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Observation of a threshold behavior in an ultracold endothermic atom-exchange
process involving Feshbach molecules
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We report on the investigation of endothermic and nearly thermoneutral atom-exchange collisions in an
ultracold atom-dimer mixture. By developing an indirect preparation method based on a molecular bound-bound
transition, we are able to directly observe an endothermic collision with a tunable energy threshold and study
the state-to-state collision dynamics. The collision rate coefficients show a striking threshold phenomenon.
The influence of the reverse process on the collision dynamics is observed for the endothermic and nearly
thermoneutral collisions. We carry out zero-range quantum-mechanical scattering calculations to obtain the
collision rate coefficients, and the three-body parameter is determined by comparison with the experiments. The
observed endothermic and nearly thermoneutral collisions may be employed to implement quantum simulation
of the Kondo effect with ultracold molecules.
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Chemical reactions and inelastic collisions at ultracold
temperatures provide an ideal platform to study chemical
reactivity at the fundamental level [1–4]. Recently, signifi-
cant progress has been achieved in studying ultracold chem-
istry or inelastic collisions with ultracold molecules [5–17].
In particular, the molecule-molecule reaction [9–11] and
the atom-exchange process involving weakly bound Fesh-
bach molecules [12–14,18] have been observed at temper-
atures below 1 μK. The atom-exchange reaction involving
weakly bound Feshbach molecules offer a unique candidate
to demonstrate the full controllability of ultracold chemistry.
The reaction can be tuned to be exothermic, endothermic,
or thermoneutral by simply varying the magnetic field. The
collision product can be detected, and the collision dynamics
can be studied in a state-to-state manner.

Despite the easy tunability of the energetics, the state-to-
state dynamics of the atom-exchange process is only studied
in the exothermic regime, and the direct observation of the
state-to-state endothermic collisions and the measurement of
the collision rate remain elusive. In Ref. [12], the overall loss
rate of the molecule collision partner is measured, and the
atom product is observed in the exothermic regime. It shows
a threshold when entering from the endothermic regime to
the exothermic regime. However, the measured overall loss
rate includes the contribution from both the exchange process
and the vibrational relaxation into deeply bound states. The
theoretical calculation therein shows that, in the exothermic
regime, the exchange process is the dominant factor in the
overall losses of the molecules, whereas in the endothermic
regime, the collision rate decreases quickly with the increas-
ing of the collision energy threshold, and the dominant loss
mechanism is actually the vibrational relaxation. In Ref. [14],
the state-to-state rate coefficient can only be measured in

the exothermic regime with high released energy. The study
of endothermic collision has to satisfy three conditions, i.e.,
the threshold can be precisely measured and controlled, the
collision partners can be efficiently prepared, and the time
evolution of products can be measured. Simultaneously meet-
ing these requirements for an endothermic collision is quite
difficult.

Here, we report on the study of the endothermic and nearly
thermoneutral atom-exchange collision in an ultracold atom-
dimer mixture. We develop an indirect preparation method
by coherently controlling the internal state of the Feshbach
molecule. This method allows us to directly observe an en-
dothermic collision with a tunable energy threshold. The state-
to-state collision dynamics is measured, and the threshold
phenomenon of the rate coefficients is clearly observed. We
also find that the reverse process influences the collision
dynamics for the endothermic and nearly thermoneutral col-
lisions. The observed rate coefficients are compared with the
zero-range quantum-mechanical scattering calculations, and
the three-body parameter is determined.

Our experiment starts with approximately 3.0 × 105 23Na
atoms and 1.6 × 105 40K atoms at about 600 nK in a
crossed-beam optical dipole trap. The measured trap fre-
quencies for K are h × (250, 237, 79) Hz with h being the
Planck constant. The Na atoms are prepared in the low-
est hyperfine | f , m f 〉Na = |1, 1〉 state, and the K atoms
can be prepared in any hyperfine ground-state | f , m f 〉K =
|9/2,−9/2〉 · · · |9/2, 9/2〉.

At a magnetic field near 130 G, the interspecies
Feshbach resonance between |1, 1〉 and |9/2,−3/2〉 and the
Feshbach resonance between |1, 1〉 and |9/2,−5/2〉 overlap.
The overlapping Feshbach resonances allow studying the
atom-exchange collision between weakly bound Feshbach
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molecules and atoms [12–14,18]. In our experiment, the
collision may be described by AB + C → AC + B, where
A denotes the 23Na atom in the |1, 1〉 state, and B and C
denote 40K atoms in the |9/2,−5/2〉 and |9/2,−3/2〉 states,
respectively. The AB and AC molecules are the corresponding
NaK Feshbach molecules with binding energies Eb

AB and Eb
AC,

respectively. The energy change in the collision is given by
�E = Eb

AB − Eb
AC. The state-to-state collision dynamics can

be measured by preparing the collision partners and then
monitoring the time evolution of the AB molecule and B
product, and the collision rate coefficient is extracted from
the time evolution. For detection [14], the AB molecules are
dissociated into the A + |9/2,−7/2〉 state and the B atoms
are transferred to the |9/2,−7/2〉 state by rf pulses, and the
AB molecule number and B atom number are determined
by measuring the atom number in the |9/2,−7/2〉 state,
respectively.

In the previous works studying ultracold atom-exchange
collision with Feshbach molecules, the molecule collision
partners are directly formed using magnetic-field association
[12,13] or rf association [14]. However, these methods cannot
be used to measure the rate coefficient in the endothermic
regime either due to the low formation efficiency or due to
large background noise caused by the preparation process.

In our system, the primary experimental challenge is to
efficiently prepare the AB + C mixture at the magnetic fields
where endothermic collisions with small �E may occur. For
the exothermic collisions with large and negative �E ’s, the
collision partners can be prepared by rf association [14,19]
of the AB molecule from an A + C mixture. However, this
preparation method is not applicable for small |�E | because
in this regime the scattering lengths aAB and aAC in the two
scattering channels are close to each other. This results in a
rather low association efficiency since the bound-free Franck-
Condon factor Fbf ∝ (1 − aAC/aAB)2 is largely suppressed
[20].

To circumvent this problem, we develop an indirect prepa-
ration method based on the molecular bound-bound transition.
Instead of directly forming the AB molecules, we first as-
sociate the AC molecules from the A + |9/2,−1/2〉 mixture
and then transfer the weakly bound molecules from the AC
to the AB state by an rf π pulse. A subsequent rf π pulse
transferring the free K atoms from the |9/2,−1/2〉 state to the
C state then prepares the desired collision partners. The idea
behind this method is that, for a small |�E |, the suppression
of the bound-free Franck-Condon factor is accompanied by
an enhancement of the bound-bound Franck-Condon factor
[20] Fbb ∝ 4aACaAB/(aAC + aAB)2. Therefore, although it is
difficult to form the AB molecule from the A + C scattering
state, it does allow us to create the AB molecule from the
AC bound state. The indirect preparation method is more
difficult than the preparation methods in previous works since
it requires not only the association of the molecule, but also
the precise and careful control of the internal states of the
Feshbach molecule.

The Feshbach resonance between the A and the C atoms
tends to be closed-channel dominated, and thus, the AC
molecules can only be efficiently associated when close to
the resonance. In our experiment, we employ the Raman
photoassociation method, which can efficiently form the
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FIG. 1. Molecular bound-bound rf spectrum and Rabi oscilla-
tion. (a) The measured atomic transition spectrum (red diamonds)
and molecular bound-bound spectrum (blue circles) at 130.29 G.
For the atomic spectrum, the fraction of the B atoms is recorded.
For the molecular spectrum, the number of molecules transferred
into the AB state is recorded by imaging the dissociated K atoms
in the |9/2, −7/2〉 state. The data points are fitted with Gaussian
functions. (b) The measured bound-bound Rabi oscillation between
the AB and AC molecule states at 130.26 G. The bound-bound Rabi
frequency is fitted to be 2π × 9.9(1) kHz.

AC molecules in a small magnetic-field window between
130.02 and 130.38 G. To manipulate the molecular internal
states, the bound-bound rf spectrum and Rabi oscillation are
measured as shown in Fig. 1. The difference between the
bound-bound transition frequency and the free-free transition
frequency precisely determines the energy change �E =
h(νAC→AB − νC→B) of the collision, which is in the range of
h × (−82, 32) kHz. The measured �E as a function of the
magnetic field is shown in Fig. 2. The polynomial fit yields
�E = 0 at Btn = 130.249(2) G, which agrees well with the
value of 130.24(1) G determined from the intersection point
of the binding energy curves. Thanks to the enhanced bound-
bound Franck-Condon factor, the bound-bound transition has
an efficiency of better than 95%, and approximately 2 ×
104 AB molecules are formed. After preparing the collision
partners, the time evolutions of the AB molecule and the b
atom are recorded.

The collision dynamics are shown in Fig. 3. For magnetic
fields larger than Btn, the collision is endothermic with �E >

0. At 130.25 G, the observed collision is nearly thermoneutral
with the measured energy change �E = h × 1.1(2) kHz. The
achievable minimal energy change is limited by the resolution
and uncertainty of the magnetic field. With increasing mag-
netic field, the collision threshold increases, and the maximum
number of the B products decreases quickly. Using the indi-
rect preparation method, the endothermic collision is clearly
observed up to 130.38 G with a threshold of 32 kHz.

We analyze the data by fitting the time evolution of the AB
molecule and B atom numbers using exponentials. As shown
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FIG. 2. The collision energy changes versus magnetic field. The
measured energy change �E for the atom-exchange collision AB +
C → AC + B as a function of the magnetic field. The energy change
is precisely determined by measuring the molecular bound-bound
transition frequency and the free atom-atom transition frequency
using rf spectroscopy. The blue solid line is a polynomial fit to
the data points. The vertical dashed line marks the magnetic-field
Btn = 130.249(2) G at which the collision is thermoneutral with zero
energy change. For B < Btn, the collision is exothermic, and for
B > Btn, the collision is endothermic. As a comparison, the gray
dashed line shows the energy change obtained from the difference
between the two binding energy curves. Error bars inside the circles
represent ±1 s.d. where s.d. represents standard deviation.

in Fig. 3(a), we find that for the exothermic collisions, the two
1/e time constants τAB and τB agree with each other within
mutual uncertainties, whereas for the endothermic and nearly
thermoneutral collisions, the two time constants are different
from each other. We attribute this discrepancy to the influence
of the reverse process AC + B → AB + C, i.e., the collision
is reversible.

To demonstrate that this discrepancy is caused by the
reverse process, we continuously remove the AC molecule
products from the mixture by dissociating them into the
A + |9/2,−1/2〉 state. To do so, we first remove the A atoms
after the AB molecules have been prepared. Then during the
collision process, we use the Raman light to continuously
dissociate the AC molecules into the A + |9/2,−1/2〉 state.
This procedure suppresses the reverse process and makes
the collision irreversible. In this way, we find τAB and τB

agree with each other within mutual uncertainties also for the
endothermic and nearly thermoneutral collisions as shown in
Fig. 3(b).

We now estimate the collision rate coefficient βr from the
measured time evolutions. Taking the reverse process into
account, the time evolution of the number of B products may
be described by

ṄB = βr n̄CNAB − kreNACNB, (1)

where the first and second terms on the right side of Eq. (1)
account for the forward and reverse processes, respectively.
By continuously removing the AC products, the second term
can be safely neglected. The mean density of the C atoms is

FIG. 3. The collision dynamics. (a) The decay of the AB reactant
(blue circles) and the increase in the B product (red diamonds) as
a function of the hold time for (i) the exothermic collision at B =
130.03 G with �E = −76.7(3) kHz, (ii) the nearly thermoneutral
collision at B = 130.25 G with �E = 1.1(2) kHz, and (iii) the en-
dothermic collision at B = 130.36 G with �E = 28.0(2) kHz. The
blue and red solid lines are exponential fitting curves with 1/e as time
constants τAB and τB, respectively. For the exothermic collision, τAB

and τB agree with each other within mutual uncertainties, whereas
for the endothermic and nearly thermoneutral collisions, τAB and
τB are not consistent. (b) The time evolution of the AB reactant
(blue circles) and the B product (red diamonds) after continuously
removing the AC product in the collision process. The two time
constants τAB and τB are consistent with each other within the mutual
uncertainties also for the endothermic and nearly thermoneutral
collisions, and the increased numbers of the B products are larger.
Error bars represent ±1 s.d.

approximated by n̄C = αNC with α = [(mKω̄2)/(4πkBT )]3/2,
where ω̄ and T are the geometric mean of the trap frequencies
and the temperature, respectively. We have assumed n̄C to be
a constant as the number of the AB molecules is about one
order of magnitude smaller than the number of the C atoms.
The reverse process complicates the collision dynamics, but
the rate coefficient may still be extracted using the simple
equation,

βr = ṄB(0)

n̄CNAB(0)
, (2)

where NAB(0) is the initial number of the AB molecules and
ṄB(0) is the initial derivative of the time evolution of the B
atoms. Equation (2) is also applicable to the reversible process
since we start from the AB + C mixture and, thus, at t = 0
the products NAC and NB are both negligible. We assume
that NAB(t ) and NB(t ) can be approximated by exponentials
and obtain ṄB(0) and NAB(0) from exponential fits of the
measured data points. As shown in Fig. 4, the rate coefficients
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FIG. 4. The behavior of the rate coefficients as a function of the
magnetic field. The blue circles and red squares represent the data
points measured by using the indirect reactant-preparation method.
The red squares are the data points obtained by continuously re-
moving the AC molecules (after eliminating the A atoms) when
the reverse processes are significantly suppressed. The gray circles
represent the data points obtained from Ref. [14]. The solid line is the
numerical result with the fitted three-body parameter 	 = 22.6/a0

and the normalization coefficient Cβ = 1.4. The inset shows the
ratios between the net increase in the B atom product and the initial
AB molecule number where the square points give the branching
ratio. Error bars represent ±1 s.d.

obtained in this way are similar to the results in the case where
the reverse process has been suppressed.

For the exothermic collisions, the rate coefficient increases
as the magnetic field increases. This may be qualitatively
understood from the increase in the overlap between the
wave functions of the two weakly bound molecules when
the difference between the two scattering lengths decreases
[12,18]. For the endothermic collision, the size of the wave
functions of the two weakly bound molecules are similar,
and the decreasing in the collision rate coefficient versus the
magnetic field is dominantly determined by the increase in
the collision threshold energy. The rate coefficient shows a
strikingly threshold behavior as expected. Besides, the ratio
between the increased number of the B products and the
initial number of the AB reactants is given in the inset of
Fig. 4. The data points after removing the A atoms and the
AC molecules directly give the branching ratio of the atom-
exchange collision.

To understand the rate coefficient, we perform quantum-
mechanical scattering calculations using the zero-range ap-
proximation. In our system, the s-wave atom-exchange
scattering may be described by the generalized Skorniakov-
Ter-Martirosian (STM) equations [21–24]. In the STM equa-
tions, the only input parameters are the scattering lengths aAB

and aAC, and the unknown three-body parameter 	, which
will be determined by comparing the rate coefficients.

By numerically solving the STM equations, we calculate
the rate coefficients with 	 being a fitting parameter. The
results are compared with the experiment for the magnetic

fields between 129.44 and 130.38 G where the data points
for exothermic collisions between 129.44 and 129.991 G are
obtained from our previous work [14]. We find that, for a
range of values for 	, the shapes of the theoretical curves
and the experimental data points qualitatively agree with
each other, whereas the measured rate coefficients are larger
than the calculated ones. We attribute this discrepancy to the
systematic shifts in our data due to uncertainties in the particle
numbers, density calibration, and so on. The contribution of
the short-range physics which is not taken into account in
the model is also a possible reason. Therefore, we include
a normalization factor Cβ as the second fitting parameter.
As shown in Fig. 4, we find good agreement between the
theory and the experiment with the fitting parameters 	 =
(22.6 ± 3.6)/a0 and Cβ = 1.4 ± 0.1, where a0 is the Bohr
radius.

In conclusion, we have studied the endothermic and nearly
thermoneutral atom-exchange process in an ultracold atom-
dimer mixture. The complete control of an atom-exchange
process involving Feshbach molecules has been demonstrated
in our paper. The universal character of the interaction allows
us to understand the collision from a zero-range approxima-
tion. The observed atom-exchange collision can be treated as
an indirect spin-exchange interaction between the Feshbach
molecule and the K atom, which has been proposed to im-
plement quantum simulation of Kondo effects [25,26]. The
direct spin-exchange interaction between B and C may also
cause a similar phenomenon. However, in our experiment,
the direct spin-exchange scattering length is on the order
of 100a0. A straightforward estimation gives a direct spin-
exchange rate coefficient on the order of 10−11 cm3/s, which
is much smaller than the experimental results. Therefore, the
spin-exchange interaction is dominantly caused by the indirect
atom-exchange process. The spin-exchange interaction in the
thermoneutral regime is of crucial importance to the quantum
simulation of the Kondo effect since the energy difference
between the molecules will polarize the spin like a magnetic
field, which suppresses the Kondo effect [25].
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APPENDIX A: FESHBACH RESONANCE

The scattering length near the Feshbach resonance ã(B) =
abg[1 − �B/(B − B0)] has been determined in Ref. [14] by
fitting the binding energies of the Feshbach molecules using
the universal model. For the Feshbach resonance between A
and B, we obtain abg = −455a0, B0 = 138.71, and �B =
−34.60 G. For the Feshbach resonance between A and C,
we have abg = 126a0, B0 = 130.637, and �B = 4.0 G. The
binding energies of the Feshbach molecules are given by
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Eb
ij = h̄2/2μd aij

2, where aij = ãij(B) − ā with ā = 51a0 being
the mean scattering length. Here aAB and aAC are the input
parameters in the STM equations. From the binding energy
curves, we obtain Eb

AB = Eb
AC at B = 130.24(1) G, which is

about 10 mG smaller than Btn = 130.249(2) G which was
determined from the direct measurement. Therefore, in the
numerical calculations, the magnetic field is shifted by 10 mG
to compare with the experiments.

APPENDIX B: RAMAN PHOTOASSOCIATION AND
MOLECULAR BOUND-BOUND TRANSITION

In this paper, we employ Raman photoassociation to form
AC Feshbach molecules [27]. We use two blue-detuned Ra-
man light fields to couple the |9/2,−1/2〉 and C states with
a single-photon detuning of � ≈ 2π × 251 GHz with respect
to the D2 line transition of the 40K atom. The two Raman
beams have a frequency difference of approximately 2π ×
37 MHz at the magnetic fields of around 130 G. Thus, they
can be simply created by using two acousto-optic modulators
with the light field from a single laser. The width of each
Raman beam is about 0.8 mm at the position of the atoms,
and the power is 30 mW. The Raman Rabi frequency for the
|9/2,−1/2〉 → C transition is about 2π × 90 kHz.

To associate the AC molecules from the A + |9/2,−1/2〉
mixture, we use a 300-μs Gaussian pulse with a full width
at half maximum duration of about 150 μs. Using a Gaus-
sian pulse, the high Fourier side lobes can be efficiently
suppressed, and thus, the transfer of free atoms from the
|9/2,−1/2〉 to the C state can be neglected. The Raman light
fields have no influence on the active stabilization loop of
the magnetic field, and thus, it does not cause a shift of the
magnetic field. The efficiency of Raman photoassociation is
about 15–20%.

After creating the AC molecules, we determine the molec-
ular bound-bound transition frequency νAC→AB by measuring
the molecule rf spectrum. This is achieved by first transferring
the AC molecule to the AB molecule via a rf pulse, and
then the AB molecules are detected by dissociating them into
the A + |9/2,−7/2〉 state for imaging. Besides, we also mea-
sure the free atomic transition frequency νC→B by measuring
the rf spectrum between the C and the B states. From these
measurements, the collision energy change �E = νAC→AB −
νC→B can be accurately determined, and the results are shown
in Fig. 1 in the main text. After determining the bound-bound
transition frequency, the Rabi oscillation between the AB and
the AC molecule states is measured, and thus, the duration of
the π pulse is determined.

APPENDIX C: REMOVE THE REMAINING A ATOMS
AND THE AC MOLECULE PRODUCTS

To demonstrate that the discrepancy between the time con-
stants τAB and τB for the endothermic and nearly thermoneu-
tral collision is caused by the reverse process, we remove
the AC molecule products continuously during the collision
process by dissociating them into the A + |9/2,−1/2〉 state.
However, the remaining A atoms and the residual |9/2,−1/2〉
atoms due to the imperfection of the π pulse may cause
a competition between the dissociation and the association
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FIG. 5. Removal of the remaining A atoms. (a). The energy levels
of the two-photon Raman transition used for transferring the Na
atoms from the A to the |2, 2〉 state. After the Raman transfer, the
Na atoms in the |2, 2〉 state are resonantly blasted out of the optical
trap by a light pulse resonant with the cycling transition. (b) The
time sequence of the preparation process including the removal of
the remaining A atoms.

process. Therefore, we first remove the A atoms after the AB
molecules have been prepared. This is achieved as follows.
We first transfer Na atoms from the A to the |2, 2〉 state using
a blue-detuned Raman π pulse with a single-photon detuning
of � ≈ 2π × 215 GHz with respect to the D2 line of the Na
atom and then blast them out of the optical trap by applying a
light pulse resonantly coupling the |2, 2〉 → |3′, 3′〉 cycling
transition as shown in Fig. 5(a). The Raman fields for Na
atoms have a width of about 1.1 mm at the position of the
atoms, and each beam has a power of about 50 mW, which
yields a Raman-Rabi frequency of 2π × 46 kHz for the A →
|2, 2〉 transition. The Raman-BLAST sequences are applied
twice to completely remove the remaining A atoms. The time
sequence including the removal of the A atoms is shown in
Fig. 5(b). The Raman-BLAST process also causes small loss
of the AB molecules. Typically, we still keep 90% of the AB
molecules after removing the remaining A atoms.

Then, we can remove the AC molecule products during the
collision process by continuously dissociating them into the
A + |9/2,−1/2〉 state. This is achieved by using the Raman
light coupling the |9/2,−1/2〉 and the C states, which is
also used to associate the AC molecules. For the dissociation,
the two-photon detuning is tuned to be 220–320 kHz above
the bound-free transition, and the powers of both beams
are reduced to obtain half the peak intensity as was used
in the association process. This Raman dissociation light
reduces the lifetime of the AC molecules to around 80 μs as is
shown in Fig. 6(b), and thus, the AC molecules can be quickly
eliminated. We checked that the Raman removing pulse has
negligible effects on the C atoms. The Raman removing pulse
also affects the lifetime of the AB molecules. However, the
AB molecule still has a lifetime of about 2.7 ms under the
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FIG. 6. Lifetime of the molecules under different conditions. The
measurements are taken after removing the remaining A atoms at
130.26 G. (a) and (b) The lifetime of the AC molecules without and
with the Raman removing fields, respectively. The two-photon fre-
quency is tuned to be about 220 kHz above the bound-free transition
frequency. The AC molecules are detected by first transferring them
to the AB state and then dissociating them into the A + |9/2, −7/2〉
state. (c) and (d) The lifetime of the AB molecules without and with
the Raman removing fields, respectively. Error bars represent ±1 s.d.

Raman removing fields as is shown in Fig. 6(d), which is long
enough for the study of the collision dynamics.

APPENDIX D: COLLISION DYNAMICS

Taking into account the reverse process, the time evolution
of the AB molecule and B atom may be described by

ṄAB = −γABNAB + kreNACNB, (D1)

ṄB = βr n̄CNAB − kreNACNB, (D2)

where the first and second terms on the right sides account
for the forward and reverse processes, respectively. The time
evolution of the AC molecule may be written in a similar

form as the AB molecule. Since the time evolution of the
AC molecule is difficult to detect, its equation is not shown.
Here, the overall loss rate of NAB is γAB = βAn̄A + βCn̄C +
βr n̄C , with n̄A and n̄C as the mean densities of the A and C
atoms, respectively. The first term accounts for the loss due to
inelastic collisions with the remaining A atoms with βA as the
loss rate coefficient. When the A atoms are removed, this term
can be neglected. The other two terms describe the losses due
to collisions with the atom C, which include the desired atom-
exchange collision with a collision rate coefficient of βr , and
the losses due to collisions in other channels and vibrational
relaxations with an overall loss rate of βC . The collisions
between the AB molecules are neglected since the Feshbach
molecules are fermionic molecules. We have assumed n̄A and
n̄C are constants since the number of molecules is about one
order of magnitude smaller than that of the atoms. The reverse
process is caused by the collisions between the AC molecule
and the B atom products with kre as the reverse collision rate.

In our experiment, the time evolutions of NAB(t ) and NB(t )
are measured. The rate coefficient is obtained using Eq. (2)
in the main text. This is reasonable as we start from the
AB + C mixture, and thus, at t = 0, the number of products
NAC and NB can be neglected. The exact form of NAB(t ) and
NB(t ) are difficult to know. Therefore, we assume they may be
approximated by exponentials and use exponentials to fit the
data points. The collision rate coefficients are extracted with
NAB(0) and ṄB(0) obtained from the fitting curves. Note that,
when the reverse process is suppressed or can be neglected,
the analytic solutions of NAB(t ) and NB(t ) are exponentials,
and thus, collision rate coefficients obtained from Eq. (2) are
exact.

The initial molecule number has to be corrected by taking
into account the finite rf dissociation rate [14] since the
collision is fast. The finite π -pulse transfer efficiency of the
K atoms from the B to the |9/2,−7/2〉 states also needs
to be included, which is about 90% with the Na atoms and
95% without the Na atoms. Finally, all uncertainties of the
parameters are included to give the uncertainty in the rate
coefficients.

APPENDIX E: STM EQUATIONS

The scattering amplitudes satisfy the STM equations,

tii(k, p, E ) = mA

πμd

√
aAC

aAB

∫ 	

dq
q

2k
K (k, q, E )DAC(q, E )t f i(q, p, E ), (E1)

t f i(k, p, E ) = 2π h̄4

μ2
d

√
aABaAC

mA

2pk
K (k, p, E ) + mA

πμd

√
aAB

aAC

∫ 	

dq
q

2k
K (k, q, E )DAB(q, E )tii(q, p, E ), (E2)

where

K (k, p, E ) = ln
2μd E − p2 − k2 + 2μd pk/mA

2μd E − p2 − k2 − 2μd pk/mA
, (E3)

Djl (q, E ) =
[
− h̄

ajl
+

√
−2μd

(
E − q2

2μad

)]−1

. (E4)

We denote the input channel AB + C by channel i and the
output collision channel AC + B by channel f , and thus,
tii(k, p, E ) is the elastic-scattering amplitude, or in other
words, the back-reflection amplitude of scattering into the
input channel, t f i(k, p, E ) is the reactive scattering ampli-
tude with p and k being the relative momentum of the
incoming and outgoing atom-dimer pairs, E is the total
energy, μd = mAmB/(mA + mB) is the reduced mass, and

032706-6



OBSERVATION OF A THRESHOLD BEHAVIOR IN AN … PHYSICAL REVIEW A 100, 032706 (2019)

μad = mA(mA + mB)/(2mA + mB) is the reduced mass of the
atom and dimer. In the integral equations, the only input
parameters are the scattering lengths aAB and aAC and the un-
known three-body parameter 	, which will be determined by
comparing the rate coefficients. Since the magnetic-field win-
dow in the experiment is narrow, we assume 	 is a constant.

We numerically solve the STM integral equations to
calculate the on-shell scattering amplitudes t f i(k f , pi, E )
with E = h̄2k2

f /2μd − Eb
AC = h̄2 p2

i /2μd − Eb
AB using the

method introduced in Ref. [23]. The incident relative
momentum is calculated for pmin � pi � pmax, where
pmin = 0 for the exothermic collisions, pmin = √

2μd |�E |
for the endothermic collisions, and pmax =

√
2μd Eb

AB,
i.e., we only consider the collisional kinetic energy
smaller than the binding energy of the AB molecule.
This is a good approximation since in our experiment
we have Eb

AB > 4kBT . The total collision cross section
is given by σr (pi ) = (8π3/h4)μ2

ad (k f /pi )|t f i(k f , pi, E )|2.
The collision rate coefficient is, thus, calculated by
βr = ∫

vσr (v) f (v)dv where we have v = p/μad and

f (v) = 4πv2[μad/(2πkBT )]3/2 exp[−(μadv
2)/(2kBT )] is

the Maxwell-Boltzmann distribution. In the calculation, the
temperature is assumed to be 700 nK, and the magnetic field
has been shifted 10 mG so that the overlapping magnetic
field obtained from the universal binding energy curves is
consistent with the direct measurement.

The calculated rate coefficients are compared with the ex-
periment for the magnetic fields between 129.44 and 130.38 G
where the data points between 129.44 and 129.91 G are ob-
tained from our previous work. The collision rate at 130.03 G
is also measured in our previous work [14]. However, due
to the suppression of the bound-free Franck-Condon coeffi-
cients, the number of AB molecules that can be formed from
the A + C mixture is only about 5000. In comparison, using
the indirect method in this paper, 1.5 × 104 AB molecules
can be formed. Therefore, at 130.03 G, the collision rate
measured in this paper has a much better signal-to-noise ratio
and, thus, is used in the fitting. For the magnetic fields larger
than 130.03 G, the collision rates can only be measured using
the current method.
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