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In this paper we present a detailed analysis of the nuclear-spin manifolds associated with the ns Rydberg
levels of ’Rb atoms that interact with both magnetic and optical lattice fields. Eigenvalues and eigenkets
for the Rydberg manifold are obtained and used to study the dynamics of phase-matched emission following
illumination of an ensemble of cold atoms with excitation and readout laser pulses. By comparing the measured
emission signal to predictions of a model that accounts for the quantized motion of atoms in a one-dimensional
optical lattice potential, we are able to extract the Rydberg hyperfine and light shift contributions to the observed
modulation frequencies. In this way the hyperfine splitting of Rydberg ns levels is measured for n in the range
of 30 to 65. Our results should be relevant for realizations of high-fidelity Rydberg qubits confined in optical

potentials.
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I. INTRODUCTION

A promising platform for quantum information processing
is based on the excitation of ultracold atoms to Rydberg states
[1]. Achieving long-lived ground-Rydberg atomic coherence
is one of the cornerstones of this approach. To suppress the
effects of motional dephasing on this coherence, the atoms
can be confined in optical potentials that are identical for
the ground and Rydberg states [2-8]. However, in addition
to confining the atoms, the optical trap fields also mix and
shift the Rydberg energy levels. As a consequence, the energy
level spacing within a given Rydberg manifold results from a
complicated combination of optical field potentials, hyperfine
interactions, and interactions of the atoms with any external
magnetic bias fields. A complete understanding of this level
structure is needed to maximize the fidelities for quantum
information protocols using trapped Rydberg atoms.

In this paper we present a theoretical and experimental
study of 8’Rb Rydberg atoms confined in an optical lattice
potential and subjected to an external magnetic field. For a
given n, the frequency of the lattice fields is chosen so as to
match the light shift potentials for the ground and ns Rydberg
levels [5,8]. Actually, it is not possible to match the ground-
state lattice potential to that of all the hyperfine sublevels in a
given ns level. For example, an ns level of #Rb contains eight
sublevels. In general, the trapping potential differs for each of
these levels and must be accounted for in a complete analysis.
Moreover, since the atoms are trapped in these potentials,
it becomes necessary to use a fully quantum theory for the
atomic motion.

The trapped atoms are subjected to a two-photon pulse
that excites the atoms to a targeted Rydberg level, followed
by a time-delayed readout pulse that leads to phase-matched
emission from the sample. By a proper choice of excitation
field polarization, the output signal, measured as a function
of the time delay, contains components that oscillate at the
frequency separations of the ns Rydberg sublevels.

These frequency separations contain contributions arising
from the magnetic-field interaction, hyperfine interaction, and
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light shift potentials. To isolate these effects, we calculate the
eigenkets and eigenenergies of the Rydberg levels in the ab-
sence of light shifts and then determine to what extent the light
shifts modify them. The light shifts themselves are composed
of near-resonance and ponderomotive contributions. The pon-
deromotive contribution, which includes effects related to the
breakdown of the dipole approximation [6], is a function of
n, but, for a given n, is the same for all the sublevels. The
near-resonance contribution both shifts and couples the sub-
levels. Rather remarkably, we find that coupling of hyperfine—
magnetic-field eigenkets is almost negligible for the range of
our experimental parameters, although there was no a priori
reason to believe that this should be the case when the lattice
field polarization is orthogonal to the magnetic field. As a
result, the only effect of the optical potential is to provide a
differential shift for the Rydberg sublevels. We are able to
assess the role played by these differential light shifts and
to determine what effect, if any, they have on the atomic
motion. In this way we determine the hyperfine constant A
from the measured frequency intervals for n ranging from
30 to 65. Previously, A values were measured for low values
of n using direct optical spectroscopy [9,10]. In these ex-
periments, residual Doppler broadening resulted in a spectral
resolution to about 100 kHz, limiting the method to n < 27.
Millimeter-wave spectroscopy has been used for high-n states
of atomic Cs, with kHz-level resolution achieved using ultra-
cold atoms [11]. In this work we achieve a resolution as low as
several kHz.

II. EXPERIMENT

The experimental setup and level diagram for one of our
excitation schemes are shown in Fig. 1. For the most part,
the experimental setup is identical to the one used in our
previous work [8]. The major difference is that the polar-
ization of the field ©2; in the current experiment has both y
and z components, whereas it was z polarized in the previous
experiment. An ultracold sample of Rb atoms is loaded into a
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FIG. 1. (a) Experimental setup. An ultracold sample of ’Rb gas
is trapped in a “magic” one-dimensional optical lattice formed by a
retroreflected lattice beam €2, that is directed along the x axis and
polarized in the y direction. Two excitation beams, €2; (420 nm)
and 2, (varying between 1013 nm and 1026 nm) counterpropagate
along the x axis and are focused at the position of the atomic
sample cloud with (}2) waists of 17 and 15 um, respectively. After
a time delay 7; following the excitation pulse, a retrieval field €4
generates a phase-matched output signal. The polarization of field
2, and the retrieval field €2, is fixed in the z direction, whereas the
polarization of field €2, has both y and z components that are adjusted
to optimize the modulation depth of the output signal. The output
signal has both y and z components which are mixed with a half-wave
plate, split by a polarizing beam splitter, and measured by single-
photon detectors D). (b) Atomic level diagram showing the initial
(15812, F =2,m = 0)) state, intermediate (|6p3/,)), and Rydberg
|nsy,2) sublevels. The final state manifold consists of two spectrally
resolved Zeeman submanifolds, each containing four levels. Even in
the presence of light shifts, my = m; + m; remains a good quantum
number. For this excitation scheme, the mg = 0, =1 levels in each
electronic Zeeman manifold are populated.

one-dimensional optical lattice formed by counterpropagating
optical fields polarized along the y axis. The measurements
are made using a magnetic field B =5 G for which the
electronic Zeeman splitting is much greater than the hyperfine
separations of the ns levels being studied, the so-called hy-
perfine Paschen-Back regime. In this case the ns;,, Rydberg
level splits into two manifolds, characterized by m; = +1/2,
separated in frequency by =14 MHz, with each manifold
consisting of four m; components. The ~1 MHz two-photon
excitation bandwidth §v is much smaller than the frequency
separation between the two manifolds. The lattice wave-
length A >~ 1012-1027 nm is tuned to near resonance with
the |6p3/2) <> |nsyj2) atomic transition, the specific value
chosen to match the optical potentials for the ground state and
the mg = my; + m; = 0 component of the Rydberg Zeeman
manifold.

The ensemble is driven resonantly to the Rydberg state
|ns1/2) using counterpropagating, 7, = 1 us-long pulses of a
420 nm field 2, and a (nominally) 1012 nm field €2,. The

polarization of €21, controlled by a half-wave plate oriented at
an angle 6, /2 with respect to the z axis, is a linear combination
of the y and z polarizations, while €2, is purely z polarized. In
this way three m; components in a given electronic Zeeman
manifold of |ns) are excited. After a storage period T, the
atoms are coherently driven by a (z-polarized) 10-us-long
retrieval field €24 whose frequency is resonant with the |ns) <
|6p3/2) transition. The ensuing cooperative emission on the
|6p3/2) <> |551/2) transition is directed through a half-wave
plate and polarizing beam splitter. Each of the output polariza-
tion modes is collected into a single-mode fiber and directed
onto a single-photon detector.

III. THEORY

The theoretical analysis is carried out in two stages. First
we calculate the energy of the sublevels of an ns Rydberg
state of ’Rb subjected to a magnetic field B along z and a y-
polarized optical trap field whose frequency is nearly resonant
with the |ns) <> |6p3,2) transition frequency. We then use this
result to obtain an expression for the phase-matched signal as
a function of delay between excitation and retrieval pulses.
The details of the calculation are presented in the Appendix.
Here we summarize some of the results.

In the absence of all but the Coulomb interaction, there
are eight degenerate states in an ns manifold that can be
labeled as |nLSJIFmg) with S = 1/2 and I = 3/2. The en-
ergy levels in a given Rydberg ns manifold are determined
by the hyperfine interaction, the magnetic-field interaction,
and the optical potentials produced by the trap field. In a
given basis, these interactions result in a shift and coupling
of the various Rydberg sublevels. In principle, it is necessary
to diagonalize the Hamiltonian associated with a given ns
manifold to obtain the eigenenergies and eigenkets. For our
experimental parameters, however, the eigenkets that are ob-
tained are approximately those in which the optical potentials
are set equal to zero. As such, mp = m; + m; corresponds to
an approximate constant of the motion. We denote the zero
field hyperfine separation of the ns state by hvj, s, (the n label
is suppressed). It is a simple matter to obtain the eigenkets and
eigenfrequencies w,y, of the ns levels in the absence of the
trap field.

The optical potentials produced by the trap field can be
broken down into two contributions. First there is the pon-
deromotive potential associated with the A% (A is the vector
potential of the trap field) contribution to the Hamiltonian and
is the same for all the levels in the ns Rydberg manifold.
In addition, there is also the A -p contribution. Although
the trap field is in near-resonance with the |ns) <> [6p3/2)
transition, the detuning of the trap field frequency from the
|ns) <> |6p3,2) transition frequency is not sufficiently large
to justify the neglect of the hyperfine splitting of the 6p3/,
sublevels. This results in optical potentials that are dependent
on the my values of the ns Rydberg sublevels.

For magic wavelength lattices, one matches the ground-
and excited-state trap potentials by a proper choice of the trap
field detuning. In our case, it is not possible to simultaneously
match the potentials for all the Rydberg sublevels. With an
external magnetic-field strength of about 5 G, an ns manifold
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consists of two Zeeman submanifolds (corresponding to m, =
+1/2) separated by about 14 MHz, each containing four of the
eight sublevels of the ns Rydberg levels. As such, the excita-
tion fields can be chosen to excite only one of these Zeeman
submanifolds (see Fig. 1). For a given Zeeman submanifold,
we match the mp = 0 potential to the ground-state potential.
The trap potential for the other Zeeman sublevels will then
differ from the ground-state potential.

Both the near-resonant and ponderomotive components of
the Rydberg optical potentials, as well as the ground-state
optical potential, contain both lattice and nonlattice contribu-
tions. The lattice contributions are responsible for trapping
the atoms longitudinally in the wells of the potential. The
remaining nonlattice contributions to the optical potentials
trap the atoms in the transverse direction and give rise to
a spatially inhomogeneous shift of the levels owing to the
transverse spatial dependence of the trap fields. The lattice
potentials determine the center-of-mass motion of the atoms.
Since these potentials are state dependent, the motion must
be treated quantum mechanically. The spatial dependence of
the nonlattice potentials results in a dephasing that degrades
the output signal with increasing time delay between the
excitation and retrieval pulses.

The atoms are optically pumped into a single magnetic
sublevel having angular momentum F =2 and magnetic
quantum number myr = 0. Pulsed, counterpropagating fields
incident along the x direction drive a two-photon transition
from this ground state to the Zeeman manifolds of an ns
Rydberg level. The first excitation field propagates in the u,
direction, has polarization given by cos 6;u, + sin 6;u,, and is
nearly resonant (but still far enough from resonance to neglect
any saturation effects) with the transition from the ground
state to a single hyperfine state of either the 6p3/> or 5p;»
manifolds (manifolds specified by the symbol p;,), depend-
ing on the excitation scheme. The detuning A in Fig. 1(b)
is of order A/2mw ~ 12MHz and the frequency spacing of
adjacent 6p3 2 (F = 3) magnetic sublevels is ~4.7 MHz. The
second, counterpropagating field couples each intermediate-
state magnetic sublevel labeled by mp to a single level in
either the upper (m; = 1/2) or lower (m; = —1/2) Zeeman
submanifold having the same value of mp.

The excitation pulses create coherence between the F = 2,
myp = 0 ground level and the Rydberg sublevels. To monitor
this coherence, a retrieval pulse, polarized in the z direction
and propagating in the —u, direction, is applied at a time
T; following the excitation pulses. The field is resonant with
the same Rydberg—intermediate-state transition used in the
excitation process. The excitation, readout, and vacuum fields
combine to produce a phase-matched output field in the u,
direction that has both y and z polarization components.
These components are mixed on a half-wave plate to pro-
duce new vertical and horizontal components which are then
separated by a polarizing beam splitter and measured in two
detectors.

It is shown in the Appendix that the signal at time 7
normalized to that at 7y = 1 us, the vertical signal component,
can be written as

nv(Ts) = Sv(Ty) /Sy (Ty = 1us), 6]

where
2

Sy(T,) = ‘f dX/ pdpA(p, XIN(p, X)Cy(p. X. T})
—0o0 0

X e*FmT;’ 2)
2 Gmax
—iwnsmp Ts y(V
CV(;O7X7 T;) = Z Ze o Yngoﬂ)mmF
mp=—1q.q'

X e_zﬂtinF(p,X)Tsng;nsmpq’(_k)
X M (R 00 3)
A(p, X) is proportional to the product of the spatially depen-
dent Rabi frequencies of the excitation and retrieval pulses
and N (p, X) is the atomic density distribution. A loss factor,
e T»T/2 has been added to allow for decay between the
excitation and retrieval pulses owing to spontaneous emission,
blackbody radiation, and decay from the intermediate state.
The factor Cy(p, X, Ty) reflects the contributions to the
signal from different initial motional states in the ground-
state lattice potential, represented by density-matrix elements
P14,14(0). Here wyy,, are eigenfrequencies of the Hamiltonian
that account for differential light shifts, in addition to the

magnetic and hyperfine interactions. The frequencies a),(lg) and
cz);',m”‘r ) are those associated with the ground and nsmy lattice

potentials, respectively, while ﬁ;ﬁ%F(p,X ) is the spatially
dependent difference in nonlattice potentials between nsmpg
and ground-state levels. The matrix elements Mg, g:00(k)
represent the coupling between the ground and Rydberg mo-
tional states, while the function Q) incorporates all the
excitation and retrieval dynamics. The sums over ¢, ¢, ¢” are
restricted to (quasibound) states; that is, gnax s the number of

bound states in the potential.

IV. ANALYSIS OF RETRIEVED SIGNAL

Let us first consider the data for n = 40. As a function
of delay time 7; between the excitation and readout pulses,
the overall signal decays, primarily as a result of blackbody-
induced transitions and spontaneous decay. In addition to
the overall decay, the signal exhibits an oscillatory behavior.
If the trap potentials are purely harmonic characterized by
frequency w and if the ground and Rydberg potentials are
matched, for a ground-state thermal distribution,

hw

P1g.1g(0) = (1 —ePre ™ p= P %)

the quantity Cy in Eq. (3) can be written in the form [12]
ICy (Toy)| & 6724“2[17003(wTs)]/ﬁ|1 + Qe 0Ty 9 emio-nTi|,
(&)

where

h
— 6
2Mw ©
is the Lamb-Dicke parameter for the excitation field (k;, is the
effective propagation constant for the two-photon excitation
field and M is the atomic mass) and w,,0 (m = —1, 1) is the

¢ =k
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FIG. 2. Normalized signal n = S(7})/S(T; = 1 us) as a function
of storage time for principal quantum number n = 40 with fitted
trap depth Uy /kg = 31 uK and temperature 7 = 10 uK for a single
excited state (blue) and a triplet of states (red) using (6;,6,) =
(0°, 24°) and (32°, 24°), respectively. Solid curves are based on our
theoretical model.

frequency difference between the Zeeman Rydberg sublevel
having total magnetic quantum number m from the level
having m = 0. For n = 40, the quantity w,,o results primarily
from the hyperfine and Zeeman interactions and the light
shifts for the Rydberg sublevels can be neglected as they
have an insignificant effect on the signal. The frequency w
is determined by the depth of the trap potential Uy.

To fit our data we need to know the value of the trap
depth Uy and the temperature 7. We obtain values for these
quantities by fitting our data with the half-wave plate angle
controlling the polarization of the first excitation field set
equal to 6; = 0. In this case, both the fields that constitute the
two-photon excitation scheme are z polarized and Q1+ = 0 in
Eq. (5). The retrieved signal in this case, displayed as blue
diamonds in Fig. 2, exhibits the oscillatory behavior predicted
by the exponential term in Eq. (5), which can be attributed
to the center-of-mass motion of the atom within the optical
lattice trap potential. In fitting the data to theory, however,
we allow for trap anharmonicity [see Eq. (3)] and extract
values for Uy and T from the frequency and visibility of the
oscillations, respectively. A theoretical curve using the best-fit
value of Up/kg =31 uK and T =10 uK is displayed in
the figure as a solid blue curve. If the potential were purely
harmonic, the signal would rephase at integral multiples of the
trap frequency; however, owing to the trap anharmonicity, the
oscillations are no longer purely periodic. Trap anharmonicity
also adds slightly to the decay of the signal.

Having obtained values of Uy and T, we switch the half-
wave plate angle to an angle 6; # 0. In that case the signal
oscillates at the beat frequency between the different Rydberg
sublevels. Fitting the signal to the full theoretical expression
given in Eq. (3) using the best-fit values of Uy and T found
previously allows us to extract the hyperfine splitting vy,
treated as a free parameter. The quantities Q') appear-
ing in Eq. (3) are also treated as adjustable parameters in
the fitting procedure to account for the uncertainties in the
bandwidths, detunings, and strengths of the excitation and
retrieval pulses. A representative output signal in one of the
detectors is shown in Fig. 2 with experimental data points
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FIG. 3. Normalized signal n utilizing the alternative excitation
scheme via the intermediate [5p;,,) state and (6;, 6;) = (32°,24°)
for the m; = —1/2 electronic Zeeman component and principal
quantum number n = 60. Experimental data with best-fit values of
temperature of 4 K and trap depths of U,/kp = 22, 18, and 14 uK
are shown as red circles, green diamonds, and blue squares, respec-
tively, along with color-coded curves that represent the predictions of
a theoretical model that take into account the state dependence of the
optical potentials. The dashed gray curves correspond to a theory in
which this state dependence is neglected and a single optical potential
is used (that of the my = 0 sublevel). The solid gray theory curves
correspond to an excitation scheme in which field €2 is z polarized.

displayed as red circles and theory as the solid red curve. We
find agreement between the experimental data and the best-fit
models obtained via Markov chain Monte Carlo fitting. The
input and output polarization angles 6; = 32° and 6§; = 24°
were empirically chosen to maximize the visibility of the
Rydberg Zeeman beat frequency oscillations.

We have also used an alternative excitation scheme with a
smaller value of ki, that leads to a diminished amplitude of the
oscillations attributed to motion in the traps (see the dashed
gray curves in Fig. 3). In this scheme atoms are optically
pumped into the |5s1,2, F = 2, mp = 2) ground state and the
5p1,2 level is the intermediate state for two-photon excitation
with fields €2; and €2; having wavelengths of 795 nm and 475
nm. The signal in this case is shown in Fig. 3 for T =4 puK
and trap depths Uy/kg = 22, 18, and 14 uK.

For n = 40, the light shifts do not significantly contribute
to the separation between the three my Rydberg sublevels that
are excited. Moreover, the differential optical potentials for the
three states are sufficiently small to result in approximately
the same motional states for the three levels. This is no longer
the case for higher values of n. For example, the theoretical
curves shown in Fig. 3 for n = 60 exhibit differences between
the models assuming a single state independent potential (that
associated with the mp = my; + m; = 0 level) and the true
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FIG. 4. Average frequency separation between adjacent nuclear-
spin states within the same m; manifold for the n = 60 Rydberg level
as a function of trap depth for the upper (m; = %, blue circles) and
lower (m; = —%, blue circles) electronic Zeeman manifold.

state-dependent potentials. In addition, for higher values of n,
effects of spontaneous decay from the |6p3/,) state, which is
coupled to the Rydberg levels by the trap fields, add to the
signal decay rate. Moreover, the dephasing associated with
the breakdown of the dipole approximation in calculating
the contributions of the ponderomotive potential to the light
shifts also increases the decay of the signal [6]. Experimental
data for n = 60 shown in Fig. 3 do not allow us to distin-
guish definitively between the state-independent and state-
dependent potential models.

The measured frequency intervals as a function of trap
depths are displayed in Fig. 4 for the two electronic Zeeman
components of the [60s;,,) level, together with linear fits
based on Egs. (A6) and (A26). The two intervals differ by the
nuclear Zeeman interaction. The intervals in the absence of the
trapping potential are determined by the intercepts of the fits
with the ordinate. Using Eq. (A6) the value of the hyperfine
splitting vy, s = 193 & 5kHz for the n = 60 Rydberg state is
determined.

For other values of n, fits similiar to those in Fig. 2 are
made for a single value of the trap depth. Each value of vy,
constitutes a weighted average of values obtained over up to
three runs using data recorded by the two detectors. The mean
value vz, is computed as a weighted average of v,i’)x, with
the weights being their inverse variances extracted from the
individual fits.

The two main sources of uncertainty for v, are (1) statis-
tical errors resulting from the weighted sum of the individual
values and (2) the uncertainty in the determination of the trap
depth which translates into an error of the inferred differential
light shifts for the hyperfine Paschen-Back states. The fre-
quency vy, zs ~ n~>, while differential light shifts scale as ~n>.
As a result, the statistical uncertainty is the dominant one for
n = 30 and 40, whereas the error due to the uncertainty of the
trap depth is the larger one for states of n > 51. The data are
shown in Fig. 5(a) along with a fit using vz, = C(n — 3.13)73
with C as an adjustable parameter. In the inset to Fig. 5
we plot the scaled hyperfine constant A,; = vy zs(n — 3.13)3.

The weighted average A,, = 35.71 & 0.18GHz is plotted as

30 35 40 45 50 55 60 65 70
n

FIG. 5. Hyperfine frequency vy, as a function of principal quan-

tum number n. The inset depicts the same data after removing the

(n — 3.13)~% dependence. The red band represents a 95% confidence

interval for our fitted value. Gray intervals are data from Ref. [13]
(green), Ref. [9] (purple), Ref. [14] (orange), and Ref. [15] (blue).

a dashed line together with a corresponding 95% confidence
region. Also shown are the results of prior measurements of
Aus [9,10,13-15].

V. CONCLUSIONS

In summary, we have analyzed nuclear-spin manifolds
associated with the ns Rydberg levels of ’Rb atoms placed in
magnetic and optical lattice fields. Using the eigenvalues and
eigenkets for the Rydberg manifold, we have investigated the
dynamics of phase-matched emission following illumination
of an ensemble of cold atoms with excitation and readout laser
pulses. In this way, Rydberg state-dependent light shifts and
hyperfine splittings for principal quantum numbers between
n = 30 and n = 65 have been determined. Our results have
relevance to implementations of optically trapped Rydberg
qubits allowing for high-fidelity quantum gates.
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APPENDIX: THEORETICAL DETAILS
1. Basis set and Hamiltonian

We consider an ns Rydberg level of ’Rb subjected to a
magnetic field B along z and a y-polarized optical trap field
nearly resonant with the |ns) <> |6p3,,) transition frequency,
as shown in Fig. 1. The trap fields counterpropagate in the
x direction. The atom-field detuning between the trap field
frequency and the |ns) <> |6p32) transition frequency is much
larger than the Zeeman splitting of the 6p3/, or ns sublevels.
We use the |nLSJIFmp) basis throughout with § = 1/2 and
I = 3/2. To simplify the notation we write the state kets for
the ns states as [nF'mp), since L =0 and J = 1/2 for these
states. We denote the zero field hyperfine separation of the ns
state by hvy s, (the n label is suppressed).
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In the absence of all but the Coulomb interaction, there are
eight degenerate levels in an ns manifold, each having energy
E,EO) = hw,;—we neglect this contribution to the Hamiltonian
since it is the same for all the levels. Next there is the con-
tribution to the Hamiltonian from the hyperfine interaction,
denoted by Hjy. In the |[nFmp) basis, this contribution is
diagonal and given in frequency units by

’ 3
(nF'mp |Hyf|nFmp) _ Vhfs{ 202 (AD)

h 5 ' SF,F/(SmF,m’Fv
gOF,1

where 8, 5 is a Kronecker delta. Finally, there is the magnetic-

field interaction contribution,

BoB m,
HBz_L gsSz+glm_Iz s

W ] (A2)

where By is the Bohr magneton and g; = —0.995 x 1073 [16]
is the nuclear g factor. In frequency units,
Hy _ foB

me
— 28 —IL |/h
h A ( 81 m, z)/

S; YA
= 1.40(MHz)B(G) ZE +0.995 x 10 %) (A3)

The interaction Hamiltonian Hp is not diagonal in the |[nFmp)
basis, with matrix elements given by

1 3 ’

L3 F
(nF'ml|HglnFmg)/h=vg Y | 2 2 (Ad)
mg,ny s i me

1 3 F
x [ 22 (2m, 4 0.995 x 107m;) 8, (AS)
ms mp  mg

where vg = ByB/h is the Larmor frequency in Hz and the
quantity in square brackets is a Clebsch-Gordan coefficient.
The modification to the eigenvalues from the nuclear term
must be included because of the sensitivity of the experiment
to the shift produced by this term, but the eigenkets can be
calculated neglecting this contribution.

It is simple to diagonalize Hjy + Hp since it is block
diagonal. The eigenfrequencies are equal to

3vpr
Vg = L v mp=2,
—Vnfs + 4\/v/%fs + 2vhf‘vv3 + 41)1%
Vn7,nl = 3 , Mp= 1,
—Vhfs +4 /vifs + 41)1%,
Vn6,n2 = 3 ) mp= 07
—Vhfs + 4\/U}%fs — 2vhfxv3 + 41)?3
V5,03 = 3 , mp=—1,
3v
V= =g = vp mp= =2, (A6)

and the eigenkets can be written as |nv,;mp), where i labels the
frequency v,; of each level (these eigenkets are not written ex-
plicitly). In the limit that vg > vy, ¢, approximately satisfied in
our experiment (Pashen-Back region), one recovers the |mm;)
eigenkets with associated energy levels +hvg, corrected by

hvyssmgmy /2 (spacing about hvyzs/4). In the upper Zeeman
submanifold the energy order (from highest to lowest) is
mrp =2,1,0, —1 and in the lower Zeeman submanifold it is
mr = —2, —1,0, 1.

2. Optical potentials

‘We now need to calculate the contributions to the Hamilto-
nian arising from the trap field. In a paraxial approximation,
the trap electric field, E(R, t) = E(R, t)u,, is taken as

ER, 1) = {[E4(p. X)e"* + E_(p, X)e ™ X ] + cc.,
(A7)

where
W0 272 X)
Ei(0,X) = Esg———e /w0
w(X)
p is the coordinate transverse to X, E; o are the field ampli-
tudes for the trap fields propagating to the right and left, w4
are the waist radii of these fields,

X —X.1)?
we(X) = wao |14 220"
X:t,r

Xer= nwio /AL are Rayleigh lengths, X, ¢ are the positions
of the foci of the beams, and A, = 27 /k;, = 2mc/wy is the
wavelength of the trap beam. We have allowed for unbalanced
beams, that is, the beams propagating in the £X directions can
have different waists and be centered at different positions.
The detuning of the trap field frequency from all the
ground- to excited-state transition frequencies is sufficiently
large to ensure that the optical potential is the same for all
ground-state sublevels. The ground-state optical potential is

(A8)

(A9)

U, = —Sa ER)?, (A10)
where
4E X)E_(p, X 2 (ki X
|E—,(R)|2=l +(103 ) (p’ )COS ( L2 ) (All)
8| +I[EL(p,X)—E_(p,X)]

and o, is the ground-state polarizabilty. The trap depth
Uy(p, X) of the ground-state optical potential is given by

Uo(p. X) = hUp(p,X) = a,E+(p, X)E_(p,X), (Al2)
where

. 1
Uo(p, X) = EagEJF(p,X)E—(p,X) (Al3)

is the trap depth in frequency units. Therefore, we can write

U(p. X) = Uy(p. X)/h

= — tjo(p,)()[cos2 (ke X)

+

_ 2
[E+(p, X)—E_(p,X)] } (Al4)

4E(p, X)E_(p, X)

The optical potential associated with an ns Rydberg level
has been calculated previously [8,12] and consists of two
parts. First there is the ponderomotive potential associated
with the A? (A is the vector potential of the trap field) contribu-
tion to the Hamiltonian and is the same for all the levels in the
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ns Rydberg manifold. Explicitly the ponderomotive potential
is given by

| 46,E.(p, X)E_(p,X)cos* (k. X)
o

U,i"’“(p,X):—l—g +E (0, X)—E_(p, X)) |,
+2E  (p, X)E_(p, X)(1 — 6,)
(A15)
where
62
ap = (—mew%> (A16)

is the free electron polarizability and 6, is a “landscape”
factor [6].

In addition to the ponderomotive contribution to the Hamil-
tonian, there is also the A - p contribution. Although the A - p
contribution contains a sum over all intermediate states, the
trap field is in near resonance with the |ns) <> |6p3/,) transi-
tion and we can restrict the the sum to only the hyperfine states
in the 6p3/, manifold. In that limit it makes no difference
whether we use the A - p or E - r form of the interaction poten-
tial. However, the detuning of the trap field frequency from the
|ns) <> |6p3,2) transition frequency is not sufficiently large
to justify the neglect of the hyperfine splitting of the 6p3,
sublevels. This results in optical potentials that are dependent
on the mp values of the ns Rydberg sublevels.

The interaction Hamiltonian associated with this nearly
resonant contribution is denoted by H,, having matrix
elements in frequency units given by [17]

nF'm.|H.[nFm F' K F
< rlf] F) :ZSF’F(K)[m/ 83
F

h K.0 Q0 mp
(A17)
where
Spp(K) = Z (_I)F/JFHH(X;;nF(P»X)X;;;F/(P,X)
o B H ZjTAn.r,H
<K+ e+l K
1 1 H

— 2
X [0052 (ki X) + [E+(p, X)—E_(p,X)] ]

4E.(p. X)E_(p, X)
(A18)

X:]:;np(l), X) = _/»LH;nFE:i:(pv X)/zhv

upr is the reduced matrix element of the dipole moment
operator between hyperfine states H of the 6p3» level and the
nsF Rydberg level, the quantity in braces is a 6-J symbol,

(A20)

(A19)

Ans,H = W[, — Wps,H

is an atom-field detuning for the transition between hyperfine
states H of the 6p3 /> level and the Rydberg level ns,

, 1 1 K
ey =y (=1 eq(eqo*[ , } (A21)
; 9 q @
4.9
e, are spherical components of the polarization €, and
€ T ie, (A22)
€r1 = F , €0 = €z.
V2 )

Note that the sum over H consists of the four hyperfine levels
of the 6p;,, state (H =0, 1,2,3). For a y-polarized field
(ex=€,=0;¢,=1),

a1 = —é, € =0, (A23)
and
B 1
€)= — %51(,05@0
- sm[iag.o 2 (802 + 80 _2>] (A24)
2| 7z R

The reduced Rabi frequency xp.,r can be written in terms of
that in the J basis as

XH;V!F = X6p3/2,n51/2(_1)F+1\/(2F + 1)(2H + 1)

3
« 12
F

implying that the optical potential for each sublevel is propor-
tional to

1
2
" } (A25)

I —

+ —
Xepsyas1s (P XD Xopuynsy (02 X)-

3. Rydberg level eigenfrequencies

In principle, we should now diagonalize the entire ns
subspace. It turns out, however, that the effects of the optical
potential can be treated using first-order perturbation theory
if the basis eigenkets associated with the eigenvalues given
in Eq. (A6) are used. That is, when we transform the optical
potential to this basis, it is effectively diagonal for our exper-
imental parameters. Using such a procedure we can write the
near-resonant contribution to the energy of each level v,; of
the manifold as

U, (p,X)~ —hb,,(p,X)

i

_ 2
X |:cos2 (k. X) + LE+(p, X) — E-(p, X)] i|

4E, (0, X)E_(p, X)
(A26)

where b, is in frequency units. The values of b, are the
diagonal elements of the H, contribution to the Hamiltonian,
when the |[nFmp) eigenkets are expanded in terms of the
|nv,;mp) eigenkets associated with the eigenfrequencies given
in Eq. (A6). The b,,, values depend on the detuning of the trap
fields from each of the hyperfine levels of the 6p3/,, manifold
as well as the matrix elements connecting these hyperfine
levels to the ground and Rydberg levels—as a consequence
of the different matrix elements, the b, , are different for each
of the Rydberg sublevels. The ponderomotive contribution to
the energy is given in Eq. (A15).

Both the near-resonant and ponderomotive components of
the Rydberg optical potentials, as well as the ground-state
optical potential, contain both lattice terms proportional to
cos? (k. X ) and nonlattice contributions. The lattice potentials
can result in a differential level shift for the Rydberg levels,
owing to the fact that the trap depth differs for the different
Rydberg sublevels. To account for this differential shift, we
write cos? (kzX) = 1 — sin® (k;X). The resulting terms that
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are proportional to sin® (k;X) constitute the lattice potential
and “1” contributes to the nonlattice potential.

For our magnetic-field strength of about 5 G, the two
Zeeman submanifolds, each containing four of the eight
sublevels of the ns Rydberg level, are separated by about
14 MHz. As such, the excitation fields can be chosen to
excite only one of the Zeeman submanifolds. Thus we need
consider only the optical potentials of four levels at a time.
For magic wavelength lattices, one matches the ground- and
excited-state trap potentials by a proper choice of the trap
field detuning. In our case. it is not possible to simultaneously
match the potentials for all the Rydberg sublevels. For a given
Zeeman submanifold, we match the mp = 0 potential. Using
Egs. (A14), (A15), and (A26), we find the matching condition
is

~ lory|
bns,mp:0(ps X) = UO(IO» X)(l + a_fen s

8

(A27)

where the my value now uniquely labels the energy of a level
in each Zeeman submanifold. Then the differences in the
nonlattice part of excited- and ground-state potentials, written
in frequency units, are

Dm‘mp(va) = Unsmp()o,x) - Ug(P,X)

=Uy(p, X) o] (1 —6)[1 +2r(p, X)]

20,
- [bnsmp (,07 X)—bns,szO(,Os X)][r(,o, X)+1]a
(A28)
where
E, —E_)?
oo B —E ) (A29)
4E.E_

The spatial variations of Us(p, X) at the different atomic po-
sitions lead to a dephasing which degrades the output signal.

The ground- and excited-state lattice potentials are approx-
imated by

Uy(p, X) = Unso(X) ~ Uy(0, 0) sin® (kz.X),

bnsm,,- (07 O)
bns,mp =0 (0’ 0)

The lattice potentials determine the center-of-mass motion
of the atoms. Since these potentials are state dependent, the
motion must be treated quantum mechanically. The spatial
dependence of U, is neglected in calculating the motional
states—that is, U, is evaluated at the center of the atomic
cloud. The justification for this approximation is traced to the
fact that the transverse width of the excitation fields is much
less than that of the trap fields—the trap potential is approx-
imately constant over the excitation volume. Even though U
does not vary that much over the excitation volume, it still can
have an effect when it appears in phases for sufficiently long
times—that is why such effects must be included in [),,SmF.

(A30a)

Doy (X) ~ Uo(0, 0)sin (k. X).  (A30b)

4. Excitation scheme

The atoms are optically pumped into a single magnetic
sublevel having angular momentum quantum number G and

magnetic quantum number mg. Counterpropagating fields in-
cident along the x direction drive a two-photon transition from
this ground state to the Zeeman manifolds of an ns Rydberg
level. We consider only transitions into the four levels of
the upper Zeeman manifold (m; = 1/2). These are spectrally
isolated from the lower Zeeman manifold. Transitions to
the lower manifold can be treated by the same formalism.
The two-photon transition is via one of the hyperfine levels
(labeled by its angular momentum quantum number H) of
an intermediate np state. The first of the excitation fields is
nearly resonant (but still far enough from resonance to neglect
any saturation effects) with the ground- to intermediate-state
transition and has polarization given by cos6;u; + sin 6;u,.
The second field completes the transition to the Rydberg
sublevels and is polarized in the z direction. At this point in
the calculation, we neglect any motion of the atoms; that is,
we assume the atoms are at fixed positions. The expressions to
be derived will then be generalized to account for the motion
of the atoms in the trap potentials.

a. First step

In perturbation theory and in an interaction representation,
the intermediate-state amplitudes evolve approximately as

Qi(p, X) fi(t)e™ mma!

Cp Hmy = P(mg, my, 0;), (A31
prHmy N e T (mg, mg, 0;), (A31)
where
(G 1 H}
cosf
_l’}’lG 0 mpg
isnol G 1 H
P(mg, my, 0) = +%[mc | mH} . (A32)
+isin9 [ G 1 H
V2 _mG —1 mpy
Ei(p, X)
Qi(p, X) = _T<PJH”M”G>, (A33)
AmH,mG = WL, — Wmy . mg» (A34)

(pjH||n]|G) is a reduced matrix element, p; is a label for
the intermediate state, wy,, n, 1 the frequency difference
between the my hyperfine level and the m ground-state level,
wy, 1s the frequency of the first excitation field, E;(p, X) its
amplitude, and f|(¢) is its envelope function. It is assumed
that the field is in near resonance with a single hyperfine level
H of either the p; = 6p or p; = 5p manifolds, depending on
the excitation scheme. Although in near resonance, the detun-
ings Ay, mg satisty Ay meTpe > 1 and yu /Ay, m;) < 1,
where T, is the excitation pulse duration and yy is the decay
rate of the intermediate state; as a consequence of the first
inequality, the intermediate-state amplitude adiabatically fol-
lows the field amplitude. Note that A ,,, corresponds to A in
Fig. 1(b). In our experiment, A /27w ~ 12 MHz, T, ~ 1.0 us,
and the frequency spacing between the adjacent 6p3,»(H = 3)
magnetic sublevels is 4.7 MHz.

b. Second step

The second excitation field, which is applied simultane-
ously with the first, couples each intermediate state magnetic
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sublevel labeled by my to a single level in the upper Zeeman
(my = 1/2) submanifold having the same value, mp = my,
which remains a good quantum number. Since the final states
are approximate eigenstates of I, and J, (Paschen-Back re-
gion), it is convenient to use the mym; basis for these final
excited states. Thus we write

my
X (ns,my = 1/2, mf|u;|psHmy),  (A35)
where
Apyimg.my = Ly — Omymy.my» (A36)

®m,m.my 15 the frequency difference between the nsmjmy
Rydberg level and the my hyperfine level, wy, is the frequency
of the second excitation field, E>(p, X) its amplitude, and
f>(t) is its envelope function. The kets | p;Hmy ) are expanded
as

J 3/2 H
H :E P L m, A37
|PJ mH) — |:m/] m} mH:||pJamj’m1> ( )

17

and substituted into Eq. (A35). In the resulting expression,
only those matrix elements having m), = m; = 1/2 and m; =
my contribute in Eq. (A35); as a consequence, we find

l.Qz(,O, X)Q(p, X)f1@) fo(2)
42, FI2H + 1

éns, 1/2,m — —

my AmHJ'lG

J 117271 J, 32 H
x| / A , (A38)

12 0 172[1/2 my my
where J), is the angular momentum of the intermediate p state,

Er(p, X)

Q(p. X) = === (nsi el p), (A39)
Am;m;,mg = wr, + DL, — Omymy,mg» (A40)

®m,m.mg 18 the frequency difference between the nsm;my
Rydberg level and the m¢ ground level, and we have used
Eq. (A31). If we define

P(mg. my. 0,
K(mg, my, my, mp) =%
my ,mg
~ .
X/ dtf](t)f2(t)e*lAmjm1AmGt’
—0Q
(A41)
then
c1/am (07) = — i$(p, X)2i(p, X)
' PN ER TR
x ZK(mG, My, 1/2, m[)
my
X 9
12 0 1/2|[1)2 m my
(A42)

where O+ is a time immediately following the excitation
pulses. Only a single term, one having my = 1/2 + my, enters
the sum—that is, each intermediate state is coupled only to
a single final state in the upper Zeeman manifold having
the same value of mp. A specific example is given below in
Sec. 7.

5. Retrieval pulse

The excitation pulses create coherence PG nsm,m, between
the ground Gmyg level and the nsm;m; Rydberg sublevels.
The relative values of pGmg:nsm,m, for different m;m; are deter-
mined by the polarization of the excitation fields. To monitor
this coherence, a retrieval pulse, polarized in the z direction
and propagating in the same direction as the second excitation
field, is applied at a time 7; following the excitation pulses.
The field is resonant with the same Rydberg—intermediate-
state transition used in the excitation process . The retrieval
pulse creates coherences Ogmg:p,Hm, Which lead to phase-
matched emission on the ground- to intermediate-state tran-
sition in the same direction as the first excitation field. In
general, this emission will have polarization components in
both the y and z directions.

The retrieval pulse drives transitions between states having
the same value of mp. The appropriate equations of motion
are

Coytimy = _V?HClemH iEr(an;;;r(t — Ts)e,-A;;lH;l/zymﬁ
X (prHmpy | \nsmymp) oy m, (A43)
where
A = L, — Omymymy - (A44)

wy, is the frequency of the retrieval pulse, E.(p, X) its am-
plitude, and f.(r — T;) is its envelope function. The field
frequency can be chosen to ensure that A}, . =0 for a
given value of my but, owing to the Zeeman splitting in the
intermediate state, it cannot be equal to zero for all values
of my. In the main text, the retrieval pulse is represented by
the symbol €24.

Following the same procedure we used for the excitation
field, we find

VH . 2,(0,X)

Cortim == ot 15 =

I, 1 1211 g, 3/2 H
T2 0 12012 mu—12 my

(A45)

fre— T, )e' Btz -112!

X Cns,1/2,mp—1/25
where
E.(p,X)
h

In contrast to the excitation pulse, the duration of the retrieval
pulse is greater than y,; ', moreover, its Rabi frequency is typi-
cally larger than y so as to collect the output signal on a time
scale of order y;; ' As such, a perturbation treatment is no
longer valid and Eq. (A45) must be solved numerically along
with the corresponding equation for ¢ygm,m,. This solution
provides values for ¢, g, (t) in terms of Cgmm, (0™), which

Q(p, X) = — (psllmlinsi ). (A46)
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can be used to calculate the radiated signal. Since we are
considering only a single Zeeman submanifold with m; = 1/2
and a single value of H, there is no sum in Eq. (A45). Only
a single value of H and m; = my — 1/2 are present in the
equation. If we write

At 2 —1728 = Bt 2y —12Ts + Bt 2wy 12 — 1),

(A47)
then the formal solution of Eq. (A45) is given by
Cpstm (0) = Ry tmginsmm, (8 — Ty)e sz -12T
X Cosmymy (O )8, 1 /28my m—1/2- (A48)

In all but the perturbation theory limit, R, mmynsmym, (t — Ts)
is a nonlinear function of €2,. The interaction representation
density-matrix element,

Pyt ) = Cptimy (1) (A49)

since the initial state amplitude is unchanged in lowest-order
perturbation theory.

So far the calculations have been carried out for an atom
located at X = 0. To generalize Eq. (A49) for an atom located
at X = X;, we set
(A50)

1(j) ~ ikoX j
'OPIHmH Gm((t) ~ Cp;Hmy (t)el M

where k() = a)Hg/c = a)L,/c.

output electric field in the phase-matched direction has both y
and z polarization components. These components are mixed
on a half-wave plate oriented at an angle 8, /2 from the z axis
to produce new vertical and horizontal components given by

Ey = E;cosf; + E,sinfy,

Ey = E,cos6; — E; sinf,, (AS1)
which are then separated by a polarizing beam splitter and
measured in two detectors. We discuss only the vertical
component signal—the horizontal component signal can be
obtained by interchanging cos 6; with — sin 6, and sin §; with
cos 6, in the final result.

The time-integrated phase-matched signal recorded at the
vertical detector is proportional to a quantity Sy defined by

Sv(Ty) =X; / dt(Ey+(Xa, )Ey_(Xa, 1)), (A52)

where Eyi(Xy,t) are the positive and negative frequency
components of the vertical component of the electric-field
operator evaluated at some arbitrary point X; in the radiation
zone to the right of the half-wave plate. Using source-field
theory [18], it then follows that

o0
6. Signal Sy (T5) 2/0 dt|Gy (Xq. )], (AS3)
The excitation, readout, and vacuum fields combine to
produce a phase-matched emission in the u, direction. The where
|
— —iwmymg (t—Xa/c) 1(j) —ikoX;
Gy(Xy,t) = cz Z HG d (GmG|(/LZCOS€d+[Ly sin6,)|pyHmy) le:pmHmH Gm(,(t Xy/c)e 0%
2 x 32
. wy (PJH||M||G> i(wp, —1/2.m:me )Ty )
% @ 1OH m+1/2:6mG (t=T,—Xa/c) il.li)l/2 m,(0+) (A54)

and Eqgs. (A48) and (A50) have been used. The spatial phase
factors of the excitation fields have been accounted for in
Eq. (A50), so that the only spatial dependence of cm 1/2.m (0F)
on j is related to the fact that the excitation field envelopes
E; 2(p, X), are a function of position in the atomic cloud. By
combining the numerical solution leading to Eq. (A48) with
Eq. (A42), it is possible to calculate Gy (Xy, t) and Sy (Ty).

Modifications resulting from the trap potentials

The trap potentials lead to a number of qualitatively differ-
ent effects that modify the signal intensity. Of primary concern
to us is the motional dephasing that occurs between the excita-
tion and readout pulses. By using matched trap potentials for
both the ground and Rydberg levels, the motional dephasing
can be reduced significantly from a case in which the atoms
undergo force-free motion. Since it is not possible to match all
the Rydberg sublevel potentials to the ground-state potential,

(

there is some slight dephasing that results from the potential
differences as a result of the spatial dependence of the fields
in the atomic cloud. This is in addition to a similar dephasing
that occurs for high n Rydberg levels associated with the
ponderomotive potential.

To generalize the result to include the effects of the trap po-
tentials, we make a number of simplifying assumptions. First,
we assume that atomic motion is frozen during the excitation
and retrieval pulses. For our trap depths and temperatures, this
is generally a very good approximation. Second, we approx-
imate the energy levels in each potential as those associated
with the quasibound states of the corresponding Mathieu
equation problem [19]. Although we use the Mathieu equation
quasibound eigenenergies (since they appear in phases), we
calculate transition matrix elements using harmonic-oscillator
wave functions, assuming the atoms are sufficiently cold to
be localized near the bottom of the wells. As was already
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mentioned, we neglect any spatial variations of the field in
calculating the quasibound states in the potentials—all fields
are evaluated at cloud center, but we include the spatial
variations of the fields insofar as they affect light shifts of the
Rydberg levels relative to those of the ground state.

With these approximations and assuming an initial density
matrix that is diagonal with respect to the motional states, we
find [8,12] that Gy (X,, t) can be written as

Gy (X4, 1) = ei(wL,+meG)T.yeff‘meﬂ@(t _ Tp —X;/c)

qmax N

2
(210))
x Z Z Z QPJH:”H=WLF§”SW!F (t=T,—Xa/c)

mr=—1g.q' j=1
27D, T, M k
X e gq;n.vmpq/(_ )

(nsm

i o™, A
X Mnsmpq’;gq(k)e 7 qu,lq(o): ( 55)

where
Mnxm,.—q;gq’ (k) = / dX [Wnsmpq(X )]*eikX 1uﬁgq’ X)

= [ng’ ;nsqu(_k)]* ’
(€9)

Yaq(X) is a ground-state eigenfunction and w,;” an eigen-
frequency for an atom moving in the potential U,(0, 0),
Ynsmpq(X) is an eigenfunction and w{""") an eigenfrequency
for an atom moving in the potential Uy, (0, 0), and DY), is
given by Eq. (A28). The function Qg};fzﬁmw (¢) incorporates
all the excitation and retrieval dynamics. The sums over
q,q,q" are restricted to (quasibound) states; that is, gmax 1S
the number of bound states in the potential. A loss factor,
e wT5/2 has been added to allow for decay between the
excitation and retrieval pulses owing to spontaneous emission,
blackbody radiation, and decay from the intermediate state.
The sum over j actually corresponds to an integral over X
and p, taking into account the spatial dependence of the ex-
citation and retrieval fields, weighted with the atomic density
distribution.

For the polarizations of our excitation fields, the sum over
mp consists of at most three terms, mp = mg, mg+1. Experi-
mentally, we optically pump the initial state into mg = 0, so
only Rydberg levels having mp = 0, £1 are populated.

The numerical calculation of Sy (7;) is time consuming,
since the sum over j in Eq. (A53) must be carried out for each
T =1t —1T,—X;/c, the result squared, and then integrated
over T from zero to infinity. To simplify matters, we assume
that

(A56)

O oy (D)~ QV) L &(T)A(p.X),  (AST)
where g(7) is a state independent function of t and
A(p, X) = Q,(p, X)a(p, X)21(p, X). (A58)

J

iQr(p, X)

vH AT
4 3 T IAY s 2wy —1/2

ijHmH (t) x —

eiA;;JHmH s, 1/2mgg 17215 3/2
12 0 1/2

While this approximation is not justified in general, it should
not seriously affect the dependence of the normalized signal
on 7. With this assumption, the signal at time 7; normalized to
that at 7y = 1 us can be written in the form given in Eqs. (1)—
(3). In those expressions, the sum over j has been converted
to a spatial integral over the sample.

For example, if G =2 and mg = 0, the basic structure
consists of the absolute square of the sum of three terms
oscillating at the frequencies of the mp = 0, +1 Rydberg
levels. The signal then oscillates at the difference frequencies
of these levels. With our knowledge of the potential, we are
then able to extract the hyperfine constant from the signal.

7. Perturbation theory calculation of Cy (p, X, T})

In this section, we give perturbation theory expressions for
Cmymy (0T, €pyrimy, (1), and Cy (p, X, T;) when G = 2, mg = 0,
J, =3/2,my =1/2,and H = 3 (values appropriate to one of
the excitation schemes in our experiment). For these values, it
follows from Eqgs. (A42) and (A60) that

_ Da(p, X)Q(p, X)

c1212(0%) = 2077 K(1/2)siné;,
30 (0. X )2 (p. X
c12.-12(07) = 2(/080\)/71 (p )K(—I/Z) cos 6;,
Q(p, X)Q21(p, X) .
I _ O+ = — K(=3/2 sm@i,
1/2,-3/2(07) 20051 (=3/2)
(A59)
where
% dtfi () fr(t)e Aizmo!
K(my) = [Zo dt fr(t) fo(t) . (AGO)

Apy11/2,0

If all the K’'s were equal (which would be the case if the
Zeeman splitting of the intermediates state is much larger than
the detuning A, o and if |Ay2 07| < 1, as it is for most
of the n in our experiment), then

c12,-32(0%) = 61/2,1/2(0+)/\/§,

c1/2,-12(0%) = =3i cotGic1/2,12(0%)/2.  (A61)

Note that the relative coherence between the ¢/, _3,, and
C1/2,—1/2 1s important since it leads to the y-polarized signal
in the phase-matched direction.

We next solve Eq. (A45) using perturbation theory for a
square envelope retrieval pulse for which

£.00) 0, 7<0andt >T,, (A62)
)= I, O0<t<T,,

assuming that yg T, > 1 (T}, is the retrieval pulse duration),
to obtain

1 1/2} [3/2 3/2 3

Cns myg— O+,
172 my—1/2 mHi| 1/2.my—1/2(07)

(A63)
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Using Eqgs. (A53)—(A58), we then find that the normalized signal, as defined in Eq. (1), is given by Eq. (2) with

1 Gmax
—iwnsmy Ts (y(V -2 5,(1{2,, XOT i L(g)_ (V,L.vmp))TA
Cvip, X, T5) = Z Ze o Q;J;Smr"e e e G 9.7 AR (. i P1g,14(0) (A64)
mp=—1 q.q'
and
K 1/2) Sin 0; sin 646, 1
W) _ mr — 9 cos ; cos b,
ijnsmp — vu T AT — 7 d(SmF,O . (A65)
2 prHmsnsme | sin6,sin6y g
3 mp,—1

Note that, owing to the definition given in Eq. (1), we were able to remove any spatially independent common factors in writing

the expression for Q},‘j,{w.
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