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The spectral and characteristic decompositions of the polarization matrix provide fruitful frameworks for
the physical interpretation of three-dimensional (3D) partially polarized light fields. The decompositions are
formulated in terms of the three pure eigenstates, which in turn are represented through their associated
orthogonal complex 3D Jones vectors. This mathematical orthogonality does not correspond, in general, to
orthogonality of the polarization-ellipse planes of the respective eigenstates. Consequently, due to such inherent
mathematical complexity, the geometric and physical interpretation of these sets of orthogonal complex vectors,
being essential for the best understanding of the structure and properties of partially polarized 3D light, has not
been addressed thoroughly. In this work, the geometric and physical features of sets of three orthonormal 3D
Jones vectors are identified and analyzed, allowing one to obtain meaningful interpretations of any given mixed
(partially polarized) 3D polarization state in terms of either the spectral or the characteristic decompositions.
Among other results, it is found that, given a pure polarization state, any plane in space contains the polarization
ellipse of a pure state that is orthogonal to it, and the mathematical expressions for the azimuth and ellipticity of
such an ellipse are calculated in terms of the angular parameters determining said plane and the ellipticity of the
given state. Furthermore, the spin vectors of the three polarization eigenstates are arranged in a peculiar spatial
manner, such that they lie in a common plane. Beyond polarization phenomena, the approach presented also has
potential applications in areas where 3 × 3 unitary matrices play a key role, like three-level quantum systems
and gates for ternary quantum logic circuits.
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I. INTRODUCTION

Polarization is a fundamental property of light and plays
a vital role in understanding and exploiting electromagnetic
interactions of diverse physical nature [1,2]. The polarization
properties of random light fields, in their most general three-
dimensional (3D) representation, have lately been a subject
of increasing interest within modern optical physics because
of the rapid progress in nonparaxial optics and nanophotonics
[3–13]. The 3D character of random light is especially en-
countered in the context of high numerical aperture systems
[14,15], optical evanescent waves [16,17], and plasmonic
surface fields [18,19], highlighting the necessity to develop
appropriate theoretical methods for the treatment and physical
interpretation of general 3D states of polarization.

Yet, due to the mathematical complexity inherent to 3D
light fields, the analysis and physical understanding of 3D
polarization states are more involved than for 2D (two-
dimensional) states for which the polarization ellipse is re-
stricted to a fixed plane. For instance, the Jones vectors of
2D states have a straightforward interpretation in terms of
the polarization-ellipse parameters of the totally polarized
component of the state. On the other hand, the concept and
characterization of 3D polarization states rely strongly on
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the corresponding set of orthonormal 3D Jones eigenstates
(û1, û2, û3), which in general involves up to six independent
parameters (plus respective arbitrary phase factors that do
not affect the states of polarization). Thus, the geometric
and physical interpretation of sets of orthonormal 3D Jones
vectors, forming the core of this work, constitutes a key
objective in polarization theory. Our results provide the po-
larimetric characterization of any set (û1, û2, û3) by means
of well-defined and significant geometric parameters, which
allows one to identify the respective polarization ellipses in
meaningful geometrical terms. Furthermore, besides offering
proper physical interpretations for the spectral and charac-
teristic decompositions of any 3D polarization matrix, our
work reveals some peculiar properties of the feasible spatial
configurations of said eigenstates and their respective spin
vectors (intrinsic angular momenta).

This paper is organized as follows. In Sec. II the necessary
concepts and notations are introduced. A canonical set of
orthogonal 3D Jones vectors is defined in Sec. III, which
provides the mathematical basis for the general parametriza-
tion of arbitrary orthogonal sets performed in this section.
Section IV is devoted to a brief analysis of the main features
and peculiarities of sets of orthonormal linearly polarized
states. Next, in order to illustrate the general results obtained,
a pair of particularly representative families of sets of or-
thonormal 3D Jones vectors is analyzed in detail in Sec.
V. The general results are then applied, in Sec. VI, to a
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significant physical situation of an incoherent mixture of two
circularly polarized states whose polarization circles lie in
mutually orthogonal planes, which, after the identification of
the corresponding Jones eigenstates, turns out to be equivalent
to a certain incoherent mixture of two components of the
canonical set dealt with in Sec. III. Finally, the main results
are summarized and briefly discussed in Sec. VII.

The original procedure for the calculation of the character-
istic angular parameters of a 3D Jones vector is developed in
Appendix A, while Appendix B deals with the demonstration
that, given a pure polarization state, any pair of pure states
orthogonal to it has necessarily a common overall azimuth
parameter. This facilitates the geometric representations of
the orthonormal sets under study and leads to particularly
interesting consequences about the spatial distribution of the
respective polarization ellipses and spin vectors.

II. BACKGROUND CONCEPTS

Fully polarized (pure) states are commonly represented
with respect to a coordinate system XYZ, whose axes X and
Y contain the corresponding polarization ellipse, while the Z
axis coincides with the propagation direction. Thus, in this
case, as indicated above, it is enough to consider a two-
component (2D) Jones vector [20], but obviously the same
pure state can be represented in any other reference frame by
means of a 3D Jones vector [1,21]. Partially polarized (mixed)
3D states require a mathematical treatment beyond the use
of Jones vectors. The temporal polarization properties of
such states are instead fully characterized by the polarization
matrix R = 〈ε(t ) ⊗ ε†(t )〉, where ε(t ) ≡ [εx(t ), εy(t ), εz(t )]T

is the 3D instantaneous Jones vector representing the electric
field at time t , while the angle brackets, symbol �, and
dagger † stand for the time average, Kronecker product, and
conjugate transpose, respectively. Note, however, that for time
intervals smaller than the polarization time [22–24] the polar-
ization state is well defined, whereas in general it fluctuates
during the measurement time; hence the name instantaneous
Jones vector [2]. The matrix R is Hermitian with the elements
ri j = 〈εi(t )ε∗

j (t )〉 (i, j = x, y, z) being the second-order mo-
ments of the zero-mean electric-field components εi(t ). The
diagonal elements of R are associated with the intensities of
the XYZ components of the electric field, so the intensity of
the whole state is given by

I = trR = 〈|εx(t )|2〉 + 〈|εy(t )|2〉 + 〈|εz(t )|2〉. (1)

For an appropriate formulation of certain later expressions, it
will also be useful to use the intensity-normalized form of R,
i.e., the polarization density matrix R̂ ≡ R/I .

While pure states are characterized by a unique Jones
vector, the polarization matrix of a mixed state can be ex-
pressed in terms of a set of three orthonormal 3D Jones
vectors (eigenstates) and three scalar non-negative parameters
(eigenvalues) by means of its spectral decomposition [1]:

R = IUdiag(λ̂1, λ̂2, λ̂3)U† = I
3∑

i=1

λ̂i(ûi ⊗ û†
i ). (2)

Here U is the unitary matrix that diagonalizes R, ûi are the
unit eigenvectors of R (i.e., the columns of matrix U), and λ̂i

FIG. 1. In the 2D representation of polarized light, the polariza-
tion ellipse remains in a fixed plane �(XY ) during the measurement
time, and thus there is no component of the electric field E along the
Z direction orthogonal to the plane �. The azimuth ϕ is the angle
between the direction of the semimajor axis and the X axis. The
absolute value of the ellipticity angle χ is given by |χ | = arctan(b/a),
with a and b being the semimajor and semiminor axes, respectively,
while the handedness is determined by the sign of χ [31].

are the eigenvalues of R̂ obeying λ̂1 + λ̂2 + λ̂3 = 1 and λ̂1 �
λ̂2 � λ̂3 � 0. A detailed quantification of the polarimetric
randomness (or conversely, polarimetric purity) of R is also
achieved through its characteristic decomposition [1,25–27],

R = I[P1R̂p + (P2 − P1)R̂m + (1 − P2)R̂u−3D],
(3)

R̂p ≡ û1 ⊗ û†
1, R̂m ≡ 1

2 (û1 ⊗ û†
1 + û2 ⊗ û†

2), R̂u−3D ≡ 1
3 I,

where I is the 3 × 3 identity matrix and P1, P2 are the so-called
indices of polarimetric purity (IPP) [28], defined as

P1 = λ̂1 − λ̂2, P2 = 1 − 3λ̂3. (4)

While R̂p and R̂u−3D represent, respectively, a pure state
and a fully random state (i.e., a 3D unpolarized state), the
interpretation of R̂m requires a more detailed analysis and
leads to the notion of nonregularity of polarization states
[26,29]. A partially polarized evanescent wave is an important
physical manifestation of such nonregular polarization states
[30].

As with the spectral decomposition, also the characteristic
decomposition is formulated in terms of the Jones eigenvec-
tors of R, in particular of the pair (û1, û2) which determines
univocally the third component û3 of the complete orthonor-
mal set (this is the reason why the numbers of free parameters
involved in the spectral and characteristic decompositions co-
incide). Hence, owing to this intrinsic mathematical structure
and physical importance of the two representations, the iden-
tification and geometric interpretation of the sets of orthonor-
mal 3D Jones vectors is essential for a detailed understanding
of the fundamental properties of partially polarized 3D light
states.

Next, as necessary concepts to achieve the results of this
work, we examine the intrinsic and general representations of
a 3D Jones vector. There are no mathematical restrictions for
an arbitrary three-component complex vector to be considered
a 3D Jones vector ε that represents a certain fully polarized
state. Such a state is characterized by the so-called polariza-
tion ellipse, which is described by the temporal evolution of
the end point of the electric-field vector of the electromag-
netic wave (Fig. 1, [31]). As said in the Introduction, the

033824-2



SETS OF ORTHOGONAL THREE-DIMENSIONAL … PHYSICAL REVIEW A 100, 033824 (2019)

FIG. 2. The polarization ellipse represented with respect to the
intrinsic reference frame XOYOZO of the corresponding pure polar-
ization state εO [31].

conventional 2D model is easily recovered by taking the Z
axis in a direction orthogonal to the plane �(XY ) containing
the polarization ellipse, so that the third component of the 3D
Jones vector vanishes.

Let (êx, êy, êz ) and (êxO , êyO , êzO ) be the sets of orthonormal
unit vectors characterizing the state ε with respect to an arbi-
trary reference frame XYZ and the intrinsic reference frame
XOYOZO [2,11,12]. The plane XOYO contains the polarization
ellipse of ε such that the XO axis runs parallel with the
semimajor axis of the ellipse (Fig. 2, [31]). The intrinsic Jones
vector, i.e., the Jones vector of a given pure polarization state
in the intrinsic reference frame, adopts the form

εO =
√

I eiγ (cos χ, i sin χ, 0)T, (5)

which depends only on a global phase γ , the intensity I, and
the ellipticity angle −π/4 � χ � π/4, with the value of χ

determining the ellipticity and the handedness of the state
(positive and negative values of χ correspond, respectively,
to right-handed and left-handed elliptically polarized states
[2]). Due to the convention −π/4 � χ � π/4 taken here, the
absolute value of the first component of εO is never smaller
than that of the second component (cos χ � |sin χ |), thus
avoiding ambiguity for the choice of axes XO and YO. The
spin angular momentum n of the state [2,5] lies on the ZO axis
(normal to the plane XOYO containing the polarization ellipse).
Since in subsequent sections we consider sets of orthonormal
polarization states, we henceforth set I = 1 and denote the
unit Jones vector as ε̂.

Once the intrinsic unit Jones vector ε̂O has been specified,
the following step is to establish the link between ε̂O and
the expression ε̂ for the same state in an arbitrary Cartesian
reference frame XYZ. The transformation from ε̂O to ε̂ is
obtained through the corresponding rotation from XOYOZO to
XYZ. Such a rotation is determined by (1) a rotation of angle
−ϕ (ϕ being the azimuth of the polarization ellipse, 0 � ϕ <

π ) about the ZO axis, (2) a rotation of angle θ (elevation of
the new Z axis, −π/2 � θ � π/2) about the transformed Y
axis, and (3) a rotation of angle φ (azimuth of the new X axis,
−π < φ � π ) about the transformed Z axis. Thus, the unit
vector êz(θ, φ) that specifies the direction of the Z axis with
respect to the plane XOYO of the intrinsic reference frame is
determined by the pair of angles (θ, φ) [31].

The conventions taken here for the angular parameters
allow one to recover the most common expressions for the
angular configurations and to interpret them in a natural way
(slightly different conventions are used in some related works

[2,21]). Note that in [31] the first rotation of the transforma-
tion should be considered −ϕ instead of ϕ, but the mathemat-
ical expressions in [31] remain valid provided the indicated
convention is taken.

The orthogonal matrix corresponding to the above indi-
cated rotation transformation from XOYOZO to XYZ is [31]

Q(φ, θ, ϕ)

=
⎛
⎝ cθcφcϕ + sφsϕ −cθ cφsϕ + sφcϕ cφsθ

−cθ sφcϕ + cφsϕ cθ sφsϕ + cφcϕ −sφsθ

−sθcϕ sθ sϕ cθ

⎞
⎠, (6)

where the trigonometric functions are represented by the ab-
breviated notations sx ≡ sin x, cx ≡ cos x. The resulting gen-
eral expression for ε̂ with respect to an arbitrary coordinate
system XYZ thus reads

ε̂ = Qε̂O

= eiγ

⎛
⎜⎝

cχ (sφsϕ + cθcφcϕ ) + isχ (sφcϕ − cθ cφsϕ )

cχ (cφsϕ − cθ sφcϕ ) + isχ (cφcϕ + cθ sφsϕ )

−cχ sθcϕ + isχ sθ sϕ

⎞
⎟⎠, (7)

with ε̂O being the unit Jones vector in the intrinsic reference
frame XOYOZO, as before.

The procedure for the determination of the angular param-
eters (φ, θ, ϕ) of a given 3D Jones vector ε̂ is described in
Appendix A.

III. SETS OF ORTHONORMAL 3D JONES VECTORS

Equation (7) represents a general unit Jones vector in terms
of the angles (θ, φ) of the vector êz(θ, φ) that determines the
Z axis, together with the associated azimuth ϕ and ellipticity
angle χ . As seen in Sec. II, this pure state, when represented
with respect to its corresponding intrinsic reference frame
X1Y1Z1 (i.e., ϕ1 = φ1 = θ1 = 0), reads

η̂1 = eiγ1 (cos χ1, i sin χ1, 0)T, (8)

where the symbol η̂ is now used instead of ε̂ to refer to the
three orthonormal Jones vectors that constitute the canonical
set [31]. Furthermore, it is well known that the Jones vector η̂2
whose polarization ellipse lies in the same plane X1Y1 (viz.,
θ2 = φ2 = 0), with azimuth ϕ2 = π/2 and with ellipticity
angle χ2 = −χ1, is orthogonal to η̂1 and has the form

η̂2 = eiγ2 (i sin χ1, cos χ1, 0)T. (9)

The canonical set is completed by adding to the pair (η̂1, η̂2)
a linearly polarized state η̂3 along the Z1 direction, whose 3D
Jones vector is

η̂3 = eiγ3 (0, 0, 1)T. (10)

It should be stressed that, as occurs in the common 2D
representations, the concept of orthogonality of states does
not necessarily imply orthogonality between the planes con-
taining the respective polarization ellipses.

Given a polarization matrix R, it is always possible to
determine the intrinsic reference frame X1Y1Z1 corresponding
to the first eigenvector η̂1, and then use the canonical set
(η̂1, η̂2, η̂3) defined with respect to it [31] (Fig. 3). Note that
while η̂1 is associated with the intrinsic representation of the
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FIG. 3. Canonical set of orthonormal polarization states, repre-
sented with respect to the intrinsic reference frame X1Y1Z1 of η̂1

(θ1 = φ1 = ϕ1 = 0). State η̂2 corresponds to either of the config-
urations (θ2 = φ2 = 0, ϕ2 = π/2, χ2 = −χ1), (θ2 = 0, φ2 = π/2,
ϕ2 = 0, χ2 = −χ1), while η̂3 corresponds to the configuration (θ3 =
±π/2 , ϕ3 = 0, χ3 = 0) with φ3 arbitrary [31].

first spectral component û1 [see Eq. (2)], η̂2 and η̂3 do not
necessarily correspond to the spectral components û2 and û3.

Once the canonical set (η̂1, η̂2, η̂3) has been defined, in
this section we address the problem of identifying arbitrary
sets of mutually orthonormal polarization states. To this end,
we take η̂1 as the first basis vector such that it fixes the
coordinate system X1Y1Z1 used in the analysis below.

Any generic Jones vector ν̂i, orthonormal to η̂1, can be
expressed as a linear combination of the two remaining canon-
ical vectors (η̂2, η̂3) as

ν̂i = cos μeiαi η̂2 + sin μeiβi η̂3

=

⎛
⎜⎝

cμsχ1

(−sαi + icαi

)
cμcχ1

(
cαi + isαi

)
sμ

(
cβi + isβi

)
⎞
⎟⎠, (11)

with 0 � μ � π/2 and 0 � αi, βi � π . In the last expression
we used the simplified notation αi ≡ αi + γ2, βi ≡ βi + γ3.
On the other hand, according to Eq. (7), the expression of ν̂i in
terms of its corresponding angles φi, θi, ϕi, χi and an arbitrary
global phase δi reads

ν̂i = eiδi

⎛
⎜⎝

cχi

(
sφi sϕi + cθi cφi cϕi

) + isχi

(
sφi cϕi − cθi cφi sϕi

)
cχi

(
cφi sϕi − cθi sφi cϕi

) + isχi

(
cφi cϕi + cθi sφi sϕi

)
−cχi sθi cϕi + isχi sθi sϕi

⎞
⎟⎠.

(12)

Hence, by combining Eqs. (11) and (12) (and omitting
the global phase factor eiδi ), we obtain the following set of
coupled trigonometric equations:

−cμsαi sχ1 = cχi

(
sφi sϕi + cθi cφi cϕi

)
,

cμcαi sχ1 = sχi

(
sφi cϕi − cθi cφi sϕi

)
,

cμcαi cχ1 = cχi

(
cφi sϕi − cθi sφi cϕi

)
,

(13)
cμsαi cχ1 = sχi

(
cφi cϕi + cθi sφi sϕi

)
,

cβi sμ = −cχi sθi cϕi ,

sβi sμ = sχi sθi sϕi .

The aim of the subsequent analysis is to determine the
ellipticity angle χi and the azimuth ϕi of the polarization
ellipse that corresponds to any set of parameters (χ1, φi, θi ),
where χ1 is the ellipticity angle of the reference polarization
state η̂1 (ϕ1 = 0), and where the pair of angles (φi, θi)

determines, with respect to the reference frame X1Y1Z1,
the orientation of the Zi axis orthogonal to the plane �i

containing the polarization ellipse of the state ν̂i.
Prior to studying the features of the families of solutions of

Eq. (13), it is important to note that the form of the equations
corresponds to the choice made for the order of the 3D Jones
vectors constituting the canonical set, where, except for the
case where all (η̂1, η̂2, η̂3) are linearly polarized, η̂1 is not
linearly polarized. Such choice does not impose limits or
restrictions to the scope of validity of Eq. (13), but hereafter
it should be taken into account for their interpretation and
graphical representation.

Let us also observe that when the absolute value of the
elevation angle is maximal, i.e., |θi| = π/2, the equations
in system (13) are only compatible with χi = 0 and ϕi = 0
(μ = π/2), corresponding to linearly polarized states. More-
over, values μ = 0, π/2 correspond to the canonical set (i.e.,
θi = 0, ±π/2) and therefore they can be excluded from the
following analysis.

Due to the trigonometric nature of Eq. (13), it is appropriate
to consider first the particular cases (1) φi = 0, π , and (2)
φi = ±π/2.

(1) When φi = 0, π , Eq. (13) adopts the form

−cμsαi sχ1 = ± cχi cθi cϕi , cμcαi sχ1 = ∓sχi cθi sϕi ,

cμcαi cχ1 = ±cχi sϕi , cμsαi cχ1 = ± sχi cϕi , (14)

cβi sμ = −cχi sθi cϕi , sβi sμ = sχi sθi sϕi .

Provided that 0 < μ < π/2, χ1 	= 0, and θi 	= 0,±π/2,
Eq. (14) leads to the following values for χi and ϕi in terms
of θi:

(a) cθi <
∣∣tχ1

∣∣ ⇒ ϕi = 0, tχi = −cθi/tχ1 ,

(b) cθi = ∣∣tχ1

∣∣ ⇒ χi = ±π/4 (ϕi undet.), (15)

(c) cθi >
∣∣tχ1

∣∣ ⇒ ϕi = π/2, tχi = −tχ1/cθi ,

where tx ≡ tan x and t−1
x ≡ cot x. The solution (b) does not

correspond to a family of states, as occurs with (a) and (c),
but corresponds to two particular values of θi for which ν̂i is
a circularly polarized state (ϕi undetermined). The particular
case (b) is analyzed within the example (a) of Sec. V.

Hence, except for the particular case (b) in Eq. (15), in
general the family of solutions for φi = 0, π implies that
ϕi = 0, π/2. The family of states ν̂i corresponding to φi = 0
is analyzed in Sec. V, where the ellipticity angle χi of ν̂i runs
through all its possible values, including the particular case
(b) of circular polarization (|χi| = π/4).

(2) When φi = ±π/2, Eq. (13) becomes

−cμsαi sχ1 = ±cχi sϕi , cμcαi sχ1 = ±sχi cϕi ,

cμcαi cχ1 = ∓cχi cθi cϕi , cμsαi cχ1 = ±sχi cθi sϕi , (16)

cβi sμ = −cχi sθi cϕi , sβi sμ = sχi sθi sϕi .

Presuming again that 0 < μ < π/2, χ1 	= 0, and θi 	=
0,±π/2, Eq. (16) yields the following values for χi and ϕi

in terms of θi:

(a) cθi = ±1/tχ1 (|tχ1 | � 1)

⇒ θi = 0, χi = −χ1 = ∓π/4 (ϕi undet.),

033824-4



SETS OF ORTHOGONAL THREE-DIMENSIONAL … PHYSICAL REVIEW A 100, 033824 (2019)

(b) tχi = −1/tχ1 cθi (|tχ1 | � 1, cθi � 1)

⇒ θi = 0, χi = −χ1 = ∓π/4 (ϕi undet.),

(c) tχi = −tχ1 cθi , ϕi = 0. (17)

The mere definition of ellipticity angles (|χ |� π/4) implies
|tan χ1| � 1 and |tan χi| � 1, whereby the solutions (a) and
(b) of Eq. (17) are only compatible with the particular case
χ1 = ±π/4, which in turn entails θi = 0 (against the hypoth-
esis). Note that such excluded solutions (a,b) would corre-
spond to the specific canonical set where η̂1 is circularly
polarized, η̂2 is circularly polarized with opposite handedness
(χ2 = −χ1 = ∓π/4), and η̂3 is linearly polarized.

Therefore, the family of solutions for φi = ±π/2 dic-
tates that ϕi = 0, while |χi| varies continuously from its
maximum |χi| = |χ1| (θi = 0) down to its minimum χi = 0
(|θi| = π/2). Moreover, from the inspection of the compati-
bility of Eq. (13), it can be shown that sets of orthonormal
linearly polarized states always correspond to the family φi =
±π/2. The family of states ν̂i with φi = π/2 is analyzed in
detail in Sec. V.

In general, provided that μ < π/2 and αi 	= 0, π/2, π ,
Eq. (13) can be transformed into

tχi

(
sφi cϕi − cθi cφi sϕi

) = tχ1

(
cφi sϕi − cθi sφi cϕi

)
,

(18)
t−1
χi

(
sφi sϕi + cθi cφi cϕi

) = −tχ1

(
cφi cϕi + cθi sφi sϕi

)
,

which leads to
(
sφi cϕi − cθi cφi sϕi

)(
sφi sϕi + cθi cφi cϕi

)
(19)

= −t2
χ1

(
cφi sϕi − cθi sφi cϕi

)(
cφi cϕi + cθi sφi sϕi

)
.

Both sides of this equation can be divided by c2
φi

c2
ϕi

(remember
that the cases φi = ±π/2 and ϕi = π/2 have been analyzed
above separately), and transformed into a second-order equa-
tion for tϕi ,

at2
ϕi

+ btϕi − a = 0,
(20)[

a ≡ (
t2
χ1

− 1
)
cθi tφi , b ≡ t2

χ1

(
1 − c2

θi
t2
φi

) + t2
φi

− c2
θi

]
,

with the solution pair (determining univocally the respective
solutions for ϕi because of the constraint 0 � ϕi < π )

tϕi = −b ± √
b2 + 4a2

2a
. (21)

By analyzing Eqs. (20) and (13), it turns out that a = 0
corresponds either to (1) |χ1| = π/4 (η̂1 circularly polarized,
should be analyzed separately); (2) |θi| = π/2 and t2

χi
= −1

(unphysical), or (3) φi = 0, π (already studied). Thus, for the
sake of consistency of Eq. (21), these cases are excluded from
the analysis performed below. The corresponding values for
χi are obtained by dividing both sides of the first relation in
Eq. (18) by cφi cϕi , which leads to

tχi = tχ1

tϕi − cθi tφi

tφi − cθi tϕi

, (22)

with the above-indicated conditions of validity (μ < π/2;
αi 	= 0, π/2, π ; φi 	= 0,±π/2, π ; ϕi = π/2) ensuring the
consistency of Eq. (22).

FIG. 4. Representation of the polarization ellipses of states
ν̂(χ, ϕ, φ, θ ) that are orthogonal to η̂1 for different values of φ and
θ . States in a given circle have equal elevation angle θ , while states
along straight lines from the origin have equal overall azimuth φ.
Each ellipse lies in a respective plane whose normal is given by its
direction vector êz(θ, φ), so that such planes are tangent to a common
sphere and, from a topological point of view, cover all points of this
sphere.

The parameters ϕ2 and χ2 can now be calculated from
Eqs. (21) and (22) as functions of χ1, φ2, θ2. Moreover, since
η̂1, ν̂2, ν̂3 constitute the columns of a unitary matrix, the
components of ν̂3 can always be determined through the
procedure described in [31]. Thus, once χ1, φ2, θ2 have been
specified and the angles ϕ2 and χ2 have been calculated,
the corresponding parameters φ3, θ3, ϕ3, χ3 are ascertained by
means of the method presented in Appendix A. The respective
sets of families of mutually orthogonal states (η̂1, ν̂2, ν̂3) are
thereby thoroughly identified and interpreted in geometrical
terms.

Figure 4 illustrates polarization ellipses of states
ν̂(χ, ϕ, φ, θ ) that are orthogonal to η̂1, where the concentric
circles represent states with an equal elevation angle θ , while
the straight lines from the origin correspond to states with
a fixed overall azimuth φ. In all scenarios the ellipticity
angle χ reaches zero at |θ | = π/2, corresponding to linear
polarization. For states with φ = 0, π [horizontal line in
Fig. 4, Eq. (15)], two branches with respective azimuths
ϕ = π/2 and ϕ = 0 are separated by an intermediate circular
state, such that the ellipticity angle first increases with |θ | up
to |χ | = π/4 before decreasing down to χ = 0 at |θ | = π/2.
For states with |φ| = π/2 [vertical line in Fig. 4, Eq. (17)], we
have ϕ = 0 and the ellipticity angle reduces monotonically
from its maximum at θ = 0 toward χ = 0 when |θ | = π/2.
For states corresponding to the oblique lines in Fig. 4, both ϕ

and χ vary continuously as a function of |θ |. The direction of
the spin angular momentum vector of ν̂, which is normal to
the plane containing the corresponding polarization ellipse, is
determined by the pair φ, θ .

The above analysis shows that, given an arbitrary pure
polarization state η̂1 (represented with respect to its own
intrinsic reference frame) and an arbitrary plane �2, this plane
contains the polarization ellipse of a pure state ν̂2 orthogonal
to η̂1. The values of the azimuth ϕ2 and ellipticity angle χ2

of ν̂2 depend on χ1 and on the angles φ2, θ2 determining the
plane �2. In addition, since any pair of columns of a unitary
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matrix determines the remaining column, once η̂1 and �2 are
specified, the plane �3 containing the polarization ellipse of
the third orthonormal state ν̂3 together with its azimuth ϕ3 and
ellipticity angle χ3 are univocally determined.

As demonstrated in Appendix B, the overall azimuths φ2

and φ3 of the components ν̂2 and ν̂3 of the orthonormal set of
3D Jones vectors (η̂1, ν̂2, ν̂3) always coincide (φ3 = φ2).

IV. SETS OF ORTHOGONAL LINEAR STATES

Sets of orthogonal linearly polarized states constitute a
particularly interesting case that is briefly analyzed in this
section. Given a linearly polarized reference state η̂1 =
eiγ1 (1, 0, 0)T, an orthonormal set of linearly polarized states
(χ1 = χ2 = χ3 = 0) has necessarily the form (η̂1, ν̂2, ν̂3),
where

ν̂2 = eiγ2 (0, cos θ2, sin θ2)T,
(23)

ν̂3 = eiγ3 (0,− sin θ2, cos θ2)T.

By comparing these expressions with those of Eq. (12) (with
i = 2, 3), it turns out that they are only compatible if the
characteristic angles of ν̂2 and ν̂3 satisfy

φ2 = φ3 = ±π/2, ϕ2 = ϕ3 = 0,
(24)

θ3 = θ2 ± π/2 (0 � θi � π/2, i = 2, 3).

Note that, due to the criterion used to define the generic first
component η̂1 of the canonical set (η̂1, η̂2, η̂3), when η̂1 is
linearly polarized (χ1 = 0) Eq. (12) implies that χ2 = χ3 =
0. Nevertheless, the representation of any set composed of a
linearly polarized state and two states with respective nonzero
ellipticity angles is always achievable by taking ν̂2 or ν̂3 as
the linearly polarized one.

Concerning orthonormal sets where all the components
are circularly polarized (|χ1| = |χ2| = |χ3| = π/4), it follows
from Eq. (B2), in Appendix B, that this possibility is not
mathematically achievable and therefore it is not physically
realizable. Orthonormal sets where two components are circu-
larly polarized, necessarily correspond to canonical sets with
χ1 = ±π/4, χ2 = ∓π/4, and χ3 = 0.

V. FAMILIES OF ORTHONORMAL STATES
CORRESPONDING TO φ2 = 0 AND φ2 = π/2

To elucidate further the nature and physical interpretation
of the sets of orthonormal 3D polarization states, in this
section we consider the cases φ2 = 0 and φ2 = π/2 in more
detail. As before, the first canonical state η̂1 fixes the reference
frame for the associated states ν̂2 and ν̂3.

(a) Family of states orthonormal to η̂1 and with φ2 = 0.
In this case, according to Eq. (12), ν̂2 adopts the form

ν̂2 = eiδ2

⎛
⎜⎝

cχ2 cθ2 cϕ2 − isχ2 cθ2 sϕ2

cχ2 sϕ2 + isχ2 cϕ2

−cχ2 sθ2 cϕ2 + isχ2 sθ2 sϕ2

⎞
⎟⎠. (25)

Equations (15) further imply that the azimuth of ν̂i takes
the achievable values ϕi = π/2, 0 (i = 2, 3), with ϕi = π/2
for elevation angles satisfying cos θi > |tan χ1|, and ϕi = 0
when cos θi < |tan χ1|. The equality cos θi = |tan χ1| [case
(b) in Eq. (15)] corresponds to a circularly polarized state
(|χi| = π/4, ϕi undetermined) that connects states ν̂i with

ϕi = π/2 and those with ϕi = 0. Hence

ν̂2 = eiδ2

⎛
⎝−isχ2 cθ2

cχ2

isχ2 sθ2

⎞
⎠ (cθ2 � |tχ1 |, ϕ2 = π/2),

(26)

ν̂2 = eiδ2

⎛
⎝−icχ2 cθ2

sχ2

icχ2 sθ2

⎞
⎠ (cθ2 � |tχ1 |, ϕ2 = 0).

The geometric features shown in Fig. 4 for states ν̂i orthog-
onal to η̂1 suggest that ν̂2 and ν̂3 have equal overall az-
imuths φ3 = φ2 = 0 (see Appendix B). From this hypothesis,
together with the use of Eq. (9) of [31] to calculate ν̂3 in terms
of (μ, α3, β3), the orthogonality of η̂1, ν̂2, and ν̂3 implies
that the set of orthonormal 3D Jones vectors corresponding to
φ2 = 0 can be expressed as a function of χ1 and the elevation
angle θ2 chosen for ν̂2 as

η̂1 = eiδ1

⎛
⎝cχ1

isχ1

0

⎞
⎠,

cθ2 �
∣∣tχ1

∣∣ ⇒ ϕ2 = π/2

⇒ ν̂2 = eiδ2

⎛
⎝−isχ2 cθ2

cχ2

isχ2 sθ2

⎞
⎠ = eiδ2√

1 + s2
χ1

t2
θ2

⎛
⎝ isχ1

cχ1

−isχ1tθ2

⎞
⎠, (27)

cθ2 �
∣∣tχ1

∣∣ ⇒ ϕ2 = 0

⇒ ν̂2 = eiδ2

⎛
⎝−icχ2 cθ2

sχ2

icχ2 sθ2

⎞
⎠ = eiδ2√

1 + s2
χ1

t2
θ2

⎛
⎝ isχ1

cχ1

−isχ1tθ2

⎞
⎠,

which correspond to the particular values

φ3 = φ2 = 0, cμ = 1
/√

1 + s2
χ1

t2
θ2
,

cθi >
∣∣tχ1

∣∣ ⇒ ϕi = π/2,

cθi = ∣∣tχ1

∣∣ ⇒ ∣∣χi

∣∣ = π/4, ϕi undetermined, (28)

cθi <
∣∣tχ1

∣∣ ⇒ ϕi = 0,

χi = arctan(− tan χ1/cos θi ).

Since the pair (η̂1, ν̂2) determines univocally ν̂3 (up to a
global phase factor), the orthogonality of the set (η̂1, ν̂2, ν̂3)
in Eq. (27) constitutes a confirmation that the hypothesis
φ3 = φ2 = 0 is correct (see Appendix B) and matches with
the symmetry among the expressions for ν̂2(δ2, χ2, θ2) and
ν̂3(δ3, χ3, θ3) in Eq. (27). Different pairs of states (ν̂2, ν̂3)
are obtained for each value of the elevation angle θ2 of ν̂2, as
illustrated in Fig. 5.

By taking the ratio between the first and third components
of ν̂3 in Eq. (27), we find that the elevation angles θ2 and θ3

for each pair (ν̂2, ν̂3) are linked via the ellipticity angle χ1 of
η̂1 as

cot θ3 = − tan θ2sin2χ1. (29)

Thus, in general, the planes �2 and �3 containing the re-
spective polarization ellipses of ν̂2 and ν̂3 are not mutually
orthogonal, while both �2 and �3 are orthogonal to the plane
determined by the axes Z1 (normal to the polarization ellipse
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FIG. 5. Physical interpretation of the family of sets of mutually orthogonal states corresponding to φ2 = φ3 = 0. Although all the states
correspond to a common fixed point in space, for the sake of clarity they are represented separated. The planes containing the polarization
ellipses of ν̂2 and ν̂3 are tangent to the semicircle determined by φ2, and perpendicular to the plane X1Z1, while θ2 and θ3 are the respective
elevation angles about the axis Y1.

of η̂1) and Z2 (normal to the polarization ellipse of ν̂2). Planes
�2 and �3 reach a symmetric position with respect to the
reference axis Z1 when θ3 = −θ2, which according to Eq. (29)
holds when θ2 = −θ3 = ± arctan(1/sin χ1).

As discussed in Sec. III [Eq. (15) and Fig. 4], for this family
(a) of sets of mutually orthonormal states, there exist certain
values of θi (i = 2, 3) for which the state ν̂i has circular
polarization. Regarding ν̂2, such circularly polarized states
are reached when cos θ2 = ∓ tan χ1; i.e.,

ν̂2 = eiδ2
1√
2

⎛
⎝∓i cos θ2

1
±i sin θ2

⎞
⎠

= eiδ2
1√
2

⎛
⎝ i tan χ1

1
±i

√
1 − tan2χ1

⎞
⎠, (30)

with

{
cos θ2 = ∓ tan χ1

−π
/

4 � χ1 � π
/

4
.

Thus, for the family of states ν̂2 with φ2 = 0, the above
circularly polarized states (having unspecified value of ϕ2)
establish the connections between the different branches of
ϕ2 = π/2 (cos θ2 > |tan χ1|) and ϕ2 = 0 (cos θ2 < |tan χ1|).

As shown in Fig. 4, the case φi = π is entirely symmetric
with that of φi = 0.

(b) Family of states orthonormal to η̂1 and with φ2 = π/2.
In this case, leaving aside the canonical set (θi = 0,±π/2)

and using the hypothesis φ3 = φ2, Eq. (17) yields

φ3 = π/2, ϕi = 0,
(31)

χi = arctan(− tan χ1 cos θi ).

These angular parameters correspond to ν̂2 and ν̂3 of the
following set of orthonormal polarization states (given as a
function of χ1 and the elevation angle θ2 chosen for v̂2):

η̂1 = eiδ1

⎛
⎝cχ1

isχ1

0

⎞
⎠,

ν̂2 = eiδ2

⎛
⎝ isχ2

−cχ2 cθ2

−cχ2 sθ2

⎞
⎠ = eiδ2√

1 + c2
χ1

t2
θ2

⎛
⎝

isχ1

cχ1

cχ1tθ2

⎞
⎠,

(with φ2 = π/2, ϕ2 = 0)

ν̂3 = eiδ3

⎛
⎜⎝

isχ3

−cχ3 cθ3

−cχ3 sθ3

⎞
⎟⎠ = eiδ3√

1 + c2
χ1

t2
θ2

⎛
⎜⎝

−icχ1 sχ1tθ2

−c2
χ1

tθ2

1

⎞
⎟⎠,

(with φ3 = π/2, ϕ3 = 0). (32)

Note that the uniqueness (up to a global phase factor) of ν̂3 as
a unit vector orthonormal to the pair (η̂1, ν̂2), together with
the expression of ν̂3 in Eq. (32), demonstrates that necessarily
φ3 = π/2 when φ2 = π/2. As occurs for any fixed value of φ2,
different pairs of states (ν̂2, ν̂3) are obtained for each value
of the elevation angle θ2 of ν̂2, with those corresponding to
φ2 = π/2 illustrated in Fig. 6.

Given a particular ellipticity angle χ1 of the first canonical
state η̂1, the respective elevation angles θ2 and θ3 for each pair
(ν̂2, ν̂3) are connected through the relation

cot θ3 = − tan θ2cos2χ1. (33)

As occurs in case (a), the planes �2 and �3 containing the
polarization ellipses of ν̂2 and ν̂3 are not mutually orthogonal
in general, while both �2 and �3 are orthogonal to the plane
determined by the axes Z1 (normal to the polarization ellipse
of η̂1) and Z2 (normal to the polarization ellipse of ν̂2).
According to Eq. (33), planes �2 and �3 reach a symmetric
position with respect to the reference axis Z1 when θ2 =
−θ3 = ± arctan(1/cos χ1).

Contrary to case (a), and as discussed in Sec. III [Eq. (17)
and Fig. 4], the set family (b) of mutually orthonormal states
does not contain circularly polarized states, except the partic-
ular case where the reference canonical state η̂1 has circular
polarization [χ1 = ±π/4 ⇒ χ2(η2) = ∓π/4], but instead ν̂i

decreases monotonically toward the linear canonical state η̂3
(θi = ±π/2) as |θi| increases.

Moreover, orthonormal sets of linearly polarized states can
be generated within the family (b) by fixing zero ellipticity
for η̂1 (χ1 = 0), so that ν̂2 and ν̂3 have necessarily linear po-
larizations along mutually orthogonal directions in the plane
Y1Z1, and the expressions for this particular kind of linearly
polarized sets are given by Eq. (23).

As shown in Fig. 4, the case φi = π is entirely symmetric
to that of φi = 0.

Like in the cases φ2 = 0 (a) and φ2 = π/2 (b), any pair
(ν̂2, ν̂3) of the orthonormal set (η̂1, ν̂2, ν̂3) always shares a
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FIG. 6. Physical interpretation of the family of sets of mutually orthogonal states corresponding to φ2 = φ3 = π/2. Although all the states
correspond to the same point in space, for the sake of clarity they are represented separated. The planes containing the polarization ellipses of
ν̂2 and ν̂3 are tangent to the semicircle determined by φ2 = φ3 = π/2, and perpendicular to the plane Y1Z1, while θ2 and θ3 are the respective
elevations about the axis X1.

common value for the overall azimuth (φ3 = φ2), while they
have respective elevation angles with opposite sign (with θ2 =
0, θ3 = ±π/2 for the limiting case of the canonical set). Thus,
the planes �1, �2, �3 containing the respective polarization
ellipses of η̂1, ν̂2, ν̂3 are all orthogonal to a common plane
�⊥, and since the spin vector of a given pure state is normal
to the plane containing its polarization ellipse, the spin vectors
of any orthonormal set (η̂1, ν̂2, ν̂3) lie in the plane �⊥.
Furthermore, the electric fields of the states (ν̂2, ν̂3) vibrate in
planes that, in general, are not orthogonal to the polarization-
ellipse plane X1Y1 of the state η̂1. According to Eq. (23), the
sets of three orthogonal linearly polarized states constitute the
only exception to this rule.

VI. INCOHERENT MIXTURE OF TWO CIRCULARLY
POLARIZED STATES WHOSE POLARIZATION CIRCLES

LIE IN MUTUALLY ORTHOGONAL PLANES

To illustrate the powerful features and the applicability
of the approach presented for the geometric and physical
interpretation of sets of orthonormal 3D Jones vectors, let us
consider the incoherent composition of two right-circularly-
polarized states with the same intensity I = 1/2 and whose
respective polarization ellipses lie in mutually orthogonal
planes. It seems intuitive that the Jones vectors of these states
are orthogonal, but the spectral decomposition performed
below, combined with the formalism introduced in this work,
shows that the eigenstates of this incoherent composition are
substantially different from those of the starting components.

By taking the reference axes X and Y to be orthogonal
to the polarization-circle planes of the two components, the
polarization density matrix of the composed state becomes

R̂ = 1

2
R̂cx + 1

2
R̂cy

= 1

2

⎛
⎝0 0 0

0 1/2 i/2
0 −i/2 1/2

⎞
⎠ + 1

2

⎛
⎝ 1/2 0 i/2

0 0 0
−i/2 0 1/2

⎞
⎠

= 1

4

⎛
⎝ 1 0 i

0 1 i
−i −i 2

⎞
⎠. (34)

Since this state has been built as an incoherent composition of
two pure states, it follows that rank R̂ = 2, and its eigenval-
ues are

λ̂1 = 3/4, λ̂2 = 1/4, λ̂3 = 0, (35)

with respective eigenstates

û1 = 1√
6

(1, 1,−2i)T, û2 = 1√
2

(1,−1, 0)T,

(36)

û3 = 1√
3

(1, 1, i)T.

The next step is to transform û1 into its representative form
η̂1 with respect to its own intrinsic reference frame X1Y1Z1,
which is realized through the transformation

η̂1 = eiπ/2QTû1 =

⎛
⎜⎝

√
2/3

i/
√

3

0

⎞
⎟⎠,

(37)

QT =

⎛
⎜⎝

0 0 1

1/
√

2 1/
√

2 0

1/
√

2 −1/
√

2 0

⎞
⎟⎠,

where the rotation matrix Q can be obtained via the procedure
shown in [31]. Note that the ellipticity angle χ1 of η̂1 (and of
û1, because of the invariance of χ1 with respect to rotations
of the coordinate system) has the value χ1 = arctan(1/

√
2) ≈

35.26◦, thus corresponding to a noncircular state.
Therefore, the set of eigenstates of R̂, when represented

with respect to the coordinate system X1Y1Z1 (by applying
rotation QT), takes the form

η̂1 =

⎛
⎜⎝

√
2/3

i/
√

3

0

⎞
⎟⎠, v̂2 =

⎛
⎜⎝

0

0

1

⎞
⎟⎠, v̂3 =

⎛
⎜⎝

i/
√

3√
2/3

0

⎞
⎟⎠, (38)

which due to the symmetry of the starting composition in-
cidentally coincide with a canonical set (with v̂2 = η̂3, v̂3 =
η̂2). Consequently, the polarization density matrix R̂1, repre-
senting the same original state R̂ but in the intrinsic reference
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frame X1Y1Z1 of û1, has the spectral structure

R̂1 = QTR̂Q = 3
4 (η̂1 ⊗ η̂†

1) + 1
4 (η̂3 ⊗ η̂†

3). (39)

Thus, in view of the formalism of this work, R̂1 can be
viewed as an incoherent composition of an elliptically po-
larized state in the X1Y1 plane (η̂1), with ellipticity angle
χ1 = arctan(1/

√
2), and a linearly polarized state along the

axis Z1 (η̂3), having respective relative weights (intensities)
3/4 and 1/4.

From Eq. (3) we find that the characteristic decomposition
of R̂ in the original frame is given by

R̂ = P1R̂p + (1 − P1)R̂m, (P1 = 1/2),

R̂p ≡ û1 ⊗ û†
1 = 1

6

⎛
⎝ 1 1 2i

1 1 2i
−2i −2i 4

⎞
⎠,

(40)

R̂m ≡ 1

2
[(û1 ⊗ û†

1) + (û2 ⊗ û†
2)]

= 1

6

⎛
⎝ 2 −1 i

−1 2 i
−i −i 2

⎞
⎠,

whereas the same decomposition of R̂1 in the reference frame
X1Y1Z1 reads

R̂1 = P1R̂p1 + (1 − P1)R̂m1, (P1 = 1/2),

R̂p1 ≡ η̂1 ⊗ η̂†
1 = 1

3

⎛
⎜⎝

2 −i
√

2 0

i
√

2 1 0
0 0 0

⎞
⎟⎠,

(41)

R̂m1 ≡ 1

2
[(η̂1 ⊗ η̂†

1) + (η̂3 ⊗ η̂†
3)]

= 1

6

⎛
⎜⎝

2 −i
√

2 0

i
√

2 1 0
0 0 3

⎞
⎟⎠.

The pure characteristic component coincides (as always) with
the spectral component that has the largest eigenvalue, but
with coefficient P1 = 1/2 instead of the coefficient λ̂1 = 3/4
corresponding to the spectral decomposition. Since R̂m1 is a
complex matrix, it represents a nonregular state [26,29], and
the theoretical framework put forward in this work allows
one to interpret the component R̂m1, which determines the
regularity of R̂1 (and R), as an equiprobable mixture of the
noncoplanar states η̂1 and η̂3.

This example illustrates how the identification of the ge-
ometric characteristics of the spectral components of a given
partially polarized 3D state enhances its physical interpreta-
tion and provides meaningful analyses.

VII. CONCLUSIONS

The algebraic formulation of the properties of sets of three
orthonormal 3D Jones vectors has provided a meaningful
geometric representation of such states, which play an es-
sential role for the physical understanding and interpretation
of both the spectral and the characteristic decompositions of

the polarization matrix of any given 3D partially polarized
state.

The inspection of the results obtained in the previous
sections allows us to summarize them through the following
conclusions:

(1) Given a pure polarization state η̂1 and an arbitrary plane
�2, it is always possible to find a pure state ν̂2 orthogonal to
η̂1 whose polarization ellipse lies in �2. The azimuth ϕ2 and
ellipticity angle χ2 of ν̂2 depend on the ellipticity angle χ1

of η̂1 and on the angles φ2 and θ2 determining the plane �2.
Given η̂1, and once �2 is specified, the plane containing the
polarization ellipse of the third orthonormal state ν̂3 is fully
determined, together with its azimuth ϕ3 and ellipticity angle
χ3.

(2) Given a pure polarization state η̂1, any pure states ν̂2

and ν̂3 that together with η̂1 constitute an orthonormal set
exhibit necessarily a common value for the overall azimuth,
i.e., φ3 = φ2, while ν̂2 and ν̂3 have respective elevation
angles with opposite signs, viz., (θ3/|θ3| = −θ2/|θ2|). For the
particular case of the canonical set, θ2 = 0 and θ3 = ±π/2.

(3) Once the state η̂1 with its polarization ellipse in the
X1Y1 plane is taken as reference, the electric fields of the
complementary pair (ν̂2, ν̂3) vibrate in planes that are not
orthogonal to X1Y1, except for the case of sets of linearly po-
larized states. Note that the respective planes of the canonical
pair (η̂1, η̂3) are mutually orthogonal, and the same concerns
the pair (η̂2, η̂3).

(4) As shown in Sec. IV, families of three orthonormal
linearly polarized states necessarily satisfy φ2 = φ3 = ±π/2,
while their elevation angles form a right angle, |θ2 − θ3| =
π/2. This is the only case where the polarization ellipses
of the components of the orthonormal set (η̂1, ν̂2, ν̂3) lie in
respective planes that are mutually orthogonal.

(5) Since φ2 = φ3, together with the fact that the spin
vector of a given pure state is normal to the plane containing
its polarization ellipse, the respective spin vectors of any set
of orthogonal polarization states lie in a common plane that is
orthogonal to the associated planes containing the polarization
ellipses of such states.

(6) A meaningful physical interpretation of the spectral
decomposition of a given polarization matrix R is achieved
by taking the first eigenstate û1 (i.e., the eigenvector of R
with the largest eigenvalue λ1) as the reference vector η̂1,
so that the unit eigenstates become the corresponding set
(η̂1, ν̂2, ν̂3). Then the polarization matrix R1, describing the
same state R but in the intrinsic reference frame of û1, can
be considered as an incoherent superposition (at the point r in
space considered) of the states (η̂1, ν̂2, ν̂3), i.e.,

R1 = I [λ̂1(η̂1 ⊗ η̂†
1) + λ̂2(ν̂2 ⊗ ν̂†

2) + λ̂3(ν̂3 ⊗ ν̂†
3)],

(42)

where the normalized eigenvalues (λ̂1, λ̂2, λ̂3) are the respec-
tive weights and I = trRO = trR is the intensity of the state.
The transformation from R to R1 can be performed through
the procedure indicated in Ref. [31].

(7) The characteristic decomposition of a given polariza-
tion matrix R can also be interpreted in a privileged form
when û1 is taken as η̂1, in which case the polarization state
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can be expressed as

R1 = P1Rp + (1 − P1)Rm + (P2 − P1)Ru−3D,

Rp ≡ I (η̂1 ⊗ η̂†
1),

(43)
Rm ≡ I 1

2 [(η̂1 ⊗ η̂†
1) + (ν̂2 ⊗ ν̂†

2)],

Ru−3D ≡ I 1
3 diag(1, 1, 1),

where Rp represents the characteristic pure state determined
by η̂1, Ru−3D represents a fully random 3D state, and the
middle state Rm is given by an equiprobable mixture of the
sates η̂1 and ν̂2. Note that the pair (η̂1, ν̂2) is sufficient for a
simple and meaningful physical interpretation of R in terms of
the characteristic decomposition. The particular properties of
the pair (η̂1, ν̂2) determine the regularity [26,29] of the state
R under consideration.

In summary, the results obtained in this work provide a
powerful tool for the analysis and physical understanding of
three-dimensional partially polarized states. Beyond polar-
ization phenomena, our framework provides a general and
complete geometric interpretation of 3 × 3 unitary matrices,
with potential applications in areas where such matrices play
a key role, for instance, three-level quantum systems and gates
for ternary quantum logic circuits.
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APPENDIX A: DETERMINATION OF THE ANGULAR
PARAMETERS OF A GIVEN 3D JONES VECTOR

Let us consider the inverse problem of obtaining the an-
gular parameters (θ, φ, ϕ, χ ) of a given unit Jones vector
ε̂. To do so, we take as known data the complex-valued
components of ε̂, whose real and imaginary parts are denoted
as

ε̂ = (ax + ibx, ay + iby, az + ibz )T. (A1)

Then, on using Eqs. (7) and (8), the angular parameters
(except for the phase factor γ ) are fully determined, in their
corresponding quadrants, in terms of ai and bi via the follow-
ing expressions:

tan2χ = b2
x + b2

y + b2
z

a2
x + a2

y + a2
z

,

{−π
/

4 � χ � π/4,

sgn(χ ) = sgn(axby − aybx ),

tan ϕ = − 1

tan χ

bz

az
, (0 � ϕ < π ),

tan φ = axbz − azbx

aybz − azby
, (−π < φ � π ),

sgn(sin φ) = sgn

(
−ay

cos ϕ

cos χ
+ by

sin ϕ

sin χ

)
,

sgn(cos φ) = sgn

(
ax

cos ϕ

cos χ
− bx

sin ϕ

sin χ

)
, (A2)

where sgn stands for the sign function.

APPENDIX B: ON THE OVERALL AZIMUTH OF THE
COMPONENTS ν̂2 AND ν̂3 OF THE ORTHONORMAL SET

OF 3D JONES VECTORS (η̂1, ν̂2, ν̂3)

Let us consider an arbitrary orthonormal set of 3D Jones
vectors (η̂1, ν̂2, ν̂3) represented, as in Sec. III, with respect
to the intrinsic reference frame X1Y1Z1 of η̂1. This section is
devoted to demonstrate that the equality |φ3| = |φ2| is always
satisfied, where φ3 and φ2 are the overall azimuths of ν̂3 and
ν̂2, respectively.

We first recall that the general expression of a 3 × 3 unitary
matrix, whose first column is constituted by η̂1, is given by
(see Sec. 4 of [31])

V1 =

⎛
⎜⎝

eiα1 cos χ1 ieiα2 cos μ sin χ1 ieiα3 sin μ sin χ1

ieiα1 sin χ1 eiα2 cos μ cos χ1 eiα3 sin μ cos χ1

0 eiβ2 sin μ −ei(β2−α2+α3 ) cos μ

⎞
⎟⎠.

(B1)

Columns 2 and 3 of V1 are precisely the vectors ν̂2 and ν̂3

written as functions of the ellipticity angle χ1 of η̂1 and the
auxiliary angles μ, α2, α3, β2. Thus, according to Eq. (11), by
expressing the components of ν̂2 and ν̂3 in terms of their real
and imaginary parts we get

tχi = tχ1

tϕi − cθi tφi

tφi − cθi tϕi

,

ν̂2 =
⎛
⎝−sα2 cμsχ1 + icα2 cμsχ1

cα2 cμcχ1 + isα2 cμcχ1

cβ2 sμ + isβ2 sμ

⎞
⎠,

(B2)

ν̂3 =
⎛
⎝−sα3 sμsχ1 + icα3 sμsχ1

cα3 sμcχ1 + isα3 sμcχ1

−cβ3 cμ − isβ3 cμ

⎞
⎠,

(β3 = β2 − α2 + α3).

The angles φ2 and φ3 can now be calculated by using Eq. (A2),
which leads to

tan φ2 = tan φ3 = tan χ1 cot (α2 − β2), (B3)

and shows that |φ3| = |φ2|. Concerning the question whether
φ3 = φ2, the nature of Eq. (A2) makes it difficult to carry out
a general analytic demonstration. Nevertheless, such equality
is demonstrated in Sec. V for the particular cases φ2 = 0
and φ2 = π . Furthermore, numerical calculations made for
a series of cases with different values of φ2 are also consis-
tent with φ3 = φ2, justifying its consideration as a general
property.
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