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Ultracold collisions of Cs atoms in excited Zeeman and hyperfine states
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We investigate Cs + Cs scattering in excited Zeeman and hyperfine states. We calculate the real and imaginary
parts of the s-wave scattering length; the imaginary part directly provides the rate coefficient for two-body
inelastic loss, while the real part allows us to identify regions of magnetic field where three-body recombination
will be slow. We identify field regions where Cs in its ( f , mf ) = (3,+2) and (3, +1) states may be stable
enough to allow Bose-Einstein condensation, and additional regions for these and the (3, 0) and (3, −3) states
where high-density clouds should be long-lived.
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I. INTRODUCTION

The ability to cool atoms to ultracold temperatures has
opened up a huge field of physics over the past three decades.
A key feature of ultracold atoms is the ability to control the
interatomic interactions by varying the scattering length a.
This is most commonly done using a zero-energy Feshbach
resonance, where a bound state crosses a threshold as a
function of magnetic field B [1]. In the absence of inelastic
scattering, there is a resonant pole in a(B) [2] that allows es-
sentially any scattering length to be obtained with sufficiently
good field control.

The scattering length shows very different behavior for
different atomic species. For the alkali metals, which are
particularly commonly used, every stable isotope exhibits
Feshbach resonances at experimentally accessible magnetic
fields. However, widths and background scattering lengths
vary enormously, making each isotope suitable for a different
range of experiments [1]. Indeed, even different Zeeman and
hyperfine states of the same isotope have different properties
and may find different applications.

A pair of alkali-metal atoms in their 2S electronic ground
state may interact on singlet (1�+

g ) or triplet (3�+
u ) po-

tential curves. Each of these is characterized by a single
(field-independent) scattering length, as and at, respectively.
Different Zeeman and hyperfine states experience different
combinations of the singlet and triplet interactions and have
Feshbach resonances at different fields. In general terms,
Feshbach resonances due to s-wave states crossing the thresh-
old are narrow if as ≈ at but may be broad otherwise. The
alkali-metal atoms with the broadest resonances and therefore
the most precisely tunable scattering lengths are 6Li [3–5],
39K [6], and 133Cs [7–11].

Cs has a very large positive triplet scattering length at =
2858(19)a0 and a moderate positive singlet scattering length
as = 286.5(10)a0 [11]. For its lowest Zeeman state, ( f , m f ) =
(3,+3), there are many resonances, some of which are very
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broad. The broad resonances provide excellent control over
the scattering length, making Cs an attractive atom for studies
of strongly interacting Bose gases [12] and Efimov physics
[13–15]. Mixtures of Cs with other species are also of interest,
particularly for studying systems with large mass imbalances
[16–20] and for heteronuclear molecule formation [21–24].
However, the intraspecies scattering length for Cs (3, +3)
is very large at fields away from resonance, causing fast
three-body recombination [25] at most magnetic fields and
making it challenging to work with high Cs densities. In
particular, it has been possible to cool Cs (3, +3) close to
degeneracy only at a few specific magnetic fields; it is usually
done at the Efimov minimum in three-body recombination
near 21 G [13], but it is also possible around 558.7 and 894 G
[11].

The dependence of the scattering length on magnetic field
is well known for Cs (3,+3). Feshbach resonance positions
and near-threshold bound-state energies at fields up to 1000 G
have been fitted to obtain precise singlet and triplet potential
curves, and the calculated scattering length has been tabulated
for magnetic fields up to 1200 G [11]. In addition, a con-
siderable amount of early work used Cs in its magnetically
trappable states (3,−3) and (4,+4) [7,26–30], while Chin
et al. [8,10] observed Feshbach resonances in a variety of
states and in mixtures at magnetic fields up to 230 G. These
were interpreted to obtain early interaction potentials [9,10].
However, relatively little has been done on the excited states
since Bose-Einstein condensation was achieved in the (3,+3)
state [31], and the interaction potentials of Refs. [9] and
[10] do not predict resonance positions accurately at higher
fields [11]. There is a clear need for a thorough investigation
of the collisional properties of Cs in excited Zeeman and
hyperfine states, using the most recent interaction potential
[11]. Excited Cs atoms may provide new species with new
Feshbach resonances and additional regions of stability. This
may be particularly valuable for mixture experiments in which
interspecies resonances appear at specific fields [21,22,32], or
where the second atom itself imposes limitations on the fields
that can be used [22,33].
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II. THEORY

We perform coupled-channel scattering calculations on the
interaction potential of Berninger et al. [11]. The methods
used are similar to those in Ref. [11], so only a brief outline is
given here. The Hamiltonian for the interacting pair is

Ĥ = h̄2

2μ

[
− 1

R

d2

dR2
R + L̂2

R2

]
+ ĤA + ĤB + V̂ (R), (1)

where R is the internuclear distance, μ is the reduced mass,
and h̄ is the reduced Planck constant. L̂ is the two-atom ro-
tational angular momentum operator. The single-atom Hamil-
tonians Ĥi contain the hyperfine couplings and the Zeeman
interaction with the magnetic field. The interaction operator
V̂ (R) contains the two isotropic Born-Oppenheimer poten-
tials, for the X 1�+

g singlet and a 3�+
u triplet states, and

anisotropic spin-dependent couplings that arise from dipole-
dipole and second-order spin-orbit coupling.

Scattering calculations are carried out using the MOLSCAT

package [34]. The scattering wave function is expanded in
a fully uncoupled basis set that contains all allowed spin
functions, limited by Lmax = 4. The collision energy is E =
1 nK × kB. Solutions are propagated from Rmin = 6a0 to
Rmid = 20a0 using the diabatic modified log-derivative prop-
agator (LDMD) of Manolopoulos [35] with a step size of
0.002a0, and from Rmid to Rmax = 10 000a0 using the log-
derivative Airy propagator of Alexander and Manolopoulos
[36] with a variable step size. The Airy propagator can take
large steps when the interaction potential is weak and slowly
varying, so it is highly efficient in the long-range region
outside Rmid. However, the LDMD propagator gives better
step-size convergence in the well region, where the interaction
potential is strong. The log-derivative matrix is transformed
into the asymptotic basis set at Rmax and matched to S-matrix
boundary conditions to obtain the scattering matrix S.

For collisions of Cs in its lowest state (3,+3), only elastic
collisions are possible. For collisions of atoms in excited
states, however, inelastic scattering may occur. Inelastic colli-
sions that produce atoms in lower-lying states release kinetic
energy and usually produce heating or trap loss. The inelastic
collisions are of two types: spin exchange and spin relaxation.
Collisions that conserve MF = m f ,A + m f ,B are termed spin-
exchange collisions, while those that do not conserve MF

are termed spin-relaxation collisions. Spin-exchange colli-
sions are driven mostly by the difference between the singlet
and triplet interactions, whereas spin-relaxation collisions are
driven by the much weaker anisotropic couplings.

Spin-exchange collisions are generally fast when they
are energetically allowed. However, for pairs of alkali-metal
atoms in the lower hyperfine state ( f = 3 for Cs), they are en-
doergic. The incoming and outgoing channels have the same
linear Zeeman energy, but they are separated by terms that are
quadratic in B at low field. At 10 G, spin-exchange collisions
are allowed for collision energies above 130 nK × kB. Below
this threshold, only spin relaxation can produce inelasticity.

Both elastic and inelastic collisions are conveniently char-
acterized in terms of the energy-dependent s-wave scattering
length [37],

a(k) = 1

ik

(
1 − S00(k)

1 + S00(k)

)
, (2)

where k = √
2μE/h̄ is the wave vector and S00 is the diagonal

S-matrix element in the incoming channel. When there is
only one open channel, only elastic scattering is possible and
a(k) is real. When inelastic scattering is possible, however,
a(k) is complex, a(k) = α(k) − iβ(k). The dominant (s-wave)
contribution to the rate coefficient for two-body loss is [37]

k2 = 4π h̄β

μ(1 + k2|a|2 + 2kβ )
. (3)

This expression for k2 can contain small contributions from
collisions that are incoming in the s-wave channel and change
L without changing the internal state of the atoms, but these
vanish as E → 0 and are negligible at the collision energies
considered here. When the k-dependence of the denominator
of Eq. (3) can be neglected, β = 1a0 corresponds to k2 =
1.3 × 10−12 cm3 s−1.

Both the scattering length and the loss rate are independent
of energy in the limit E → 0. Deviations from this reach
around 2% at E = 100 nK × kB, but they are negligible at
the energy of our calculations. Inelastic rates from s-wave
collisions generally decrease with energy except as discussed
below for spin-exchange collisions. The height of the d-wave
centrifugal barrier is 180 μK × kB, and d-wave contributions
to k2 are generally small at collision energies below 50 μK ×
kB, except near narrow resonances.

In the presence of inelastic scattering, the real and imagi-
nary parts of the scattering length show an oscillation across a
resonance rather than a pole. The form of the oscillation was
discussed in Ref. [37]. If the background inelastic scattering
is negligible, α(B) shows an oscillation of amplitude ±ares/2
and β shows a peak of magnitude ares. If the background
inelastic scattering is significant, the oscillation is more com-
plicated. For the states of Cs considered here, αbg is typically
several hundred a0 or more, while βbg is often in the range
0 < β < 10a0. It is therefore common for decayed resonances
to be visible in plots of k2 (obtained from β) but not in the
corresponding plots of α.

Losses may occur due to three-body recombination as well
as two-body inelastic processes. Three-body recombination
rates depend strongly on the scattering length, and they are
typically proportional to a4 when a is large [25]. For Cs in its
(3,+3) state, such losses are generally fast except in limited
ranges of magnetic field near broad resonances, where either
the scattering length is near a zero-crossing or three-body
losses are suppressed by an Efimov minimum [13]. Evapora-
tive cooling is most efficient near an Efimov minimum, since
it requires elastic collisions and the elastic cross section van-
ishes at a zero-crossing. For broad resonances in Cs, Efimov
minima typically occur when a ∼ 200a0 to 300a0 [11].

III. RESULTS

We have carried out coupled-channel scattering calcula-
tions for pairs of Cs atoms initially in the same state ( f , m f )
for all f = 3 and 4 states. The calculations are carried out at
fields from 0 to 2000 G in steps of 0.1 G. We calculate the real
and imaginary parts of the scattering length, α(B) and β(B),
and express the latter as the two-body inelastic rate coefficient
k2(B). Figures 1 and 2 show the results for f = 3, m f � 0 and
m f < 0, respectively. The gray bars show where −200a0 <

α < 500a0 to indicate regions where the three-body

022702-2



ULTRACOLD COLLISIONS OF Cs ATOMS IN EXCITED … PHYSICAL REVIEW A 100, 022702 (2019)

FIG. 1. Real part of the scattering length α and inelastic loss rate coefficient k2 for collisions of pairs of Cs atoms with f = 3 and the
same mf for mf � 0. Shaded regions correspond to fields where −200a0 < α < 500a0. Calculations are performed on a 0.1 G grid, so narrow
resonances are not always visible.

recombination rate is expected to be moderate. The bars serve
to guide the eye in reading the corresponding values of k2.

Before Bose-Einstein condensation was achieved for Cs
(3,+3) [31], degeneracy was approached but not achieved for
Cs (3,−3). Cooling of (3,−3) was limited by two-body in-
elastic collisions with k2 ≈ 2 × 10−12 cm3 s−1 at 139 G [30].
We therefore estimate that a rate coefficient higher than about
10−12 cm3 s−1 is sufficient to prevent cooling to degeneracy
in other states. This value is indicated by dashed horizontal
lines in Figs. 1 and 2. It may be noted that we calculate the
scattering length for the (3,−3) state at 139 G to be 3200a0;
this is sufficient to cause substantial three-body losses, which
limited the Cs density in Ref. [30].

The scattering length for m f = +3 is known from previous
work [11] and will not be discussed in detail here. The
regions of moderate scattering length around 21 and 894 G,
where cooling is usually performed, are clearly visible; the
region near 558.7 G is too narrow to be clearly seen with our
scale/grid.

For m f = +2, the behavior of α is broadly similar to that
for m f = +3. There are a few very broad resonances and a
large number of narrower resonances. Inelastic loss is now
possible, and every resonance also creates a corresponding
peak in k2. Many of these peaks are asymmetric and have
a dip in loss on one side that arises from interference be-
tween background inelastic scattering and inelastic scattering
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FIG. 2. Real part of the scattering length α and inelastic loss rate coefficient k2 for collisions of pairs of Cs atoms with f = 3 and the
same mf for mf < 0. Shaded regions correspond to fields where −200a0 < α < 500a0. Calculations are performed on a 0.1 G grid, so narrow
resonances are not always visible.

mediated by the resonance [37,38]. If there is a single domi-
nant loss channel, the interference may be almost complete,
and k2 then drops close to zero. However, additional loss
channels result in incomplete cancellation and shallower min-
ima. For the broad resonances, these dips can be quite wide
and tend to coincide with the regions of moderate scattering
length. This results in several ranges where both α and k2

are small enough to allow experiments with high densities
of Cs. The region around 150 G associated with the broad
resonance at 100 G appears particularly promising. At 150
G, spin-exchange collisions are allowed at collision energies
above 25 μK × kB. However, such collisions actually reduce
the kinetic energy; the (3,+3) and (3,+1) atoms produced
will remain confined in an optical trap, and can return to the
original state in further collisions. The region below 1100 G,
associated with broad resonance near 930 G, is affected by a
narrower resonance that is strongly decayed, with ares = 25a0,
and is thus visible only in the inelastic rate. Because of this,

Cs (3,+2) is likely to exhibit slow two-body loss only at the
upper end of this second shaded region, and the low values of
k2 must be balanced against three-body recombination arising
from the increasing value of α.

Similar effects are seen for m f = +1. The shaded region
between 350 and 400 G is generally favorable, though it
contains a number of narrow resonances that will produce
loss. The shaded region from 1370 to 1450 G is affected by
a narrow resonance that enhances two-body loss at the lower
end of the range, so that Cs (3,+1) will probably exhibit slow
two-body loss only at the upper end of this range.

The loss rates for m f = 0 and −1 show weaker resonant
structure with shallower troughs. Many of the resonances also
appear as oscillations in α rather than poles. This is due to
the increased number of loss channels. There are few regions
with low two-body loss rates, and these do not coincide
with moderate α except for a small region near 1500 G
for m f = 0.

022702-4



ULTRACOLD COLLISIONS OF Cs ATOMS IN EXCITED … PHYSICAL REVIEW A 100, 022702 (2019)

FIG. 3. Real part of the scattering length α and inelastic loss rate coefficient k2 for collisions of pairs of Cs atoms with f = 4 and the same
mf . The solid black line shows mf = −4 while the dotted black line shows mf = +4, which is almost identical except near resonances. The
shaded bands show the ranges covered by −3 � mf � +3. Calculations are performed on a 0.1 G grid, so narrow resonances are not resolved.

There are significantly fewer resonances visible for m f =
−2 and −3 than for the lower states. This is largely because
there are fewer closed channels close in energy to support
resonant states. α therefore remains large across the whole
range for m f = −2. The only broad resonance is at 1340 G for
m f = −3 and results in a region of moderate scattering length
around 1300 G. The inelastic rate coefficient in this region is
about 10−12 cm3 s−1, so reasonably high-density clouds of Cs
(3,−3) might be stable.

Figure 3 shows the results for all f = 4 states. Both k2

and α are large over the entire range for all states. The lowest
Zeeman state, m f = −4, exhibits the most structure, but there
are only a few resonances, which are narrow and significantly
decayed. The remaining states have little variation or structure
because there are few closed channels at higher energies to
support resonant states, and the few resonances that do exist
are strongly decayed and thus barely visible on this scale.

IV. CONCLUSIONS

We have carried out coupled-channel calculations on colli-
sions of ultracold Cs in excited Zeeman and hyperfine states in
order to identify regions of magnetic field where high-density
atomic clouds might be cooled to degeneracy or close to it. We
have calculated the real and imaginary parts of the scattering
length at magnetic fields up to 2000 G for pairs of atoms
in each Zeeman and hyperfine state. The imaginary part of
the scattering length gives the rate coefficient for two-body
inelastic loss, while the real part allows us to identify regions
in which three-body recombination will be relatively slow.

For Cs in its ( f , m f ) = (3,+2) and (3,+1) excited states,
there are regions where the two-body loss coefficient is very
low, k2 � 10−14 cm3 s−1, and three-body loss is likely to be

suppressed by Efimov effects. These regions are very promis-
ing for creating high-density clouds and possibly forming
Bose-Einstein condensates. Cs (3,0) is less favorable, as the
two-body loss coefficient seldom drops below 10−12 cm3 s−1,
but may nevertheless offer possibilities. Cs (3,−1) has even
faster two-body losses. Cs (3,−2) has large regions where the
two-body loss coefficient is slightly below 10−12 cm3 s−1, but
the scattering length is large and there are no broad Feshbach
resonances in these regions to moderate three-body losses.
(3,−3) has a similar two-body loss coefficient, but in this
case there is a broad Feshbach resonance that may produce
low three-body losses in a limited region around 1300 G. All
the Cs f = 4 states experience fast two-body losses across
the entire range of fields. There are no substantial regions of
magnetic field where two different states of Cs are predicted
to have simultaneously low loss rates.

The calculations presented here pave the way to producing
high-density clouds of Cs in excited Zeeman states with
f = 3. These species can be used for the study of ultracold
gases, with particular importance in studying atomic mixtures
and in heteronuclear molecule formation.

The data presented in this work are available from Durham
University [39].
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