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Three-loop radiative corrections to the 1s Lamb shift in hydrogen

Savely G. Karshenboim
Fakultdt fiir Physik, Ludwig-Maximilians-Universitdt, 80799 Miinchen, Germany;
Max-Planck-Institut fiir Quantenoptik, 85748 Garching, Germany;
and Pulkovo Observatory, St.Petersburg 196140, Russia

Valery A. Shelyuto
D. I. Mendeleev Institute for Metrology, St.Petersburg 190005, Russia

® (Received 2 July 2019; published 16 September 2019)

The three-loop contributions to the Lamb shift of the 1s state in the hydrogen atom in order a*(Za)’m,
responsible for the second largest contribution to the uncertainty budget, have been known only partially. Here
we estimate the remaining three-loop terms of that order. The total three-loop result in order a*(Za)’m for
the 1s Lamb shift is found to be —(3.3 % 10.5)(a/7)*(Za)>m, which contributes —0.11(34) kHz to the energy
of the ground state in the hydrogen atom and —3(11) kHz in the helium ion. To verify our approach we have
also estimated the known contributions in order a(Za)’>m and a?(Za)’m. The obtained estimates are perfectly
consistent with the well established results, found previously by other authors.
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I. INTRODUCTION

Energy levels in hydrogen atom are described by quantum
electrodynamics (QED) with inclusion of nuclear-finite-size
and nuclear-structure effects. The QED contributions are the
largest ones and often the accuracy of their calculation de-
termines the overall theoretical uncertainty. In particular, the
computational QED accuracy of the complete theory of the
Lamb shift in the ground state of the hydrogen atom is limited
by our knowledge of the higher-order QED contributions
within the external-field approximation as well as of some
radiative-recoil corrections [1,2]. (The most recent CODATA’s
compilation is [1]; however, it does not contain any new
theoretical input compared to the previous one [2], while
only the earlier paper contains all the important references.)
An accurate calculation of the ls Lamb shift in hydrogen
is crucial for a comparison with experiment in order both
to test bound-state QED (see, e.g., Ref. [3]) and to extract
the accurate values of the fundamental constants such as the
Rydberg constant (see [1] for details).

The theoretical uncertainty is dominated by the two-loop
and three-loop pure QED contributions in the external-field
approximation (see [4] for more detail). While the two-loop
contributions will be considered in detail elsewhere (see [4]),
we study here the related external-field contributions of the
order 3 (Za)>m (the three-loop ones), which are known only
partially [5] and we estimate the rest of them. The current
estimation of the uncalculated terms in this order produces
the second largest contribution to the uncertainty of the Lamb
shift of the ns states in the hydrogen atom [1,2].
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The energy levels in the external-field approximation are
parametrized up to the three-loop level as

Za)* 2
AE(ns) = %[F(l)_i_%l:‘@)_i_(%) F(3>:|, )

where
Za) FOnl) = %:Ak,,(Za)k In? (z(lx)2’ )
(Za)* FO(nl) = %ka(Za)k In” Zar (3)
and
(Za)* FOnl) = Cp(Zar)* In? Zay )

kp

Sometimes, an additional factor of (m,/m)?® is kept. For the
sake of simplicity we ignore that reduced-mass factor here.
This factor is important for low-order contributions, but not
significant for higher-order terms, which we consider in this
paper. Our concern is a calculation of Csq for an ns state. As a
test calculation, we also obtain the results on A5y and Bs, the
values of which are well known.

A total contribution of a certain order may involve several
gauge invariant sets of Feynman diagrams. In this case we use
the notation of (2), (3), and (4), but introduce subscripts or
superscripts to identify which individual set of contributions
is considered.

II. CONTRIBUTIONS IN ORDER o*(Za)’m

In the scattering problem the diagrams with a different
number of external photon “legs” are of different order in
Za. In the case of the bound-state QED the diagrams with
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FIG. 1. Characteristic diagrams for the contact potential, respon-
sible for ASE (ns) (left) and A3 (ns) (right).

a different number of the Coulomb photons may be of the
same order. The contributions in order o*(Za)’m can be
presented as a product of a contact term with the exchange
by two Coulomb photons inside it [see, e.g., Fig. 1 for the
a(Za)>m contribution] and the squared value of the nonrel-
ativistic Coulomb wave function at origin |W(r = 0)|? (see,
e.g., Refs. [6,7]).

The “skeleton” two-photon-exchange “contribution” to the
Lamb shift in the hydrogen atom (see Fig. 2) is of the form

5 3 oo
A, (ns) = (Zozg m |:_ 16m / d_4qi|’ )
n 7 Jo q

where ¢ = |q| and q is the three-dimensional momentum
transfer through the left photon line in Fig. 2. The momentum
transfer through the right one is —q.

We put above the quotation marks on the “contribution”,
because the expression is divergent at low g and requires sub-
tractions. However, in the case of k-loop radiative corrections,
a dimensionless factor of

ank
Z) R® (42
(&) rod
is introduced and that leads to a substitution in the ¢ integral
dq dq
f—4 —>f—4R(q2>. (6)
q q

After the substitution the g integration is softened. The struc-
ture of the subtractions for radiative corrections is different
from a correction to a correction, and we discuss below the
subtractions in the context of the involved individual radiative
corrections.

III. METHOD OF THE ESTIMATION OF
TWO-PHOTON-EXCHANGE CONTRIBUTIONS

The purpose of this paper is to estimate three-loop two-
photon-exchange contributions, for which we develop a
method based on the evaluation of the asymptotics of the
related ¢ integral. While explaining the method, it is helpful
to be more specific and give an example. Let us consider
the contribution of the one-loop vacuum-polarization (VP)
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X_______

FIG. 2. Skeleton two-Coulomb-exchange diagram.

insertion into a Coulomb line (see the right graph in Fig. 1)
Rve(q®) =24’ Ivp(q),
where (see, e.g., [6])
v2(1 —v?/3)

|
Ivp(g?) = dvy———" .
ve(q) /(; Vi A )p

To properly estimate the related g integral [cf. (6)], we have
to consider two asymptotics: the low-g one at ¢ < 2m and
the high-g one at g >> 2m. Once we find them, we split the
integral into two parts

00 2m [e'9)
/ dq...:/ dq...—i—/ dq...
0 0 2m

and estimate the low-g and high-g terms using the related
asymptotics. (From the point of view of dispersion relations
it is more natural to split the integral by 2m rather than by m
[cf. (7)].) In the case of the VP correction, the asymptotics are

& - %)

%lni—i—%o atg > 2m.

(7

at g < 2m,

Rvp(q*) =~ { (8)

Before starting any practical discussion, we have to return
to the question of the convergence of the integral at low ¢ and
a need for related subtractions. The integral in (6) is divergent
for Ryp(g?) at low g. Such a divergence happens when the
radiative correction contributes not only in order o*(Za)’m,
but also in order a*(Za)*m. The total VP contribution does
contain such a term. In the case of the presence of the (Za)*
contribution, the expression for the (Zo ) term should contain
a subtraction. Usually the integral takes the form

d d
/ q—fR(qZH f q—f[R(qz)—fR/(O)]. ©)

The exception is the one-loop self-energy (SE) (see below in
the Appendix). In the case of the one-loop SE the subtraction
is more complicated because the leading term of the ¢?
expansion of R(g?) contains In(m?/q?).

In QED, power counting at ¢ >> 2m for the skeleton Feyn-
man diagrams and the related radiative correction to them is
the same and the radiative corrections can have a logarithmic
enhancement only [cf. (8)]. However, the subtraction changes
the situation drastically. The asymptotics of the subtracted
integrand are now

at g < 2m,
Rvp(q?) = 4*Ryp(0) ! (10)
—1% Z at g > 2m.
The subtracted radiative corrections at high g are enhanced
by a factor g?/m? compared both to the skeleton (= 1) and
the unsubtracted radiative correction [see (8)]. In other words,
the high-¢g asymptotics [of the subtracted radiative correction
R(g%) — qZR/VP (0)] is determined by the subtraction, which in
its turn is determined by the ¢* term of the low-g asymptotics
of the radiative correction R(qz).

Such an asymptotic behavior is rather standard for the ra-
diative corrections. The asymptotics of the complete radiative
corrections to the integrand are determined only by the low-g
asymptotics of the (unsubtracted) radiative corrections. (In the
case of the individual gauge-invariant sets the subtraction is
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not always present; however, the leading high-g terms for such
individual contributions are subleading for the total one.)

As explained, the subtractions are due to the (Za)* terms.
Let us consider the one-loop VP case more accurately. The
leading VP contribution is of the order o(Z« Ym with

4
15

The AY} contribution according to our finding is

VP __
A40 -

160(Za )’ m d
MEyp(ns) = —— S5 m’ [ 7
Tn q
x[Rvp(q*) — ¢*Ryp(0)]. (11)

The high-g part of the contribution therefore reads

160(Za ) m 3/"0 dq 24*
AEY, = — | = 12
vp(15) P wm gt L 15m? (12)
or
4
AV (ns) = —— AYg (ns). (13)
T

The relation between the high-g part of Aso(ns) and the
coefficient A4o(ns) is a generic one since both are expressed
in terms of the value of Iyp(0). A similar relation takes place
also for the two-loop and three-loop contributions:

4
Biy(ns) = —— Bun(ns).

4
Cy(ns) = - Cao(ns). (14)

The bottom equation is directly used for our evaluation of
Cso below, while the upper one is suitable for the test of the
method (see the Appendix).

We do not discuss here the low-g part of the VP contribu-
tion since its calculation somewhat differs from the one used
below for Csy(ns).

IV. THREE-LOOP CONTRIBUTIONS: ESTIMATION OF Cs,

The state-of-the-art theory of the three-loop contributions
to the Lamb shift of the ns state is the following. The leading
term is of the order o®(Za)*m and it is known [8—10]. The
contribution in order a*(Zar)>m has been found only partially
[5]: the pure VP contributions were found as well as the
contributions of the two-photon-exchange diagrams with one
radiative photon and all possible VP insertions. The result of
[5] reads

CKIov (ns) = 8.331(2). (15)

The leading higher-order three-loop logarithmic corrections,
such as Cg3, Cgp, have been also considered [11].

Following the consideration above we first have to identify
the diagrams which contribute to Cy(ns). The three-loop self-
energy (SE3) ones are plotted in Fig. 3, while those for the
three-loop vacuum polarization (VP3) are depicted in Fig. 4.
We are not interested in the asymptotics of the VP3 diagrams
here since all the related three-loop VP contributions to Cs,
reducible and irreducible, have been already found in [5]. We
focus here on the SE3 ones.
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FIG. 3. Characteristic diagrams for the three-loop self-energy
(SE3) contribution to Cyo(ns).

To find the high-g contribution we rely on (14). Meanwhile,
we note that C4o(ns) has been known [9,10]

CsB3(ns) ~ 1.86812... (16)

for the total SE3 contribution, but the result for the slope of
the Dirac form factor [10] is not given for the individual sets
of the diagrams. The diagrams ¢ and d in Fig. 3 relate to the
sets already calculated in [5]. Therefore, we have to separate
their contributions from the others.

The related o®(Za)’m contributions are calculated in [5]
by using the two-photon-exchange technique and the inte-
grands are presented there with the explicit subtractions [see
Egs. (57) and (66) in [5]; cf. [12]]. We have calculated the
involved subtraction terms and restored their contributions to
Cyo(ns). Our result is

CSE¥kmown () ~ 0.9715 . ... a7

Its sign is consistent with the sign of the related part of
C;‘(')“’W“ (ns) [5].
Combining (16) and (17) we obtain

CSE3uknown ¢y ~ 0.896 60 . .. (18)

and therefore for the “unknown’ contributions we arrive at the
estimation

C;]gknown,>(ns) = —1.14, (19)
* *
| |
| |
| |
| |
X X

FIG. 4. Characteristic diagrams for C}1>(ns): two types of irre-
ducible diagrams. [Only irreducible pure VP graphs contribute to
CA}{)P"3 (ns).]
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FIG. 5. Characteristic diagrams for ¢*In(m?/q*) asymptotic
term for Cy(ns) from SE x VP2. (Only irreducible VP2 graphs
contribute.)

X======4

where we estimate the uncertainty of the calculation
as 50%.

To estimate Cg,(ns) we note that, in contrast to the VP
contributions, the SE ones often have logarithmic terms at
low ¢, such as In(m?/g?). It is not easy to find the complete
g* asymptotics of the radiative corrections at low ¢, but it is
possible to find its leading logarithmic term. To do that we
note that the low-g logarithms appear in a manner similar to
the leading logarithm at the one-loop self-energy (cf. [13]).

We find the leading logarithmic term in order ¢* for the
three-loop radiative-correction factor R(g?). It is a single-
logarithm one. A one-loop radiative-correction factor of order
¢"* is linear in logarithm, while in the case of two loops there is
a quadratic term (see below in the Appendix). One can expect
that the three-loop radiative corrections to the skeleton dia-
grams have a cube of the logarithm. That is correct; however,
a cubic term appears in order ¢°, while the g* term is softer
than that in the case of two loops (cf. [11]) and has only a
logarithm.

The characteristic diagrams for the leading ¢* logarithmic
contributions are presented in Fig. 5. For the sake of simplicity
the plotted diagrams in Fig. 5 contain some VP insertions;
however, that is not necessary. (The plotted diagrams are
with a combination of the one-loop SE and the two-loop
VP.) Pure SE diagrams are also important (see below). There
are two types of the g*In(m?/q?) contributions. The left
plot illustrates a combination of a contact potential (i.e., a
potential which behaves at low g as o« const, which is oc g% x
skeleton) and a logarithmic divergence in the electric form
factor [ox g2 In(m?/q*) x skeleton], which together produce
the logarithmic oc¢* In(m?/q*) asymptotics. The right plot
also involves the contact term and overall integral for the one-
loop radiative correction. The contact term does not depend on
momentum and therefore does not change the logarithmically
divergent (at g = 0) integration in the vertex. It also produces
g* In(m?*/q*).

The key detail of the calculation of the logarithmic contri-
bution to R(g?) is the presence of a two-loop contact potential.
The latter is the one responsible for Bso(ns) [i.e., for the
contribution in order a?(Za)*m]. We present the character-
istic diagrams for such a contact potential in Fig. 6. Note
that of these three contributions only one (due to the last
graph) corresponds to the corrections evaluated in [5]. The
contributions to the asymptotics of the three-loop radiative
corrections due to the two-loop contact potentials from the
two first types of the diagrams correspond to the “unknown”
part of Csy(ns).

S O

T T
| |
| |
i i
| |
X X X

FIG. 6. Characteristic diagrams for the contact potential, respon-
sible for B552(ns) (the left and middle diagrams) and By}*(ns) (the
right diagram).

The related low-q part of Cso(ns) is

- 32 ("dg (2. ¢ Bao
Gt ==, z(glnm)(—ﬂ

64
= ——— Byo(ns), (20)
37
where the set-by-set contributions to By are (see, e.g., [1,6])
9 3m? 8572 163
BpureSE - _Z 3 Z _In2-— -
e M T )
~ 1.409,
572 7
BSEIVP] >
T
~ 0.1420, 21

and the notation is clear from Fig. 6.

As mentioned, we ignore Bigrevp, since it is related to the
known part of Csy, while here we are after the unknown one,
for which we obtain

CLpRIO™ = (ns) = —10.53, (22)

with the uncertainty of 100% because we deal only with the
logarithmic part of the asymptotics.

Combining the high-g [from (19)] and low-g parts of the
unknown Csq contributions we find their estimation as

ngknown(ns) — _117(105) (23)
or
Cg%ml(ns) = —3.3(10.5), (24)

which is the eventual result of our calculations for the
a’(Za)’m contributions to the Lamb shift of the ns state
in hydrogen. That should be compared to an estimation of
C¥ (ns) = £30 [1].

As a test of principles of our method, we estimate in
the Appendix the values of the one-loop and two-loop two-
photon-exchange contributions Asg(ns) and Bsg(ns), which
are well established. The achieved estimations are in good
agreement with the known results [14] and [15] (see Table I).

TABLE 1. Estimation of the total contributions to Asg, Bsg, Cso
for an ns state in hydrogenlike atoms and its comparison with known
results.

Coefficient Estimation Result
As 9.4(5.3) 9.62 [14]
Bs —19(18) —21.6[15]
Cso —3.3(10.5)
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A success in the estimation of the well established
coefficients Asg(ns), Bso(ns) confirms that our estimation
of the central value and the uncertainty of Csy(ns)
above is reasonable. To conclude our consideration of the
two-photon-exchange contributions and the estimation of
Aso(ns), Bso(ns), Cso(ns), we note a few important properties
of the deduced estimations.

(i) In all the cases we investigate in this section and in
the Appendix the low-g and high-g asymptotics have the
same sign. That is an important practical condition for the
estimation of an integral through the use of its asymptotics.

(i1) The larger contributions come from the parts which
contain logarithmic terms in the asymptotics. For the Bsg, Csq
coefficients that is the low-g part, while in the case of Asq(ns)
both asymptotics have logarithms and their contributions are
comparable.

(iii) The largest value for the coefficients is that for Bsy(ns),
only which has a double logarithmic asymptotics.

(iv) In the case of the one-loop and two-loop calculations
the SE diagrams and, specifically, the “pure SE” ones (without
any closed electron loops) dominate. That is consistent with
the previous comments, because only they have logarithmic
asymptotics in the case of one and two loops. In the case of
three loops the diagrams with the VP loops (see Fig. 5) also
produce the logarithmic ¢* terms and the pure SE contribu-
tions do not dominate.

All that tells us that the three-loop coefficients are orga-
nized somewhat differently than the one-loop and two-loop
ones. The pure SE contributions cannot strongly dominate and
the overall three-loop coefficient is smaller than the two-loop
coefficients. The estimation £30 [1] is too conservative.

The SE and VP contributions often have different signs. As
far as only one contribution dominates [as the pure SE one for
Asp(ns) and Bsp(ns)], that does not really matter. In the case
of three loops a massive cancellation between a “pure SE”
contribution and various VP contributions is possible. That
makes the partial result on the diagrams with the VP insertions
[5] valuable for our estimation, eliminating an uncertainty
which should be introduced otherwise.

V. CONCLUSIONS

Concluding, we performed above an estimation of the
leading unknown three-loop contribution to the Lamb shift of
the ns state in light hydrogenlike atoms. Our result for the total
o?(Za)>m correction reads [4]

3(ZaY’m
nd

AES (ns) = (—3.3 £ 10.5)(“) (25)

b4
That should be compared to the previous rough estimation [1],
which has three times larger uncertainty. In contrast to that
estimation, ours is based on an approximate calculation.

In the frequency units the contribution found is
—0.11(34) kHz for the 1s Lamb shift in hydrogen and
deuterium and —3(11) kHz for the 1s state in the He™ ion.

The leading higher-order logarithmic correction is also
known. In contrast to [1,2], it was established that Cg3 = 0
[11], while the leading logarithmic term has only a double

logarithmic factor [11]

3(Za)m , 1
n Zay

AE (ns) ~ —0.36(“)

p 3 (26)

In the case of estimation of the uncertainty related to Ceg3 in
[1,2], the cubic logarithmic term would be comparable to the
uncertainty in (25), being 0.2 kHz for hydrogen and 9 kHz for
the helium ion. According to [11], where such a cubic term
is eliminated, the leading double logarithmic contribution in
(26) and the uncertainty due to subleading terms are both
essentially below the current uncertainty of the o®(Za)’m
in (25) and can be neglected. The double-logarithm term
contributes —8 Hz for hydrogen and —0.4 kHz for the helium
ion 1s Lamb shift.

The eventual three-loop contribution of order *(Za)’m
(and higher) to the 1s Lamb shift is therefore determined by
(25). Together with the marginal higher-order correction, it is
—0.11(34) kHz for hydrogen and deuterium and —4(11) kHz
for the helium ion. The uncertainty is approximately three
times smaller than in the previously published estimation [2].
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APPENDIX: ESTIMATION OF Asy(ns) AND Bs(ns)

Let us start with the estimation of the one-loop contribution
in order «(Za)’m (cf. [16]). Using the substitution in (6) we
find for the self-energy contribution

160(Za)y’m

AE(ns) = — P

d
m [ q—f[RSE(qz)—Rézg(f)],
(AD)

and therefore
16 d
A s = —— / Dlred) Q@) A2

where R(SZE) (¢%) is the g? part of the low-g asymptotics of
Rsg (qz). It contains a logarithmic term (see below) and cannot
be present as qu/SE(O), similar to the VP case in Sec. III.

The radiative-correction factor Rsg(g”) is considered in
[17,18] (see also [19]). The related asymptotics are

2

2 4m?
) 2, 2 —% (%) In 7 at g < 2m,
RSE(q )_ RSE(q ) = 5 ) 2 5
w(=5I5+3) atg>om,
(A3)

where for the ¢? term of the low-g asymptotics of Rsg(g°) we
find
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In principle one can find a complete ¢g* asymptotics from
the expressions in [17,18]; however, to make the accuracy
comparable with the calculation of Csy in Sec. IV we utilize
here only its logarithmic part. We note that the ¢ asymptotics
could be also found from the well known results for the
electric form factor of the electron, the infrared logarithmic
asymptotics of which are related to AEF

The result for the coefficient of interest is found as

ASE(ns) = A” (ns) + A= (ns)

16 ®dg (2 2 4
_ _m/ da(2 4 S 4,
7 Jouw ¢*\3 4m* 9 3

2m 2 2
4| 26m / dg g 4m°
157 Jo ¢q* m*>  g§*

— 43(2.1) + 4.8(4.8), (A4)

where we assign the 50% uncertainty for the calculation
with the complete g* asymptotics and the 100% one for the
calculation with the logarithmic ¢* asymptotics. Our final
estimation reads

ASH(ns) = 9.1(5.2), (A5)

which is in perfect agreement with the actual value of the
coefficient [14]

A (ns) =7 (12 —21n2) ~9.29. (A6)

A similar consideration of the complete Asy(ns) coeffi-
cients (for both the SE and VP contributions) also leads to
agreement between our estimation

AV (ns) = 9.4(5.3) (A7)
and the known analytic result [14]
A§g+VP(nS) — (427

21n2) ~ 9.62. (A8)

Now we have to extend the estimation procedure to
Bso(ns). The high-momentum contribution is defined in (14).
To find it we have to apply the results for the o*(Za)*m

-

X X

FIG. 7. Characteristic diagrams for g*In*(m?/q*) asymptotics
for B (ns) from SE2.

contribution, which are well known (see, e.g., [1,6]):

10 1523
B3y (ns) = (——;(3) + =722 - ﬁyﬂ — %)
82
vaz( 5) = _ﬁ (A9)

The estimation for the high-g part of the SE2 contribution is
B3 (ns) ~ —2.0(1.0) . (A10)

The leading ¢* term of the low-q asymptotics is the double
logarithmic one (see Fig. 7). Having in mind the skeleton
expression in (5), the well-known expression for the one-loop
form factor, and the expression for the g* In?(1/m) term of the
two-loop vertex (see [13]), we find

16 [™d 1 1 2 \?
A6 ey L V(L
and Jo m 2 3 (2m)?

~ —18(18), (AL1)

B3 (ns) =

where for the application of the logarithmic term we assign
the uncertainty of 100%.
The final result is

B3 (ns) = —20(18) (A12)
to be compared with [15]
B3t (ns) = —24.269(4). (A13)
One can also find a complete result
B3 VP (ns) = —19(18), (Al4)

which is also in good agreement with the known value [15]

Bso(ns) = —21.558(4). (A15)
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