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How to detect qubit-environment entanglement generated during qubit dephasing
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We propose a straightforward experimental protocol to test whether qubit-environment entanglement is
generated during pure dephasing of a qubit. The protocol is implemented using only measurements and
operations on the qubit—it does not involve the measurement of the system-environment state of interest, but the
preparation and measurement of the qubit in two simple variations. A difference in the time dependencies of qubit
coherence between the two cases testifies to the presence of entanglement in the state of interest. Furthermore, it
signifies that the environment-induced noise experienced by the qubit cannot be modeled as a classical stochastic
process independent of the qubit state. We demonstrate the operation of this protocol on a realistically modeled
nitrogen-vacancy center spin qubit in diamond interacting with a nuclear spin environment, and show that the
generation of entanglement should be easily observable in this case.
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I. INTRODUCTION

The interaction between a quantum system and its envi-
ronment leads to decoherence [1,2] of superpositions of a
system’s pointer states [3]. This ubiquitous feature of quantum
open system dynamics has fundamental significance for the
realistic description of all possible devices employing truly
quantum features of physical systems for various tasks, as
well as for the understanding of the quantum-classical tran-
sition [1,4,5]. The sensitivity of experimentally investigated
qubits to environmental influence has also led to the develop-
ment of a whole field of research devoted to the use of qubits
to characterize their environments [6,7].

While any environment of a qubit should be in principle
described quantum mechanically, it is now clear that environ-
ments relevant for the description of pure dephasing of qubits
(for examples showing that pure dephasing is a very common
dominant source of decoherence see, e.g., [7–15]) can often
be modeled as sources of noise, the properties of which are
independent of dynamics of these qubits, and even of their
existence; see [6,7]. We stress that this feature—the ability to
correctly describe the dynamics of the environment that leads
to dephasing of the qubit by looking only at the dynamical
properties of the environment, or in other words the absence of
visible back-action of the qubit on the environment—is taken
here as the defining one of the “classical environmental noise”
model of dephasing. Environments that have their dynamics
unaffected by presence of the qubit can be modeled classi-
cally, by specifying all the multipoint correlation functions
that characterize the stochastic process [7,16], but note that
the converse is not necessarily true: It could be possible to
describe qubit decoherence caused by an environment by a
model of external classical noise, while the actual joint qubit-
environment evolution involves nontrivial back-action of the
qubit on the environment and creation of quantum correlations
between the two—in fact, pure dephasing of a freely evolving

qubit (but, interestingly, not of a higher-dimensional sys-
tem [17]) can always be effectively described by constructing
an artificial model of external classical noise [18,19]. Our
goal here is not to show when one cannot come up with
an effectively classical model of the environmental influence
on the qubit, but to devise a simple experiment, the positive
result of which clearly proves that treating the environment as
independent of the qubit is impossible. The former is really a
statement on the dynamics of the qubit (“can these dynamics
of an open quantum system be reconstructed by introducing
classical noise acting on the qubit”), while the latter is a
statement on the physical nature of the environment coupled
to the qubit. It is thus somewhat surprising that the experiment
described here relies only on control and measurement of the
qubit. These features make it of course easy to implement.

While the necessary conditions for applicability of such
a “classical noise” approximation are not known, a large
size of the environment and its high temperature are, as
expected, positively correlated with ‘classicality” of qubit
dephasing. In the simplest—and very often realistic, as it
arises for an environment consisting of many uncorrelated
subenvironments, each weakly coupled to the qubit—case
of noise with Gaussian statistics, full characterization of the
noise is contained in its spectral density. In this case, qubits
can be straightforwardly used as noise spectrometers [6,7].
It also should be noted that spectroscopy of non-Gaussian
noise has been theoretically put forward in [16], but the
implementation of the protocol proposed there is definitely
much more involved [20] than in the case of reconstruction of
the spectrum of Gaussian noise. However, while the classical
noise model of qubit dephasing is believed to be widely
applicable, a vexing fundamental problem remains unsolved:
How can one unambiguously prove that decoherence of a
given qubit is in fact truly quantum, i.e., not amenable to
description using classical environmental noise?
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The general issue of the quantum vs classical nature of
environmentally induced qubit dephasing has another facet.
For an initially pure state of the environment that perturbs
a quantum system of interest, the dephasing of the system
is in one-to-one correspondence with generation of entangle-
ment between the system and the environment [1,4,21,22].
However, in the realistic case of a mixed initial state of the
environment, decoherence does not have to be accompanied
by generation of entanglement [22–26]. This fact is not
strongly stressed in most of the seminal papers on decoher-
ence. The reasons were twofold. First, their focus was on the
most strikingly quantum situation, in which coherence of one
system is lost due to establishment of entanglement with a
larger system that is also in a pure state—the state of the whole
remains pure, but its coherent nature becomes inaccessible
by measurements on the system only. Second, the theory of
mixed state entanglement started to be developed years after
the foundations of decoherence theory (for historical perspec-
tive on them see [4]) had been established. It is worth noting
that the definition of separable mixed states (and the definition
of entangled mixed states that follows from it) was given only
in 1989 [27]. After the theory of entanglement of mixed states
was developed to a sufficiently advanced degree [28–31], the
issue of system-environment entanglement generated during
a system’s dephasing was revisited. In Ref. [23] it was shown
that in the quantum Brownian motion model (in which the
system is a harmonic oscillator, and the environment consists
of other oscillators), for a large class of initially mixed system
states no system-environment entanglement was generated
during decoherence, and this fact was described as “surpris-
ing.” The system-environment entanglement in thermal states
in this model was further investigated in [24], where it was
shown that it disappears above a certain temperature. Qubit-
environment entanglement (QEE), which is the focus of this
paper, was considered in [26] for the case of an environment
consisting of noninteracting bosons coupled linearly to the
qubit. It was shown that for a qubit initialized in a pure state
and an environment in a thermal equilibrium state at finite
temperature, decoherence is always accompanied by nonzero
QEE—but not necessarily so for a qubit being initially in a
mixed state.

Clearly, the fact that the issue of correlation between a sys-
tem’s decoherence and the generation of system-environment
entanglement is a nontrivial one in a general setting has been
a subject of intense attention. However, a simple theoretical
criterion showing when qubit pure dephasing is accompanied
by generation of QEE (for a qubit initialized in a pure state
interacting with any finite-dimensional environment) has been
formulated only quite recently [22,32]: QEE is generated if
and only if the evolutions of the environment conditioned on
two pointer states of the qubit lead to distinct states of the
environment. Obviously such a situation is incompatible with
treating the environment as an entity that evolves indepen-
dently of the qubit.

In this paper we propose a very simple experimental
scheme, which can be used to test the generation of QEE
during the joint evolution of the qubit and its the environment
initially in a product state, where the qubit is in a superpo-
sition of its pointer states, and the interaction leads to its
pure dephasing. The scheme relies on the fact that only for

entangling evolutions the environment behaves in a distinct
way depending on which pointer state the qubit is in. Hence,
only if an evolution is entangling can there be a difference
in the evolution of qubit coherence when the environment has
been allowed to evolve for a finite time in the presence of qubit
state |0〉 or |1〉 before a qubit superposition state was created.
The observation of distinct evolutions of qubit coherence for
the two preparation procedures is therefore a QEE witness.
Furthermore, the fact that the evolution of the environment
does depend on the state of the qubit is incompatible with
the assumption that the environment is an entity that evolves
independently of the qubit [33]. Sensing the capability of the
system to generate nonzero QEE during a qubit’s dephasing
also proves then that the environmental influence cannot be
described as external classical noise.

Critically, unlike the scheme proposed in [22], here only
measurements on the qubit, not on the environment, are
required, making the scheme completely straightforward to
implement. Although it is common knowledge that detection
of entanglement between two systems requires, in general,
measurements on both of the systems, here we need to
measure only one of the systems (the qubit), because the
problem is constrained: We are interested in entanglement
generated during pure dephasing of the qubit interacting with
an environment. We illustrate the concept with a calculation
performed for a nitrogen-vacancy (NV) center in diamond, a
spin qubit coupled to a nuclear spin environment that is widely
used for noise spectroscopy and nanoscale nuclear magnetic
resonance purposes [6,34].

The paper is organized in the following way. In Sec. II
we discuss the pure dephasing model of decoherence and its
applicability. In Sec. III we describe the protocol for the de-
tection of the system’s capacity to generate qubit-environment
entanglement which is the central result of this paper. The
discussion of the significance of this protocol for sensing the
nonclassical nature of the environmental noise is given in
Sec. IV. Then, in Sec. V we predict the performance of the
protocol applied to an the NV center spin qubit interacting
with a partially polarized nuclear environment. Section VI
concludes the paper.

II. PURE DEPHASING HAMILTONIAN

The system under study is composed of a qubit and an
environment of arbitrary size. The interaction between the
two is such that the effect of the environment on the qubit
can only lead to its pure dephasing, so processes which affect
the occupations of the qubit are not allowed. Such a class of
Hamiltonians can be simply defined, since the condition for
decoherence to be limited to pure dephasing amounts to the
fact that the free qubit Hamiltonian must commute with the
interaction terms.

We choose states |0〉 and |1〉 to be qubit pointer states,
which allows us to write an explicit general form of the
pure-dephasing Hamiltonian,

Ĥ =
∑
i=0,1

εi|i〉〈i| + ĤE +
∑
i=0,1

|i〉〈i| ⊗ V̂i. (1)

Here the first term describes the free evolution of the qubit
and εi are the energies of the qubit states, the second term
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describes the environment, while the last term describes the
qubit-environment (QE) interaction. The environmental op-
erators V̂0 and V̂1 are arbitrary, the same as the environment
Hamiltonian ĤE.

QE evolution can be formally solved for Hamiltonians of
this class and the QE evolution operator Û (t ) = exp(−iĤt )
can be written as

Û (t ) = |0〉〈0| ⊗ ŵ0(t ) + |1〉〈1| ⊗ ŵ1(t ), (2)

where the operators which describe the evolution of the en-
vironment conditional on the state of the qubit are given by

ŵi(t ) = exp(−iĤit ), (3)

with i = 0, 1. The operators Ĥi = ĤE + V̂i contain the free
Hamiltonian of the environment and the appropriate part of
the interaction.

The above Hamiltonian is not only a paradigmatic model
of decoherence (as it describes the simplest setting in which
environment causes dephasing of superpositions of pointer
states [1,3,4], but it also describes the dominant decoherence
process for most types of currently researched qubits, e.g.,
spin qubits in quantum dots [12,15,35–37], spin qubits based
on NV centers [36,38–40] and electrons bound to donors [41],
trapped ions [10,42], and exciton-based qubits [43–46]. In all
these systems the dephasing of a superposition of |0〉 and |1〉
state occurs on time scales orders of magnitude shorter than
the time scale on which energy is exchanged between the qubit
and the environment, and consequently populations of these
states are modified.

It is also worth noting that the absence of transverse
couplings ∝σ̂xV̂x + σ̂yV̂y in the QE Hamiltonian is not nec-
essary for pure dephasing to be the process that limits the
coherence of the qubit. It is enough for the energy scale
�E ≡ ε1 − ε0 of the qubit’s Hamiltonian to be much larger
than the energy scales associated with these transverse terms,
i.e., �E � {TrE [R̂(0)V̂ 2

x/y]}1/2, where R̂(0) is the density ma-
trix of the environment. If the spectral density of the V̂x,y

fluctuations of the environment does not overlap very strongly
with frequency range around �E , the energy exchange with
the environment will be weak, and the qubit’s quantization
axis will be only slightly tilted away from the z direction
by V̂x,y terms. In this situation, one can use a Schrieffer-
Wolff canonical transformation and obtain an effective pure
dephasing Hamiltonian containing the terms ∝σ̂zV̂ 2

x,y/2�; for
examples see, e.g., [15,47–54].

III. PROTOCOL OF DETECTION OF SYSTEM’S
CAPACITY TO GENERATE QUBIT-ENVIRONMENT

ENTANGLEMENT

We begin with the main result of Ref. [22], which provides
a criterion to distinguish between entangling and nonentan-
gling QE evolutions for pure-dephasing processes. The cri-
terion works only for product initial states of the qubit and
the environment, |φ〉〈φ| ⊗ R̂(0). Additionally the initial state
of the qubit has to be pure, |φ〉 = α|0〉 + β|1〉 (for QEE to be
generated in a pure-dephasing process, obviously the qubit has
to be in a superposition of its pointer states, hence α, β �= 0).
There are no constraints on the initial state of the environment,

neither on its size nor purity, and it is described by the density
matrix R̂(0). The criterion states that QEE is present at time
τ after initialization, if and only if [ŵ†

0 (τ )ŵ1(τ ), R̂(0)] �= 0.
This condition can be rewritten [32] in the more physically
meaningful form

ŵ0(τ )R̂(0)ŵ†
0 (τ ) �= ŵ1(τ )R̂(0)ŵ†

1 (τ ). (4)

Here the conditional evolution operators of the environment
are given by Eq. (3). Note that ŵi(τ )R̂(0)ŵ†

i (τ ), i = 0, 1,
is the state of the environment at time τ conditional on the
qubit being initialized in state |i〉. Therefore, if and only if
QEE is not generated, the evolution of the environment in
the presence of either qubit pointer state will be the same;
otherwise, it has to differ.

This condition itself provides a straightforward QEE wit-
ness, since any observable on the environment can be used to
test it [22]. If the qubit would be prepared initially in state |0〉
and the time dependence of an observable on the environment
would be measured, and then the qubit would be prepared in
state |1〉 [for the same initial state of the environment R̂(0)]
which would be followed by measuring the time dependence
of the same observable, a discrepancy at time τ between the
expectation values of said observable would mean that if the
qubit were initially prepared in any superposition state, it
would be entangled with the environment at time τ . Since the
result would obviously depend on the choice of observable,
the same expectation value at time τ is inconclusive (as
conclusive testing would require the full knowledge of the
conditional density matrices of the environment at time τ ).
The problem with such tests of QEE is that it requires
measurements to be performed on the environment which is
usually hard to access.

In the following, we use the fact that QEE generation
in the described evolutions always corresponds to different
evolutions of the environment conditional on the pointer state
of the qubit and propose a scheme for QEE detection, which
requires operations and measurements on the qubit alone. The
protocol is schematically depicted in Fig. 1.

The idea is to first prepare the qubit in state |0〉 and let
it and the environment evolve jointly for time τ . For pure
dephasing evolutions this does not change the qubit state,
but the environment evolves into R̂0(τ ) = ŵ0(τ )R̂(0)ŵ†

0 (τ )
from its initial state R̂(0). Now, if at time τ the qubit state is
changed to |ψ〉 = 1/

√
2(|0〉 + |1〉) by an appropriate unitary

operation (the equal superposition state is chosen to maximize
the visibility of the effect, but any superposition would work),
further evolution will lead to pure dephasing of the qubit and
the coherence will evolve according to

ρ
(0)
01 (τ, t ) = 1

2 Tr(ŵ0(t )ŵ0(τ )R̂(0)ŵ†
0 (τ )ŵ†

1 (t )), (5)

where t is the time elapsed from time τ . This coherence needs
to be measured. Next, if the same procedure is performed with
the qubit in state |1〉 between the initial moment and time τ ,
the coherence of the superposition qubit state (after time τ )
will evolve according to

ρ
(1)
01 (τ, t ) = 1

2 Tr(ŵ0(t )ŵ1(τ )R̂(0)ŵ†
1 (τ )ŵ†

1 (t )). (6)

Naturally if the separability condition of Eq. (4) is fulfilled,
the evolution given by Eq. (5) would be the same as the
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FIG. 1. Schematic representation of the protocol for the detection
of a system’s capacity to generate qubit-environment entanglement.
After a preparation time τ when the environment evolves in the pres-
ence of state |0〉 or |1〉, the qubit is (operationally instantaneously)
prepared in a superposition state (the same in both cases). Then the
evolution of the coherence is measured and results in both cases are
compared.

evolution given by Eq. (6). Otherwise, if at any time t,
ρ

(0)
01 (τ, t ) �= ρ

(1)
01 (τ, t ), then there must be QEE at time τ in

a system initially in a product of any qubit superposition
state and environmental state R̂(0). Therefore, unless the two
coherence decay signals, (5) and (6), are in perfect agreement,
pure dephasing of a superposition of qubit states lasting for
time τ must be accompanied by QEE generation.

The scheme outlined above is an entanglement witness,
since there exists one situation when QEE is generated, which
it does not detect. This is the case when [ŵ0(t1), ŵ1(t2)] = 0
for all times t1 and t2 (such commutation also implies commu-
tation when one or both operators are Hermitian conjugated),
resulting in ρ̂

(0)/(1)
01 (τ, t ) = Tr[R̂(0)ŵ†

1 (t )ŵ0(t )]. This requires
[Ĥ0, Ĥ1] = 0. Note that if we do not exactly know the form
of ĤE and V̂i, we can check if [Ĥ0, Ĥ1] = 0 by performing a
spin-echo experiment, in which a superposition state of the
qubit is initialized; it interacts with the environment for time
τ , is subjected then to a σ̂x operation, and the coherence read
out after time τ elapses again is given by

ρecho
01 (τ, τ ) = 1

2 Tr(ŵ1(τ )ŵ0(τ )R̂(0)ŵ†
1 (τ )ŵ†

0 (τ )). (7)

Perfect recovery of initial coherence for any τ is thus equiva-
lent to [Ĥ0, Ĥ1] = 0.

IV. RELATION TO THE CLASSICAL NOISE MODEL
OF THE ENVIRONMENTAL INFLUENCES

Let us now connect the above QEE detection scheme
with the question of the nature of noise that leads to qubit
dephasing. If the dynamics of the environment is completely
independent of the presence of the qubit, we can think of it as
a source of a field that evolves in time in some complicated
way, essentially stochastic. This field can couple to the two
levels of the qubit in a distinct way, so that the Hamiltonian of

the qubit exposed to it is

Ĥ (t ) =
∑
i=0,1

εi|i〉〈i| +
∑
i=0,1

|i〉〈i|ξi(t ),

= [�ε + �ξ (t )]σ̂z/2 + [ε̄ + ξ̄ (t )]1/2, (8)

where ξi are stochastic fields coupling to the qubit state
|i〉, �ε = ε0 − ε1, ε̄ = ε0 + ε1, and �ξ (t ) and ξ̄ (t ) are de-
fined in an analogous way. It is now crucial to be aware that
the dependence of ξi(t ) on the qubit state |i〉 does not mean
that the actual dynamics of E depends on this state: Both
ξi(t ) are related to an underlying dynamics of the environment
itself, and the dependence on i is due to the fact that the two
states might couple to the environmental noise in a distinct
way (see below for a simple example). The density matrix
describing the initialized |i〉 state of the qubit does not change
under the influence of the above Hamiltonian. The evolution
for time τ that precedes the creation of superposition state of
the qubit is thus absent, and ρ

(0)
01 (τ, t ) = ρ

(1)
01 (τ, t ) while being

also independent of τ . Furthermore, ε̄ and ξ̄ (t ) drop out from
the expression for qubit coherence,

ρ
(0/1)
01 (τ, t ) = e−i�εt

〈
e−i

∫ t
0 �ξ (t ′ )dt ′ 〉

, (9)

where 〈. . .〉 denotes averaging over realizations of �ξ (t ′)
noise. Therefore, the observation of ρ

(0)
01 (τ, t ) �= ρ

(1)
01 (τ, t )

means that the environment cannot be described as a source
of external classical noise acting on the qubit.

Note that the known result that any pure dephasing evo-
lution of a qubit can be reproduced by replacing the en-
vironment by an artificially constructed source of classical
noise [17–19] has no relevance to the above reasoning. We
are interested here in making a statement about the dynamics
of the real environment of the given qubit, and the above
test allows us to easily notice the situation in which the
qubit-environment interaction modifies the dynamics of the
environment.

V. RESULT FOR NV CENTER INTERACTING WITH
PARTIALLY POLARIZED NUCLEAR ENVIRONMENT

We now present an example of a system in which the
creation of QEE, and the nonclassicality of the environmental
noise, can be detected using the scheme described above.
We focus on a nitrogen-vacancy (NV) center spin qubit in
diamond, which has been a subject of intense research aimed
at using it as a nanoscale resolution sensor of magnetic
field fluctuations [6,13,34,55–57]. The low energy degrees of
freedom of the NV center constitute an effective electronic
spin S = 1, subjected to zero-field splitting �(Sz )2, with the
direction of z axis determined by the geometry of the center.
The presence of a finite magnetic field (assumed here to
be along the z axis) leads to a splitting of ms = ±1 levels,
and therefore the energy level spacing is uneven, so that any
two-dimensional subspace of the S = 1 manifold can be used
as a qubit controlled by microwave electromagnetic fields. We
focus on the most widely employed qubit based on m = 0 and
1 levels.

The relevant environment of this qubit consists of nuclear
spins of either 13C spinful isotope naturally present in a
diamond lattice, or nuclei of molecules attached to the surface
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of the diamond crystal [13,57]. Due to a large value of the
zero-field splitting (� = 2.87 GHz), and a large ratio of
electronic and nuclear gyromagnetic factors, for almost all
values of the magnetic field, the energy exchange between
the qubit and the environment is very strongly suppressed,
and we can safely use the pure dephasing approximation [38].
Crucially, the m = 0 state of the qubit is completely decoupled
from the nuclear environment (and if the nuclei can be treated
as source of classical noise, ξ0(t ) = 0 while ξ1(t ) �= 0), so that
keeping the qubit in this state between the measurement and
reinitialization does not perturb the state of the environment.
The QE Hamiltonian is thus given by

Ĥ = (� + �)|1〉〈1| + ĤE + |1〉〈1| ⊗ V̂1, (10)

where � = −γeBz with the electron gyromagnetic ratio
γe = 28.02 GHz/T, and ĤE = ∑

k γnBzÎ
z
k + Ĥnn, where k la-

bels the nuclear spins, γn = 10.71 MHz/T for 13C nuclei, Î z
k is

the operator of the z component of the nuclear spin k, and Ĥnn

contains the internuclear magnetic dipolar interactions. Fi-
nally, the interaction term describes the hyperfine NV-nucleus
interaction, and

V̂1 =
∑

k

∑
j∈(x,y,z)

Az, j
k Î j

k . (11)

This coupling contains two parts, the Fermi contact interaction
corresponding to the nonzero probability of finding an elec-
tron bound to an NV center on the location of a given nucleus,
and the dipolar coupling. Usually, the former is omitted since
the wave-function of a deep defect is strongly localized and in
fact, for an NV center it has non-negligible impact when the
distance between the vacancy and the nucleus is not greater
than 0.5 nm [58]. With both types of interaction, the coupling
constants are given by

Az, j
k = 8πγeγn

3
|ψe(rk )|2 + μ0

4π

γeγn

r3
k

(
1 − 3(rk · ĵ)(rk · ẑ)

r2
k

)
,

(12)

where μ0 is the magnetic permeability of the vacuum, rk is
a displacement vector between the kth nucleus and the qubit,
and ψe(rk ) is the wave function of an electron from the NV
center at the position of the kth nucleus.

We use Bz = 200 G, which was employed in a few re-
cent experiments on qubit-based characterization of the small
groups of nuclei [13,55,56]. We consider an environment of
about 500 spins in a ball of 9 nm radius with the NV at
its center. Using a well-established and systematic procedure
of cluster-correlation expansion (CCE) [38,59,60], we have
checked that neither increasing the size of the environment nor
including the interactions within the environment, Ĥnn, gives
any visible contribution to decoherence of a freely evolving
qubit. This is because the coherence decays practically com-
pletely before the more remote nuclei can have an appreciable
influence on the qubit and the internuclear correlations created
by interactions become significant. We can then focus on
single-spin precession as the only source of dynamics within
the environment.

We consider a dynamically polarized nuclear environment.
The justification is twofold: (1) without dynamic nuclear

polarization (DNP), the density operator of the environment
at low fields is R̂(0) ∝ 1, and according to Eq. (4) there is
no QEE for such initial states; (2) DNP of the environment
of an NV center has been recently mastered [61–69] and
its presence is expected to enhance the signal that the qubit
experiences. We assume that R̂(0) does not contain any cor-
relations between the nuclei, i.e., R̂(0) = ⊗

k ρ̂k , where ρ̂k is
the density matrix of kth nucleus, given in the case of spin-
1/2 nuclei by ρ̂k = 1

2 (1 + pkÎz
k ), where pk ∈ [−1, 1] is the

polarization of the kth nucleus. Below we show results for the
case in which all the (spinful) nuclei within a radius rp from
the qubit are fully polarized, while the remaining nuclei are
in a completely mixed state. This mimics the experimentally
relevant situation, in which the DNP is created by appropriate
prior manipulations on the qubit that lead to polarization of
nuclei that are most strongly coupled to it.

We work in the rotating frame where the phase accu-
mulated due to the controlled energy splitting of qubit lev-
els is absent. The coherence signal ρ

(0/1)
01 (τ, t ) is then ex-

pressed as
∏

k L(0/1)
k (τ, t ), where L(0/1)

k (τ, t ) are signals that
would be obtained if the environment consisted only of the
kth nuclear spin. While the difference of the two signals,

FIG. 2. Difference between real (upper panel) and imaginary
(middle panel) parts, as well as the absolute value (lower panel)
of ρ

(0)
01 (τ, t ) and ρ

(1)
01 (τ, t ) coherence signals (normalized by the

maximum qubit coherence) of an NV center qubit interacting with
partially polarized nuclear environment for a single randomly gen-
erated spatial arrangement of environmental spins, plotted for t = τ

at magnetic field Bz = 200 G. Dashed, dot-dashed, and solid lines
correspond to polarization radius rp = 0.6 (one spin polarized), 0.7
(five spins polarized), and 0.9 nm (19 spins polarized), respectively.
In the rp = 0.6 nm case there is only one polarized spin, hence the
lack of evolution in the upper panel, as follows from Eq. (13).
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FIG. 3. Real (left) and imaginary (right) parts of �ρ̃01(τ, t ) as
functions of τ and t for all nuclei polarized within radius rp = 0.9 nm
around the qubit at magnetic field Bz = 200 G (spatial arrangement
of environmental spins as in Fig. 2). Dashed black line signifies t = τ ,
which corresponds to the results shown in Fig. 2.

�ρ01 ≡ ρ
(0)
01 − ρ

(1)
01 , is not easily expressed through �Lk ≡

L(0)
k − L(1)

k , it is instructive to look at such quantities, which
describe the difference of the coherence decay signals for an

environment consisting of a single spin:

�Lk = −i
pkA2

x sin
(
ωxz

t
2

)
sin

(
ωxz

τ+t
2

)
sin

(
ωτ

2

)
ω2

xz

, (13)

in which for clarity we only kept the z and x couplings to
the qubit (Az = Az,z

k and Ax = Az,x
k ), ωxz ≡ √

A2
x + (Az + ω)2.

The above expression vanishes when either pk = 0, Ax = 0,
or τ = 0. Since �Lk is purely imaginary, we should carefully
inspect both real and imaginary parts of �ρ01, not just its mag-
nitude. The results for an NV center interacting with natural
concentration environment of 13C spins in diamond, obtained
for a single randomly generated spatial arrangement of these
spins, are shown in Figs. 2 and 3. Both figures show the real
and imaginary parts of �ρ̃01(τ, t ) = �ρ01(τ, t )/ρ01(τ, 0) (the
difference is normalized by the initial qubit coherence), while
Fig. 2 additionally contains plots of the difference between
the absolute values of ρ

(0)
01 (τ, t ) and ρ

(1)
01 (τ, t ) (identically

normalized). When for a given delay time τ any of these
values is nonzero, this signifies that QEE would be present
at time τ during the joint evolution of an initial product state

FIG. 4. Imaginary part of �ρ̃01(τ, τ ) of an NV center qubit for eight different random realizations of the nuclear environment at magnetic
field Bz = 200 G. Dashed, dot-dashed, and solid lines correspond to polarization radius rpol = 0.5, 0.7, and 0.9 nm, respectively. The bar graphs
show the number of 13C nuclei corresponding to a given rpol in the figure directly above.
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of any superposition of the qubit and state R̂(0) of the environ-
ment. In Fig. 2 the results shown are for equal evolution and
delay times, t = τ , showing that QEE is present for an initial
superposition qubit state throughout the evolution.

Figure 4 contains the plots of the imaginary part of
�ρ̃01(τ, τ ) for eight different random realizations of the nu-
clear environment supplemented by bar graphs illustrating the
number of spinful nuclei for a given polarization radius. For
half of the presented realizations of the environment, there
are no 13C nuclei in the region (a ball of radius 0.5 nm
around the vacancy), where the Fermi contact part has to be
taken into account. In fact, there is roughly a 45% probability
to find a realization containing a 13C nucleus whose Fermi
contact coupling should be included. For such realizations,
the Fermi contact coupling affects the coupling parallel to
the quantization axes, which, according to Eq. (13), modifies
denominator of the expression, but also produces much faster
oscillations in difference of real as well as imaginary parts of
coherence.

Results shown in Fig. 4 provide additional evidence for the
high magnitude of the QEE signal. The difference in both real
and imaginary parts [corresponding to measurement of σ̂x and
σ̂y of the qubit initialized in (|0〉 + |1〉)/

√
2 state] can reach

40% with respect to the initial coherence. Hence, the detection
of QEE with the current level of control and readout quality
in NV center qubits should be possible.

VI. DISCUSSION AND CONCLUSION

In conclusion, we have described a simple experimental
protocol that allows one to check if QEE generation accom-
panies pure dephasing of a qubit. Importantly, this proto-
col requires operations to be performed only on the qubit.

Although we focus on the fact that the proposed method
allows for straightforward experimental verification, it is rele-
vant to note that it is also a good theoretical tool. The advan-
tage over the method of Ref. [22] stems from the fact that only
the evolution of qubit coherence (for two different initial states
of the environment) needs to be calculated and neither the
whole QE state (as in general methods) nor operators acting
on the environment have to be found. A positive result of such
a test not only certifies that QEE is created, but also that the
influence of the environment cannot be described as classical
(i.e., independent of the existence of the qubit) noise of either
Gaussian or non-Gaussian statistics (note that some tests [70]
aimed at detecting the nonclassical nature of environmental
noise were in fact detecting the non-Gaussian statistics of it).

We have presented theoretical results of the working of
this protocol for an NV center coupled to a partially polarized
environment consisting of nuclear spins. We have predicted a
signal of magnitude comparable to the observed coherence,
clearly showing that the protocol is robust to single-qubit
control errors that in principle could depend on the state of
the environment. While quantifying the relation between the
degree in which the zero-entanglement condition is broken
and the magnitude of the signal observed in our protocol is be-
yond the scope of this paper, the fact that the signal is clearly
visible means that the classical picture of environmental noise,
while being widely adopted for analysis of data obtained with
NV centers coupled to nanoscale nuclear environments, is
definitely not exact in the case of the NV center interacting
with polarized nuclei.
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