
PHYSICAL REVIEW A 100, 022320 (2019)

Deterministic transformations of three-qubit entangled pure states

Gökhan Torun * and Ali Yildiz†
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The states of three-qubit systems split into two inequivalent types of genuine tripartite entanglement,
namely, the Greenberger-Horne-Zeilinger (GHZ) type and the W type. A state belonging to one of these
classes can be stochastically transformed only into a state within the same class by local operations and
classical communications. We provide local quantum operations, consisting of the most general two-outcome
measurement operators, for the deterministic transformations of three-qubit pure states in which the initial and
the target states are in the same class. We explore these transformations, originally having standard GHZ and
standard W states, under the local measurement operations carried out by a single party and p (p = 2, 3) parties
(successively). We find a notable result that the standard GHZ state cannot be deterministically transformed to a
GHZ-type state in which all its bipartite entanglements are nonzero, i.e., a transformation can be achieved with
unit probability when the target state has at least one vanishing bipartite concurrence.
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I. INTRODUCTION

Quantum entanglement, as a bizarre nonclassical correla-
tion, took its first steps into quantum theory in the works of
Einstein et al. [1] and Schrödinger [2]. Since then entangle-
ment theory has flourished along with quantum information
theory [3,4], and it has its roots in a wide range of excep-
tional discoveries such as quantum teleportation [5], dense
coding [6], quantum cryptography [7], and remote state prepa-
ration [8]. Furthermore, over the past two decades, various
studies have been presented to characterize different types of
nonclassical correlations, and entanglement is still the most
remarkable among all these. This assessment is due to the
high performance that entanglement shows when used as a
resource.

The use of entanglement as a resource [3,4] in quantum
information and quantum computation requires its quantifica-
tion, characterization, and manipulation. Currently, bipartite
entanglement is pretty well understood from all these aspects
indeed, however, many problems are waiting to be solved for
multipartite entanglement. Furthermore, since multipartite en-
tanglement consists of resource states, it outperforms bipartite
entanglement [9–11] in a number of different scenarios. In this
respect, entanglement manipulation of multipartite pure states
by local operations and classical communications (LOCC),
i.e., free operations in the context of the resource theory
of entanglement [12,13], is frequently seen as one of the
fundamental tasks that has been widely studied in the theory
of quantum information.

Traditionally, the deterministic transformation of quantum
states is very important: If the initial state |ψ〉 can be deter-
ministically transformed to a state |φ〉, then any information
task that can be done by |φ〉 can also be done by |ψ〉. In
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particular, deterministic transformations can also be used to
define an ordering on quantum states. Nielsen [14] used the
theory of majorization and found the necessary and sufficient
conditions for deterministic transformations of bipartite pure
states, and some explicit protocols for these transformations
were introduced in Ref. [15]. In the multipartite case, however,
the problem of the manipulation of entangled states becomes
much more complicated because there are many different
classes of states, even for qubits, which cannot be converted
into each other by stochastic local operations and classical
communications (SLOCC) [16–18]. In the three-qubit case,
the two different SLOCC class states are Greenberger-Horne-
Zeilinger (GHZ) class and W class states. A general treatment
for deterministic transformations of these states can be found
in Refs. [19–21], and optimal probabilistic transformations
were presented in Refs. [22–27].

The notion of a maximally entangled set (MES) [28],
which is useful for insight into quantum state transforma-
tions, is the minimal set of states such that any other state
can be deterministically obtained from states in the MES
by LOCC. The MES can fairly be considered as the most
useful set of states for applications. It was also shown in
Ref. [28] that the MES is of measure zero for three-qubit
states and deterministic transformations are almost never
possible among fully entangled four-partite states, i.e., the
MES is of full measure for four-qubit states [29]. In general,
LOCC transformations are not the largest set of operations
which do not create entanglement. Hence it is reasonable
to define a mathematically more manageable larger class of
operations which do not create entanglement. An example
is the transformation by separable operations [30,31] which
constitute a necessary but not sufficient condition for the
existence of LOCC transformations. It was shown [32] that
if the initial state |ψ〉 and final state |φ〉 are three-qubit pure
states in the GHZ class then |ψ〉 can be transformed to |φ〉
by separable operations if and only if |ψ〉 can be transformed
to |φ〉 by deterministic LOCC. For tripartite qutrit states,
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however, Hebenstreit et al. [33] presented an example of state
transformation which is possible by separable operations but
not by LOCC. Furthermore, researchers [34] introduced a
general resource theory of multipartite entanglement with two
possible free operations: full-separability-preserving (FSP)
operations and biseparability-preserving (BSP) operations.
They showed that, although it is possible to obtain a transfor-
mation between different SLOCC classes by FSP operations
for three-qubit states, there is no MES from which every state
can be deterministically obtained by FSP operations. It was
also shown that the generalized GHZ state is the MES under
the BSP transformations of genuinely multipartite entangled
states. Recent studies showed that, apart from the three-qubit
case, nontrivial deterministic LOCC transformations among
generic, fully entangled pure states are almost never possi-
ble [35,36], i.e., almost no multipartite states can be either
reached or deterministically converted into any other.

Even though extensive studies have been done on the
LOCC transformations of multipartite states, the number of
explicit protocols for these transformations is still very limited
due to the large numbers of parameters in the measurement
operations, even for the simplest multipartite case, i.e., three
qubits. To overcome this difficulty we use the equivalence
classes of operators which were presented and used in [27].
Providing a simple and practical protocol for the deterministic
transformations of three-qubit entangled pure states is the
subject of this paper.

In this paper we first introduce an explicit and compre-
hensive protocol for the deterministic LOCC transformations
of a GHZ-type state into another GHZ-type state. To assess
whether and how the standard GHZ state is transformed into
a GHZ-type state deterministically, we use the most general
local quantum operations: canonical operators for three-qubit
systems. Importantly, we reveal that all GHZ class states,
except the ones where all three bipartite concurrences are
nonzero, can be obtained by deterministic transformations of
the standard GHZ state. After that, we present local quantum
operations which allow three particles to transform a W -
type state into another W -type state in three steps with unit
probability. These operations again consist of the most general
two-outcome measurement operators. We also apply the same
protocol to the standard W state to show how it is transformed
into a general W -type state.

The rest of the paper proceeds as follows. In Sec. II we
recall some definitions for three-qubit pure states and their

entanglement parameters. We provide the local measurement
operators for the deterministic transformations of a GHZ-type
state into another GHZ-type state in Sec. III. We then present
in Sec. IV the local measurement operators for the determin-
istic transformations of a W -type state into another W -type
state. In Sec. V we conclude our work with a summary.

II. THREE-QUBIT PURE STATES

This section contains some definitions for key terms of
three-qubit pure states and their entanglement parameters that
are needed for a clear understanding of the presented work.
Let us commence with the canonical form of three-qubit pure
states. Following the approach presented in Refs. [37,38],
one can express the canonical form of three-qubit pure states
such that

|ψ〉 = λ0|000〉 + λ1eiϕ |100〉 + λ2|101〉 + λ3|110〉
+ λ4|111〉, λi � 0, (1)

where the coefficients λi satisfy
∑4

i=0 λ2
i = 1. It is well known

that if two arbitrary states |ψ〉 and |φ〉 are related by local
unitaries, i.e., if these two states are local unitary equivalent
(LUE), then they are equal (mostly written |ψ〉 ∼ |φ〉) from
the information-theoretic point of view. When deterministic
transformations of entangled pure states are investigated, the
LUE forms of entangled pure states constitute one of the most
crucial points of the whole process. In two-qubits case, for in-
stance, the maximally entangled pure state (|00〉 + |11〉)/

√
2

can be transformed into the state a|00〉 + b|11〉 with unit prob-
ability. A two-outcome measurement, carried out by one of
the parties, with the measurement operators a|0〉〈0| + b|1〉〈1|
and b|0〉〈0| + a|1〉〈1| yields one of the states a|00〉 + b|11〉
and b|00〉 + a|11〉, respectively. These two states are LUE
under the unitary transformation |0〉 ↔ |1〉 on both qubits.
Thus, having a LUE form of the target state in a deterministic
transformation makes the problem easier to examine. In this
sense, a LUE form of the state (1) was presented in Ref. [27],

|ψ ′〉 = λ′
0|000〉 + λ′

1eiϕ′ |100〉 + λ′
2|101〉 + λ′

3|110〉
+ λ′

4|111〉, λ′
i � 0, (2)

where the coefficients λ′
i satisfy

∑4
i=0 λ′2

i = 1, as usual. As
introduced in Ref. [27], local unitary equivalence of the
states (1) and (2) implies

λ′
0 = λ0

κ
, λ′

2 = λ2κ, λ′
3 = λ3κ, λ′

4 = λ4κ, κ ≡
√

τ + C2
BC

4
(
λ2

2 + λ2
4

)(
λ2

3 + λ2
4

) ,

λ′
1eiϕ′ = λ1

κ

(
λ2

4

(
λ2

2 + λ2
3 + λ2

4

) − λ2
2λ

2
3(

λ2
2 + λ2

4

)(
λ2

3 + λ2
4

) cos(ϕ) − i sin(ϕ) + λ2λ3λ4
(
λ2

0 + λ2
1 − λ2

2 − λ2
3 − λ2

4

)
λ1

(
λ2

2 + λ2
4

)(
λ2

3 + λ2
4

)
)

. (3)

As one knows, two arbitrary three-qubit pure states are LUE if and only if their entanglement parameters are the same. In this
way, the unitary invariants, entanglement parameters, can be found to be

CAC = 2λ′
0λ

′
2 = 2λ0λ2, CAB = 2λ′

0λ
′
3 = 2λ0λ3,

CBC = 2|λ′
2λ

′
3 − eiϕ′

λ′
1λ

′
4| = 2|λ2λ3 − eiϕλ1λ4|,

τ = 4λ′2
0 λ′2

4 = 4λ2
0λ

2
4, (4)
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where τ is a three-tangle and CAB is the concurrence (bipartite
entanglement) between the qubits A and B [39], etc. Apart
from these, a phase of the entanglement was introduced in
Ref. [19] such that

cos ϕ5 = λ2
0C

2
BC + λ2

2C
2
AB − λ2

1τ

CABCACCBC
, ϕ5 ∈ [0, π ]. (5)

Here the phase ϕ5 is read as the entanglement phase (EP)
and it becomes indefinite when CABCACCBC = 0. Thus a state
whose entanglement phase ϕ5 is definite has been referred
to as an EP-definite state and a state whose entanglement
phase ϕ5 is indefinite has been referred to as an EP-indefinite
state [19].

Essentially, two arbitrary states |ψ〉 and |φ〉 are considered
to be in the same class if there is a nonzero probability of
success for both transformations |ψ〉 → |φ〉 and |φ〉 → |ψ〉
through SLOCC. In the three-qubit case, there are two classes
of genuine tripartite entangled states which cannot be con-
verted into each other by SLOCC, namely, GHZ and W class
states [16,17]. If the three-tangle is nonzero, then the three-
qubit state is of the GHZ class. However, if the three-tangle is
zero and the reduced density matrices ρA ≡ TrBC |ψ〉〈ψ |, ρB,
and ρC have rank 2, then the state |ψ〉 is a W -type state. A
general three-qubit W -type state is given by

|ψW 〉 = λ0|000〉 + λ1|100〉 + λ2|101〉 + λ3|110〉, (6)

where all the bipartite entanglements are nonzero and τ =
0, i.e., λi > 0 for i = 0, 2, 3 and λ1 � 0. Additionally, the
standard GHZ state is given by

|GHZ〉 = 1√
2

(|000〉 + |111〉) (7)

and the standard W state is given by

|W 〉 = 1√
3

(|001〉 + |010〉 + |100〉). (8)

These two states are completely inaccessible to each other by
means of SLOCC.

To establish an effective protocol, it is crucial to start with
suitable measurement operators. The complexity of the opti-
mal transformation of n-qubit (n � 3) systems is due to local
quantum operations having vast numbers of parameters. The
most general local measurement operators acting on qubits are
2×2 complex matrices

M = y1eiδ1 |0〉〈0| + y2eiδ2 |0〉〈1| + y3eiδ3 |1〉〈0|
+ y4eiδ4 |1〉〈1|, (9)

where yk � 0 and δk ∈ [0, 2π ) for k = 1, 2, 3, 4. Two opera-
tors M and M ′ are in the same equivalence class (M ≡ M ′) if
they both transform states in one equivalence class to states
in some other equivalence class with the same probability
of success. In this context, the equivalence classes of local
measurements, which allows one to write the operators with
the minimal number of parameters, were defined in Ref. [27].
Throughout this paper, while the use of the canonical op-
erators, i.e., the most general local measurement operators,
simplifies the state transformations, the canonical forms of

local measurement operators [27] will be used. These are
given by

MAk = a00k|0〉〈0| + a10keiθak |1〉〈0| + a11k|1〉〈1|, (10)

MBk = b00k|0〉〈0| + b01keiθbk |0〉〈1| + b11k|1〉〈1|, (11)

MCk = c00k|0〉〈0| + c01keiθck |0〉〈1| + c11k|1〉〈1| (12)

for the parties A, B, and C, respectively. Here θxk ∈ [0, 2π )
(x = a, b, c) and all the coefficients are real. It is im-
portant to stress that to be able to apply a deterministic
LOCC transformation to a given state, all the outputs are
supposed to be LUE. We have two LUE states given in
Eqs. (1) and (2); therefore, it is required to focus on a general
two-outcome local operation for the desired deterministic
transformations. To recap, the key ingredient for the protocol
described in this paper is determining the right threshold;
we will consider a general two-outcome measurement of the
form (10)–(12), and these operations yield two states |ξ1〉 and
|ξ2〉 which are LUE (|ξ1〉 ∼ |ξ2〉).

III. TRANSFORMATIONS OF GHZ-TYPE STATES

We now proceed to examine the deterministic LOCC trans-
formations of three-qubit GHZ-type states. We will discuss
this problem in Secs. III A–III C, each concerned with a
certain final state. More specifically, in Sec. III A the target
state has only one nonzero bipartite entanglement and in
Sec. III B the target state has two nonzero bipartite entan-
glements. Section III C addresses the final state where all
bipartite entanglements are nonzero.

A. States with only one nonzero bipartite entanglement:
Local measurements by a single party

The transformation under scrutiny is the following. We
initially have the standard GHZ state given in Eq. (7) and
aim to obtain a GHZ-type state, which has only one nonzero
bipartite entanglement, via local quantum operations. There
are three GHZ-type states with only one nonzero bipartite
entanglement:

λ0|000〉 + λ1|100〉 + λ4|111〉, CBC = 2λ1λ4, (13)

λ0|000〉 + λ2|101〉 + λ4|111〉, CAC = 2λ0λ2, (14)

λ0|000〉 + λ3|110〉 + λ4|111〉, CAB = 2λ0λ3. (15)

The local operations carried out by a single party suffice to
achieve the desired transformations. Suppose that the party q
performs a local operation, consisting of a set of measurement
operators {Mqk }, to the GHZ state given in Eq. (7). Then the
output states are obtained such that

|ψk〉 = Mqk |GHZ〉√
pk

, q = A, B,C, (16)

where pk = 〈GHZ|M†
qk

Mqk |GHZ〉. The measurement opera-
tors satisfy the normalization relation

∑
k M†

qk
Mqk = I , where

I denotes the identity operator. It should be noted that in
Eq. (16), while the party q carries out a local measurement,
the other two parties do not perform any measurement on their
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respective systems, e.g., for q = B Eq. (16) should be read as
(I ⊗ MBk ⊗ I )|GHZ〉/√pk . In the following we will present
the set of measurement operators {Mqk } for parties A, B, and
C successively.

First, consider a general two-outcome local operation on
the first qubit of the state given in Eq. (7) with the measure-
ment operators given by

MA1 = λ0|0〉〈0| + λ1|1〉〈0| + λ4|1〉〈1|, (17)

MA2 = λ′
0|0〉〈0| − λ′

1|1〉〈0| + λ′
4|1〉〈1|, (18)

where λ′
0 = λ0/κ , λ′

1 = λ1/κ , λ′
4 = κλ4, κ =

√
λ2

0 + λ2
1/λ4,

and
∑2

k=1 M†
Ak

MAk = I . The state after the measurements
performed by party A, i.e., |ψk〉 = (MAk ⊗ I ⊗ I )|GHZ〉/√pk ,
will be one of the states

|ψ1〉 = λ0|000〉 + λ1|100〉 + λ4|111〉, (19)

|ψ2〉 = λ′
0|000〉 − λ′

1|100〉 + λ′
4|111〉, (20)

with probabilities pk = 〈GHZ|M†
Ak

MAk |GHZ〉 = 1/2 for k =
1, 2. The states given in Eqs. (19) and (20) are LUE. The local
unitary transformations

UA = −λ1I − iλ0σy√
λ2

0 + λ2
1

, UB = iσy, UC = −σx (21)

on the qubits A, B, and C, respectively, will transform the
state |ψ2〉 into the state |ψ1〉: (UA ⊗ UB ⊗ UC )|ψ2〉 = |ψ1〉.
Here σx = |0〉〈1| + |1〉〈0|, σy = −i|0〉〈1| + i|1〉〈0|, and σz =
|0〉〈0| − |1〉〈1| are the Pauli matrices. While all bipartite
entanglements are initially zero, by the measurement on the
first qubit, the bipartite entanglement between the second
and third qubits becomes nonzero (CBC = 2λ1λ4). However,
the bipartite entanglements between the first qubit and the
other two qubits is still zero (CAB = CAC = 0). In other
words, the measurement carried out by party A has no effect
on the bipartite entanglements between particles A − B and
A − C.

Second, consider a general two-outcome local operation
on the second qubit of the state given in Eq. (7) with the
measurement operators given by

MB1 = λ0|0〉〈0| + λ2|0〉〈1| + λ4|1〉〈1|, (22)

MB2 = λ′
0|0〉〈0| − λ′

2|0〉〈1| + λ′
4|1〉〈1|, (23)

where λ′
0 = λ0/κ , λ′

2 = κλ2, λ′
4 = κλ4, κ = λ0/

√
λ2

2 + λ2
4 ,

and
∑2

k=1 M†
Bk

MBk = I . The state after the measurements
performed by party B, i.e., |ψk〉 = (I ⊗ MBk ⊗ I )|GHZ〉/√pk ,
will be one of the states

|ψ1〉 = λ0|000〉 + λ2|101〉 + λ4|111〉, (24)

|ψ2〉 = λ′
0|000〉 − λ′

2|101〉 + λ′
4|111〉, (25)

with probabilities pk = 〈GHZ|M†
Bk

MBk |GHZ〉 = 1/2 for k =
1, 2. The states given in Eqs. (24) and (25) are LUE. The local

unitary transformations

UA = iσy, UB = λ2I − iλ4σy√
λ2

2 + λ2
4

, UC = −σx, (26)

on the qubits A, B, and C, respectively, will transform the
state (25) into the state (24). By the measurement on the
second qubit, the bipartite entanglement between the first and
third qubits becomes nonzero (CAC = 2λ0λ2). However, the
bipartite entanglement between the second qubit and the other
two qubits is zero (CAB = CBC = 0).

Third, consider a general two-outcome local operation on
the third qubit of the state given in Eq. (7) with the measure-
ment operators given by

MC1 = λ0|0〉〈0| + λ3|0〉〈1| + λ4|1〉〈1|, (27)

MC2 = λ′
0|0〉〈0| − λ′

3|0〉〈1| + λ′
4|1〉〈1|, (28)

where λ′
0 = λ0/κ , λ′

3 = κλ3, λ′
4 = κλ4, κ = λ0/

√
λ2

3 + λ2
4 ,

and
∑2

k=1 M†
Ck

MCk = I . The state after the measurements
performed by party C, i.e., |ψk〉 = (I ⊗ I ⊗ MCk )|GHZ〉/√pk ,
will be one of the states

|ψ1〉 = λ0|000〉 + λ3|110〉 + λ4|111〉, (29)

|ψ2〉 = λ′
0|000〉 − λ′

3|110〉 + λ′
4|111〉, (30)

with probabilities pk = 〈GHZ|M†
Ck

MCk |GHZ〉 = 1/2 for k =
1, 2. The states given in Eqs. (29) and (30) are LUE. The local
unitary transformations

UA = iσy, UB = −σx, UC = λ3I − iλ4σy√
λ2

3 + λ2
4

(31)

on the qubits A, B, and C, respectively, will transform the
state (30) into the state (29). By the measurement on the
third qubit, the bipartite entanglement between the first and
second qubits becomes nonzero (CAB = 2λ0λ3). However, the
bipartite entanglement between the third qubit and the other
two qubits is zero (CAC = CBC = 0).

To sum up, while all bipartite entanglements are zero
for the initial state (7), when the party q performs a local
operation with the measurement operators {Mqk }, the bipartite
entanglement between the other two qubits, e.g., q̃ and q́,
becomes nonzero, Cq̃q́ �= 0. However, bipartite entanglement
between party q and the other two qubits remains zero, Cqq̃ =
Cqq́ = 0, i.e., the measurement carried out by party q has no
effect on the bipartite entanglements between party q and the
remaining parties (see Fig. 1).

B. States with only one vanishing bipartite entanglement:
Local measurements by two parties

We now aim to obtain a GHZ-type state which has only one
vanishing bipartite entanglement, starting with the standard
GHZ state given in Eq. (7), via local quantum operations. We
will carry out the desired transformations in two steps, and for
the first step we will exploit the results obtained in Sec. III A.

Let us consider the case that in the first step of the entire
transformation party A performs a local operation on the
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FIG. 1. Pictorial representation of the deterministic LOCC trans-
formations of tripartite GHZ-type states discussed in Sec. III A. Each
point represents one qubit. While an orange circle connecting the
three qubits denotes a three-tangle, a blue line connecting two qubits
denotes bipartite entanglement [40]. The party q performs a local
operation with the measurement operators {Mqk } on the standard
GHZ state. Then, for the final state, we have Cqq̃ = Cqq́ = 0 and
Cq̃q́ �= 0.

state (7). In that case, from the results obtained in Sec. III A,
the state

|ψ〉 = λ0|000〉 + λ1|100〉 + λ4|111〉 (32)

can be obtained deterministically by using the local mea-
surement operators given in Eqs. (17) and (18). Then, in the
second step, if party B uses the measurement operators

MB1 = μ0√
2λ0

|0〉〈0| + μ2|0〉〈1| + μ4|1〉〈1|,

MB2 = μ′
0√

2λ0

|0〉〈0| − μ′
2|0〉〈1| + μ′

4|1〉〈1| (33)

on the state given in Eq. (32), one of the states

|φ1〉 = μ0|000〉 + μ1|100〉 + μ2|101〉 + μ4|111〉, (34)

|φ2〉 = μ′
0|000〉 + μ′

1|100〉 − μ′
2|101〉 + μ′

4|111〉 (35)

is obtained with probabilities p1 = p2 = 1/2, respectively,
where λ0μ1 = λ1μ0, μ′

0 = μ0/κ , μ′
1 = μ1/κ , μ′

2 = κμ2,

μ′
4 = κμ4, and κ =

√
μ2

0 + μ2
1/

√
μ2

2 + μ2
4 . Also, the condi-

tion for the deterministic transformation
∑2

k=1 M†
Bk

MBk = I

gives λ4 = 1/
√

2. The states given in Eqs. (34) and (35) are
LUE. The local unitary transformations

UA = μ0σx − μ1σz√
μ2

0 + μ2
1

, UB = μ2I − iμ4σy√
μ2

2 + μ2
4

, UC = −iσy

(36)

on the qubits A, B, and C, respectively, will transform the
state (35) into the state (34). As a result, deterministic transfor-
mations of the GHZ state (7) into a GHZ-type state via local
operations performed by party A first and party B second can
be expressed as

|GHZ〉 = 1√
2

(|000〉 + |111〉)

↓ {MAk }k=1,2,

|ψ〉 = λ0|000〉 + λ1|100〉 + 1√
2
|111〉

↓ {MBk }k=1,2,

|φ〉 = μ0|000〉 + μ1|100〉 + μ2|101〉 + μ4|111〉, (37)

where the sets of measurement operators {MAk }k=1,2 and
{MBk }k=1,2 are given in Eqs. (17) and (18) and Eq. (33), re-
spectively. We note that for the final state |φ〉 given in Eq. (37),
we have CAB = 0, CAC = 2μ0μ2, and CBC = 2μ1μ4, i.e., there
is no bipartite entanglement between the first and second
qubits, the qubits performing sequential measurements.

One can also consider party C as the particle which per-
forms a local operation in the second step instead of party
B. Then, in the second step, if party C uses the measurement
operators

MC1 = μ0√
2λ0

|0〉〈0| + μ3|0〉〈1| + μ4|1〉〈1|,

MC2 = μ′
0√

2λ0

|0〉〈0| − μ′
3|0〉〈1| + μ′

4|1〉〈1| (38)

on the state given in Eq. (32), one of the states

|φ1〉 = μ0|000〉 + μ1|100〉 + μ3|110〉 + μ4|111〉, (39)

|φ2〉 = μ′
0|000〉 + μ′

1|100〉 − μ′
3|110〉 + μ′

4|111〉 (40)

is obtained with probabilities p1 = p2 = 1/2, respectively,
where λ0μ1 = λ1μ0, μ′

0 = μ0/κ , μ′
1 = μ1/κ , μ′

3 = κμ3,

μ′
4 = κμ4, and κ =

√
μ2

0 + μ2
1/

√
μ2

3 + μ2
4 . Also, the condi-

tion for the deterministic transformation
∑2

k=1 M†
Ck

MCk = I

gives λ4 = 1/
√

2. The states given in Eqs. (39) and (40) are
LUE. The local unitary transformations

UA = μ0σx − μ1σz√
μ2

0 + μ2
1

, UB = −iσy, UC = μ3I − iμ4σy√
μ2

3 + μ2
4

(41)

on the qubits A, B, and C, respectively, will transform the
state (40) into the state (39). As a result, deterministic transfor-
mations of the GHZ state (7) into a GHZ-type state via local
operations performed by party A first and party C second can
be expressed as

|GHZ〉 = 1√
2

(|000〉 + |111〉)

↓ {MAk }k=1,2,

|ψ〉 = λ0|000〉 + λ1|100〉 + 1√
2
|111〉

↓ {MCk }k=1,2,

|φ〉 = μ0|000〉 + μ1|100〉 + μ3|110〉 + μ4|111〉, (42)

where the sets of measurement operators {MAk }k=1,2 and
{MCk }k=1,2 are given in Eqs. (17) and (18) and Eq. (38),
respectively. We note that for the final state |φ〉 given in
Eq. (42), we have CAC = 0, CAB �= 0, and CBC �= 0, i.e., the lo-
cal measurements on the first and third qubits create bipartite
entanglement between the first and second qubits and between
the second and third qubits, but do not create an entanglement
between the first and third qubits.

Finally, consider the case that in the first step of the entire
transformation party B performs a local operation on the
state (7). In that case, from the results obtained in Sec. III A,
the state

|ψ〉 = λ1|000〉 + λ2|101〉 + λ4|111〉 (43)
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can be obtained deterministically by using the local mea-
surement operators given in Eqs. (22) and (23). Then, in the
second step, if party C uses the measurement operators

MC1 = μ0|0〉〈0| + μ1√
2λ2

|0〉〈1| + μ4√
2λ4

|1〉〈1|,

MC2 = μ′
0|0〉〈0| − μ′

1√
2λ2

|0〉〈1| + μ′
4√

2λ4

|1〉〈1| (44)

on the state given in Eq. (43), one of the states

|φ1〉 = μ0|000〉+μ1|100〉+μ2|101〉+μ3|110〉 + μ4|111〉,
(45)

|φ2〉 = μ′
0|000〉−μ′

1|100〉+μ′
2|101〉−μ′

3|110〉+μ′
4|111〉

(46)

is obtained with probabilities p1 = p2 = 1/2, respec-
tively, where λ4μ2 = λ2μ4, λ4μ1 = λ2μ3, μ1μ4 = μ2μ3,
μ′

0 = μ0/κ , μ′
2 = κμ2, μ′

3 = κμ3, μ′
4 = κμ4, and κ =

μ0μ4/
√

(μ2
2 + μ2

4)(μ2
3 + μ2

4). Also, the condition for the
deterministic transformation

∑2
k=1 M†

Ck
MCk = I gives λ1 =

1/
√

2. The states given in Eqs. (45) and (46) are LUE. The
local unitary transformations

UA = −iσy, UB = μ2σz + μ4σx√
μ2

2 + μ2
4

, UC = μ3I − iμ4σy√
μ2

3 + μ2
4

(47)

on the qubits A, B, and C, respectively, will transform the
state (40) into the state (39). As a result, deterministic trans-
formations of the pure GHZ state into a GHZ-type state via
local operations performed by party B first and party C second
can be expressed as

|GHZ〉 = 1√
2

(|000〉 + |111〉)

↓ {MBk }k=1,2,

|ψ〉 = 1√
2
|000〉 + λ2|101〉 + λ4|111〉

↓ {MCk }k=1,2,

|φ〉 = μ0|000〉+μ1|100〉+μ2|101〉 + μ3|110〉
+μ4|111〉, (48)

where the sets of measurement operators {MBk }k=1,2 and
{MCk }k=1,2 are given in Eqs. (22) and (23) and Eq. (44), re-
spectively. We note that for the final state |φ〉 given in Eq. (48),
we have CBC = 0 (μ1μ4 = μ2μ3), CAB �= 0, and CAC �= 0, i.e.,

FIG. 2. First, the party q performs a local operation with the
measurement operators {Mqk } on the standard GHZ state. Second, the
party q̃ performs a local operation with the measurement operators
{Mq̃k } to the output state. We finally have Cqq̃=0, Cqq́ �= 0, and
Cq̃q́ �= 0.

there is no bipartite entanglement between the second and
third qubits, the qubits performing sequential measurements.

To sum up, when first party q performs a local operation
with the measurement operators {Mqk } on the state (7) and
second party q̃ performs a local operation with the measure-
ment operators {Mq̃k } on the state obtained from the local
operation performed by party q in the first step, then the
bipartite entanglements between parties q and q́ and between
parties q̃ and q́ become nonzero, Cqq́ �= 0 and Cq̃q́ �= 0. On the
other hand, the bipartite entanglement between parties q and
q̃ is zero, Cqq̃=0 (see Fig. 2).

C. State with nonzero bipartite entanglements:
Local measurements by three parties

In Secs. III A and III B we have discussed the deterministic
transformation of the GHZ state (7) (an EP-indefinite state)
into an EP-indefinite GHZ-type state by LOCC. This means
that the final states have at least one vanishing bipartite entan-
glement. We now aim to obtain the most general GHZ-type
state (see Fig. 3)—all bipartite entanglements are nonzero (an
EP-definite state)—starting with the standard GHZ state given
in Eq. (7), via local quantum operations. We will try to carry
out the desired transformation in three steps, and for the first
two steps we will exploit the results obtained in Sec. III B. As
discussed in the preceding section, the state

|φ〉 = μ0|000〉 + μ1|100〉 + μ2|101〉 + μ4|111〉 (49)

can be deterministically obtained by local operations per-
formed separately by the first and second parties. We have
τ = 4μ2

0μ
2
4, CBC = 2μ1μ4, CAB = 0, and CAC = 2μ0μ2 for

the initial state (49). Then, if party C performs a two-outcome
local operation by the measurement operators

MCk = c00k|0〉〈0| + c01keiθck |0〉〈1| + c11k|1〉〈1| (50)

for k = 1, 2 on the third qubit of the state |φ〉 given in Eq. (49),
one can obtain

(I ⊗ I ⊗ MCk )|φ〉 = c00kμ0|000〉 + [c00kμ1 + c01keiθck μ2]|100〉 + c01keiθck μ4|110〉 + c11kμ2|101〉 + c11kμ4|111〉
= √

pk|ζk〉, (51)

where

|ζ1〉 = α0|000〉 + α1eiα|100〉 + α2|101〉 + α3|110〉 + α4|111〉, (52)

|ζ2〉 = α′
0|000〉 + α′

1eiα′ |100〉 + α′
2|101〉 + α′

3|110〉 + α′
4|111〉, (53)
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FIG. 3. Pictorial representation [40] of the most general GHZ-
type state with τ �= 0, CAB �= 0, CAC �= 0, and CBC �= 0.

pk = 〈φ|I ⊗ I ⊗ (M†
Ck

MCk )|φ〉 for k = 1, 2, θc1 = 0, θc2 = π ,
α = 0, and α′ = π . The states given in Eqs. (52) and (53)
are LUE [for the relations between the coefficients αi and α′

i
replace λ with α in Eq. (3)]. Also, for the case of deterministic
transformation, it is required that

∑2
k=1 MCk

†MCk = I . The
constraints on the deterministic transformation, LUE of the
output states |ζ1〉 and |ζ2〉 and p1 + p2 = 1, yield

μ2
0 + μ2

1 = μ2
2 + μ2

4 = 1
2 (54)

for the initial state (49) and

α2α3(α2α3 − α1α4) = 0 (55)

for the final states. Equation (55) can also be written such that

CABCACCBC = 0, (56)

where CAB = 2α0α3, CAC = 2α0α2, CBC = 2(α2α3 − α1α4),
and α0 �= 0. The result (56) suggests that the final state must
have at least one vanishing bipartite concurrence. However,
the final states (52) and (53) have nonzero bipartite entan-
glements (this is the case we study). Hence, deterministic
transformation of the GHZ state (7) into a GHZ-type state
is possible if the target state satisfies the condition given
by Eq. (56). In other words, the standard GHZ state, which
is an EP-indefinite state, cannot be deterministically trans-
formed to a state with all bipartite entanglements nonzero
(an EP-definite state).

IV. TRANSFORMATIONS OF W -TYPE STATES

We now provide the local measurement operators for the
deterministic transformations of a W -type state into another
W -type state. A general three-qubit W -type state is given by

|ψW 〉 = λ0|000〉 + λ1|100〉 + λ2|101〉 + λ3|110〉, (57)

where all the bipartite entanglements are nonzero and τ = 0,
i.e., λi > 0 for i = 0, 2, 3 and λ1 � 0 (see Fig. 4). As given
in Ref. [21], a deterministic LOCC transformation from a

FIG. 4. Pictorial representation [40] of the W -type states given
in Eq. (57) with τ = 0, CAB �= 0, CAC �= 0, and CBC �= 0.

W -type state

|χ〉 = x0|000〉 + x1|100〉 + x2|010〉 + x3|001〉 (58)

to another W -type state

|χ ′〉 = x′
0|000〉 + x′

1|100〉 + x′
2|010〉 + x′

3|001〉 (59)

is possible if and only if xi � x′
i for i = 1, 2, 3. Of course, the

state (58) can be transformed into the canonical form

|χ〉 = x1|000〉 + x0|100〉 + x3|101〉 + x2|110〉 (60)

by the unitary transformation σx on the first qubit, that is,
|0〉A ↔ |1〉A. We consider the case where the initial state is
|χ〉 given in Eq. (60) with xi > 0 for i = 1, 2, 3 and x0 � 0.
Then party A performs a general two-outcome local operation
on the state (60) with the canonical measurement operators

MAk = √
pk

α0

x1
|0〉〈0| + (−1)k−1√p3−k

√
1 − α2

0

x2
1

|1〉〈0|

+ √
pk|1〉〈1|, (61)

where α0 � 0 and
∑2

k=1 M†
Ak

MAk = I . We then have the states

|ψk〉 = (MAk ⊗ I ⊗ I )|χ〉√
pk

= α0|000〉 + (−1)k−1α1|100〉

+x3|101〉 + x2|110〉 (62)

for k = 1, 2, where we also have x2
0 + x2

1 = α2
0 + α2

1 . Here the
probabilities are found to be p1 = (α1 + x0)/2α1 and p2 =
(α1 − x0)/2α1. The local unitary transformation σz on the
three particles apiece allows us to transform the state (62) for
k = 2 into the state (62) for k = 1, i.e., (σz ⊗ σz ⊗ σz )|ψ2〉 =
|ψ1〉. To recap, party A can transform the state (60) into
the state (62) (for k = 1) with unit probability via the local
measurement operators (61),

|χ〉 = x1|000〉 + x0|100〉 + x3|101〉 + x2|110〉

↓
{(

MAk , pk = 1

2
+ (−1)k−1x0

2α1

)}
k=1,2

,

|ψ〉 = α0|000〉 + α1|100〉 + x3|101〉 + x2|110〉, (63)

where x1 � α0 and x0 � α1. The state |ψ〉 given in Eq. (63) is
the most general state that can be deterministically obtained
by the measurements on the first qubit of the source state
|χ〉 given in Eq. (60). Next party B performs a two-outcome
measurement on the second qubit of the state |ψ〉 given in
Eq. (63) with the canonical measurement operators

MBk = √
pk|0〉〈0| + (−1)k−1√p3−k

√
1 − β2

3

x2
2

|0〉〈1|

+ √
pk

β3

x2
|1〉〈1|, (64)

where β3 � 0 and
∑2

k=1 M†
Bk

MBk = I . The resulting state will
then be one of the states

|φk〉 = (I ⊗ MBk ⊗ I )|ψ〉√
pk

= α0|000〉 + (−1)k−1β1|100〉

+ x3|101〉 + β3|110〉, (65)
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where the probabilities are found to be p1 = (β1 + α1)/2β1

and p2 = (β1 − α1)/2β1, respectively, and x2
2 + α2

1 = β2
1 +

β2
3 . The states |φ1〉 and |φ2〉 given in Eq. (65) are LUE. The

unitary transformation −σz carried out by party A and the
unitary transformation σz carried out by party B will transform
the state |φ2〉 into the state |φ1〉, i.e., (−σz ⊗ σz ⊗ I )|φ2〉 =
|φ1〉. As a result, we have

|ψ〉 = α0|000〉 + α1|100〉 + x3|101〉 + x2|110〉

↓
{(

MBk , pk = 1

2
+ (−1)k−1α1

2β1

)}
k=1,2

,

|φ〉 = α0|000〉 + β1|100〉 + x3|101〉 + β3|110〉, (66)

where x2 � β3 and α1 � β1. The first two qubits together can
transform the state |χ〉 given in Eq. (60) to the state |φ〉 given
in Eq. (66) with unit probability [by combining the Eqs. (63)
and (66)]. Finally, a two-outcome measurement performed by
party C on the third qubit of the state |φ〉 given in Eq. (66)
with the canonical measurement operators

MCk = √
pk|0〉〈0| + (−1)k−1√p3−k

√
1 − γ 2

2

x2
3

|0〉〈1|

+ √
pk

γ2

x3
|1〉〈1|, (67)

where γ2 � 0 and
∑2

k=1 M†
Ck

MCk = I , gives one of the states

|ϕk〉 = (I ⊗ I ⊗ MCk )|φ〉√
pk

= α0|000〉 + (−1)k−1γ1|100〉

+ γ2|101〉 + β3|110〉, (68)

with probabilities p1 = (γ1 + β1)/2γ1 and p2 = (γ1 − β1)/
2γ1, respectively. Here we have that x2

3 + β2
1 = γ 2

1 + γ 2
2 . The

states |ϕ1〉 and |ϕ2〉 given in Eq. (68) are LUE. The unitary
transformation −σz carried out by the first qubit and the
unitary transformation σz carried out by the second qubit will
transform the state |ϕ2〉 into the state |ϕ1〉, i.e., (−σz ⊗ σz ⊗ I )
|ϕ2〉 = |ϕ1〉. We finally have

|φ〉 = α0|000〉 + β1|100〉 + x3|101〉 + β3|110〉

↓
{(

MCk , pk = 1

2
+ (−1)k−1β1

2γ1

)}
k=1,2

,

|ϕ〉 = α0|000〉 + γ1|100〉 + γ2|101〉 + β3|110〉, (69)

where x3 � γ2 and β1 � γ1. In conclusion, we obtained the
entire transformation such that

|χ〉 {MAk }k−→ |ψ〉 {MBk }k−→ |φ〉 {MCk }k−→ |ϕ〉. (70)

Here the initial state |χ〉 given in Eq. (60) and the final state
|ϕ〉 given in Eq. (69) attest to the if and only if condition [21]
for the deterministic transformation |χ〉 → |ϕ〉: x1 � α0,
x2 � β3, x3 � γ2, and x0 � γ1.

The canonical form of the standard W state given in
Eq. (8) is, by taking x0 = 0 and x1 = x2 = x3 = 1/

√
3 in (60),

(|000〉 + |101〉 + |110〉)/
√

3. Then deterministic transforma-
tion of the standard W state into a W -type state can be written

such that

|W 〉 = 1√
3

(|000〉 + |101〉 + |110〉)

↓
{(

MAk , pk = 1

2

)}
k=1,2

,

|ψ〉 = α0|000〉 + α1|100〉 + 1√
3
|101〉 + 1√

3
|110〉

↓
{(

MBk , pk = 1

2
+ (−1)k−1α1

2β1

)}
k=1,2

,

|φ〉 = α0|000〉 + β1|100〉 + 1√
3
|101〉 + β3|110〉

↓
{(

MCk , pk = 1

2
+ (−1)k−1β1

2γ1

)}
k=1,2

,

|ϕ〉 = α0|000〉 + γ1|100〉 + γ2|101〉 + β3|110〉, (71)

where the local measurement operators are given in
Eqs. (61), (64), and (67). As one can easily notice, when
party q carries out a local operation the bipartite entanglement
between the other two parties remains unchanged while the
bipartite entanglements between party q and the other two
parties decrease.

V. CONCLUSION

In the present paper we have set out to examine the
deterministic LOCC transformations of three-qubit entangled
pure states. While an arbitrary three-qubit pure state can exist
in one of the two inequivalent SLOCC classes of tripartite
entanglement, we discussed the deterministic transformations
in two separate sections.

We first presented local quantum operations for the de-
terministic transformation of a GHZ-type state into another
GHZ-type state. By using two LUE forms of three-qubit
entangled pure states and the canonical forms of local mea-
surement operators [27], we introduced a simple and practical
protocol, offering an alternative point of view. We originally
had the standard GHZ state and applied our protocol to
obtain a GHZ-type state with only one nonzero bipartite
entanglement and only one vanishing bipartite entanglement.
The former was achieved by a single party and the latter was
achieved by the cooperation of two parties in two steps.

Next we aimed to obtain the most general GHZ-type state,
the state with all bipartite entanglements nonzero. The most
significant finding to emerge from this study is that the GHZ
state (and a GHZ-type state with at least one vanishing bipar-
tite entanglement) cannot be deterministically transformed to
a GHZ-type state with all bipartite entanglements nonzero. In
other words, for the target state, if the bipartite entanglements
satisfy the relation CABCACCBC = 0 then the deterministic
transformation is possible. This result contributes to our un-
derstanding of GHZ-type state transformations.

Finally, we presented local quantum operations for the
deterministic transformation of a W -type state into another
W -type state. Here we again used the canonical form of
local measurement operators and achieved the transformations
in three steps (i.e., with the cooperation of three parties).
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Each step of the entire transformation is also a deterministic
transformation. Furthermore, the entire transformation gives

the if and only if condition [21] for the deterministic transfor-
mations of W -type states.
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