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Dynamical Casimir effect via four- and five-photon transitions using a strongly detuned atom
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The scenario of a single-mode cavity with harmonically modulated frequency is revisited in the presence of
strongly detuned qubit or cyclic qutrit. It is found that when the qubit frequency is close to 3v there is a peak in
the photon generation rate via four-photon transitions for the modulation frequency 4v, where v is the average
cavity frequency. Effective five-photon processes can occur for the modulation frequency 5v in the presence
of a cyclic qutrit, and the corresponding transition rates exhibit series of peaks. Closed analytical description
is derived for the unitary evolution, and numeric simulations indicate the feasibility of multiphoton dynamical

Casimir effect under weak dissipation.
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I. INTRODUCTION

The problem of photon generation from vacuum in re-
sponse to fast variations of the geometry or material properties
of some resonator has been extensively studied since the
decade of 1970 [1] and became known as the dynamical
Casimir effect (DCE) (see the reviews [2-5] for details). The
main role of the resonator is to enhance the photon creation
[6,7], as DCE also takes place in free space due to nonuniform
acceleration of mirrors or dielectric bodies [8—10]. In 2012
DCE was implemented experimentally in a microwave cavity
using a Josephson metamaterial, where the cavity effective
length was modulated by external magnetic flux [11].

The mechanism responsible for the photon generation can
be understood from the paradigm of a single-mode cavity with
an externally prescribed time-dependent frequency w(z). As
shown in Ref. [12], within the framework of instantaneous
mode functions and the associated dynamical Fock space, the
dynamics of the cavity field can be described by the effective
Hamiltonian H/h = w(t)ata + ix (1)@ — a*), where & and
a' are the instantaneous annihilation and creation operators
and (in the simplest case) x = (4w) 'dw/dt. The resulting
dynamics resembles the well known phenomenon of paramet-
ric amplification [5], namely, photon pairs are generated from
vacuum for the harmonic perturbation w(¢) = v + ¢ sin(nt),
where v is the unperturbed cavity frequency, ¢ is the ampli-
tude, and n = 2v is the frequency of modulation [2]. Photon
pairs can also be generated for fractional frequencies 2v/k
due to higher harmonics (for nonmonochromatic modulation
[13]) or kth order effects (for harmonic perturbation [14]),
where k is a positive integer. Moreover, when the cavity
field is coherently coupled to other quantum subsystems (e.g.,
multilevel atom or harmonic oscillators [15—-17]) photons can
be generated (or annihilated [18,19]) for several other mod-
ulation frequencies at the cost of entangling the subsystems.
In particular, it has been recently predicted that a dispersive
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cyclic qutrit [20-24] with time-dependent energy splittings
permits the generation of photons from vacuum for n &~ v
and n ~ 3v via effective one- and three-photon transitions,
respectively [25].

In this paper it is shown that photons can also be generated
from vacuum for n &~ 4v and n ~ 5v (via effective four- and
five-photon transitions) by placing into the oscillating cavity
a strongly detuned qubit and cyclic qutrit, respectively. For
brevity, these phenomena are called four- and five-photon
dynamical Casimir effects (4DCE and 5DCE), since the sta-
tionary atom remains approximately in the ground state during
the evolution. The overall behavior does not depend on the
precise dependence of x on w, so for simplicity it is assumed
x = (4w)~'dw/dt throughout the paper. The photon creation
rates are usually very small; however, it is predicted analyt-
ically and confirmed numerically that they increase orders
of magnitude in the vicinity of certain atomic frequencies,
becoming of the order 10~3e. The analytical description of
the unitary dynamics is derived in the dressed-states basis,
and it is shown that for a constant modulation frequency the
amount of created photons is limited due to effective Kerr
nonlinearities.

This paper is organized as follows. General analytical
description of the unitary dynamics is presented in Sec. II. In
Sec. III the case of a qubit is studied in detail, and approximate
expressions for the 4DCE transition rate are derived in differ-
ent regimes of parameters. The dressed states of the cyclic
qutrit and the resonant enhancement of SDCE are discussed
in Sec. IV. Section V presents exact numeric results on the
system dynamics for the initial vacuum state, confirming the
analytical predictions and exemplifying typical behaviors of
4DCE and 5DCE; the influence of dissipation is also briefly
discussed for the case of a qubit in Sec. V A. Finally, the
conclusions are summarized in Sec. VI.

II. GENERAL DESCRIPTION

Consider a single cavity mode with time-dependent fre-
quency w(t) = v + ¢ sin(n¢) that interacts with a qutrit in the
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cyclic configuration [20-24], so that all the atomic transitions
are allowed via one-photon transitions. The Hamiltonian reads

H/h = wi + ix@?—a*+ ZEkﬁk,k
k=1

1 2
+ Y ) Gua+a)Gu+6), (D)
k=0 [>k

where & (@") is the cavity annihilation (creation) operator and
it = a'a is the photon number operator [26]. The atomic levels
are £y =0, E|, and E,, and the corresponding states are
denoted as |k) and 6 ; = [Kk){j|; to shorten the final expres-
sions the dipole-interaction term is abbreviated as lA)k, =@+
a")(61.4 + 61.1). The parameters G ; < @ denote the coupling
strengths between the atomic states |k) and |1) mediated by the
cavity field, and we employ a shorthand notation G| = Gy,
G, = Gy, and G3 = Gy,. Notice that the counter-rotating
terms are included in H; otherwise, the effects presented in
this paper disappear.

For weak modulation, & < v, to the first order in ¢ one has
X A~ (4v)~'en cos nt . For the sake of generality the coupling
strengths are also allowed to vary with time as

Gi=g +&sin(nt+¢;), i=1,2,3, 2)

where the phases ¢; are arbitrary. Such time dependence may
arise from the primary mechanism of atom-field interaction, or
be input externally [27]. For example, in the case of a station-
ary qubit (when only G # 0), the standard quantization in the
Coulomb gauge [28] gives G & 4/w, so to the first order in
e one gets ¢; = 0 and &, = g;&/2v. This relationship will be
used in Sec. III to illustrate the influence of eventual variation
of G;, although the precise forms of &; and ¢; do not affect the
qualitative behavior.

The analytical description of the dynamics is most straight-
forward when the wave function is expanded as [25,29]

(@) =Y ba(t)e™ " exp(i{gal flgn))n)-

A, and |, ) are the eigenfrequencies and eigenstates (dressed
states) of the unperturbed Hamiltonian Hy = H[e = x = &; =
0], where the index n increases with energy. b, is the slowly

J

varying probability amplitude and

~ cosnt — 1 ien sin nt
SR Skl Ly 7 L ) i e
n 4nv
- A cos(nt + ¢y) — cos Py,
+ Z &1 D1 :
k,I>k n

is an operator that will not influence the final results under the
carried assumptions. In the low-excitation regime, &(71) < v,
the time evolution is given by

b ~ Z ®n sm lt(Am*ﬂ)bn - Z ®m;n

n<m n>m

e*il(Anm*n)bn’ 3)

where A,,, = |\, — A,| is the transition frequency between
the states ¢, and ¢,, and the corresponding transition rate is

®m;n

Corn + Z €k,lexg(l¢k,1)A£’,fn ' @

k,I>k

€
2

Thus the general problem has been reduced to evaluation of
the matrix elements

Conen = (@A + (n/40)(@ — &™)]|@n),
Ailn = <‘pm|l§k,l|(ﬂn)a

where C,;, (ALL) is the cavity’s (atom’s) contribution. It is
worth noting that under the above approximations a different
functional dependence of x would merely modify the pref-
actor of the second term in C,,,; likewise, a modulation of
atomic energies [25,29] would be described by an additional
matrix element in Eq. (4).

(&)

III. FOUR-PHOTON DCE WITH A QUBIT

This section focuses on the case of a qubit with the levels
{|0), |1)}. During DCE the atom should remain in the same
state (the ground state, due to unavoidable relaxation pro-
cesses), so it is necessary to operate in the strong dispersive
regime: |v — E1| > g14/m for all the populated cavity Fock
states |m). Treating the term g, Dy ; in Hy via perturbation the-
ory, one obtains the following (non-normalized) eigenstates
with the atom mainly in the ground state:

k k+1 k!'/(k —2)! k+2)!/k!
|¢o,k>%|0,k>+g1|1>[ VE ey - YEE |k+1>]+5 [ / )|k—2>+—v(+)/|k+2>}
v—E v+ E; 2 v+ E
3 —
+§ln[ VETE=D o SR M+3J
Bv—-E)N(v—Ep) BGv+EDNWV+E))

ke —4) +

JE&F DK

g1 i )|: VKV (k—4)!
81)2 (3\1 — El)(v — El)

where k > 0. The corresponding eigenfrequencies read

Gv+Enw+En T )}’

k+1

k k+1 k k—1
hox ~k 2 - 4 -
0k 1)—‘_gl|:v—E1 v+E1] +g1[(v—E1)2< 2v

k n k+1
U—E1 U+E1

k+2 k k+1
U—El \)+E1 '

(v+E)?

For the modulation frequency n & 4v the cavity’s contribution to the transition rate between the states |¢o ) and |@o k+4) is

3g1E1V/(k+ D)(k + 2)(k + 3)(k +4)

(6)

Co.k;0,k+4 ~

v(v —E(W+E)G@v —ENQ@v +E)’
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In the dispersive regime this term describes the 4DCE whereby photons are generated in groups of four. At first sight the
transition rate is very small, being proportional to (g;/v)*. Fortunately, Eq. (6) diverges for E; &~ 3v (due to a failure of the
above perturbative expansion), giving a hope that near such three-photon resonance [30] the transition rate might have a peak.

To evaluate the matrix elements in the vicinity of E; & 3v one reapplies the perturbation theory choosing as perturbation
g1(aéo.1 + a'61.0). Now the eigenstates with the atom predominantly in the ground state read

§2 — C2
=0) X 0,0)+281| —F——la _—Oﬁ}
l90.4=0) ~ 10, 0) g1[3v+E1—,32| 2 3v+E1+ﬂ2| 2
8«/§ﬁ2g21SzCz [ S4 |a>_c—4|0l+):|
Gu+Ey =B LTv+E —B " Tv+E+p ]

_ Sk+210 o) cr2lad,) Se—2lof5) Cr—2loy_,)
goss) ~ lap) + 281 | VKT 1c - — Vk—Ts +
Yok=2 k 8! N+ B — Bz 4+ B+ B N =B — Bz 4v— B+ B

+g?[ (k4 3k § DD heasicn < Skbal® 1) Cipalofy) )

v+ B)? — B2y \ BV + Bt — Prsa 8+ Bi+ Proa

( (k + l)s;‘;+2 N (k — l)s,%_2 (k — l)c,%_2 (k + l)clz_k2 >2cksk|a,'<">

W+B—Pirr =P =P =B+ W+t P Bk

8Br—285k—2Ck—25k Sk—aly) Ck—410_y)
—(1 -4 k—3)k—1
( k4 ( X )(41) B - B, (81} — Br — Bia + 8v — B+ ,3k—4>
8ﬂ2S2€2S4 gzl\/§
» ———10,0) |.
Tv+Ey — Bs (dv — Ba)” — B3

Here s; = sin 6y, ¢, = cos 6y, 6, = arctan[(v — E; + ,Bk)/2g1«/%], B =[(v—E))*+ 4g21k]1/2 [18], and
lo) = sel0, k) + el Lk — 1), o) = ¢l0, k) — s |1,k — 1).

For n = 4v the relevant matrix elements become
g‘{ k+D!. 1+8/(v—-E) 3 2 k
Co.x0.k+4 5 2 - - (7N
41)(1) — El) k! 4v — ,3k+4 - ,3k+2 vV — E1 3v 4v

PR (£ R ®
P v — BV K v = fres = Pra

So the total transition rate, Eq. (4), becomes (for the standard dipole qubit-field interaction, as explained in Sec. II)

O0,k;0,k+4 ~ el (k+4)![28v/(v—E1)—1_ 3 —i—£i|. 9
KT e —E 2V k! 4 — Bra — Bigr v—E 60  4v

As will be shown in Sec. V A, these expressions are sufficient to estimate the 4DCE rate in the optimum regime of parameters,
despite a singularity at4v = B4 + Bi2. This divergence occurs due to the degeneracy of the states {|o;_ ), |oz,j+2) }, and can be
removed by using the degenerate perturbation theory with unperturbed states |« ,) £ |oek++2>, which correspond approximately
to |0, k +4) = |1, k + 1). At the degeneracy point there are two (non-normalized) eigenstates with the dominant contribution of
the state |0, k), denoted as

- Se2lo o) Ck+2|0‘1j+2>
loi) ~ log) & e ,) + 281 | vk + Tex _
ok ¢ =2 4v + By — Bryz 4V + Bk + Br2

_ocklah) Ck—2Sk|o_5) 10, 0)
=1 F2 [ Y SO | A
T 2Bk 4v — Br + Br—2 “ A E - B

sc—alog ) Cr—alo_y)
+(1 — S 4)Vk — 3ci— + .
( k) - <8V — B — Br—a 8V — B+ Pis
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If for a given value of E| such degeneracy occurs for the state containing |0, k + 4), then the state containing |0, k) will certainly
be nondegenerate (since Bir+4 + Br+2 # Pr + Pr—2). Therefore, the relevant matrix elements become

3g1vk+ 1 N vk + 1
AL A A2y E ~ + —
Hpoxl(h+a* —a' Nebisall & = enadDoleg )l = =7 (10)

and the upper bound for Eq. (9) is established as |®gﬁé?k+4| ~ Segiv/k + 1/(84/2v).

Therefore, the effective four-photon transition between approximate states |0, k) and |0, £ + 4) can be optimized by operating
in the regime when B4 + Bi42 is sufficiently close but not exactly equal to 4v. The corresponding modulation frequency must
be nx = do r+a — Aok, Where the eigenfrequencies read approximately

A
Moo ~ —28 |:

3v+E + B

N E 1 5| o
M2 Xk —1/2) + = — S fe + 281 spk — 1)

53 ]
3v +E1 —ﬁQ ’

Clzfz 4 51372
4v— B+ P2 4 — B — B

2
2 Ck+2
2k +1)
¢ (4V + Br + Bit2

In the vicinity of E; & 3v one obtains

Aok & —é + v|:1 —
4v

and the resonant modulation frequencies become

3 8\ &
nk~4v<l—m+m +Ek. arn

To create four photons from the initial zero-excitation state
|0, 0) the modulation frequency 1 must satisfy the condition
[n — 1ol < ©0,0.0.4]. In order to simultaneously couple the
states {|¢o.4). [¢0.5)} it is also necessary [ — 14| < [©p.40.5].
which near 4v = B4 + f, requires roughly &/v > 10(g; /v)°.
For a fixed value of ¢, on one hand, the small ratio g;/v is
advantageous for multiple four-photon transitions, but, on the
other hand, it lowers the transition rate, increasing the role
of dissipation and other spurious effects. Thus it seems that
the best choice is to work with moderate values of g /v ~
0.05. For instance, if g; = 0.08v (bordering the ultrastrong
coupling regime), then multiple four-photon transitions can
take place provided /v > 5 x 1073, Therefore, for moderate
coupling strengths and &/v ~ 1072 one expects that only
the states |0, 4) and |0, 8) will be significantly populated. In
Sec. V A this prediction will be confirmed numerically.

IV. FIVE-PHOTON DCE WITH A CYCLIC QUTRIT

Now the dressed states of the complete bare Hamilto-
nian Ay must be determined. For didactic reasons only the
cavity’s modulation is considered, since the incorporation of
other modulation mechanisms does not affect the qualitative
behavior. Far from the resonances E; ~ [v or E; ~ [v with
an integer / (the exact conditions will be found shortly) the
dressed states relevant for 5SDCE are |¢g ) = (10, k) +---)
(see [29] for the initial terms in the perturbative expansion).
After long manipulations one finds for the cavity’s matrix

2
n Sk+2 .
4v + B — ﬂk+z>]

42

3821} 14}

(

element (5)

3
N 818283 8\,
Cokokss = v (k+ Dk +2)--- (k+5) 3 ; ( v ) L.

(12)

where Y; are some complicated dimensionless functions of all
the system parameters {g;, E;, v}. Therefore, for g1g,83 # 0
and n ~ 5v the cavity field can be populated from vacuum
via effective five-photon transitions, but the transition rate
~e(g1/v)’ is prohibitively small. To explore the possibility of
a resonant enhancement of C,,., one starts diagonalizing the
dominant part of the unperturbed Hamiltonian: H\*™ /7 =
it + ZizﬂEk&k,k + gx(@6y -1 + H.c.)]. Omitting the nor-
malization constants (irrelevant for the final approximate re-
sults), for n > 2 the approximate eigenstates of A ™ read

Sict L Ga
lwon) = 10,n) + g1v/n| —— + ——)[L,n—1)

anl,f Dn71,+
_I_gl\/ﬁsn—lcn—llgn—l |2,I’l—2), (13)
Dn—l,+Dn—1,—
Sav/n+ 1
is) = Sl Lom) +&[20m = 1) = S22 10,0+ 1),
Co/n+1
ltan) = Gallin) —5p2,n — 1) — SL9YET L1y 1y,
Dn,+
(14)

where 3, = sinf, & = cosby, 6 =tan"'[(As + Br)/(2g

VI, Bi=./A3+4gk, Disr=v—E + Ar/24+Bi/2,
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and A, =v — (E; — Ey). The corresponding eigenfrequen-

cies read
2 ~2
T Sn—l cn—l
Ao = vn+ gzn( + —)
! Dn—l - Dn—l,+
52
x|1—gn + =], a3
n 1,— Dn 1,+
Bn g+ 1)
A, = E — =2 _ 81T )
Sm = vt B S+ 2 D, _
(B, 5\ Rt 1)
By Du- D:_
i, =vn+E —2—&——635721(”—'—1)
A,n 1 ) ) Dn7+
_<ﬁ_ & >éig?<n+1>2 16)
ﬂn Dn,+ l),zi_’Jr '

The true eigenstates of Hy can now be obtained by ap-
plying the perturbation theory with the perturbation V=
Hy — H (dom) “The matrix elements Cyu:n between the dressed
states w1th the atom predominantly in the ground state |0)
will exhibit resonant peaks when the perturbative corrections
to the eigenstate (13) have poles. This takes place when
AOH = ASn ; or AO,, = AAn ;- The case [ =1 corresponds
to the standard one-photon resonance E; & v, which is not
suitable for SDCE due to a significant excitation of the atom.
Hence the regions of resonant enhancement of the transition
rate between the approximate states |0, 0) and |0, n) lie in
the vicinity of the constraints Ao, = As,_; OF Ao, = Apn_s
with [ > 2. To benefit from such resonant enhancement while
maintaining the atom in the ground state it is necessary to
operate in the tail regions of the peaks, where the transition
rate decreases by roughly one order of magnitude. Hence
one can quantify the strength of SDCE by calculating the
peak values of Cp k.0 +s. At the exact resonances the (non-
normalized) dressed states of the Hamiltonian A, become

AL =

[te0.n) £ |s/an—1)
V2

where |8Agﬁ) can be found from the nondegenerate

perturbation theory ([since ({to,n| — <MS/~A,nfl|)V(|,U«0,n> +

|t4s/a,n—1) = 0]. For the resonance A9 5 = Ags_; (neglecting

the small corrections in the eigenfrequencies due to V) the
maximum value of the five-photon matrix element is

+oal)lan

5211815183
(max)
Ces = i for [ =2, (18)
g8 [ 1 2 3.5
C(max): 2 _ _ 2 — 1, l=3,
0,005 = " 75 [S2(5v_ﬁ2 5v> 5v T 6y
(19)
~ 5 S2 52
C(maX)_@___l_—1~, [ =4, 20
0.0057 /2 l6v  Sv 0 5v—pB 20)
For the resonance 1o 5 = A4.5_; one obtains
581B1813153
(max)
COOOS—T for [ =2, (21)

5 1 2 2 5
C(max) 8352 _ = _2 — 1, =3,
0,0:05 — 2 © 504+, Sv 5v+6v

(22)

C(maX) _
0,0,0,5 — \/i 5]) +ﬂ1

It will be shown in the next section that these simple ex-
pressions are in excellent agreement with the exact numeric
results. In a similar manner one can obtain the maximum
values of other matrix elements, which are omitted here for
the sake of space.

Finally, it is worth mentioning that the modulation of
the cavity frequency in the presence of a cyclic qutrit also
allows for 3DCE (when n &~ 3v) via approximate transitions
|0, k) — 10, k + 3) (3DCE was originally predicted for the
modulation of atomic energy levels in a stationary cavity
[25]). For the photon generation from vacuum, the resonant
enhancement of the transition rate occurs in the vicinity of
)10,3 = ):S/A,], and the corresponding maximum values of the
matrix elements read

}, =4 (23)

gisi (3 5 & 5 X
C(max) S B 1 — for A =A s
00037 /A \2v 3v 3v—p 03 o
~ 3 62 S2 ~ ~
cma _ 8161 (5 ! for Ao3 =2Aa1.
00037 2 \2v 3v 3u4p5 v

It is remarkable that by carefully adjusting the atomic fre-
quencies {Ej, E;} in the far-detuned regime (E; > 2v), the
optimum transition rates of SDCE can become comparable to
the typical 3DCE rates.

V. NUMERIC RESULTS

This section is devoted to the numeric evaluation of the
system dynamics according to the complete Hamiltonian (1)
for the initial state |0, 0). For simplicity it is assumed that
the atomic coupling strengths are time independent, & = 0.
This does not lessen the generality of the discussion, since the
formulas (4), (8), and (10) suggest that additional modulation
mechanisms do merely modify the transition rate. Hence the
determination of the dynamics under the sole modulation of
w(t) is primordial for further studies considering arbitrary
modulations of G;(¢) (the relationship between G; and other
parameters largely depends on the concrete implementation
of the atom-cavity system). In all the subsequent simulations
itis assumed ¥ = (4w) 'dw/dt and e =3 x 107 2v.

A. Four-photon DCE

First we analyze the qubit with a realistic [24] coupling
strength g; = 0.08v. The behavior of the two lowest matrix
elements C; = |Cp .04 and Cs = |Cp 408] as a function of
the qubit’s frequency is shown in Figs. 1(a) and 1(b). The
exact values (solid lines) were obtained through numeric
diagonalization of the Hamiltonian Hy. Blue circles stand for
the analytical formula (6) valid far from the three-photon reso-
nance E; =~ 3v and the red triangles correspond to the expres-
sions (7) and (10) applicable near this resonance. Although
the perturbative approach is questionable for the assumed
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(@)

exact numeric
Egs. (6) and (9)
Eq. (5)

C, ‘

FIG. 1. (a) Matrix element C, as function of the qubit’s fre-
quency. Solid line represents the exact numeric evaluation; red
triangles correspond to approximate analytic expressions (7) and (10)
valid near the three-photon resonance E; ~ 3v; blue circles depict
Eq. (6) valid far from E; ~ 3v. (b) Matrix element Cs. (c) Exact
numeric evaluation of the fidelity ®,, = |(0, m|gy,,)|* for m =4
and 8.

large ratio g;/v, there is a good agreement between exact
and approximate results. The main quantitative discrepancy
is a slight displacement in the location of the three-photon
resonances, expected analytically for 4v = Bri4 + Brio.
Figure 1(c) presents the exact results for the fidelity ®,, =
1(0, m|@o. )| that measures the weight of the state |0, m) in
the dressed-state |¢g,,), for m =4 and 8. As expected, in
the strong dispersive regime ®,, = 1/2 at the three-photon
resonances and ®,, &~ 1 otherwise. This confirms that near
E; =~ 3v it is possible to implement 4DCE with the vacuum
transition rate |@ o.0.4] < 107221 /v.

Figure 2(a) illustrates the unitary dynamics for parameters
E; =2.968v and n = 3.9819v, obtained by solving numer-
ically the Schrodinger equation. (n) is the average photon
number, P,(k) is the population of the atomic level [k},
and Q = [((An)?) — (n)]/(n) is Mandel’s factor of the cavity
field. Several photons are generated from vacuum via effective
four-photon transitions, while the qubit remains mainly in the
ground state. At certain times the Q factor becomes negative,
implying sub-Poissonian field statistics, while at other times
it can assume large ratios, Q/(n) ~ 10. Such behavior is
easily understood by looking at the evolution of the field
in the Fock basis. The largest photon-number probabilities
p(m) = Tr[|m)(m|p] are displayed in Fig. 2(c), where p is
the total density operator. Q < 0 corresponds to the system
approximately in the state |0, 8), while the case Q > (n)
occurs when the state |0, 0) dominates but there are small pop-
ulations of states |0, 8) and |1, 1). The denomination “four-
photon dynamical Casimir effect” (4DCE) seems appropriate
to describe this phenomenon, since only the states |0, 4),
|0, 8), and |0, 12) become significantly populated, although

(b)

FIG. 2. (a) Unitary dynamics of 4DCE for parameters E; =
2.968v and n = 3.9819v. (b) Dynamics in the presence of weak
Markovian dissipation. (c) Behavior of the most populated cavity
Fock states under unitary evolution.

the population of the state |0, 12) is quite low due to the
effective Kerr nonlinearity [last term in Eq. (11)]. Due to the
proximity to three-photon resonance, there is also a slight
occupation of the near-degenerate state |1, 1), as seen from
the low-amplitude oscillations of P,(0) and p(1).

One can grasp the main qualitative effects of weak dissi-
pation by solving numerically the phenomenological master
equation at zero temperature [31] (see Refs. [18,32] for the
discussion on its validity in similar situations)

1 ) . .
p= . )+ kL1l +y Lido) + %z[oz].

Here 6, = 611 — 60.0, L[O] = 0pO" — 0T0p/2 — pOT0/2
is the Lindblad superoperator, « is the cavity relaxation rate,
and y (yy) is the atomic relaxation (pure dephasing) rate.
Figure 2(b) illustrates the behavior of (n), O, and P,(0) for
feasible [33,34] dissipative parameters y = y, = 5 x 107%g;
and « = 10~*g,. The main message is that several photons
can still be generated from vacuum and for initial times the
dissipative behavior closely resembles the unitary one. For
large times the cavity relaxation leads to excitation of all
the Fock states with m < 10, so it is not surprising that the
behavior is altered drastically.

As was shown in Fig. 1, minor changes of E; in the vicinity
of three-photon resonance strongly affect the transition rates.
This feature is illustrated in Fig. 3, where the parameters of
Fig. 2 were slightly changed to E; = 2.99v and n = 3.9821v.
The new behavior is completely different: only the states
|0,0) and |0, 4) become significantly populated throughout
the evolution; p(8) attains at most 0.04 (making the maximum
value of (n) slightly larger than 4), and all other populations
are even smaller. The photon creation is slower than in Fig. 2;
nonetheless, the phenomenon can still occur in the presence
of weak dissipation.

B. Five-photon DCE

At last the cyclic qutrit is investigated, assuming cou-
pling strengths g, =6 x 10721, go =8 x 1072, and g3 =

032510-6



DYNAMICAL CASIMIR EFFECT VIA FOUR- AND ...

PHYSICAL REVIEW A 100, 032510 (2019)

: 1.0
a
( )4. unitary ) p(4) P/(0)
A digsipation |
[ 5 0.5
0 0.04 i .
0 10 20 30 0 10 20 30
10™ vt 10™ vt

FIG. 3. (a) Average photon number with and without dissipation
for parameters E; = 2.99v and n = 3.9821v. (b) Ground-state popu-
lation of the qubit, P,(0), and the largest photon number probabilities
p(k) during unitary evolution.

4 x 107%v. Figure 4(a) displays the matrix elements C; =
|C(),();(),3|, Cs = |C(),();(),5|, and Cg = |C()’5;()71()| as functions of
E\/v for Ay, =0 (for other values of A, the behavior is
qualitatively similar). The dressed states |¢p ;) (Which contain
the largest contribution of the state |0, m)) were obtained
via exact numeric diagonalization of the Hamiltonian Hy. As
predicted in Sec. IV, the vacuum transition rate for SDCE
(Cs) is usually two orders of magnitude smaller than for
3DCE (GCs). However, near certain atomic frequencies there
is a resonant enhancement of the transition rate, and SDCE
becomes almost as strong as 3DCE. Figure 4(b) shows the

10" (a)
10 C
10°]
10

10° ‘ ‘ ‘ ‘ ‘ y ‘
15 2.0 25 3.0 35 4.0 45

1.04(0) !
0.9

0.84 (Dm
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FIG. 4. (a) Matrix elements C,, as function of E; /v for A, = 0.
(b) Fidelities ®,, for A, = 0. (c) Peak values C;"“X) as function of
A, /v, where {S/A, [} denotes the condition ):0,5 = XS/A_5,,. Thick
(thin) lines describe the numeric (analytic) results. (d) Values of
El““)/v (for which Cs is maximum) as function of A,.

FIG. 5. (a) SDCE for parameters E; = 3.105v, E, = 4.08v, and
n = 4.9842v. In the left panel the scale for (n) and Q is on the left
axis, while the scale for 1 — P,(0) is on the right axis. The right panel
depicts the most populated cavity Fock states. (b) Similar analysis for
E, =2.2v,E, =3.05v,and n = 4.9732v, when at most five photons
are created.

fidelities ®,, for m =3, 5, and 10. As expected, as long
as one stays far from E; &~ v and slightly off the resonance
conditions ):0,,, = iS/A,n,l, the fidelities are very close to 1,
allowing for the resonant enhancement of the transition rate
without significantly exciting the atom. It is also worth noting
that the linewidths of the peaks of C,, become narrower as
E; increases, requiring high-precision tuning of the atomic
energy levels in addition to the modulation frequency.

Figure 4(c) illustrates how the peak value CS(max (associ-
ated with 5SDCE from vacuum) scales with A,/v, where the
atomic energy E; was adjusted according to the requirement
%05 = As/as—i for I = 3 and 4, denoted by the pair of indexes
{S/A, 1} [the case [ = 2 is not shown since the corresponding
rate is one order of magnitude smaller, in agreement with
Egs. (18) and (21)]. Black thick lines denote the exact numeric
results, and the thin lines correspond to Eqgs. (19)—(23). The
agreement is excellent, and one can see that for the chosen pa-
rameters the optimum transition rates occur for |A;| 2 0.2v.
Finally, Fig. 4(d) illustrates the dependence of the resonant
value E™ that maximizes Cs as function of A,/v. Analytic
results (thin lines) correspond to Egs. (15) and (16), and are
in excellent agreement with the exact numeric results (thick
black lines).

Actual examples of unitary dynamics are illustrated in
Fig. 5, as obtained via numeric solution of the Schrédinger
equation. In panel 5(a) the parameters are £} = 3.105v, E, =
4.08v, and n = 4.9842v. The plotted quantities are (n), Q,
1 — P,(0), and the most populated cavity Fock states. Both
p(1) and p(2) are very small and have the same order of
magnitude, so the quantity p(1) + p(2) is plotted instead. In
agreement with Eq. (17), p(1) + p(2) almost coincides with
1 — P,(0), since at the resonance the states |0, 5), |1, 2), and
|2, 1) are nearly degenerate. The most populated states are
|0, 5) and |0, 10), with other states |0, 5k) almost unpopulated
due to the mismatch between the modulation frequency 7
and (Ao sk — Ao.sk—s) for k > 2. In Fig. 5(b) similar analysis
is carried out for E; = 2.2v, E, = 3.05v, and n = 4.9732v.
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Now at most five photons are created from vacuum, but due
to the proximity to the resonance peak of Cs the states |1, 3)
and |2, 2) also become populated, which explains why (n)
never attains the value five and why P,(1) and P,(2) deviate
significantly from zero.

VI. CONCLUSIONS

The problem of a single-mode cavity with harmonically
modulated frequency was revisited in the presence of a qubit
or a cyclic qutrit. It was found analytically that the counter-
rotating terms in the light-matter interaction Hamiltonian al-
low for photon generation from vacuum via effective four- and
five-photon processes for qubit and cyclic qutrit, respectively,
while the atom remains approximately in the ground state.
Usually the associated transition rates are very small, but they
undergo a resonant enhancement by orders of magnitude in
the strong dispersive regime near certain atomic frequencies.

For the qubit such resonance occurs near E; ~ 3v, while for
the qutrit there are six resonance conditions that depend on
both E; and E;. Due to the effective Kerr nonlinearity, only
a limited number of photons can be generated for a constant
modulation frequency. Besides, dissipation alters drastically
the dynamics after some time due to the population of cavity
Fock states forbidden by unitary evolution. Nonetheless, for
weak dissipation and sufficiently strong modulation ampli-
tude, &/v > 1073, four- and five-photon DCE could be im-
plemented experimentally for modulation frequencies n ~ 4v
and n & 5v, respectively.
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