving combinations of electronic and
photonic effects. In the theories for quantum plasmonics
there are two main approaches that have been widely used:
(a) a phenomenological approach formulated in terms of
quantum Langevin equations [8—11] and (b) microscopic os-
cillator models for the medium coupled to the electromagnetic
field [12-15]. The latter are variations of models of the type
first proposed by Hopfield [16]. The quantization of a model
for a homogeneous bulk medium was first treated by Huttner
and Barnett [12]. Extensions to inhomogeneous media were
treated in [14,15]. The main criterion for the choice of the
microscopic model is that, if one integrates the equations
for the medium and one inserts the currents obtained into
the microscopic Maxwell equations, one should obtain the
macroscopic Maxwell equations. The elementary quanta of
the model are called plasmon-polariton.

Both approaches led to the following three basic relations:
The diagonal plasmon-polariton Hamiltonian is of the form

o0 2 2
A= /d3r/ dvivCi(# v) - CF,v), (1)
0

where CT(7, v) and C(7, v) are bosonic creation and annihila-
tion operators, respectively; the electric field is expressed in
terms of the bosonic operators as
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where ¢€;(7/, v) is the imaginary part of the dielectric coeffi-
cient and G(7, 7', v) is a Green’s tensor satisfying

27 .
[v AV A —e(F, v)v—z]G(?, P = 18G -7 ()
c
and the Green’s tensor satisfies the identity
2
- / d*rei(F)G" (F, })G*(F, ) = ImG(F4, Fp).  (4)
c

These three relations may be justified in the case of a bulk
medium, i.e., when the dispersive and dissipative medium
extends over all space R3 [8-11,14,15].

In this article we show that within the microscopic oscil-
lator models none of these three relations is valid for a finite
medium, e.g., in particular for a system with finite metallic or
dielectric nanostructures. We present a procedure to construct
the complete diagonalization of the Hamiltonian (22) and
the electric-field operator (25) adapted to finite media, which
replace Egs. (1) and (2). Although we do not use the Green’s
tensor (3) explicitly in our construction, we remark that for
finite media a boundary term has to be added in Eq. (4), as
described in [17], Appendix A.

It has been stated in several instances in the litera-
ture [18,19] that the formula (2) for the electric-field ob-
servable cannot be generally correct and that it has to be
completed by including a term reflecting the contribution of
the free electromagnetic field, while Eq. (2) describes only
the electric field produced by the charges of the medium. A
simple argument showing that (2) cannot be the complete
formula for a finite medium is that if we take the limit
where the size of the medium goes to zero, according to (2)
the electric-field observable would disappear. There must be
another contribution that converges to the free electric field in
the limit of a vanishing medium.

Some extensions of Eq. (2) were proposed in Refs. [18,19],
consisting in adding the free electric field Efree,

-
x

Elot = Efyee + Emediumv (5)
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with Emedium given by (2). This approach is not quite sat-

isfactory, since Fiee was added without a justification from
the diagonalization of the microscopic model. This might
explain why this procedure was not widely adopted in the
literature [20].

In this article we show that the electric-field operator has
indeed two components: one that converges to the free electric
field when the size of the medium goes to zero and another
one that vanishes in that limit. However, our result shows
that the first component is not just the free electric field, but
a modification induced by the presence of the medium. The
second component is not equal to Eq. (2), but to an expression
that is modified due to the presence of the first term. We
obtain this result by diagonalizing the microscopic model for
a finite medium, as opposed to an infinite bulk medium as in
Refs. [12-15]. Furthermore, we show that the diagonalized
Hamiltonian is not of the form (1). It can be shown that,
in the limit of vanishing coupling between the medium and
the electromagnetic field, the operator (1) tends toward the
Hamiltonian of the uncoupled medium and the Hamiltonian
of the uncoupled electromagnetic field would be missing.
Finally, we compare in perturbation theory the electric-field
observable derived from our model with the one proposed in
the literature.

II. MICROSCOPIC PLASMON-POLARITON MODEL

We consider the microscopic model for the classical elec-
tromagnetic field interacting with a linear medium used in
Ref. [15]. We consider a nonmagnetic medium for simplicity,
but our construction can easily be extended to magnetic
media and to the models of similar type considered, e.g., in
Refs. [13,14]. It can be written in Hamiltonian form by choos-
ing the pairs of canonically conjugate variables Iy (7, v) and
X (7, v) for the harmonic oscillators describing the medium,
the vector potential A(7), and its canonically conjugate vari-
able

[4(7) := —D(F) = —€oE(F) — foodua(7, WX F, v). (6)
0

The Hamiltonian is
H = Hem + Hmed + Hints (7)

with
1 s [ 1 =5 | PO
Hem = = | &r| —TI;(F) — —A(F) - AAF) |, (8a)
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m
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1

+ J—
260 Vi

o) 2
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0

where V,, is the volume occupied by the medium and « (7, v) is
the coupling. It is related to the imaginary part ¢; of the dielec-
tric coefficient of the medium by (¥, v) = 2¢ve;(F, v)/7.

This microscopic model produces the macroscopic Maxwell
equations when the medium variables are integrated [15].

We will use the real basis of transverse generalized eigen-
functions of the Laplacian

1 - -
———&,(k)cos(k - 7),

T =cC
_ - 273/2
Goa =177 9)
mgg(k) sinfk -7), mw=s,
T

where o = =+ is the index for the basis of linear polarization

and §i(l_€) are two real unit vectors orthogonal to k and to
each other. In the first step, we apply the simple canonical
transformation (HA,A') > (E’ c_]),

ﬁA(?) = /d’(\/awx@(?)qlu (]Oa)
L 1
A(F) = — | dk @ (F)pic. (10b)
€0Wy

Here we use the abbreviation for the labels « := (75, o,7)
and we define by w, = c|k| the eigenfrequencies. The integral
over dk is an abridged notation for a combination of integrals
and sums.

In these variables, the coupled Hamiltonian takes the form

1 1
H=-P-P+-Q-Q? 11
5 +50-2°0, (1n
where
—| 2 — |4
P:= [ﬁx}’ Q:= [)?} (12)
QP=Q 4V (13)

Here 2 and Q2 are the frequency operators of the uncoupled
and coupled systems, respectively, and V is the coupling
operator, which can be explicitly extracted from Eq. (8c).
Since V acts as a multiplication by «(7, v) and an integration
over the volume of the medium, it is uniquely defined for
every dielectric coefficient (hence for every material) and for
every geometry of the medium.

III. GENERAL QUANTIZATION PROCEDURE

The quantization of a Hamiltonian of the general form (11)
and its expression in terms of creation and annihilation oper-
ators can be formulated in a systematic way [21,22] in terms
of an orthonormal basis of generalized eigenfunctions of 2,

QY = AUy, (14)

where d* is a label for the degeneracy indices. This quanti-
zation procedure can be thought of as a generalization of the
usual quantization of the free electromagnetic field, in which
the plane waves, which are eigenfunctions of the Laplacian,
are replaced by the eigenfunctions of ©2. The uncoupled Q%
has a continuous spectrum. Under some conditions on the
coupling V, this is also the case for the coupled operator ©°.
The diagonal quantized Hamiltonian can then be written as

0]
A :/0 dk;hAB By, (15)
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The notation )_ ;. for the degeneracy is abridged notation for
a combination of sums and integrals. The creation and annihi-
lation operators act in the bosonic Fock space §%(P) [21-23],
with

Bl |2) =1y,

where |@) is the vacuum state and i are functions corre-
sponding to the coordinates of the classical phase space P that
enters the definition of the Fock space. Their interpretation is
that BZ,, creates one quantum on the phase-space mode . The
orthonormality relation of the generalized eigenfunctions of
Q? implies the canonical commutation relations. The canoni-
cal observables can be expressed in terms of the creation and
annihilation operators as

~ [n [ )
- E/ dry A PWna By, +He),  (17a)
0 o
_' E o 1/2 . A .
W3 dkzk (V.aBy, , —Hc). (17b)
0 - :

IV. QUANTIZATION OF THE
PLASMON-POLARITON MODEL

(16)

We can now apply the above general procedure to the
model (7) and (8). As we show below, the (squared) frequency
operator ? in general has a continuous spectrum with two
distinct families of generalized eigenfunctions ¥ and ¥,

QY g0 = OV 4o,
QY = vy, (18b)

where the degeneracy indices are d” := (9, ¢, o, ), with ¥
and n the angles in spherical coordinates of k, and d” =
(7, j), with j =1, 2, 3 labeling the three components of the
fields.

The eigenfunctions have the same structure as Eq. (12), i.e.,
they are composed of two blocks:

(18a)

e m
e _ ua),d“’ m _ Mv,d"
wa),d“’ - ve ’ llbv,d" - vm -
w,d® v,dv

The functions u in the upper block depend on the variables
(12, o, ) associated with the electromagnetic field and the
functions ¥ in the lower block depend on the (v, 7, j) of
the oscillators. In the limit where the coupling V vanishes,
the ¢ tend to eigenfunctions of the free electromagnetic field
and the ¥™ tend to eigenfunctions of the uncoupled medium.
They satisfy the Lippmann-Schwinger equations (see [24],
Sec. X1.6, p. 98)

Ve do = Py g0 — (Q o’ F i0%)" V‘/’:}.dw’

Yl = ¢l — (= v Fi07) VY,

with Fi0% two possible ways to avoid the singularity in the
complex plane. The functions ¢ are eigenfunctions of the
uncoupled operator Q%,

19)

(20a)
(20b)

Se = “’/)‘Sd“’*d""], 21a)

b g0 (@ d) = |: 0

corresponding to a plane wave in Fourier representation, and

m Py 0
d)v,?,j(l),r V)= |:5(V—1)/)5(7—7/)5j’j:|’ (21b)

corresponding to an oscillator at position 7 oriented in the
direction &;. This gives a one-to-one correspondence between
the coupled and the uncoupled generalized eigenfunctions.
We will show below that the correspondence is unitary, which
implies that the spectrum of Q2 has the same degeneracy
structure as the one of the uncoupled operator Q%.

The diagonalized Hamiltonian takes the form

ﬁ:/ deth goDoae

/ dv/ &Srivel -G, (22)

where we have introduced the notation
Cosji=Byn,, (23a)
Dy go = wa o (23b)

The expression (22) resembles the Hamiltonian (1) to which
one would have added a free-field contribution. However, the
creation and annihilation operators that appear in Eq. (22) are
a deformation of the ones of the uncoupled model.
In the exterior of the medium, the last term in Eq. (6)
vanishes and Eq. (10a) gives
E(F) =

di 0P (P (24)

ﬁ

Using Eq. (12), the electric-field observable can be written in
terms of creation and annihilation operators on both sets of
eigenmodes:

U, 4o (kK)Dyy g0 + Hoe.),

tm

") /dxﬁm)/ IZ W1, ()Cogr + Hec),
(25)

with BK #) = — /%wkgﬁk (7), and the sums over degeneracy
indices correspond to the following combinations:

wZ /2 2
Y= dﬁsinz?/ dny > . (6
de ¢ 0 0 o=+ mr=c,s
3
Z::/V d%Z. 27)
dv m j=1

Equation (25) is the main result of this construction. In
particular, it exhibits the appropriate convergence in the limit
of zero coupling.

In summary, the electric-field observable at a point 7 in the
exterior of the medium can be written according to Eq. (25)
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as the sum of two terms. When the coupling goes to zero, one
can show that the first term £¢ goes to the free electric field

E?E(F)—> —fdwz

¢w d"’(r)[ ,d® + D?jd“’] (28)

and the second term £ vanishes. However, for an arbitrary
coupling, the first term is not equal to the free electric field,
but to a deformation due to the presence of the medium.

V. STRUCTURE OF THE EIGENFUNCTIONS

The uncoupled operator Q% has an absolutely continuous
spectrum of infinite degeneracy, labeled by the indices d“
for the electromagnetic field and d" for the oscillators of
the medium. We will now explain why the spectrum of
the coupled operator % = Qf + V has the same structure,
including degeneracy, for the type of couplings that occur in
plasmon-polariton models for a finite-size medium.

The methods and the intuition in the theory of continuous
spectra are closely related to scattering theory. A central ob-
ject in scattering theory is the Mgller wave operator (see [24],
Sec. X1, p. 18)

We(Q? Q%) = lim /%, (29)

t—Foo

If this operator is well defined, i.e.,
Foo exists, and is unitary we have

if the strong limit t —

Q% = WoQEwi, (30)

so Q7 is unitarily equivalent to 3 and its spectrum must
also be continuous with the same degeneracy. The generalized
eigenfunctions are then given by ¥, »» = Wi, 4. The uni-
tarity of Wy ensures that the eigenfunctions satisfy the usual
relations of orthogonality and completeness.

The coupling V in the plasmon-polariton models belongs
to a class that has been thoroughly studied since pioneering
works by Friedrichs [25-27]. The wave operator Wy is an
integral operator that can be constructed using the methods
of [28].! The choice of sign of W.. induces two possible sets
of eigenfunctions verifying the Lippmann-Schwinger equa-
tion (20) either with —i0™ (for W) or with +i0% (for W_).
The two sets of eigenfunctions are related by the unitary
map S = W, W_, which is the scattering operator [24]. Further
analysis reveals that Q2 has no eigenvalues and a purely
absolutely continuous spectrum, provided the coupling func-
tion a(v) does not vanish for any v > 0. This assumption is
satisfied for the usual models for dissipative and dispersive
media. Consequently, W, is unitary and this shows that the
generalized eigenfunctions v, ;. have the structure we claim.
Figure 1 is a sketch of this preservation of the spectral
structure.

'Under appropriate continuity assumptions on «(v) and with an
ultraviolet cutoff of arbitrary size on the electromagnetic field, one
can apply Theorem 4.2.1 in [28] if «(v =0)=0. If (v =0) # 0
an adaptation of the argument yields an analogous result.

diagonalization
—_—

coupling

X\

EM lossy plasmonic
field medium field

FIG. 1. Spectral structure of the plasmon-polariton model before
and after diagonalization. The structure of two continuous spectra is
preserved by the unitarity of the diagonalization transformation.

VI. COMPARISON IN PERTURBATION THEORY

For a precise comparison between our construction and the
results of Refs. [8-16,18-20], one must be able to solve the
Lippmann-Schwinger equations (20) in a given situation. A
complete numerical solution, which includes the high degree
of degeneracy of the model, is beyond the scope of the
present work. We present here a preliminary result where the
equations (20) are solved in first-order perturbation theory,
i.e., where the volume of the medium and the dissipation
are small. The details of the calculation are described in the
Appendix. Once the obtained functions ¢ and u™ are inserted
in the electric-field operator (25), it reads

EF) = Eo() +,/ “(2’/ dvf el 20,7
TC

X [GEW; 7', F) + Fg(v; 7/, ?)]év,;/ +H.c., (31)
with 7 a position in the exterior of the medium. Here £ is of
the same form as the electric-field operator in vacuum (28).
It is however not strictly the same, since the annihilation
operator D acts on the plasmonic Fock space, which has
a modified ground state. In addition, G(ﬁf are two possible

Green’s functions in vacuum

< P ) ® P (P)
+or ooy 2 k,o,m k,o,m
Go(r,r)—c/dk; T i0

and Fy¢ is a near-field term, which tends quickly to zero for 7
far from the surface of the medium:

Fij o _}) _C2 s S(rl{_ri)(r}_rj)
(r,r) = —————=\ 90/ — .
e S LA IF—7'2

(33)

(32)

The two possible Green’s tensors th can be obtained for a
given choice of the Mgller operator W... One can show that
G, satisfies the Sommerfeld radiation condition at infinity,
with only outgoing waves to infinity, whereas G contains
only incoming waves from infinity. It is customary to use the
Sommerfeld radiation condition. Both representations can be
used, however, since they are linked by a unitary transforma-
tion.

The expression (31) is obtained at first perturbative order in
J/€i. The link with Eq. (2) can be done by also developing the
Green’s equation (3) to first order in ,/€;, which corresponds
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to replacing the Green’s tensor in (2) by its vacuum expression
Gy. We conclude that to first order in ,/€;, the expression (31)
takes the same form as the formulas proposed in Refs. [18,19],
i.e., an electric field of the form (2) but with an extra term
associated with the free field. There is also an additional near-
field term in (31); this term diverges at the surface, and it is
thus beyond the range of validity of perturbation theory.

It is worth mentioning that the free-field term Ej is mod-
ified at higher orders of the perturbative development, which
contradicts the idea that adding the contribution of the free
field only is sufficient to achieve a complete quantization of
the model.

VII. CONCLUSION AND OUTLOOK

In summary, unlike in Eq. (1), the diagonalized coupled
Hamiltonian (22) is of the same form as the uncoupled one:
it has an absolutely continuous and positive spectrum with
degeneracy labeled by the indices d* and d".

Since the starting point for the diagonalization procedure in
Refs. [14,15] is the assumption of a diagonal Hamiltonian of
the form (1), the preceding arguments imply that the results
of Refs. [14,15] cannot be applied to finite-size media, in
particular to nanostructures, where the Hamiltonian has the
form (22). The Fano-type diagonalization technique [29],
which was adapted in Refs. [14,15], was conceived initially to
treat a discrete mode coupled to a continuum. A characteristic
phenomenon is that, under some hypothesis, the discrete
mode “dissolves” in the continuum, as was first proven by
Friedrichs [26] and rederived by Fano [29], and the coupled
system has only a continuous spectrum. This is an intuition
that may have led one to postulate a diagonal Hamiltonian of
the form (1). However, in the present models for finite media
we have two coupled continua instead of a discrete mode and
a continuum, and the Fano-Friedrichs mechanism does not
apply. Instead we need an analysis of what happens when two
continua interact, which is what we presented in this article.

We note that the frequency operator €2 is diagonalized by a
unitary transformation, given by the wave operator W,., which

guarantees that the operators CA'V,; and DAa,,dw automatically
satisfy the bosonic commutation relations. In the method of
diagonalization used in Refs. [14,15], the commutation rela-
tions have to be imposed a posteriori, which is a technically
nontrivial operation, in particular if one wants to extend it to
include the two families of boson operators as in Eq. (22).

The relations (1)—(4) were constructed implicitly for bulk
systems, but they have been widely used to analyze phe-
nomena in systems with finite-size media, e.g., enhanced
spontaneous emission; Purcell, Casimir, and Polder effects;
and superradiant emission, among many others [11,30]. These
applications have to to be reassessed, taking into account
the modified perspective including the missing terms, e.g.,
in the electric field. A natural question is whether the bulk
formulas (1)-(4) can be a good approximation to the com-
plete expressions in some particular regimes and beyond the
perturbative approach described in Sec. VI.

For applications it will be necessary to develop or adapt
efficient numerical methods to solve the Lippmann-Schwinger
integral equations for media of different geometries (see, e.g.,

Ref. [31]), e.g., to treat the fields of nanoantennas [32,33].
An analytical and numerical study of these equations and
the consequences for spontaneous emission is left for future
work. The present results apply to a large class of open
quantum systems coupled to a bath, featuring dispersion and
dissipation.
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APPENDIX: FIRST-ORDER PERTURBATION THEORY

We show here that a perturbation development to first order
of the Lippmann-Schwinger equation results in the expres-
sion (31) of the electric-field operator. To lighten the notation,
we show it only for G, which satisfies the Sommerfeld
radiation condition.

The Lippmann-Schwinger equations (20) take the general
form

1)//_e/m — ¢e/m _ROng/m

ndh = Ol ot (AL)

where Ry(A) = (Q% — A2 +i07)~ . If the coupling V is small,
Eq. (A1) can be developed as

Y =1 — RV + (RoV)? — --- 1¢"

A d* hdr* (Az)

In first order, we neglect all contributions of V" with n > 1;
we thus have

e/m — ¢e/m _R0V¢e/m

r,d* nd P (A3)

How V acts on a general vector of the Hilbert space is deduced
from the Hamiltonian of interaction (8c). It takes the form

(Bv)(x) ]

u(K)
[ . }=[ - L. (A4)
v(v, 7, j) (B u+Av)(v, 7, j)

with
(Bv)(k) = /dv/ d*r wa (v, ) (F) - (v, 7),
Vin
(A5a)

(BTu)(v, 7, J) = a(y, 7")/61/( @ (F, ulk), (A5b)

(Av)(v, 7, J) = a(v, ?)/dv’ot(v/, A, 7, j), (ASc)

where we recall the concise notation k = (l?, o, ). Note that
we absorbed €y by making the change of variable & = ,/€gar.
We then apply V to the uncoupled eigenfunctions ¢*/” given
by Eq. (21) and we insert it into Eq. (A3) to obtain the
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solutions of the Lippmann-Schwinger equations in a small
coupling regime. They take the form (19) with

ul (k') = 8(k — k), (A6a)
e - w,(F, Pa(v, 7)

)= —— A6b

Ve 7. J) V2 — w? +i0t (AGD)
(l)go,((?, j)a(\), 7)

7, (K) 2 i0r (A6c)

vy 0L FL ) =800 =8 — 78
a(v Pa(, r) 5
V2 — 2 40+ 8(F = /)511
(A6d)

Now that the eigenfunctions of ©2 have been found, we can
use them to calculate the electric field in the exterior of the
medium. We insert ¢ and u™ into Egs. (25) and we obtain,
after some manipulations,

Ee(?) = E°), (A7a)
By = [ / dv / e P, FOLw T P
'7-[60 Vm
+Hec, (A7b)
with

LF', 7 /d3k

We express the integrals in spherical coordinates with Eq. (26)
and we use the identity
1 P

T
=5 + 158((1) —v) (A9)

2
w - =/ - -
6()2 _ 1)2 + 0+ Z (plz,o*,zr (r ) ® 9"/2,0,;1 (r)

(A8)

w? — vz Fiot

for w, v > 0, which gives

L7, F) = P/ “’g(“’ ;) g7 ),
(A10)
with
g(wi 7, F) = (AL1)

> B () ® Po.ao (F).
dw

The first term in (A10) can be rewritten as

2
P/dw(% - 1)g(w;7’,7)+/dwg(w;7’,7)
w- —V
v2g(w; 7', F) I
:Pfdwﬂ+fdwg(w;r , 7).

Because of Eq. (A11) and the completeness of the eigenfunc-
tions @, 4, we have

/da)g(a);?/

with the transverse § function defined as [34]

F)=38r(F =7,

. 2
S{(F—7") = 3800 — )

1 5 S r)(r,—r)
dm|F— 7P\ 7 — 7|2

(A12)

Since 7’ is defined only inside the medium whereas 7 is taken
in the exterior, the first term on the right-hand side vanishes.
Hence we obtain

S o g(w; 7', F) 1 2 o
L(v; /, = vz do————— + = Fy(v; ,, ,
W7, 7) |:/ Yo — v riot 2 A r)}

(A13)
where
g —c? 3(ri —r)(rj—r))
F{GF 7)== 8 — /’2 7).
4 v?|F — 7| |7 — 7|
(A14)
In (A13) we recognize the Green’s function in vacuum
. glw; 7', 7)
Gy P =c | do——————
o (viFLT) =c / YoVt it
(pkan(r/)®¢kan( )
fdkz e T (A15)
and hence
2
L= Z[Ga + Fyel. (A16)

Introducing it back into Eq. (A7b) and using eopoc? = 1, we
obtain the electric field (31).
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