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In this paper, we first consider the generation of mechanical squeezing in a dispersively or dissipatively
coupled optomechanical system by continuously homodyning the output field of the optomechanical cavity.
It is found that strong steady-state mechanical squeezing beyond the 3 dB limit can be achieved in both of
the optomechanical systems. The properties of the squeezing are quite different for the two types of systems
and the reasons for the differences are analyzed. We next consider the achievement of optomechanical steering
in the dispersive or dissipative optomechanical system via continuously monitoring the position of the mechan-
ical oscillator. It is revealed that the monitoring can lead the steady-state optomechanical entanglement to be
enhanced considerably such that strong steerable correlations can be achieved between the mechanical oscillator
and the cavity field. The effects of thermal phonons are studied and it is shown that the generated squeezing and

steering are quite robust against the thermal fluctuations.
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I. INTRODUCTION

The generation of squeezed states of a macroscopic me-
chanical resonator has always attracted a lot of attention due
to its usefulness for, e.g., demonstrating macroscopic quantum
effects, ultraprecision measurements [1], and quantum infor-
matics of continuous variables [2]. Generically, in analogy
to the squeezed-light generation in quantum optics, one can
use a mechanical parametric downconvertor (via, e.g., modu-
lating mechanical spring at twice the mechanical resonance)
to achieve mechanical squeezed states [3,4]. However, the
squeezing in the steady-state regime via this process is limited
by the so-called 3 dB limit (i.e., the maximal squeezing
in the steady-state regime is about fifty percent of vacuum
fluctuations). To surpass the limit, a variety of schemes has
been put forward recently. These include injecting broad-
band squeezed light into an optomechanical system [5], con-
structing a detuned mechanical parametric downconvertor
which is subject to weak time-continuous measurements [6],
putting an optical parametric downconvertor inside an op-
tomechanical cavity combined with quantum feedback [7,8],
exploring strong mechanical nonlinearity [9], and applying
two-color driving on an optomechanical cavity and quantum
reservoir engineering [10,11], which has been experimentally
realized [12].

Quantum steering, originally termed by Schrodinger in his
response to the well-known Einstein-Podolsky-Rosen (EPR)
paradox [13,14], characterizes the ability to nonlocally steer
quantum states of a particle entangled with another remote
particle via local measurements. It is an intrinsic quantum
nonlocality, distinct from Bell nonlocality (the violation of
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Bell inequality) [15,16], as shown recently by Wiseman et al.
and Jones et al. in Refs. [17,18]. They verified that the
states exhibiting Bell nonlocality are a subset of steerable
states which are, in turn, a subset of entangled (inseparable)
states, i.e., steering is intermediate between entanglement
and Bell nonlocality. Distinct from entanglement and Bell
nonlocality, steering is intrinsically asymmetric with respect
to the two particles and thus directional. There may exist
one-way steering which allows us to steer the states of one
particle by measuring the other, but not vice versa [19-24].
Besides being of fundamental interest, EPR steering also
has potential applications, e.g., one-sided device-independent
quantum cryptography [25,26], subchannel discrimination
[27], and secure quantum teleportation [28]. Additionally,
by utilizing steerable correlations, desirable quantum states
can be achieved via local measurements [29-32]. Nowadays,
quantum steering has been experimentally realized in a variety
of systems [21-24,33—40].

Over the past decade, quantum optomechanics, which in-
volves the hybrid coupling between a mechanical resonator
and an electromagnetic field, has emerged as a new research
field [41]. Optomechanical systems hold great potential to
test quantum physics on a macroscopic scale, apart from
possible applications in, e.g., quantum information processing
[42-46] and ultrahigh-precision measurements [47—49]. Re-
cent experiments have achieved a few of the quantum effects
in optomechanical systems, such as optical and mechanical
squeezed states [S0-52], light-mechanical entangled states of
continuous and discrete variables [53,54], Gaussian entangle-
ment between two mechanical resonators [55], nonclassical
correlations between single photons and phonons from a me-
chanical oscillator [56], heralded single-phonon Fock states of
a mechanical oscillator [57], and optomechanical Bell nonlo-
cality involving a macroscopic massive mechanical resonator
[58]. Theoretically, the scheme for achieving optomechanical
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Bell nonlocality of Gaussian states has also been proposed
[59].

In this paper, we consider the generation of strong me-
chanical squeezing and optomechanical steering—anther kind
of quantum nonlocality—in the regime of steady states, re-
spectively, by continuously monitoring the cavity field and
the position of the mechanical oscillator in dispersively or
dissipatively coupled optomechanical systems. We note that
quantum control of optomechanical systems via continuous
measurements to realize, e.g., ground-state cooling and non-
classical mechanical states has been investigated [6,60—-65].
Meanwhile, the control of the mechanical oscillators via
individual measurements in pulsed optomechanics has also
been investigated [66—68]. We first consider the generation of
mechanical squeezing in a dispersively or dissipatively cou-
pled optomechanical system by continuously homodyning the
output of the cavity field. It is found that strong steady-state
mechanical squeezing beyond the 3 dB limit can be achieved
for the two types of coupling, but the properties of the
mechanical squeezing are quite different. The reasons for the
differences are analyzed. We next consider the achievement
of steady-state optomechanical steering in the optomechani-
cal systems via continuously monitoring the position of the
mechanical oscillator. It is revealed that the monitoring of the
mechanical position can lead the steady-state optomechanical
entanglement to be considerably enhanced such that strong
steerable correlations can be achieved between the mechanical
oscillator and the cavity field in both of the coupled systems.
We also study the effects of thermal phonons and it is shown
that the generated squeezing and steering are robust against
the thermal fluctuations.

The remainder of this paper is organized as follows. In
Sec. II, the system is introduced and the working equations
are presented. In Sec. III, the properties of the mechani-
cal squeezing and optomechanical steering in a dispersive
or dissipative optomechanical system under time-continuous
measurements are investigated in detail. In Sec. IV, we give
the main summary.

II. SYSTEM AND EQUATIONS

A. System

As schematically shown in Fig. 1(a), we consider a generic
optomechanical system in which a mechanical resonator (de-
scribed by the operator b,,) of frequency w,, is dispersively or
dissipatively coupled to a laser-driven cavity field (denoted
by the operator a.). This means that the cavity resonance
@, or the dissipation rate K. is modulated by the position
X,, of the mechanical oscillator, leading to dispersive or
dissipative optomechanical coupling, respectively. To achieve
mechanical squeezing, the cavity output is subject to time-
continuous homodyne detection. As depicted in Fig. 1(b), we
also consider the establishment of optomechanical steering
between the cavity field 4. and the mechanical oscillator b,, by
continuous monitoring of the position of the mechanical oscil-
lator. To this end, we consider the coupling of the mechanical
oscillator to anther cavity of resonance @;,. The cavity field is
called the transducer field and denoted by the operator ;. This
two-cavity optomechanical system can be realized with two
microwave cavities mediated by a mechanical oscillator

FIG. 1. (a) Generating strong mechanical squeezing in a disper-
sive or dissipative optomechanical system (a., b,,) by continuously
homodyning the output field of the cavity. (b) Achieving strong
optomechanical steerable correlations in a dispersive or dissipative
optomechanical system (a., b,) by continuously monitoring the
position X,, of the mechanical oscillator. The position monitoring
can be realized by dispersively coupling the mechanical oscillator
weakly to a bad cavity a, whose output field is subject to continuous
homodyne detection. The parameters /; and n; (j = ¢, t) denote the
detection currents and efficiencies, respectively.

[69,70] or optoelectromechanical systems composed of a mi-
crowave and optical cavities sharing a mechanical resonator
[71]. We will later show that in the bad cavity limit, the
homodyne detection of the transducer field can approximately
give the mechanical position. In the rotating frame, with
respect to the driving frequencies wy; (j = s,1) of the two
cavities, the effective Hamiltonian of the system (& = 1) can
be written as

H= Z [@;(X) — w4j)a’a; + wub) by

Jj=c,t

+ iy kX (@M a, — alal)
+ i (@ a —afa), (1)

where X, = %(l; + bt ') 1s the dimensionless displacement

operator of the mechanical oscillator, a ”]“ denote the cavity
input fields consisting of coherent driving and vacuum noise
components, and «; is the dissipation rate of the transducer
cavity.

By taking into account the damping of the mechanical
oscillator, the Langevin equations of motion for the operators
a; and Em are found to be

d Nc Xm i~ O N ~ O \Ain
Z&c = —{% + i[@c(Xn) — wdc]}ac —\ Ke(Xn)ag (1),

(2a)

d A~ Ain

Ta = —{ 5 +ileiK,) - walla - Vea o). @b)
d . Ym At A

b = [2 + iy b +zZ &;Rn), bula’a

- [\/ IZC(X,l), l;m](aiCmL&c - &Zalgn) - \/ﬁl;in(t)a (20)
where y,, denotes the mechanical damping rate and the
mechanical noise operator bin(7) has the nonzero correla-
tions (bin(1)b}, (1)) = (A + 1) —1') and (B}, (1)bin (")) =
fpd(t —t'), with 7y, = (/%7 — 1)~ denoting the mean
number of thermal phonons of the thermal environment of the
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mechanical oscillator at temperature 7', with kp the Boltzmann
constant.

We consider the situation that the position-dependent fre-
quencies @; (Xm) and linewidth EC(X,,,) are expanded to the
first order in the position operator X,,, i.e., @;(X,) ~ w; —
V2 2g ij and &.(X) =~ ke + /2 chXm, where the dispersive

IK,
V20X’

respectively. We then have /&, (X,,) ~ i1+ %)’ In this
way, the Langevin equations of Eq. (2) reduce to

d . «/_gm
—a, = —| —
dt 2 Ke
ex
_Je
f( V2K,

d K . . 5 4
o= _[El +i6 — zﬁg,me]a, —

d . m
Ebm: [)/2 +za)m]b +lZg]wa aj (3c)

and dissipative couplings are g, = f ax and g, =

) + 18 - l\/_gcw mi|ac

X )”“(r) (3a)

Ka"(t),  (3b)

8ex AmTA At ain P
+ —a.a;) — /Ymbin(t), 3d

5 8 = 8387) = rbn©, ()
where the detuning §; = w; — wy;.

The above nonlinear equations of Eq. (3) can be lin-
earized around the steady-state amplitudes of the oper-
ators a;, b,, and &lj" as a; =Ezj‘+821j, by = b + by,

and & = Zlij"’“ +8a when |O%]* > (80501 for opera-
tor O ={a s b,}. Here the steady-state amplitudes a3’ ~
—%, with the detuning A; = §; — +/2g;,Re[X*], and

Z g,,)\ﬁ“lergpklm[ai“'ss*'“]/2\/1(7

b” ~ . The operators 6a; and (Sbm
descrlbe the quantum fluctuations of the cavity and mechani-
cal modes, and 8a‘j“ describe the vacuum inputs of the cavities.
In the following, the script é is omitted for simplicity. Then,
the linearized Langevin equations can be derived as (see the
Appendix)

d, (KCJF.A)A G, .G+GKAL-
dtac 2 1A )a, 4 l ) 2KC

X (b + b)) — \/ia™(t), (4a)

K ~ A
Lo = —(5’ n iAt)&, + Gy (b + b)) — KA (1), (4b)

d . VR G G A,
Ebm = —I:? +zwm]bm - |:T <G + 2[(C >]dc

G . GAN .t o L
+|—+ilG, + a. +iG(a. +a/)
4 2K,

Gy

G Am1 _
2\/,7 2 le @ Vubin(0), (4c)

where G, = g.,@), G; = 81,a;°, and G, = g.,.a,’ are, respec-
tively, the enhanced dispersive and dissipative optomechanical
coupling strengths.

From Eq. (4), the effective linearized Hamiltonian can be
found to be

elcf_X:Aaaj+wmbT
J

- (Gw + 2%6@)@ +a)(bw + b)), (5)
which shows that the dissipative coupling can also lead to
the same optomechanical interaction (the terms related to
G,) as the dispersive coupling, but it disappears for resonant
driving A, = 0. From Eq. (4), we see that the cavity field a,
and the mechanical oscillator are simultaneously coupled to
a common vacuum reservoir (denoted by &ic“), giving rise to
the dissipative coupling between the mechanical oscillator and
the cavity field. This can be explicitly seen from the master
equation for the density operator p of the whole system, which
is equivalent to the Langevin equation of Eq. (4) and given by

d A
b= —ilHer, D1+ Y _x;Llaj]p
j

+ Y (g, + VLD + ymfin LIB 1D

—G(a +a )by, + D)

G s
3 Llbw + b},1p + —[Zasmbm +b},)

— (b + b} yagp — p(by, + b1 )a, +Hell,  (6)

where L[0]p = 0po’ — —(oTo,o + po'o). Different from
purely dispersive 0pt0mechan1ca1 coupling, purely dissipative
optomechanical coupling can lead to phonon heating (the
first term in the third line) and dissipative optomechanical
coupling (the terms related to G, in the third and last lines).

B. Under time-continuous measurements

We consider that the outputs of the cavity field . and the
transducer field &, are subject to time-continuous homodyne
detection. For the cavity outputs

’\Out
(1) = Jkea. + «/T

& (1) = Rty +P0), (7b)
Ofterion)

X, + a"0), (72)

the generalized quadratures X f’ = \%(@?“‘e"”f +
are subject to homodyne detection, where the phases ¢; are
controllable via adjusting the local fields in the detection. The
corresponding detection currents are

Iedt = /nkcc(ace™ + ale™%)dr
| VIGecosge
V210G COS P b % di +dW., (8a)
ok
IPdt = \fuic(ae® +aje™")dt +dW,,  (8b)

where n; are the detection efficiencies and dW; are the
Wiener increments satisfying dW;dW; = dt5;;. From the
above equations, we see that for the d1s51pat1ve coupling, the
detection current 1% explicitly depends on the position X,
of the mechanical oscillator, different from the current It¢’
for dispersive coupling. This is because the motion of the
mechanical oscillator is directly coupled to the input field
ain(¢) in dissipatively coupled optomechanical systems and
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therefore monitoring the environment (output field) of the
cavity field a. is mechanically dependent.

Depending on the detection results, the stochastic master
equation for the unnormalized conditional state . is given by
[72]

dpe == ilHetr, peldt + ) i;Llaj1pedt
J

+ ym(nth + I)E[bm]pcdt + anth‘c[ m]pcdt

G s Ge oo
+ g S Llbn + B Vedt + 5 2acpe(by + b))

C

— (b + b} Yacpe — pe(by + b a. +H.c.]dt

» /MG o ) T ]
+ | | /nekcbe + X, )e% b, + He. If’"dt
[( ! V2K, 8

+ ik (@ b + Hee )P dt, ©)
where the parameters 7; account for the detection efficiencies.
The master equation for the normalized state p. can be found
to be

dpe = = ilHer, peldt + ) k;L1aj1pcdt
J

+ Y, + D LDy pedt + Yty L1B] 1 pedt

GE o Ge o o n s
+ Sic ﬁ[bm + bm]pcdt + T[Zaxpc(bm + bm)

s

— (b + b!)acpe — pe(by + b}))a, + H.c.ldt

CGK 7 i
+ H[(«/?]CKC&S + \/\Z_ Xm>e’¢‘]bchc

c

+ ik Hla e 1p.dW,, (10)

where the nonlinear terms HIO1 = (O — (ONp + p(O —
(O, describing the nonlinear effects due to the time-
continuous measurements.

We further assume that the dynamics of the transducer
cavity field @, is much faster on the timescale than the
dynamics of the mechanical system on the condition x, >
{G;, wp, ey ym}. That is to say, the minimum time required
for achieving steady states for the transducer field is much
shorter than that for the mechanical system, and thus the trans-
ducer field can be adiabatically eliminated. In this way, we
have &, ~ —22(by, + b},) + 20 (1), When i, > A, ~ wy.
Therefore, we can see that the measurement of the quadratures
of the output field a*™ can allow us to infer the position of
the mechanical oscillator, merely introducing extra vacuum
fluctuations. The conditional master equation for the density
matrix p. of the subsystem of the cavity field &. and the
mechanical oscillator after the adiabatical elimination can be
found to be

d;)c = i[ﬁeffv /?)c]dt + Kcﬁ[&c]/ﬁ)cdt + Iﬂmﬁ[jfm]i?)cdl‘
+ Yy + DLIbu1Dedt 4 vt L1}, bedt

N M1:Ge 5 \ s |2
+H|:<\/ Nekede + \Z/_Z—KC Xm>e¢{i|pcdwc

+ V0T HIX1pedW,, a1

where we have chosen the phase ¢, = 7 by adjusting the local
field, the Hamiltonian

A

~eff ~ AC&I&C + Cl)ml;jni;m
Ac . PO al
(6ot 226 )@+ aDbu+ 5. a2

and '), = - . From the above equation, we see that the
weak couphng of the mechanical oscillator to the overdamped
transducer field brings about a decohering environment to
the mechanical oscillator (the third term), while the last
term describes the direct measurement of the position of
the mechanical oscillator which results from the continuous
monitoring of the effective mechanical environment.

C. Correlation matrix

The above master equation of Eq. (11) determines the
properties of the dispersively or dissipatively optomechan-
ical system subject to continuous monitoring of the cavity
output or the position of the mechanical oscillator. When
the system starts from a Gaussian state, it remains Gaussian
and its properties are determined by the correlation matrix
o, defined as oir = (ipi + pipi) /2 — (i) (i), with p =
X., Y., X, Y,), where X, and ¥, are the quadrature operators
of the cavity field a.. From Eq. (11), the first moments i =
(uT) and the covariance matrix o are determined by

d
S h=Ap+ Z(acj +T';)dwW;,

7 (13a)

J

d
—0 =Ao +0AT +D— Z(acj +T)(eCi+T )T,

(13b)
where
C G(
k& A, — G 0
Ac —% 2G,+ %R 0
A= 0 0 In e
2G, + %5 =G o e
£ 0 0 0
K¢ Gy
D— 0 3 5
“lo 0 . 0 ’
0 % o % 4r
2 yi’ﬂ+2K + m

G,
Cl =/2nck, (cos e, —sin e, — cos ¢, 0>,
Ke

chve . GK .

FIT = ﬁ(— cos @, sin ¢, 0, — sin ¢C>,
2 Ke

€] =2/mTu(0,0,1,0),

', =0, and 9, = (i, + %). In the above, C; and I'; are
determined, respectively, by the detection outcomes and the
correlations between the input noises of the system and the
detection noises. When the detection efficiencies n; = 1, per-
fect correlations between the two noises are generated and
optimal detection is achieved. It can be seen that Eq. (13a) for
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the first moments is stochastic and dependent on the results
of the time-continuous measurements, while the equation for
the correlation matrix is deterministic and independent of the
measurement results. The stochastic first-order moments can
be removed by introducing a linear Markovian feedback to
drive the system. The time-continuous measurements not only
modify the drift and diffusion matrices of the system, but also
induce nonlinear terms embodied by the terms ) ; 0C jCchr.
In the absence of the measurements n; = 0, Eq. (13a) for
the first-order terms disappears and the nonlinear equation of
Eq. (13b) reduces to the linear one with drift and diffusion
matrices A and D.

D. Stability

When interested in the regime of steady states, we can set
the time deviation equal to zero. In the absence of the con-
tinuous measurements, the linear equation is stable when the
real parts of all eigenvalues of the matrix A are negative. It can
be found that without the transducer field, the stable condition
for the linearized optomechanical system with dissipative or
dispersive coupling is that the following three inequalities are
simultaneously held:

K% 2 Vz 2
Sl = Kc‘(_c + KeVYm + Ac) + Vm(ﬂ + KcVm + wm)

4 4
— 2w, GG > 0, (14a)
2 2
S =2+ 02 )% + A?) + kewnG G
4 4
G2
—|—2a)mAc<?’( — 2G2) >0, (14b)
S = [K(% +ol) + ym(K“Ty'" + A7) +20,G,G]

I(2 V2
XP<f+%m+Aa+m(f+“m+%>

yz K2
- 2meKG] — (ke + ym)z[(f + w,i> <Z + Ag)

G2
+ kGG + ZwmAC(?" — 262>] > 0, (14c)

where G = G, + %Gk. In the presence of the measurements,
Eq. (13b) is stable when [72]

Cx; # 0 Vx; : Ax, = Ax, with Re(A) > 0, (15)

where C = CT + CT and A = A — (I',CT + TL,CD).

III. NUMERICAL RESULTS

In this section, we investigate in detail the properties of
the mechanical squeezing and optomechanical entanglement
and steering in the optomechanical system under the time-
continuous measurements. The mechanical squeezing can
be measured by the variance of the generalized quadrature
Xon = %(i)meiq’"l + bf e=iom),

Ve = (827 16)

05 05 ————
i
0.4} 1., 04f _
VO Vi / -
03} { 03 L
o2 net 1 02l Me=10
""" Ne=06 -o s e=0.6
01F |—— Ne=0.3 (a)- 0.1F 1003
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Vo4t W 1 Ve S 1
03 03} JPrae \ E
SF — .- 1
Go= Om L-—= \
0.2F - E
02 |--- Gososem . Gotoom) 3
010m 0.1k 7|~ - - Ge=050m s. ]
0.1} Goz010> (c)1 Gk=0.10m ‘*~~.(E’)_.
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FIG. 2. The dependence of the mechanical squeezing V,, on
the detuning A, for (a),(c) purely dispersive coupling and for
(b),(d) purely dissipative coupling. (a),(b) The coupling G, = w,,
and G, = w,,; (¢),(d) the detection efficiency . = 1.0. The other
parameters K, = @, Ym = 10w, and i, = 0.

The squeezing is achieved when V,,, < % The optimal squeez-
ing, with respect to the local angle ¢,,, is equal to the minimal
eigenvalues of the correlation matrix o, of the mechanical
oscillator, i.e.,

V., = Min {Eigen [0,,]}, a7
when expressing the covariance matrix ¢ in the form
e Cem
o= (Cch 0m>. (18)
Similarly, the optimal squeezing of the cavity field is V. =
Min {Eigenvalues [o.]}.

The steering from the cavity field a. to the mechanical
oscillator b,, can be quantified by the measure [73]

1 deto,
Smczmax{o,—ln o }

19
2 4deto (19)
Similarly, for the reverse steering from the mechanical oscil-
lator to the cavity field, it is quantified by

1. deto, }

Supm = max 10, - 1
| max{ 2 " 4deto

(20)

In addition, the entanglement between the cavity field a.
and the mechanical oscillator b,, can be quantified by the
logarithmic negativity [74],

Epe = max[0, — In(2e)], @21)

where e = 2‘1/2\/22(0) —V/22(0) —4deto and X(o) =

deto, + deto,, — 2detC,,,.

A. Mechanical squeezing

We first study the mechanical squeezing by numerically
solving the Riccati equation for Eq. (13b) in the steady-state
regime with the software MATHEMATICA. In our numerical
calculation, the local angles ¢. are chosen such that the
mechanical squeezing is optimized (similarly hereinafter). In
addition, we also set I',, = 0 in this section. In Fig. 2, the
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FIG. 3. The dependence of the mechanical squeezing V,, (thin
curves) on the detuning A, for purely dispersive coupling for dif-
ferent coupling strengths G,,. The other parameters y,, = 10w,
fi,;, = 0, and 5. = 1.0. The thick curves depict the corresponding
entanglement E,,. between the intracavity field and the mechanical
oscillator in the absence of the detection (1, = 0).

dependence the mechanical variance V,, on the output of
the cavity field @, on the detuning A, is plotted. We note
that in the absence of the detection n. = 0, the variance
Vin > % But we can see from Fig. 2 that with the measure-
ment, the mechanical squeezing beyond the 3 dB limit (i.e.,
Vi < 1/4) can be achieved not only by purely dispersive
but also by purely dissipative coupling. This is because the
optomechanical correlations are established via the disper-
sive or dissipative coupling and the homodyne detection on
the output of the cavity field can therefore decrease the
quadrature fluctuations of the mechanical subsystem. It is
shown that the squeezing is dependent on the detection ef-
ficiency n.. For the case of purely dispersive coupling, as
the coupling strength G, decreases, the maximal squeezing
decreases and it moves further away, approximately from
A, ~ 35w, to A, ~ 0, as similarly obtained in Ref. [63]
for a levitating nonsphere. For a fixed coupling strength, the
squeezing degree decreases as the detuning |A.| increases.
This is because, as the detuning arises, the effective coupling
between the cavity field and the mechanical oscillator is
weakened, which in turn decreases the correlations between
the two subsystems. Therefore, the mechanical squeezing is
reduced. This can also be affirmed from Fig. 3, which plots
the mechanical squeezing and the entanglement between the
intracavity field and the mechanical oscillator. It is shown that
the maximal squeezing occurs at the detuning at which the
light-mechanical entanglement is maximum in the absence of
the detection. As shown in Figs. 2(b) and 2(d), the behavior
of the mechanical squeezing via purely dissipative coupling
is quite different from that by purely dispersive coupling.
We see that the squeezing disappears for the near-resonant
coupling (A, ~ 0). As the detuning increases, the degree of
squeezing is enhanced. This is because when the coupling G,,
or G, is fixed, the amplitude &’ of the intracavity field a.
should be unchanged (G,, = gc0@’, G« = gec@;’), which thus
requires the power of the driving laser to be increased when
the detuning increases. This means the classical amplitude @
of the input field &if, which is directly coupled to the motion
X,, of the mechanical oscillator, correspondingly increases
for purely dissipative coupling. Therefore, the increasing of

0.5

0.4

Vm
03
02

0.1

0.0

Ac/ m

FIG. 4. The dependence of the mechanical squeezing V,, on the
detuning A, for purely dispersive coupling in (a) with G, = w,, and
for purely dissipative coupling in (b) with G, = w,,, for different
cavity dissipation rates k.. The other parameters y,, = 1073wy, iy, =
0, and n. = 1.0.

the detuning implies the increase of the effective dissipative
optomechanical coupling, although the coupling G, is fixed.
This is clearly embodied by the effective Hamiltonian in
Eq. (5), where the term related to Gj( Ac shows that the increase
of the detuning leads to the enhancement of the coupling
between the cavity field and the mechanical oscillator. As
a consequence, the mechanical squeezing via the detection
increases at first and then gets saturated as the detuning
increases. In addition, we can also see that the mechanical
squeezing vanishes at the approximate resonance A, = 0,
since we have Gj( A ~ (0, although the coupling G, # 0 and
the dissipative optomechanical coupling (the terms related
to G, in the third and last lines) exist. This implies that
the optomechanical correlations which determine the optimal
mechanical squeezing via detection are mainly attributed to
the effective coherent optomechanical coupling in Eq. (5).

In Fig. 4, the dependence of the mechanical squeezing on
the detuning A, for different values of the cavity dissipation
rate k. is plotted. For the case of purely dispersive coupling,
the increase of x, means the increase of the detection strength.
Thus we see that the squeezing is improved around the de-
tuning A, &~ —2.5w,, and for A, > 3.5w,,, whereas for the
purely dissipative coupling, the increase of k. brings about the
improvement of the squeezing. Also, this is mainly because,
as shown from Eq. (5) and discussed above, the coupling
strength Gj( Ac jncreases with the decreasing of .. Physically,
as explainea above, for fixed coupling G, and driving power,
the decreasing of «, leads to the increase of @ and thus the
increase of the dissipative coupling.

In Fig. 5, we consider the generation of the mechanical
squeezing by the detection in the simultaneous presence of
dispersive and dissipative coupling. In fact, recent experi-
ments have already achieved the simultaneous occurrence of
the two types of coupling [75-77]. We see that the com-
bination of the two types of coupling leads the mechanical
squeezing to be considerably enhanced, even with weaker
coupling strengths, compared to the case of purely dispersive
or purely dissipative coupling. For instance, with the coupling
G, = %Gw = %wm, the optimal variance V,, ~ 0.1 with the
detuning A, = 5w,,. This allows us to produce strong me-
chanical squeezing merely by utilizing weak optomechanical
coupling. In addition, we see that the enhancement occurs
just for A, > 0, which is because, as shown in Eq. (5), the
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FIG. 5. The dependence of the mechanical squeezing V,, on the
detuning A, for purely dispersive coupling (solid line), for purely
dissipative coupling (dashed line), and for the combination of the two
types of couplings (dash-dotted line). The other parameters k., = @,
Ym = 107w, ii;, = 0, and 5, = 1.0.

coupling strength G,, + %2« is reduced for A, < 0, whereas
it is enhanced for A, > 0.

So far, we have investigated the mechanical squeezing
via homodyne detection under the vacuum environment of
the mechanical oscillator. We now investigate the effect of
the thermal environment on the mechanical squeezing, with
realistic parameters close to recent relevant experiments. For
purely dispersive coupling [78,79], we consider the me-
chanical frequency w,,/27 ~ 5 MHz, the cavity dissipation
rate x./2m &~ 10 MHz, the mechanical quality factor Q,, =
‘"’” ~ 10°, and the single-photon coupling strength g,,/2m ~
90 Hz. When choosing the detuning A, =~ 3.7w,,, we have the
collective dispersive coupling G, /2w =~ 5 MHz for the power
of pumping laser P &~ 150 uW with pumping frequency
v,/2m ~ 5 GHz in the microwave regime. As shown in Fig. 6,

0.0 " 1 " 1 " 1 " 1 " 1 " 1 " 1 "
0 10k 20k 30k 40k 50k 60k 70k 80k

Ntn
FIG. 6. The effect of thermal phonons on the mechanical squeez-
ing V,, for purely dispersive coupling (solid line) with G, = @y, k. =
2wy, and A, = 3.7w,,; for purely dissipative coupling (dashed line)
with G, = w,,, k. = 2w,,, and A, = Sw,,; and for the combination
of the coupling (dash-dot-dotted line) G, = 0.5w,,, G, = 0.25w,,,

Ke = @y, and A, = 5w,,. The other parameters y,, = 10w, and
n. = 1.0.
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FIG. 7. The dependence of the optomechanical entanglement
E,., the optomechanical steering S, and S,,., the mechanical
squeezing V,,, and the cavity-field squeezing V, on the detuning A,
via purely dispersive coupling G,. The other parameters G, = 0,
ke = 02wy, Ym = 10"w,, A, =0, T, = 0.05w,, and n, = 1.0.
(a) The entanglement and steering in the absence of the detection
(I'y =0and n, =0).

we see that the mechanical squeezing via purely dispersive
coupling can exist up to the thermal phonon number 7,;, ~
3.5 x 10*, while for the case of purely dissipative coupling,
we consider the parameters, proposed in Ref. [80] and real-
ized in Ref. [75], as w,,/27 ~ 130 kHz, «./27w ~ 260 kHz,
O, ~ 10°, and the single-photon coupling strength g, /27 ~
2.5 Hz. When the detuning A, &~ Sw,,, the coupling G, ~ w,,
for the pumping power P =~ 50 mW with the wavelength
Ap A~ 1064 nm, and we have 7, ~ 4 x 10*. Meanwhile, for
the combination of the coupling, with the single-photon cou-
pling g., ~ 0.8 Hz and g, /27 = 0.4 Hz, the coupling G, =
2G, =~ 0.5w,, for the pumping power P =~ 400 mW with the
detuning A, = Sw,,, we have the maximal number of thermal
phonons 7, ~ 8 X 10*. These results show that the present
scheme for generating mechanical squeezing is robust against
thermal fluctuations.

B. Optomechanical steering

We proceed to discuss the optomechanical steering of the
system under the continuous mechanical position monitoring.
In Figs. 7 and 8, we plot the optomechanical entanglement,
steering, and optical and mechanical squeezing, respectively,
for purely dispersive and purely dissipative coupling. As
shown in Fig. 7(a), without the continuous position moni-
toring, the entanglement via dispersive coupling is present
only in the regime of red detuning A, > 0 and it maximizes
approximately at A, = w,, for weak coupling G, which has
already been studied in Ref. [81]. The optomechanical steer-
ing cannot be generated, while for dissipative coupling, the
entanglement and steering are achievable in the blue-detuned
regime when the monitoring is absent, as depicted in Fig. 8(a).
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FIG. 8. The dependence of the optomechanical entanglement
E,., the optomechanical steering S.,, and S,., the mechanical
squeezing V,,, and the cavity-field squeezing V, on the detuning A,
via purely dissipative coupling G,. The other parameters G, = 0,
ke = 02wy, Ym = 10"w,, i, =0, T, = 0.05w,, and n, = 1.0.
(a) The situation without the detection (I',, = 0 and n, = 0).

However, when the monitoring is present, it can be seen that
for both types of coupling, the entanglement is considerably
enhanced such that strong optomechanical steering in both
directions can be achieved. The entanglement and steering
in the presence of the monitoring can be achieved in both
regimes of red and blue detuning. In addition, it is shown in
Figs. 7 and 8, with the position monitoring, the mechanical
and optical squeezing can also be generated for two types of
coupling. Physically, we can understand the above entangle-
ment enhancement as follows: on one hand, the continuous
monitoring extends the instability region to the blue-detuned
regime which favors the generation of entanglement since
the optomechanical parametric downconversion process [the
terms a.b,, and a'b! in Eq. (11)], which is responsible for
the entanglement in this regime, is dominant. We therefore
see that the entanglement and steering in the blue-detuned
regime are stronger than that in the red-detuned regime for
two kinds of coupling. On the other hand, the monitoring
greatly reduces quantum fluctuations of the quadratures of
the mechanical oscillator and the cavity field (e.g., squeezing
generation), leading the entanglement to be enhanced, even
in the regime of red detuning. It is shown in Fig. 7 that for
dispersive coupling, the entanglement and steering maximize
at A, & —w,, in the blue-detuned regime. This is because, at
this detuning, the resonant optomechanical parametric down-
conversion is achieved, while for dissipative coupling, as
the detuning —A, increases, the strength of the parametric
downconversion coupling increases, and thus the maxima of
the entanglement and steering do not occur at this detuning
but at [A.| > w,, for strong coupling.

In Fig. 9, the effect of the cavity dissipation rate .
on the entanglement and steering is plotted, respectively,
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FIG. 9. The dependence of the optomechanical entanglement
E,. and the optomechanical steering S, and S,,. on the detun-
ing A, for (a),(c),(e) purely dispersive coupling G, = w,, and for
(b),(d),(f) purely dissipative coupling G, = w,,, for different rates «.
of cavity dissipation. The other parameters y,, = 107 w,,, 1, = 0,
', = 0.05w,, and n, = 1.0.

for purely dispersive and purely dissipative coupling. Ob-
viously, the entanglement and steering decrease as k. in-
creases due to the increased decoherence of the cavity field.
Nevertheless, for the present system, the entanglement and
steering can still be achieved even for x, > w,,. The field-
to-oscillator steering decreases faster than the reverse steer-
ing and, further, we can see that one-way steering, e.g.,
Smie =0 and S, #0, can be achieved. The asymmetric
steering makes steerable correlations distinct from the en-
tanglement. Essentially, this asymmetry results from the un-
equal damping rates of the cavity field and the mechanical
oscillator. As the cavity dissipation increases, the fluctua-
tions of the quadratures of the cavity field increase and the
field is more difficult to steer by the mechanics. There-
fore, here the asymmetric quantum correlations can be ob-
served by adjusting the detuning with the chosen dissipation
rate.

In Fig. 10, the effect of finite detection efficiency », is
investigated with the cavity dissipation rate x, < w,,. It is
shown that the entanglement and steering can be enhanced by
increasing the detection efficiency. It can be easily found that
in the regimes, where the optomechanical system is unstable
without the monitoring, the short-time entanglement is almost
equal to the steady-state entanglement with the monitoring in
these regimes. This implies that the continuous weak measure-
ment of the position of the mechanical oscillator merely alters
the stability and the steady-state entanglement and steering
in the presence of the measurement in these regimes is still
mainly determined just by the system’s parameters. Therefore,
we see that the steady-state entanglement and steering around
the peaks are sightly improved by increasing the detection
efficiency.
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FIG. 10. The dependence of the optomechanical entanglement
E,. and optomechanical steering S, and S, on the detuning A,
for (a),(c),(e) purely dispersive coupling G, = w,, and for (b),(d),(f)
purely dissipative coupling G, = 0.3w,,, for different values n, of de-
tection efficiency. The other parameters k. = 0.2w,,, Y, = 10w,
i, =0,and I, = 0.05w,,.

In Fig. 11, the entanglement and steering are plotted for
the combination of two kinds of coupling. We see that similar
to the mechanical squeezing, the entanglement and steering
are also enhanced in the regime of red detuning A, > 0 in
which the effective strength of optomechanical coupling in
Eq. (5) is increased, while in the regime of blue detuning
A, < 0, the effective coupling strength is decreased and thus
the entanglement and steering are reduced, compared to that
via purely dissipative coupling.

Finally, we study the effect of the thermal environment on
the entanglement and steering, which is plotted in Fig. 12.
For purely dispersive coupling, we consider the parameters
in the previous section, but with the cavity dissipation rate
k./2mw =~ 1 MHz, the detuning A, &~ —2w,,, and the collective

the mechanically mediated indirect coupling between optical
and microwave fields has been realized. For this system, we
assume that the optical cavity plays the role of the trans-
ducer cavity and choose the mechanical frequency w,,/2m =
400 kHz and mechanical damping y,,/2m ~ 4 Hz. For the
dissipation rate of the optical cavity «;/2w =~ 2 MHz, the
condition is that the damping rate I',, = 0.05w,, requires
the pumping power P, & 25 u'W with the optical frequency
/2w ~ 280 THz and the single-photon coupling g, /2mw ~
7 Hz. When choosing the loss rate of the microwave cav-
ity k. ~ 0.2w,, and the detuning A, ~ —2w,,, one can also
achieve the coupling G, ~ w,,, with the pumping power
P. ~ 10 uW for the single-photon coupling g./2m ~ 2 Hz
and the microwave frequency w./2w ~ 7 GHz. As shown
in Fig. 12(a), the maximal thermal phonon numbers for
achieving the entanglement and steering are, respectively,
i ~ 1.15 x 10° and 7, ~ 5.6 x 10* (S¢jm), while for the
case of purely dissipative coupling, we consider « /2w ~
26 kHz, the detuning A, & —5w,,, and the coupling G, ~ w,,
for the pumping power P &~ 180 mW. The maximal thermal
phonon numbers for generating the entanglement and steer-
ing are, respectively, i, ~ 1.27 x 10° and 71, ~ 6.3 x 10*.
Therefore, the present scheme can be used for generating
robust optomechanical steerable correlations by continuously

monitoring the mechanical position.

IV. DISCUSSION AND CONCLUSION
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FIG. 11. The dependence of the (a) optomechanical entangle-
ment E,., and the (b) optomechanical steering S, and (c) S, on
the detuning A, for purely dispersive coupling, for purely dissipative
coupling, and for the combination of two types of coupling. The other
parameters k. = 0.2w,,, Y = 10w, i, =0, T, = 0.05w,,, and
n, = 1.0.

Before concluding, we briefly discuss how to verify the
generated mechanical squeezing and optomechanical steering.
Similarly to the protocol proposed in Ref. [82], for the me-
chanical squeezing, we can couple the mechanical resonator
to another weakly driven probe cavity which is resonant to
the red sideband of the drive. The beam-splitter-like coupling
is induced between the mechanical oscillator and the probe
cavity field and the mechanical states can thus be mapped onto
the probe cavity field. Then, by homodyning the output field
of the probe cavity, one can detect the mechanical squeezing.
For the verification of the optomechanical steering, we cannot
use the transducer cavity as the probe cavity because it is a
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bad cavity. In principle, one can also couple the mechanical
resonator to a third cavity, but this will make the system
too complicated. Thus, we employ a weak probe field sent
into the cavity a.. Likewise, the probe field is tuned to be
resonant to the lower sideband of the cavity field a. to induce
the beam-splitter-like interaction between the probe field and
the mechanical oscillator. By keeping the frequency separate
between the probe field and the cavity field a. much larger
than the linewidth «~ ! we can resolve the two output fields of
the probe and cavity fields. Then, by homodyning the output
fields and combining them, we can verify the optomechanical
steering.

In conclusion, in this paper we first consider the generation
of mechanical squeezing in a dispersively or dissipatively
coupled optomechanical system by continuously homodyn-
ing the output of the cavity field. It is found that strong
steady-state mechanical squeezing can be achieved, but the
properties of the squeezing are quite different for two types
of coupling. In addition, the combination of the two types
of coupling can also enhance the mechanical squeezing. We
next consider the achievement of optomechanical steering in
a dispersive or dissipative optomechanical system via con-
tinuously monitoring the position of the mechanical oscilla-
tor. The position monitoring can be realized by dispersively
coupling the mechanical oscillator weakly to an overdamped
transducer cavity whose output field is subject to continuous
homodyne detection. It is revealed that the monitoring of the
mechanical position can lead the steady-state optomechanical
entanglement to be enhanced considerably such that strong
optomechanical steerable correlations can be generated. In
addition, the continuous monitoring can also bring about
the simultaneous squeezing of the mechanical oscillator and
cavity field. The effects of thermal phonons are also studied
and it is shown that the generated squeezing and steering are
robust against the thermal fluctuations.
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APPENDIX: LANGEVIN EQUATION OF MOTION
FOR THE MECHANICAL OSCILLATOR

In this Appendix, we will derive the Langevin equation
of motion for a mechanical oscillator in a thermal bath.
We consider that the mechanical mode 13,,1 is coupled to
a bath of harmonic oscillators, which is described by the

Hamiltonian [83]
Hsb = C()ml;};ll;m + Z wka/jdk + ng(l;m + l;jn)(d,\]j + C?k),
k k
(A1)

where the annihilation operator b denotes the kth oscillator of
the bath with frequency w; and g; represent the system-bath
coupling. In the interaction picture, the above Hamiltonian
becomes

I:jsb — ng [Emd"ke—i(wm-i-wk)t + l;md;e—i(wm—wk)t + HC]

(A2)
When the mechanical resonant frequency w,, >> g for the fre-
quency oy in the vicinity of the resonance, the fast oscillating
term b, dye” @t and its conjugate can be neglected. Then,
the Hamiltonian can be approximated, in the original picture,
into
Hgp = wub) by + Z wed] dy + ng(l;mﬁk + byd)),
k k
(A3)
which is the system-bath interaction that we have encountered
in quantum optics textbooks [84,85]. With Eq. (A3), we obtain

d ~ . ’ ~
ng / dt' by (t")e ™ — by (1),

— by = —iwmbim
dt
(A4)

where Ein(t) =iy, ngk(O)e‘i“’*’ is dependent only on the

initial states of the bath oscillators. By replace b,, = b,,e/n’
and ), — [ dw, we have [84,85]

d s o dk ' s : n_%
—bp=— / dog(®)— / di'by, (1")e™ O — by (1),
dt 0 dw Jo

t ~ o9} . , 2
~ —J(wp) / dt'b,(t) / dwe™@=om=1) _ b (1)
0 —0o0

Ym »

= ——b (1) — bin(0), (A5)

where we have let J(w) = gz(a))d" J(w,) = V’” ,and bm(t) =
iy, gkbi(0)e @ —en) which satisfies the correlatlon

2 S o0 . ’
B O = / o] () (@) @ —on=)
0

2 Yty ()8 (t — 1), (A6)

when only the frequency components around the resonance
w,, contribute the above integrations. Equation (A5) describes
the damping of the mechanical mode in the thermal bath,
which is used in Eq. (4¢).
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