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Improved estimation accuracy of the 5-bases-based tomographic method
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It has been recently shown that for quantum systems with dimension d > 4 unknown pure states can be
estimated via measurements on five bases only. Here, we study by means of numerical experiments the estimation
accuracy of this method as a function of the dimension and the number of independently, identically prepared
copies, that is, ensemble size. We show that the accuracy of this method can be greatly improved by modifying
the estimation procedure, without increasing the number of measurement outcomes. The present estimation
accuracy becomes approximately d times smaller than the best accuracy achievable by tomographic methods for
unknown mixed states. We also study the case of pure states affected by a low level of white noise. We show that
the modified version of the method is very robust; that is, it remains to a large extent unaffected by the noise and

achieves an accuracy similar to the case without noise.
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I. INTRODUCTION

The main aim of quantum tomography (QT) is the accurate,
reliable estimation of unknown quantum states. In the field of
quantum information, QT has become a standard tool not only
for characterizing quantum states but also for assessing and
improving the performance of quantum processes, devices,
and experimental setups.

Quantum tomographic methods are based on a set of
measurements that are informationally complete onto the
set of states to be reconstructed, that is, measurements the
statistics of which univocally characterizes quantum states,
for instance, eigenvectors of generalized Gell-Mann matri-
ces [1,2], mutually unbiased bases [3-9], and symmetric
informationally complete positive operator-valued measures
[10-15], among many others [16-21]. These measurements
are carried out on an ensemble of identically, independently
prepared copies of the state to be estimated. The experimen-
tally acquired data are used to estimate probabilities, which
are subsequently employed to determine the unknown state.
However, finite statistic effects and unavoidable experimental
noise lead to operators that fail to be positive semidefinite.
In order to provide a physically acceptable state, the data
are postprocessed by means of statistical inference methods
such as maximum likelihood estimation [22—-24] and Bayesian
inference [25].

The minimal number of total measurement outcomes re-
quired to determine an unknown d-dimensional quantum state
is d?, which is achieved by means of a generalized measure-
ment with d> elements [11]. This quadratic scaling constitutes
a severe constraint for the experimental and computational
feasibility of quantum tomographic methods, which becomes
particularly dramatic for multipartite systems [26]. In this
case, the scaling is exponential in the number of components.
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It is possible to reduce the number of measurement outcomes
with the help of quantum tomographic methods that employ
a priori information about the unknown state such as, for in-
stance, purity [27,28], rank [29,30], distance with respect to a
previously known state [31], and states with special properties
[32]. The case of highly pure states is of particular importance.
Quantum information processes and devices, such as quantum
computers, prepare and coherently evolve pure states. In the
presence of small errors, the density matrix generated will
have a dominant eigenvalue and will be close to a pure state.
Randomized benchmarking techniques can be employed to
certify operation in this regime.

In addition to the total number of measurement outcomes,
ensemble size, that is, the total number N of independently,
identically prepared copies, is another costly resource in
experimental realizations. This is particularly important in
the case of higher-dimensional quantum systems, where the
higher the dimension becomes the smaller the ensemble size
becomes. This has led recently to the study of quantum to-
mography from the point of view of the achievable estimation
accuracy as a function of the ensemble size N and the dimen-
sion d and to the search for methods that achieve the highest
possible estimation accuracy. For instance, standard quan-
tum tomography achieves an accuracy, quantified through the
infidelity, of the orders of O(1/ VN) and O(1/N) for pure
and mixed states, respectively. It is possible to increase the
accuracy for the determination of a pure state by means of
two-stage adaptive standard quantum tomography [33-36].
This method allows one to achieve a state independent accu-
racy of O(1/N) at the expense of doubling the total number of
measurements and of requiring adaptive measurements.

Quantum Cramér-Rao [37] and Gill-Massar [38,39] in-
equalities can be employed to determine whether the accuracy
of a tomographic method approaches optimality or not. These
inequalities allow one to deduce lower bounds for the value of
several figures of merit for the tomographic accuracy, such as
infidelity, mean-square error, and trace distance. For example,
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two-stage adaptive standard quantum tomography saturates
the Gill-Massar lower bound for the infidelity and the mean-
square error for d = 2 [36]. In higher dimensions, this result
does not hold [34].

Here, we study the accuracy achieved by the process
of estimating unknown pure states of higher-dimensional
quantum systems. This is motivated by the observation that
the value of the Gill-Massar lower bound depends on the
number of parameters that describe the set of states to be
reconstructed. For a fixed ensemble size, unknown pure states
can be estimated with a higher accuracy than unknown mixed
states. In the particular case of the infidelity, the Gill-Massar
lower bound for the estimation of pure states is approximately
d? times smaller than the lower bound for the estimation of
mixed states. Therefore, tomographic methods for pure states
might achieve a higher accuracy than tomographic methods
for mixed states, with the added benefit of requiring less
measurement outcomes.

In the present paper, we conduct a study of a tomographic
method specifically designed for unknown pure states [28].
This method is based on the measurement of five bases on any
dimension d > 4. This represents a favorable linear scaling
for the total number of measurement outcomes with the
dimension: a total number of 5d projective measurements is
required to determine any pure state. We employ the infidelity
between the unknown pure state and its estimate as the figure
of merit for accuracy [40]. This choice is dictated by the
agreement between the infidelity and the Bures distance in
the infinitesimal case [41]. Furthermore, the inverse of the
infidelity can be identified with the ensemble size required
to achieve a prescribed accuracy. Since the five-bases-based
quantum tomographic method (SBB-QT) always delivers a
pure quantum state as estimate, the infidelity is simply given
by the overlap between the unknown state and its estimate.
The 5BB-QT method requires projections onto the states of
the canonical base. The results of these measurements are
subsequently employed to adapt the remaining four bases.
The results of the projections onto these four bases are then
employed to solve a recursive system of equations, which
leads to an estimate of the unknown state. The estimation
accuracy of this method can be greatly improved. We intro-
duce three modifications of the SBB-QT method, each one
leading to a better estimation accuracy. These modifications
of the SBB-QT method differ in the procedure employed to
generate the estimate of the unknown state. For instance, it is
possible to employ the measurement results of the canonical
base to increase the estimation accuracy and the system of
equations can be suitably modified to reduce the propagation
of errors. The present tomographic methods, however, employ
the same number and type of measurements as the SBB-QT
method.

Monte Carlo numerical experiments in a wide range of
dimensions show that the expected value of the infidelity, over
many determination attempts for a fixed unknown pure state,
achieved by the best performing modification of the SBB-QT
method, has the scaling ad'®7 /N, where o depends on the
dimension. This scaling is better than the best achievable
accuracy by means of a tomographic method for unknown
states that does not rely on a priori information, which is given
by the Gill-Massar lower bound of (d> — 1)(d + 1)/4N.

We also study the important case of estimating highly
pure states. We consider the effect of white noise on the
estimation accuracy, which transforms pure states into mixed
states. For a purity of 0.98, we show that the original SBB-QT
method stagnates; that is, an increase of the ensemble size
beyond a certain limit does not lead to an improvement of the
estimation accuracy. However, one of the modified versions
of this method achieves the scaling ad '8¢ /N%97. This is still
better than the Gill-Massar lower bound in the inspected
ranges of dimension and ensemble size. This result is achieved
without increasing the number of measurement outcomes
required to characterize the unknown states. Thereby, our
results indicate that the SBB-QT method can be modified
in such a way that it makes possible the highly accurate
estimation of pure quantum states even in the presence of
white noise. This estimation accuracy is d times better than
that achievable by tomographic methods for unknown mixed
states. Additionally, the estimation accuracy is nearly state
independent, and mean and median exhibit very close values,
which are contained in a very narrow interquartile range.

This paper is organized as follows. In Sec. II we briefly
introduce the 5BB-QT method. In Sec. III, we introduce
three variations of the SBB-QT method that achieve a higher
estimation accuracy than the original method. In Sec. IV, we
briefly review some results from quantum estimation theory.
In Sec. V, by means of a series of Monte Carlo numerical
simulations, we analyze the tomographic accuracy achieved
by the SBB-QT method and its variations. In Sec. VI, we study
the impact of white noise on the four tomographic methods.
In Sec. VII we summarize, comment on possible experimental
realizations, and conclude.

II. FIVE-BASES-BASED QUANTUM TOMOGRAPHIC
METHOD

An arbitrary pure state |{) of a d-dimensional quantum
system is given by the linear combination

d—1
W) =Y leile i), )
i=0

where By = {|i)} withi =0, ...,d — 1 is an arbitrary base of
the relevant Hilbert space. This state is completely specified
by the values of 2d — 2 real parameters: d — 1 amplitudes |c;|
and d — 1 phases ¢;.

Let us now consider the polarization identity (for complex
numbers) for two consecutive probability amplitudes ¢; and
Ci+1, that is,

1 2 2
crcry = g(er + erqrl” — lex — crytl
. . 2 . . 2
—ilex + ick1]” +ilex — icky1]%), (2
where | - | is the absolute value. The terms entering on the

right-hand side of Eq. (2) are proportional to the probability
of projecting the unknown state |1{) onto the non-normalized
states |k) £ |k + 1) and |k) £ i|k + 1), respectively. This sug-
gests that unknown pure states can be reconstructed via the
iterative application of Eq. (2) on consecutive probability
amplitudes. The total set of states required by this procedure
to reconstruct any pure state in dimension d can be sorted in
five orthonormal bases [28]. These are given by B, together
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with the four additional bases

B, = LT 1>)},

|§0i>1 = \/E

1
By =119L) = E(IZV) Til2v + 1))},

1
By = {lei)s = E(IZV +1) = [2v +2))},

1
By = 11¢L)s = —(I2V+1)ii|2v+2))}, 3)

7
where v € [0, (d — 2)/2]. Operations with labels are carried
out modulo d. In the case of odd dimensions, the integer part
of (d — 2)/2 is considered and every basis is completed with
the state |d).

Defining coefficient pi‘) with k even (odd) as the transition
probability from the unknown pure state |¢) to the state |g0i)
in basis By (B3) and p ~(k) with k even (odd) as the transition
probability from the unknown state to the state |pX ) in basis
B, (By), the SBB-QT method can be defined by the system of
equations

2¢kCiyy = Ak, “)
with
=Y - +ipP - Y. (5)

The solutions of Eq. (4), that is, the coefficients ¢ entering in
the unknown pure state |i), can be recursively calculated as

1 AL
col_[k/2 V2ot k > 0 even,
_ j=0 Ao
Gk = *=3)/2 Ayjyz (6)
2LO ]_[ e k > 1 odd,
where ¢; = A{j/2co and cg is obtained from the normalization

condition Y_, |cx|* = 1.

Let us note that bases BB; with i =1, ..., 4 allow one to
determine any pure state up to a null-measure set, which
corresponds to the statistically unlikely (d — 2)-dimensional
manifold of states with two or more nonconsecutive vanishing
amplitudes. Base By is employed to detect whether a state
belongs to this manifold or not. If the state belongs to the
manifold, then it can be reconstructed with the remaining four
bases but adapted to a known lower-dimensional subspace.

III. MODIFICATIONS OF THE FIVE-BASES-BASED
QUANTUM TOMOGRAPHIC METHOD

The 5BB-QT method employs the base By to decide
whether a state can be reconstructed with bases [3; or with an
adaptation of the bases ; to a lower-dimensional subspace.
Thereby, unknown states are always estimated by means of
projections on bases B;, or its adapted version, and the infor-
mation about the probability amplitudes of the unknown state
provided by the projections on the base B, remains unused.

The estimate of the unknown state is given by the solution
Eq. (6) of the equation system Eq. (4). The solution Eq. (6)
is of iterative nature; that is, to estimate the coefficient ¢, we
need the information provided by the measurements on bases
B; and, in addition, the value of all coefficients ¢ with k¥’ < k.

Thereby, estimation errors in the probabilities p(k) and ﬁi‘) are

propagated across the coefficients. Thus, the SBB-QT method
might lead to estimates of low accuracy.

There are, however, modifications of the estimation pro-
cedure employed by the SBB-QT method that can help to
increase significantly the estimation accuracy. For instance,
the base By allows for an easy estimation of the amplitudes
|ck |, where each one is estimated independently. Thus, we can
estimate the complex phases ¢/#* by means of the solution
Eq. (6) and combine them with the estimates of the amplitudes
|ck| provided by the base By. This method is referred to as
the corrected SBB-QT (C5BB-QT) method. Since we only
modify the estimation procedure, the C5BB-QT and SBB-QT
methods employ the same measurements.

We can also modify the SBB-QT method to reduce the im-
pact of small amplitudes in the accuracy of the estimation of
the complex phases, which in turn can improve the estimation
accuracy of the unknown states. First, we proceed to measure
the diagonal basis By, which will give us an idea of the size
of each of the amplitudes |c;|. Then, we apply an operator U,
that permutes the probability amplitudes of the state, in such
a way that the state

Zc li) (7)

has the amplitudes in decreasing order, that is, |c;| > |c]| =

. > |c/,_,|. Finally, we apply the 5SBB-QT method to this
new state, which will lead to an estimate |1/rl/,). To obtain the
estimate |1/'), we only need to apply the inverse transfor-
mation U. This method will be referred to as the improved
5BB-QT method (ISBB-QT).

In this modification of the 5SBB-QT method, the total
number of measurements is still 5d, since the adaptation is
made after measuring the diagonal base By, which provides
information about the modulus of the coefficients. The oper-
ator U, only permutes the coefficients, and due to this it does
not erase the information obtained before the adaptation. We
can thus now combine both modifications, that is, the direct
estimation of the amplitudes |c| via the base B, and the use
of the operator U, to increase the accuracy in the estimation
of the complex phases ¢'%. This will be referred to as the
improved corrected SBB-QT method (IC5BB-QT).

As we will show in the next sections, the modification
of the 5BB-QT method leads to a significant increase in the
estimation accuracy, even in the case of estimating pure states
affected by white noise.

[Vp) = Uply) =

IV. QUANTUM ESTIMATION THEORY

In order to study the accuracy of the SBB-QT method and
its variation, we employ Fisher’s theory of statistical estima-
tion. This leads to inequalities for the estimation uncertainty
of the parameters of a quantum state, which are obtained by
means of a measurement strategy. The relevant inequalities
are the Cramér-Rao inequality C < Z~! [37], the quantum
Cramér-Rao inequality C < J —1 [37], and the Gill-Massar
inequality Tr(ZJ _1) < d — 1[38], where C is the covariance
matrix, 7 is the classical Fisher information matrix, and J
is the quantum Fisher information matrix. These inequalities
consider the impact of a finite ensemble size on the estimation
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uncertainty and allow one to establish fundamental lower
bounds for several error measures, for instance, infidelity or
mean-square error. These bounds represent the ultimate accu-
racy permitted by the laws of quantum mechanics. However,
Fisher’s theory does not give hints about which measurements
allow one to attain the bounds: finding these measurements is
a contemporary challenging problem, especially in the mul-
tiparameter case, which is precisely the context of quantum
tomography.

We employ the infidelity as figure of merit [40]. This is
a simple and well-motivated distance between two quantum
states p and p that is defined by

I(p, p) = 1 = Tr(/ /oP/0). (8)

In particular, if the considered states are pure, that is, p =
|¥)(¥| and p = |¥)(i|, the infidelity is reduced to the
overlap between states I(|y), |/)) = 1 — [(¥|¥)]. The infi-
delity has two important properties that motivate its use: for
infinitesimally close states, it agrees with the Bures metric
[41] and its inverse can be identified with the sample size
required to reach a prescribed accuracy [33]. Depending on
the measurement strategy and the number of independent
parameters, different lower bounds for the mean infidelity /
are known. The mean infidelity is the expected value of the
infidelity with respect to all possible estimates p of a state p,
that is,

I(p) = [1(/0, P (P)dp, )

where f(p) is the probability density function of obtaining the
estimate p.

For the estimation of pure states, which have 2(d — 1)
independent parameters, the ultimate accuracy is given by the
Gill-Massar bound [39]

IX = (d — 1)/N. (10

For mixed states, which have d> — 1 independent parameters,
and when the measurement strategy is restricted to individual
measurements, that is, measurements on single members of
the ensemble, the ultimate limit is the Gill-Massar bound [39]:

18ixed) — (@2 — 1)(d + 1)/4N. Y

If collective measurements, that is, measurements that are car-
ried out on several members of the ensemble, are allowed, the
ultimate limit is the quantum Cramér-Rao bound Icgr = (d 2 _
1)/4N. Thereby, the accuracy achieved by a tomographic
method can be studied by comparing its mean infidelity / with
the corresponding bound.

In general, the behavior of the mean infidelity as func-
tion of the ensemble size can be fitted with the monomial
I(a, B) = aNP, so the tomographic protocols are character-
ized by its proportionality constant & and its scaling . Let
us note that & and 8 might be functions of the dimension d.
For instance, it is known that standard quantum tomography
for a single qubit delivers a mean infidelity for pure states
that scales as O(1/+/N) while for mixed states it scales as
O(1/N). Two-stage adaptive standard tomography achieves an
infidelity that scales as O(1/N) for all quantum states [33,34].
In the particular case of d = 2, two-stage adaptive standard

quantum tomography saturates the Gill-Massar bound Igﬁxed)
[39]. This, however, does not hold for d > 2.

Clearly, it is possible to determine pure states by means
of tomographic methods designed to reconstruct any quan-
tum state. These, however, are at disadvantage with respect
to tomographic methods specifically designed to determine
pure states, because the bound I((}I]’\‘,’[re) for pure states is lower

than the bound In**® for density matrices. For large d, the
difference between both bounds scales quadratically with the
dimension. Therefore, tomographic methods specifically de-
signed to determine pure states have the potential to achieve a
higher accuracy than the best tomographic method for density
matrices. Furthermore, tomographic methods for pure states
require less measurement outcomes than methods for mixed
states. Moreover, a priori information, such as purity, range,
or distance with respect to another state [31], reduces the
number of parameters of the states, decreases the value of the
bound, and, therefore, helps to formulate tomographic meth-
ods with a higher accuracy for specific families of quantum
states.

V. NUMERICAL SIMULATIONS

In this section we study the accuracy of the 5BB-QT,
C5BB-QT, I5SBB-QT, and CISBB-QT methods. In particular,
we analyze the dependence of the mean infidelity /(|v)) with
respect to the ensemble size N and the dimension d of the
Hilbert space.

In order to estimate the value of the mean infidelity I(|))
we resort to Monte Carlo simulations. For a given dimension
d, we generate a set ©; composed of 10> pure quantum
states that are drawn from a uniform distribution on the
Hilbert space. The determination of each state |y;) € Q4
(i=1,...,10%) by means of each one of the tomographic
methods is simulated 100 times considering a finite ensemble
size N. This procedure generates for each state |i;) 100
estimates |1ﬁj) and 100 values of the infidelity 7(|v;), |1/7j>)
(G=1,...,100).

Figure 1 displays, in logarithmic scale for both axes, the
behavior of the mean and the median of the infidelity I(|/;))
as a function of N obtained by means of the SBB-QT (solid
brown dots), CSBB-QT (solid red stars), INSBB-QT (solid blue
squares), and CISBB-QT (light blue crosses) methods for four
randomly selected states |v;) in 2; with d = 4. The mean
infidelity I(|;)) is estimated according to the equation

100

I(y)) = 1072 1), 1)), (12)

j=1

This quantity can be properly compared with the relevant
bounds provided by the Gill-Massar inequality. As is apparent
from the left column of Fig. 1, the CISBB-QT and the I5BB-
QT methods reach in all four cases infidelities that are almost
indistinguishable. These methods also generate consistently
the lowest infidelities, or the highest estimation accuracies,
in the four inspected cases. The SBB-QT and the C5BB-QT
methods provide mixed results. For a single state, which is
illustrated in the second row in Fig. 1, the SBB-QT and the
C5BB-QT methods achieve infidelities that are comparable
to the ones achieved by the ISBB-QT and the CISBB-QT
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FIG. 1. The left (right) column shows the mean (median) infi-
delity I(|v)), as a function of the ensemble size N, obtained via the
5BB-QT (solid brown dots), C5SBB-QT (solid red stars), ISBB-QT
(solid blue squares), and CISBB-QT (light blue crosses) methods for
four randomly chosen states in d = 4. Shaded areas represent the
corresponding interquartile range.

methods. For the remaining three states (first, third, and fourth
rows in Fig. 1), the infidelities achieved by the 5BB-QT
and the C5BB-QT methods are approximately two orders of
magnitude higher than the ones achieved by the ISBB-QT and
the CISBB-QT methods.

A similar result is illustrated in the right column of Fig. 1,
where the median of the infidelity 7(|;)) is displayed together
with the respective interquartile range (shaded areas). All
estimation methods generate similar values for the mean and
median infidelity, which is an indication of a symmetric prob-
ability distribution f(p). However, states where the SBB-QT
and the C5BB-QT methods provide a higher infidelity are
characterized by a wider interquartile range, which indicates a

larger variability in comparison to the ISBB-QT and CISBB-
QT methods. These two methods lead to similar interquartile
ranges for the four randomly selected states.

An additional feature of Fig. 1 is that mean and median in-
fidelity exhibit a linear dependence with the ensemble size N.
This suggests approximating 7(|1/;)) by the monomial aN?,
where coefficients o and 8 might depend on the dimension d
of the underlying Hilbert space.

Figure 2 displays, in logarithmic scale for both axes,
the average (I) (solid dots) of the mean infidelity I(|v;)),
generated by each one of the estimation methods, over the
set Q4 as a function of the ensemble size N for dimension
d =4,8, 16,32, and 64, from bottom to top. This average is
estimated as the mean of /(|/;)) on g, that is,

100

() =107 ) 1) (13)
i=1

Figure 2 also displays other relevant central tendency indi-
cators such as median (solid stars) and interquartile range
(shaded areas) for each dimension.

In all four subplots in Fig. 2, the mean and median of
I(|¥;)) in €, exhibit a linear dependence with the ensemble
size, which is different for each estimation method. Figure
2(a) displays the average accuracy generated by the SBB-QT
method, which is characterized by a median that reaches
a lower value than the average. This shows that the 5SBB-
QT method is characterized by a state dependent estimation
accuracy. The average of I(|;)) is located approximately at
the upper border of the interquartile range, which indicates
that 25% of the states in 2, are estimated with an accuracy
lower than the average. The resting states are estimated with
a better accuracy. This occurs for all inspected dimensions.
Figure 2(b) shows the average accuracy that is generated by
means of the C5BB-QT method. As in the previous case, the
median reaches a lower value than the average. However, the
average tends to be located beyond the interquartile range,
which indicates the existence of estimation attempts charac-
terized by small estimation accuracies and a variability wider
than the one exhibited by the SBB-QT method. Nevertheless,
the average infidelity achieved by the C5BB-QT method is
approximately 0.5 times smaller than the one achieved by
the SBB-QT method. The situation in Figs. 2(c) and 2(d)
is radically different. Here, the ISBB-QT and CISBB-QT
methods exhibit an average and a median of I(|v;)) that are
indistinguishable from each other. Furthermore, the shaded
areas depicting the interquartile range are very narrow fringes,
when compared to the cases of the SBB-QT and C5BB-QT
methods in Figs. 2(a) and 2(b), respectively. This indicates
that the ISBB-QT and CISBB-QT methods estimate all states
in 2, with an accuracy that is approximately independent of
the state to be estimated. This accuracy is then well repre-
sented by the average (I), which exhibits a lineal behavior
with the ensemble size. The CISBB-QT method achieves
an average infidelity that is approximately 0.5 times smaller
than the one achieved by the ISBB-QT method. Thereby,
the estimation provided by the CISBB-QT method achieves
the highest accuracy among the four estimation methods.
This can be one order of magnitude better than the one
exhibited by the 5BB-QT method. In higher dimensions, the

022340-5



L. ZAMBRANO, L. PEREIRA, AND A. DELGADO

PHYSICAL REVIEW A 100, 022340 (2019)

Infidelity
5 8 &5 3 3

=
o
i

-
=)
i

Infidelity

1073

10° 106 107

N
(c)

107t

1072

,_.
<

1074

Infidelity

H
2

-
1)
&

H
2

Infidelity

1073

10° 108 107

N
(d)

FIG. 2. Mean (solid dots) and median (solid stars) of I on £, as a function of ensemble size N, for dimension d =
4 (purple), 8 (green), 16 (yellow), 32 (blue), and 64 (red), obtained by means of the four different estimation methods: (a) SBB-QT method,
(b) C5BB-QT method, (c) ISBB-QT method, and (d) CISBB-QT method. Shaded areas represent interquartile range.

CI5SBB-QT method performs even better. For instance, for
d = 64 the 5BB-QT method reaches an average infidelity
of 1073 while the CISBB-QT method achieves an average
infidelity of 3 x 107,

The estimation accuracy also depends on the dimension d
that characterizes the system to be estimated. This is studied
in Fig. 3, which illustrates the average (solid dots) and the
median (solid stars) of I(|y;)) over g, obtained by the four
estimation methods, as a function of d for ensemble sizes
N =5 x10%10°,5 x 10°, 10%,5 x 10°, and 107 (from top
to bottom). As the dimension increases, the average and the
median decrease for a fixed ensemble size. The SBB-QT and
C5BB-QT methods [Figs. 3(a) and 3(b), respectively] show an
average located above the median for all inspected dimensions
and ensemble sizes. In this case, however, average and median
do not exhibit a liner behavior with the dimension d. Thereby,
the accuracy of these two methods clearly departs from the
Gill-Massar lower bounds I&y; and I5x*Y, which exhibit a
lineal behavior with the dimension.

The situation is different in the case of the ISBB-QT
and CISBB-QT methods, which is illustrated in Figs. 3(c)
and 3(d), respectively. As is apparent from these figures, the
ISBB-QT and CISBB-QT methods are characterized by an
accuracy located approximately one order of magnitude below
the one achieved by the SBB-QT method. However, unlike the

5BB-QT method and within the set of inspected dimensions,
the ISBB-QT and CISBB-QT methods exhibit a linear behav-
ior of the average and the median of I(|3;)), akin to the Gill-
Massar lower bounds for pure and mixed states. This suggests
that the average infidelity of the ISBB-QT and CISBB-QT
methods can be approximated by the monomial ad” N~#.

In order to obtain the values of the coefficients «, 8, and y
for the best performing CISBB-QT method, we approximate
the mean infidelity 7(|1/;)) by means of the function

log o[7(1y:))] = logyo(e) — Blogyo(N) + ¥ log,(d), (14)

which depends linearly on the logarithms of the ensemble size
N and of the dimension d. For a fixed value of dimension
d, we obtain 100 values of 8, one for each state in 2, to
be estimated. The mean value B of B in Q  is indicated in
Table I, together with the standard deviation, as a function of
the dimension. As is apparent from Table I, B turns out to
be independent of the dimension and well represented by the
choice B = 1. Similarly, Table I exhibits the value of the mean
value 7 of y in Q4 as a function of the ensemble size N. This
mean value is also independent of N and well represented by
the value y = 1.87. Thereby, we can approximate the average
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infidelity achieved by the CISBB-QT method as

B d1.87
<I> ~No—,

N 5)

where the values of « as a function of the dimension are dis-
played in Table I. Since the distribution of the mean infidelity
I(|y;)) is characterized by a very narrow interquartile range,
we can perform a further approximation, that is,

1.87

(1Y) ~ a——,

N (16)

TABLE 1. Mean values and standard deviations of the coeffi-
cients «, B, and y entering in the lineal fit of the mean infidelity,
Eq. (14), generated by the CISBB-QT method.

d atA, B+ Ag N 7EA,

4 1.73£0.01 0.99+0.01 107 1.87£0.05

8 1.76 £0.01 1.00 £0.01 5 x 108 1.87 £0.04

16 1.79 £ 0.005 1.00 £ 0.02 109 1.87 +£0.04

32 1.81+0.02 1.00 £0.02 5% 10° 1.87£0.05

64 1.71 £0.02 0.99 £0.02 10 1.86 £0.04
5 x 10* 1.87 £0.05

for all |y;) in Q4. The previous result can be appropri-
ately compared to the Gill-Massar lower bound for pure and
mixed states. The mean infidelity generated by the CISBB-
QT method, Eq. (16), compares favorably with the lower
bound IZx*d, since the latter behaves, for d large, as Igixed ~
d?/4N. For all inspected dimensions and states, the CISBB-
QT method achieves a mean infidelity that is much lower
than Jgixed,

Thereby, the CISBB-QT method leads to an estimation
accuracy for unknown pure states that surpasses the best
possible estimation accuracy for unknown mixed states, with
the added benefit of requiring many fewer measurement out-
comes. The CISBB-QT method exhibits another interesting
feature; namely, it produces a mean and a median that are
nearly indistinguishable and contained in a very narrow in-
terquartile range.

As we shall see in the next section, the advantages obtained
via the CISBB-QT method hold even in the presence of white
noise.

VI. PERFORMANCE OF THE 5BB-QT METHOD AND ITS
MODIFICATIONS UNDER NOISE

The tomographic methods here studied have been de-
signed to estimate pure states. Nevertheless, experimentally
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generated states are mixed. It is possible, however, to ex-
perimentally generate highly pure states. Here, we study the
accuracy of the 5SBB-QT, C5BB-QT, I5SBB-QT, and CISBB-
QT methods in this regime. In particular, we will assume
that the states to be reconstructed are affected by white
noise.

Unknown pure states |¢) affected by white noise are
transformed into mixed states of the form

A
p=(1—k)|1ﬁ)(¢|+gﬂ, (a7

where [ is the identity operator and A is the mixing parameter.
The purity Tr(p?) of this state and the parameter A € [0, 1] are
related by the expression

o [meh 1
A=1-— W (18)

Since the initially unknown pure state |y) becomes a
mixed state p, an estimate of |¢) can be obtained by estimat-
ing p via a quantum tomographic method for unknown mixed
states and the error model for white noise. This procedure
increases the number of measurement outcomes and decreases
the achievable estimation accuracy. However, as we will show,
it is possible to employ the CISBB-QT method to obtain
an estimate of |¢) in the presence of white noise without a
significant decrease in the estimation accuracy; that is, the
estimation procedure reaches an accuracy that is very close
to the case without white noise.

Let us now consider the impact of the white noise on
the 5BB-QT method defined by Egs. (4)—(6). The transition
probabilities p) affected by the white noise are related to the
transition probabilities p; of the unknown state |i{) by the
relation

, A
pr=U0=Mpe+ =, 19)
which leads to the noisy A given by
A, = (1 = 2)Ag. (20)

Thereby, the system of equations (4) has now the solution

k 2 1 Af .
o | | / zi“ =%¢, k > 0 even,
¢ = « 1)
| =

*=-3)/2 Az,+z .
2c0 l_[ = )\)C(,'ck, k > 1 odd,

2 j+1
where ¢, = /p}, and ¢} = A /2¢c; = (1 — A)coer/c. Since
the coefficients c;,, co, and (1 — A) are positive, the probabil-
ity amplitudes ¢; and ¢, have the same complex phase. Thus,

the SBB-QT method in the presence of white noise provides
an estimate |') of [¥) =), cre'® k) given by

JaA =22+
ﬂ Z |ck|ei¢k|k

€o

') = )

k>0even

—A
S e, @)

+—
v A)CO d k>1o0dd

or equivalently

JA =02+
Co

lcele® |k).  (23)

A
)
coy/ (1 = A)cg+ 5 k>lodd

Calculating the inner product between |¢) and |¢'), we have

,/(1 —A)co—i- VA =ne+5

W1y

leel® (24)

deco,/(1 — A)c(z) + 2 k>Todd

Taking the square of Eq. (24) we obtain

(WP =1-h+ ( Z|ck|>

k>1odd

A2 2
|ck|2) .25
265[(1 — Mg+ ?‘1] <k>120:dd

Thereby, the infidelity between |) and |¢) is given by the
expression

1), W) =1 = — ( -2y |ck|)

k>1o0dd

A2 2\
- 26
dzc(z)[(l—k)c%—i-%]( D el ) . (26)

k>1o0dd

which is bigger than zero for A # 0. Thus, the estimate |v/”)
provided by the SBB-QT method will be different from the
original unknown state |1), as long as A # 0, which is a great
disadvantage of the protocol.

Figure 4 displays the mean (solid dots) and the me-
dian (solid stars) of I(|y;)) onto £, as a function of
the ensemble size N, obtained by means of the four es-
timation methods, with a constant purity of 0.98. Fig-
ure 4(a) shows the accuracy achieved by the 5BB-QT
method. As is apparent from this figure, the average (I)
becomes a constant independent of the ensemble size N
for all dimensions. Thereby, an increase in the ensemble
size does not lead to an increase in the estimation accuracy
and, consequently, the 5BB-QT method stagnates. The av-
erage infidelity (/ [) tends to localize asymptotically around
(I) ~ 107 for all dimensions. This conveys a severe loss of
accuracy with respect to the case of unitary purity [see Fig.
2(a)]. For instance, in the particular case of d = 4, the average
infidelity is increased from 107¢ to 1073 for N =5 x 10~
Figure 4(a) also exhibits an increase of several orders of
magnitude in the gap between the average and the median of
the infidelity /(]v)) and the average is located clearly outside
of the interquartile range. In contrast, the case of perfectly
pure states shows that average and median have the same
order of magnitude and are within the interquartile range [see
Fig. 2(a)]. This indicates a large increase in the variability of
the estimation accuracy of the 5SBB-QT method when the un-
known pure states are affected by white noise. The stagnation
of the method can be explained as the result of error sources

022340-8



IMPROVED ESTIMATION ACCURACY OF THE 5-BASES- ...

PHYSICAL REVIEW A 100, 022340 (2019)

H
2

,_.
2

,_.
2
b

H
2
L

Infidelity

,_.
2
s

,_.
<

1078

10° 106 107 108 10°

"
o
1

&

,_.
3

Infidelity

[T
9
[

-
o
)

@

,_.
2
b

10° 10° 107 108 10°

N
(c)

_4?10*‘
o
=
&= 1078
£
106
1077
108
1079 : : . . .
105 108 107 108 10°
N
1071
1072
103
_4?10-4
3
= 1073
£
106
1077
108

10° 10° 107 108 10°

N
(d)

FIG. 4. Mean (solid dots) and median (solid stars) of I on states in €, as a function of the ensemble size N under white noise of Eq. (17)
with purity of 0.98, for dimension d = 4 (purple), 8 (green), 16 (yellow), 32 (blue), and 64 (red), obtained by means of the four different
estimation methods: (a) SBB-QT method, (b) CSBB-QT method, (c) ISBB-QT method, and (d) CISBB-QT method. Shaded areas represent

interquartile range.

that behave differently with respect to the ensemble size. In
the case free of white noise, the only error source is the finite
character of the ensemble size, which introduces an error in
the estimation of the probabilities required to estimate the un-
known state. As the ensemble size increases, the finite statis-
tics effects become less severe and the estimation accuracy
increases. In the limit case of an infinite ensemble size, the
5BB-QT method delivers an estimate that agrees with the un-
known state. The error introduced by the white noise behaves
differently. It cannot be decreased by increasing the ensemble
size, as Eq. (26) shows. Thus, an increase in the ensemble size
leads to an increase in the accuracy up to a certain point where
the white noise becomes the dominating error source. Beyond
this point, estimation accuracy cannot be increased.

The performance of the SBB-QT method in the presence of
white noise can be greatly improved. This is done by noting
that the measurement results allows us to estimate the value of
the unknown parameter . Let us consider the following two
measured probabilities from the basis By:

, A
pk=a—4m@ﬁ+3, 27)

/ 2 A
Pyt = (I =Dl "+ =, (28)

d

with & arbitrary. Recalling that Aj = 2¢icf; =2(1 -
A)ckcy > we have that

|AL? = 4(1 = 2)?|col*ler | (29)

The value of A} is obtained from the bases B; with i =
1,...,4. Solving Eqgs. (27) and (28) for |ci|? and |cryi]?,
respectively, and replacing in Eq. (29) we obtain

712 / A / A
[ Ayl =4Pk_3 Pk+l_3 .

The previous expression becomes a quadratic equation for the
parameter A, that is,

(30)

)\'2 )\' / / /] | ;c |2
d_g—E(Pk‘*‘Pkﬂ)‘*‘PkPkﬂ _Tzo- 31
The solution of this equation is given by
d
M= SIPi+ P =Pl — PP 18P (32)

where we chose the solution with negative sign since A must
be a small quantity. Let us note that in the case of a pure state,
thatis, . = 0, Eq. (32) becomes |AL1* = 4p) P, This shows
that the tomographic method allows one to test the purity

022340-9



L. ZAMBRANO, L. PEREIRA, AND A. DELGADO

PHYSICAL REVIEW A 100, 022340 (2019)

assumption [28]. If the experimentally acquired data originate
in a mixed state, the previous condition cannot be satisfied.
The estimation of A can be carried out with any value of k and
will lead to the same result A; = A. However, due to statistical
fluctuations, we propose to estimate A as the average of the
{Ar}, that is,

A= lZAk. (33)

This choice increases the robustness of the method. There-
after, the value of A can be employed to correct the coefficients
¢, The corrected coefficients ¢ are given by

o= [P Md (34)
k 1= el

while the final estimate of [y) is

VAEDINAIE (35)
k

The effect of this estimate on the C5SBB-QT method is dis-
played in Fig. 4(b). Clearly, there is a large improvement
in the estimation accuracy when compared to the case of
the SBB-QT method. The lineal behavior with respect to the
ensemble size is restored, there are no signs of stagnation,
the average and the median of I(|y;)) on Qg are similar,
and the interquartile range is narrow. In fact, the achieved
estimation accuracy resembles very much the case of the
C5BB-QT method without white noise, which is displayed in
Fig. 2(b). We stress the fact that this good result is achieved by
noting that the projections onto the five bases 5; allow us to
obtain the value of A. This allows one to correct the action of
the white noise onto the probabilities, Eq. (19), employed to
estimate the unknown state. Furthermore, it is not necessary
to increase the total number of measurement outcomes.

The effect of white noise on the ISBB-QT method is
illustrated in Fig. 4(c), which depicts a different scenario for
the same amount of purity as in Figs. 4(a) and 4(b). Average
and median of I(|v;)) on Q4 are nearly indistinguishable and
the interquartile range is of the same order of magnitude
as the average. The first three values of ensemble size N
exhibit values of (/) that are nearly identical to those in Fig.
2(c). Thereby, in this range of ensemble size the ISBB-QT
method seems to be unaffected by the presence of noise. As
the ensemble size increases, the average infidelity (I) for the
lowest dimensions enters into an asymptotic regime, as in the
case of the SBB-QT method in Fig. 4(a). Nevertheless, the loss
of accuracy of the ISBB-QT method is less severe than in the
case of the SBB-QT method. Let us recall that the IS BB-QT
method does not employ the probability amplitudes obtained
via projections onto the base Bj.

The results obtained by the C5BB-QT and ISBB-QT meth-
ods suggest that the CISBB-QT method might achieve a good
performance. Indeed, the best estimation accuracy is achieved
by the CISBB-QT method, as illustrated in Fig. 4(d). The
lineal behavior is recovered and stagnation does not arise.
The average and the median of I(|v;)) on Q4 have very close
values that are contained within a very narrow interquartile.
The hallmark of the CISBB-QT method is that it achieves

TABLE II. Mean values and standard deviations of the coeffi-
cients «, B, and y entering in the lineal fit of the mean infidelity,
Eq. (14), generated by the CISBB-QT method in the presence of
white noise at a purity level of 0.98.

d a+tA, B+ Ay N pEA,
4 1.440.1 1.00 + 0.02 107 1.940.2
8 098+0.04 0994005  5x10° 1.940.2
16 1.0£0.1 0.96 + 0.07 10 1.940.1
32 1234007  095+0.05  5x10° 1.940.1
64 1.504+0.08  0.95+0.04 10° 1.840.1
5 x 10* 1.8+0.1

an estimation accuracy in the presence of white noise that is
almost the same as in the case without white noise depicted in
Fig. 2(d). This shows that the CISBB-QT method can reliably
estimate with a high accuracy pure states affected by white
noise. As in the case of the CISBB-QT method in the absence
of white noise, we can obtain an approximate expression
for the mean infidelity in the presence of white noise. This
approximation is given by

) 1.86
I(|‘/fi>)%aw, (36)

for all ;) in g4, where the values of &, B, and y as functions
of the dimension and the ensemble size are indicated in
Table II. Thereby, the estimation accuracy achieved by the
CI5SBB-QT method surpasses the estimation accuracy of any
tomographic method designed to estimate unknown mixed
states via separable measurements.

The tomographic schemes here studied are based on the
projection of the unknown state onto a set of bases. Another
error model arises naturally by assuming that the experimental
setup cannot project onto the states of the bases but onto
very close states. Let us assume that |¢) is one of the states
of the five bases. Then, the experimental setup implements a
projection onto the state

_ |§) + cln)
JT+2cRe(($ln) + 2

where c is a non-negative constant and the state |n) is chosen
uniformly in the corresponding Hilbert space. The normaliza-
tion constant takes account of the nonorthogonality between

) and [n).
_ The probability of projecting the unknown state [) onto

|¢) is given by the expression

[(W1@)1> + 2cRe((ply) (PIn) + (W In) |
1+ 2cRe((@[n)) + '

$) (37)

(Y|P)|* =
(38)

Since the states |n) are randomly chosen, we calculate the
average of |(/|@)|?, that is,

Lo + —<
142 1+c¢2d’

/ dnl{y19)* = 39)

where we have employed the properties f dn|n) =0 and
[ dnin)(nl = (1/d)I of the Haar measure dn on the Hilbert
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space of dimension d. With the identification A = ¢?/(1 +
c?), the previous expression becomes identical to the white-
noise model of Eq. (19). Therefore, both error models—white
noise and approximate projections—are identical, as long as
A and c are constant.

VII. DISCUSSION AND CONCLUSIONS

We have studied the accuracy achieved in the process of
estimating pure quantum states of finite-dimensional quantum
systems. We have resorted to the 5BB-QT method, which was
specifically designed to reconstruct pure states. This method
is based on the projection of the unknown state onto five
different bases regardless of the dimension of the system.
Also, the method does not require the use of postprocessing
and can certify whether the data originate from a pure state or
not. As figure of merit for the estimation accuracy we employ
the mean infidelity /(|y)), that is, the infidelity averaged over
a large set of estimates for a fixed unknown state [i). The
5BB-QT method is characterized by a state dependent accu-
racy, where the mean infidelity /(|4 )) can fluctuate two orders
of magnitude. In fact, average and median of I(|v)) over Qg
lead to values that can differ by one order of magnitude, which
reveals the variability of the estimation accuracy provided
by the 5BB-QT method. The average (I) as a function of
ensemble size N exhibits a linear behavior that resembles the
Gill-Massar lower bound 15 ?.

The 5SBB-QT method employs a recursive relation to esti-
mate the absolute value and the phase of the probability ampli-
tudes that define a pure state. This recursion is such that small
probability amplitudes lead to a poor estimation of the abso-
lute values and the phases, which in turn lead to a decrease in
the estimation accuracy of the method. In order to improve the
estimation accuracy of the SBB-QT method we have proposed
three modifications for the estimation procedure employed
by the SBB-QT method, each one of them reaching a higher
accuracy. Instead of estimating the absolute value of the prob-
ability amplitudes via the recursive equation system, we can
simply employ the information obtained by the projections
onto the base By. This allows for an independent estimate
of each absolute value, which increases the accuracy. The
information provided by the base By can also be employed
to increase the estimation of the complex phases by ordering
the absolute values of the probability amplitudes in decreasing
order and solving thereafter the recursive equations system.
These two modifications of the estimation procedure lead to
the CISBB-QT method, which exhibits a significant increase
in the estimation accuracy. The estimation accuracy provided
by the CISBB-QT method exhibits an average over the set
of pure states that is indistinguishable from the median,
both being central tendency indicators contained in a very
narrow interquartile range. This is an indication of a state
independent accuracy. In fact, the estimation accuracy of the
CI5SBB-QT method can be approximated by the expression
I(¥)) = ad'¥7 /N. Thus, the CISBB-QT method provides an
accuracy that is at least one order of magnitude higher than
the one provided by the SBB-QT method. Furthermore, the
CI5SBB-QT method surpasses the Gill-Massar lower bound
Ig;}xed) for the estimation accuracy of unknown mixed states,
which behaves asymptotically as O(d>/N).

We have also studied the accuracy achieved in the process
of estimating pure quantum states in the presence of a small
level of white noise, which transforms pure states into mixed
ones. In this case, the SBB-QT method exhibits a severe
loss of accuracy and stagnation; that is, after a certain value
of ensemble size the estimation accuracy becomes constant
and cannot be improved by a further increase in N. At a
purity of 0.98, the average (I) generated by the SBB-QT
method enters into stagnation for an ensemble size of ap-
proximately 107. In this regime, the infidelity stays within the
interval [1073, 1072], independently of the dimension. This
represents, for some dimensions, a dramatic increase in the
infidelity by two orders of magnitude, when compared to the
noiseless case. The median also shows signs of stagnation
reaching values in the interval [1073, 10~*], albeit for a higher
value of N ~ 10°. The gap between the average and the
median of 7(|)) also increases in such a way that the average
is several orders of magnitude beyond the interquartile range.
This indicates an increase in the variability of the estimation
accuracy. Thus, a purity of 0.98 severely decreases the estima-
tion accuracy of the SBB-QT method. The CISBB-QT method
behaves differently. We have shown that the information pro-
vided by the projections onto the base 5B, allows one to correct
the errors introduced by the white noise. This correction
leads to an estimation accuracy for the CISBB-QT method
that resembles very closely the one achieved in the absence
of white noise. In the presence of white noise generating a
purity of 0.98, the CISBB-QT method achieves an estimation
accuracy that can be approximated as I(|/)) = ad' % /N*¥7.
This also surpasses the Gill-Massar lower bound /" in the
inspected ranges of dimension and ensemble size.

The 5BB-QT method was experimentally realized in di-
mension d = 8 by means of a single spatial qudit. This is
generated by discretizing the transverse momentum of a single
photon with the help of diffractive optical elements, such as
physical slits [42] or spatial light modulators [9]. The 5BB-
QT and CI5BB-QT methods employ the same number and
type of measurements. Thereby, spatial qudits are a feasible
scenario for the implementation of the CISBB-QT method in
higher dimensions. Recently, in a comparative study among
various tomographic methods [43], the SBB-QT method was
implemented in dimension d = 16 by means of the coupled
electron-nuclear spins of individual '*3Cs atoms in the elec-
tronic ground state. This is also a feasible test bed for the
CI5SBB-QT method.

Finally, we would like to comment on a peculiarity of the
5BB-QT method and of its variations. These allow one to de-
termine whether the experimentally acquire data originate in a
pure state or a mixed one; that is, it is possible to test the purity
assumption. This is done by testing the conditions |A§<|2 =
4piPiyy for k=0, ..., d — 1. This is possible whenever we
have an infinite ensemble size. If this is not the case, it is
possible to conceive the existence of a variety of mixed states
that, within the inaccuracy of the inferred probabilities, exhibit
the same statistics of the estimate provided by the SBB-QT
method or its variations. This leads naturally to the question
of the existence and characterization of mixed estimates that
are closer to the unknown pure state than the pure estimate
[44]. From the numerical point of view, we can resort to
maximum likelihood estimation on the space of mixed states.
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Since the set of five bases lacks informational completeness at
the level of the full set of density matrices, the solution will
not be unique. Within the set of solutions we can search for
the mixed state which minimizes the infidelity with respect
to the unknown state. An alternative approach is the use of
the the so-called physical imposition operator [45], which
constructs states with predefined statistics. These two methods
might allow us to study the question of the existence of
more accurate mixed estimates that are close to the unknown
state. However, these approaches fail to provide a mixed
estimate, since they require knowledge about the state to be
determined. We can, however, study this problem in a reduced
set of density matrices. As we have shown in the previous
section, the CISBB-QT method can deliver an estimate |v)
for a pure state |¢) that is transformed into the mixed state
o ==Y+ (A/d)I by the action of white noise.
Equivalently, we can construct an estimate for p given by
p=(1—DP) |+ (/d)I. The infidelity of  with re-
spect to [ ) is given by (YTpl¥) = (1 — MW P + (1/d),
where we have assumed that A and its estimate A are very
close. This infidelity will be smaller than the infidelity
of |¢) with respect to |1/) whenever 1 — [(Y|)]* > (d —
1)/d. However, for moderate ensemble sizes, the CISBB-QT

method already delivers infidelities 1 — |(y|4)|*> which are
much smaller than (d — 1)/d. Consequently, the estimate p
can be ruled out in the case of a larger ensemble size. This is
an interesting problem that deserves independent study.

In summary, the estimation procedure of the 5BB-QT
method can be suitably modified to achieve a higher estima-
tion accuracy, which surpasses the estimation accuracy of any
tomographic method designed to estimate unknown mixed
states. This method, the CISBB-QT method, preserves the
estimation accuracy even in the presence of a small level of
white noise in a wide range of dimensions and ensemble sizes,
with the added benefit of a total number of projective measure-
ments that scales linearly with the dimension. Experimental
realizations of the CISBB-QT method in high dimensions are
well within reach of today’s experimental setups.
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