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We propose a scheme to realize an optical Thirring model and create temporal optical Thirring solitons
in a tripod-type atomic gas via double electromagnetically induced transparency (EIT). We show that giant
enhancement of the cross-phase modulation for the two polarization components of the probe pulse can be
obtained under the condition of the double EIT, and hence the optical Thirring model can be realized. We
also show that the system supports stable temporal optical Thirring solitons, which have ultralow generation
power and ultraslow propagation velocity. In particular, these temporal optical Thirring solitons may experience a
significant Stern-Gerlach deflection when a gradient magnetic field is applied to the system. The results reported
here are useful not only for extending the research realm of nonlinear magneto-optics but also for the application
in precision measurements, such as the detection of microgradient magnetic fields.
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I. INTRODUCTION

The Thirring model was first proposed by W. Thirring
in 1953 [1]. The specific character of this model is that
the interaction between particles is described by cross-phase
modulation (CPM). The Thirring model is a standard non-
linear model in quantum field theory. In addition to earlier
studies (see the review [2] and references therein), there have
been many research activities on its quantum integrability
and related quantum solitons [3–6]. Subsequent studies have
shown that the Thirring model can be used to describe excep-
tional electronic properties of graphene and superconducting
materials [7–13] and nonlinear behaviors of matter waves in
Bose-Einstein condensates [14–16].

In recent years, much attention has been paid to the re-
search on optical Thirring solitons that occur in many nonlin-
ear optical materials, such as photorefractive crystals [17,18],
quadratic optical media [19–21], birefringent fibers [22–25],
laser-driven atomic gases [26–28], and quantum wells [29]
via electromagnetically induced transparency (EIT). Although
these interesting research advances are very useful for the
understanding of optical Thirring solitons in various nonlinear
optical systems, it is desirable to find optical Thirring solitons
that can be actively manipulated and are promising for practi-
cal applications.

In this work, we suggest a physical scheme to realize a
temporal optical Thirring model and generate temporal optical
Thirring solitons. The system we consider is a tripod-type
four-level atomic gas working under condition of double EIT.
We demonstrate that under the condition of the double EIT
the optical Kerr nonlinearity of the system can be enhanced
greatly and the CPM in the two polarization components of
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the probe laser pulse can be made to be much larger than the
self-phase modulation (SPM), and hence the optical Thirring
model can be realized. Moreover, we prove that the sys-
tem supports stable temporal optical Thirring solitons, which
have ultralow generation power (∼10−9 W) and ultraslow,
well-matched propagation velocities (∼10−4 c, where c is the
light speed in vacuum) for the two polarization components;
in particular, these temporal optical Thirring solitons may
experience a Stern-Gerlach (SG) deflection and acquire a
significant deflection angle when a gradient magnetic field is
applied to the system.

Before proceeding, we point out that the optical Thirring
solitons obtained here are different from those reported be-
fore. First, the optical Thirring solitons proposed in Refs.
[17–25] were based on various passive optical media, and
most of them are spatial optical solitons (i.e., stationary non-
linear optical beams in space). Such optical Thirring solitons
generally have large generation power and are not easy to
manipulate actively. Second, although the optical Thirring
solitons studied in Refs. [26–29] are ones with low generation
power based on EIT schemes, all of them are spatial opti-
cal Thirring solitons and also have lower controllability. In
contrast, the optical Thirring solitons presented in our work
are temporal ones (i.e., nonlinear optical pulses propagat-
ing in space and time), and their time-dependent movement
trajectories can be actively manipulated and controlled by
virtue of SG gradient magnetic fields. The research results
obtained here are not only useful for developing nonlinear
magneto-optics but also promising for practical applications
in precision measurements (e.g., the detection of micro gradi-
ent magnetic fields) and in optical information processing and
transmission.

The rest of the article is arranged as follows. In Sec. II,
we present the theoretical model under study. In Sec. III,
we derive coupled nonlinear envelope equations of the two
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FIG. 1. (a) Double-EIT excitation scheme of the four-level
atomic system. A weak, pulsed probe laser field Ep couples the
levels |1〉 and |4〉 (|2〉 and |4〉) by its σ+ polarization component (σ−

polarization component); a strong, continuous-wave control laser
field Ec couples the levels |3〉 and |4〉. Atoms are assumed to be
initially prepared in ground states |1〉 and |2〉. �2, �3, and �4 are
detunings. �14, �24, and �34 are the spontaneous emission decay rates
from |4〉 to |1〉, |4〉 to |2〉, and |4〉 to |3〉, respectively. (b) Possible
experimental arrangement of beam geometry. The probe and control
fields (with angular frequency ωp and ωc, respectively) propagate
along the z direction. A Stern-Gerlach magnetic field B is applied
along the z direction with its gradient along the x direction.

polarization components of the probe pulse, describe the
realization of the optical Thirring model, and give solutions
of temporal optical Thirring solitons. In Sec. IV, we study
the Stern-Gerlach deflection of the optical Thirring solitons.
Finally, in Sec. V a summary on the main results obtained in
this work is given.

II. MODEL

We consider a lifetime-broadened atomic gas with a tripod-
type four-level configuration, interacting resonantly with two
laser fields [see Fig. 1(a)]. A linearly polarized, pulsed probe
laser field Ep with the center frequency ωp/(2π ) couples the
transitions |1〉 ↔ |4〉 (|2〉 ↔ |4〉) by its σ+ polarization com-
ponent (σ− polarization component); a π -polarized, strong
continuous-wave control laser field Ec with the center fre-
quency ωc/(2π ) couples the transition |3〉 ↔ |4〉. Atoms are
assumed to be cooled to an ultralow temperature so that their
center-of-mass motion is negligible, and they are prepared
initially in the ground states |1〉 and |2〉. This tripod-type
system can be taken to be two �-type systems, i.e., |1〉 ↔
|3〉 ↔ |4〉 and |2〉 ↔ |3〉 ↔ |4〉, sharing the levels |3〉 and |4〉,
which results in double EIT [30].

A possible arrangement for measuring the tempo-
ral optical Thirring solitons and their SG deflection is
shown in Fig. 1(b). For simplicity, the probe and con-
trol fields are assumed to propagate along the z di-
rection, and thus the electric-field vector can be writ-
ten as E = Ep + Ec = ê+Ep+ei(kpz−ωpt ) + ê−Ep−ei(kpz−ωpt ) +
êcEcei(kcz−ωct ) + c.c. Here ê+ = (êx + iêy)/

√
2 [ê− = (êx −

iêy)/
√

2] is the unit vector of the σ+- (σ−-) polarization
component of the probe field with the envelope Ep+ (Ep−),
êx (êy) is the unit vector along the coordinate axis x (y), êc

is the unit vector of the control field with the envelope Ec,
and kp = ωp/c (kc = ωc/c) is the wave number of the probe
(control) field before entering the atomic gas. Additionally, an

SG gradient magnetic field with the form

B(x) = êzBx (1)

is applied to the system which is used to realize a trajectory
manipulation of the probe pulse, as will be shown in Sec. IV.
Here êz is the unit vector in the z direction and B characterizes
the transverse gradient of the applied magnetic field. Due to
the presence of the SG gradient magnetic field, the Zeeman
level shift �Ej, Zeeman = μBgj

F m j
F Bx for the level | j〉 occurs.

Here μB, gj
F , and m j

F are Bohr magneton, gyromagnetic
factor, and magnetic quantum number of the atomic state | j〉,
respectively.

Under the electric-dipole and rotating-wave approxima-
tions, the Hamiltonian of the system in the interaction picture
reads

Ĥ = −
4∑

j=1

h̄�′
j | j〉〈 j| − h̄ [�c|4〉〈3| + �p1|4〉〈1|

+�p2|4〉〈2| + H.c.], (2)

with �′
j = � j − μ j1Bx, μ jl = μB(gj

F m j
F − gl

F ml
F )/h̄, �c =

(p34 · êc)Ec/h̄, �p1 = (p14 · ê+)Ep/h̄, and �p2 = (p24 ·
ê−)Ep/h̄, with p jl being the electric dipole matrix element
associated with the transition from | j〉 to |l〉. Here �p1

and �p2 are half Rabi frequencies of the two circularly
polarized components of the probe field, while �c is the
half Rabi frequency of the π -polarized control field; �1 = 0,
�2 = −ω21, �3 = ωp − ωc − ω31, and �4 = ωp − ω41 are
the detunings, where ω jl = (Ej − El )/h̄ with Ej being the
eigenenergy of the state | j〉.

The equation of motion for density matrix σ in the interac-
tion picture is [31]

∂σ

∂t
= − i

h̄
[Ĥ, σ ] − �[σ ], (3)

where σ is a 4 × 4 density matrix in the interaction picture
and � is a 4 × 4 relaxation matrix denoting the spontaneous
emission and dephasing of the system. The explicit expression
for density matrix elements σ jl is presented in Appendix A.

The equation of motion for the probe-field Rabi
frequencies �p j can be captured by the Maxwell equation
∇2E − (1/c2)∂2E/∂t2 = [1/(ε0c2)]∂2P/∂t2. The electric
polarization intensity of the system is given by P(r, t ) =
Na{p14σ41 exp [i(kpz − ωpt )] + p24σ42 exp [i(kpz − ωpt )] +
p34σ43 exp [i(kcz − ωct )] + c.c.}, with Na being atomic
density. Under slowly varying envelope approximation the
Maxwell equation is reduced to

i

(
∂

∂z
+ 1

c

∂

∂t

)
�p j + c

2ωp

∂2

∂x2
�p j + κ j4σ4 j = 0,

( j = 1, 2), (4)

where κ14 = Naωp|p14 · ê+|2/(2h̄ε0c) and κ24 = Naωp|p24 ·
ê−|2/(2h̄ε0c). Note that we have assumed that the transverse
radius of the probe field in the y direction is large enough so
that the diffraction in the y direction is negligible.

The model described above can be easily realized
by selecting realistic physical systems. One of them is
the 87Rb atoms tuned to the D1-line transition with the
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energy levels selected as |1〉 = |52S1/2, F = 1, mF = −1〉
(gF = −1/2), |2〉 = |52S1/2, F = 2, mF = 1〉 (gF =
1/2), |3〉 = |52S1/2, F = 2, mF = 0〉 (gF = 1/2), and
|4〉 = |52P1/2, F = 2, mF = 0〉 (gF = 1/6) [32]. The
decay rates are given by �2 	 �3 	 2π × 1 kHz and
�4 	 2π × 5.75 MHz. The electric dipole matrix elements
are also given by |p14| 	 |p24| = 2.54 × 10−27 C cm. We
assume that atomic density Na ≈ 3.69 × 1010 cm−3, then
κ14 ≈ κ24 ≈ 1.0 × 109 cm−1 s−1.

III. COUPLED NONLINEAR ENVELOPE EQUATIONS AND
TEMPORAL OPTICAL THIRRING SOLITONS

A. Coupled nonlinear envelope equations

In order to investigate the nonlinear evolution of the
probe pulse and the possible formation of the temporal
optical Thirring solitons in the system, we first employ
the method of multiple scales [33] to derive coupled non-
linear envelope equations of the two polarization com-
ponents of the probe field based on the Maxwell-Bloch
(MB) Eqs. (3) and (4). To this end, we take the asymp-
totic expansion σ jl = 
∞

α=0ε
ασ

(α)
jl ( j, l = 1, 2, 3, 4), �pm =


∞
α=1ε

α�(α)
pm (m = 1, 2); we assume B(x1) = ε2Bx1, and thus

d jl = d (0)
jl + ε2d (2)

jl , with d (0)
jl = � j − �l + iγ jl and d (2)

jl =
−μ jl Bx1. Here σ

(0)
j j is the initial population distribution pre-

pared in the state | j〉 ( j = 1, 2), which is assumed as 1/2 for
simplicity; ε is a dimensionless small parameter characteriz-
ing the typical amplitude of the probe field. All the quantities
on the right-hand sides of the expansion are considered as
functions of the multiscale variables x1 = εx, zα = εαz, and
tα = εαt (α = 0, 2).

Substituting the above expansion into MB Eqs. (3) and (4),
and comparing the coefficients of εα (α = 1, 2, 3, . . . ), we
obtain a set of linear but inhomogeneous equations for σ

(α)
jl

and �
(α)
p j , which can be solved order by order. When carrying

out the calculation of the expansion up to the third order, we
obtain the following nonlinear equations for the envelopes Fj

of the two polarization components of the probe pulse:

i

(
∂

∂z2
+ 1

Vgj

∂

∂t2

)
Fj + c

2ωp

∂2

∂x2
1

Fj +
2∑

l=1

Wjl |Fl |Fje
−2ᾱl z2

+ MjBx1Fj = 0, (5)

( j = 1, 2), where ᾱl = ε−2αl = ε−2Im[Kl (ω = 0)], Vgj =
[∂Kj (ω)/∂ω]−1 is the group velocity of the jth polariza-
tion component, Wj j is SPM coefficient, Wjl ( j �= l ) is CPM
coefficient, and MjBx1 is external potential contributed by
SG gradient magnetic field. The first-order and second-order
solutions of the expansion and the explicit expressions of Wjl

and Mj are presented in Appendix B.
For the convenience of later calculations, we convert

Eq. (5) into the dimensionless form

i

(
∂

∂s
+ 1

λ j

∂

∂τ

)
u j + 1

2

∂2

∂ξ 2
u j +

2∑
l=1

g jl |ul |2u j

+M jξu j = −igA ju j, (6)

where u j = εFj/U0e−ᾱ j z2 , s = z/LDiff , τ = t/τ0, λ j =
Vgjτ0/LDiff, ξ = x/R, gA j = α jLDiff , M j = MjBRLDiff

( j = 1, 2), and g jl = Wjl/|W12| ( j, l = 1, 2). Here LDiff =
ωpR2/c, τ0, R, and U0 are typical diffraction length, pulse
duration, radius in the transverse direction, and Rabi
frequency of the probe pulse, respectively. Following
Refs. [34,35], we consider the wave-packet solution of
the form

u j (τ, s, ξ ) = Gj (τ, s)v j (τ, ξ ), (7a)

Gj (τ, s) ≡ 4
√

2e−(s−λ jτ )2/ρ2
0 = 4

√
2e−(z−Vgjt )2/(ρ2

0 L2
Diff ), (7b)

where ρ0 is a free real parameter. After integrating over the
variable s, Eq. (6) becomes(

i

λ j

∂

∂τ
+ 1

2

∂2

∂ξ 2

)
v j +

2∑
l=1

g jl |vl |2v j + M jξv j

= −igA jv j . (8)

B. Realization of the temporal optical Thirring model

Generally, the coefficients in Eq. (8) are complex, and
hence the system does not allow stable localized nonlinear
solutions. Fortunately, if the system works under the condition
of double EIT, then the imaginary parts of these coefficients
can be made much smaller than their real parts and thus
two-component optical soliton solutions are possible.

The third-order self-Kerr nonlinear optical susceptibilities
χ

(3)
11 and χ

(3)
22 are respectively proportional to the SPM

coefficients W11 and W22 in Eq. (5), while third-order
cross-Kerr nonlinear optical susceptibilities χ

(3)
12 and χ

(3)
21 are

respectively proportional to the CPM coefficients W12 and
W21. Using the parameters indicated at the end of Sec. II
and choosing other realistic parameters �c = 7.5 × 107 Hz,
τ0 = 6.3 × 10−8s, U0 = 5.97 × 106 Hz, R = 30 μm, �2 = 0,
�3 = −1.5 × 107 Hz, and �4 = 8 × 106 Hz, we obtain M1 =
M2 ≡ M = (1.50 − 0.016i) × 10−5 mG−1cm−1, W11 ≈
W22 = (3.68 + 0.28i) × 10−15 cm−1 s2, W12 ≈ W21 =
(3.97 + 0.01i) × 10−14 cm−1 s2. Based on the relations
χ

(3)
11 = 2c

ωp

|p14|2
h̄2 W11, χ

(3)
22 = 2c

ωp

|p24|2
h̄2 W22, χ

(3)
12 = 2c

ωp

|p24|2
h̄2 W12,

and χ
(3)
21 = 2c

ωp

|p14|2
h̄2 W21, we obtain

χ
(3)
11 ≈ χ

(3)
22 = (5.44 + 0.42i) × 10−5cm2V−2, (9a)

χ
(3)
12 ≈ χ

(3)
21 = (5.87 + 0.013i) × 10−4cm2V−2. (9b)

We see that there are three obvious features for the self-Kerr
and cross-Kerr nonlinear optical susceptibilities. First, the
real parts of these nonlinear optical susceptibilities have the
order of magnitude 10−4 cm2 V−2, which is 1011 times larger
than the third-order nonlinear optical susceptibilities found in
conventional nonlinear optical media [31]. Second, the imagi-
nary parts of these nonlinear optical susceptibilities are much
smaller than their corresponding real parts, which is due to the
quantum destructive interference induced by the double EIT
effect. Third, the real parts of the cross-Kerr susceptibilities
are 10 times larger than that of the self-Kerr susceptibilities.
Thus with a short propagation distance the SPM terms in
Eq. (8) may be neglected and hence only the CPM terms
play significant roles, which means that an optical Thirring
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model with external magnetic potential (contributed by the
SG gradient magnetic field) and damping can be realized in
the system, i.e., we have(

i

λ1

∂

∂τ
+ 1

2

∂2

∂ξ 2

)
v1 + g12|v2|2v1 + M1ξv1

= −igA1v1, (10a)(
i

λ2

∂

∂τ
+ 1

2

∂2

∂ξ 2

)
v2 + g21|v1|2v2 + M2ξv2

= −igA2v2. (10b)

Based on the system parameters given above, we obtain
the typical diffraction length LDiff = 0.7 cm, which is (for
getting soliton solutions) assumed to be approximately equal
to typical nonlinearity length LNonl (≡1/U 2

0 |W12|). The typ-
ical linear absorption length LA j = 1/Im[Kj] is 144.9 cm,
which is (due to the double EIT effect) much larger than the
typical diffraction and nonlinearity lengths LDiff and LNonl.
As a result, we have λ1 = λ2 ≈ 1 + 0.01i, g12 = g21 = 1 +
0.002i, g11 = g22 = 0.09 + 0.007i, and gA1 = gA2 = 0.005;
Eq. (10) in the absence of the external magnetic potential is
reduced into

i
∂v1

∂τ
+ 1

2

∂2v1

∂ξ 2
+ |v2|2v1 = 0, (11a)

i
∂v2

∂τ
+ 1

2

∂2v2

∂ξ 2
+ |v1|2v2 = 0, (11b)

which is different from the optical Thirring model obtained
before [26–29] since it involves time derivatives and hence it
is a temporal optical Thirring model.

C. Temporal optical Thirring solitons

We now consider the formation and propagation of tem-
poral optical Thirring soliton in the absence of the SG gradi-
ent magnetic field. Plotted in Fig. 2 is the numerical result
of Eq. (10) for M1 = M2 = 0 by taking |v1|2 (for σ+-
polarization component) and |v2|2 (for σ−-polarization com-
ponent) as functions of τ/τ0 and x/R. Figure 2(a) [Fig. 2(b)]
shows |v1|2 (|v2|2) when the CPM effect plays no significant
role for mismatched group velocities. One sees that both |v1|2
and |v2|2 are broadened rapidly during propagation, which
means in this case no soliton can be obtained. However, when
the CPM effect plays a significant role and the two compo-
nents have matched group velocities, |v1|2 and |v2|2 have no
broadening during propagation [see Figs. 2(c) and 2(d)], i.e.,
in this situation a temporal optical Thirring soliton is formed
in the system. In fact, Eq. (11), which is an approximate
form of Eq. (10), admits the exact temporal Thirring soliton
solution,

v1 = v2 = ς0 sech[ς0(ξ − η0τ − ξ0)]ei[η0ξ−(η2
0−ς2

0 )τ/2−ϕ0],

(12)
where ς0, η0, ξ0, and ϕ0 are free real parameters. It is possible
to get other types of temporal Thirring soliton solutions under
different physical conditions.

An additional numerical simulation on the stability of the
temporal optical Thirring soliton is carried out by taking the
initial soliton pair as v1 = v2 = sech(ξ ), which is obtained

FIG. 2. Formation and propagation of temporal optical Thirring
soliton by taking |v1|2 (for σ+-polarization component) and |v2|2
(for σ−-polarization component) as functions of t/τ0 and x/R. Panel
(a) [(b)] is the intensity distribution |v1|2 (|v2|2) when the CPM
effect plays no significant role for mismatched group velocities.
Two intensity distributions (|v1|2 and |v2|2) are broadened rapidly
during propagation and thus no soliton can form. Panel (c) [(d)] gives
the intensity distribution |v1|2 (|v2|2) when the CPM effect plays a
significant role for matched group velocities. In this case, |v1|2 and
|v2|2 propagate stably and hence a temporal optical Thirring soliton
is realized. Panel (e) [(f)] is the result on the stability analysis of
the temporal optical Thirring soliton, where E1 (E2) and |ς1| (|ς2|)
are energy and amplitude of the corresponding soliton component
v1 (v2).

from (12) by taking ς0 = 1, ξ0 = η0 = ϕ0 = 0. To investigate
the stability of the temporal Thirring soliton, perturbations
are added to v1 and v2 so one has v1 = sech(ξ )(1 + ε�1)
and v2 = sech(ξ )(1 + ε�2). Here ε is the amplitude of the
perturbations and �1 and �2 are random variables uniformly
distributed in the interval [0, 1]. Shown in Fig. 2(e) [Fig. 2(f)]
is the energy E1 = ∫ |v1|2dξ (E2 = ∫ |v2|2dξ ) and the ampli-
tude |ς1| (|ς2|) of the soliton component v1 (v2) as functions
of τ/τ0 by taking ε = 0.1. We see that the energy (i.e.,
dashed red line) and the amplitude (i.e., solid blue line) of
the soliton remain almost unchanged, which means that the
optical Thirring soliton is stable during propagation.

Based on the system parameters given above, we can obtain
the group velocities of the two polarization components of the
probe pulse, which read

Vg2 ≈ Vg1 ≡ Vg = 3.76 × 10−4 c, (13)

much smaller than the light speed c in vacuum, contributed
by the EIT effect in the system. The input power density P
for creating the temporal optical Thirring soliton predicted
above can be estimated by using the Poynting’s vector of the
electromagnetic field [33]. The expression of the generation
power of the soliton is given by P = 2ε0cnpS(h̄/|p14|)2U 2

0 ,
where np is the refractive index and S = πR2 is the cross-
section area of the probe laser field. With the parameters used
above, the input power of the temporal optical Thirring soliton
reads

P ≈ 9.24 × 10−9 W. (14)

We see that, to generate the temporal optical Thirring soliton,
a very low input light power is needed, which is due to the
resonance character and the double EIT effect in the system,
similarly to that found in Ref. [28].
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IV. STERN-GERLACH DEFLECTION OF TEMPORAL
OPTICAL THIRRING SOLITONS

We now turn to investigate the effect of the SG magnetic
field, i.e., the external potential terms M1ξv1 and M1ξv2 play
roles. In this case, with system parameters estimated above
Eq. (10) reduces to

i
∂v1

∂τ
+ 1

2

∂2v1

∂ξ 2
+ |v2|2v1 + M1ξv1 = 0, (15a)

i
∂v2

∂τ
+ 1

2

∂2v2

∂ξ 2
+ |v1|2v2 + M2ξv2 = 0. (15b)

Due to the selected atomic energy levels mentioned
above, we have M1 = M2 = M. Introducing the
transformation [36]

τ ′ = τ, (16a)

ξ ′ = ξ − Mτ 2

2
, (16b)

φ j (τ
′, ξ ′) = v j (τ, ξ )e−iMτ (ξ−Mτ 2/6), (16c)

Eq. (15) is converted to the “free” temporal Thirring model,

i
∂φ1

∂τ ′ + 1

2

∂2φ1

∂ξ ′2 + |φ2|2φ1 = 0, (17a)

i
∂φ2

∂τ ′ + 1

2

∂2φ2

∂ξ ′2 + |φ1|2φ2 = 0, (17b)

which supports temporal optical Thirring solitons, as shown
in Sec. III C. In particular, such solitons display trajectory
deflection during propagation due to the presence of the SG
gradient magnetic field.

Shown in Fig. 3 is the result of the numerical simulation for
the propagation of a temporal optical Thirring soliton based on
Eqs. (15) and (17), by taking the intensity |�p1/U0|2 (for σ+
polarization component) and |�p2/U0|2 (for σ− polarization
component) as functions of x/R and z/LDiff for different
magnetic field gradient B. Shown in Fig. 3(a) [Fig. 3(b)]
is the movement trajectory of the σ+ polarization compo-
nent |�p1/U0|2 (σ− polarization component |�p2/U0|2) of
the Thirring soliton for the SG magnetic field gradient B =
32 mG/mm (i.e., M = 0.01) when it propagates to z/LDiff =
5, 10, 15, 20, respectively. Figures 3(c) and 3(d) give a similar
as that in Figs. 3(a) and 3(b) but for B = 64 mG/mm (i.e.,
M = 0.02). We see that the Thirring soliton experiences a
deflection under the action of the SG gradient magnetic field,
and the deflection angle becomes larger when the magnetic
field gradient B increases (or the value of M is increased).

The analytical expression of the trajectory of the temporal
optical Thirring soliton can be obtained by using the relations

(7) and (16), which reads (x, y, z) = (
MRV 2

g

2L2
Diff

t2, 0, Vgt ). Thus
the trajectory of the center position of the temporal optical
Thirring soliton is given by

x = MR

2L2
Diff

z2, (18)

which means that the soliton trajectory is a parabolic curve in
the x-z plane. Shown in Fig. 4(a) is the deflection distance

FIG. 3. Stern-Gerlach deflection of the temporal optical Thirring
soliton by taking the intensity |�p1/U0|2 (for σ+ polarization compo-
nent) and |�p2/U0|2 (for σ− polarization component) as functions of
x/R and z/LDiff for different magnetic field gradient B. Panel (a) [(b)]
is the parabolic movement trajectory of the σ+ polarization compo-
nent |�p1/U0|2 (σ− polarization component |�p2/U0|2) of the soliton
for B = 32 mG/mm when it propagates to z/LDiff = 5, 10, 15, 20,
respectively. Panel (c) [(d)] is the same as panel (a) [(b)] but for
B = 64 mG/mm. The trajectories of the center position of the optical
Thirring soliton in all the four panels obey the parabolic formula
x/R = Mz2/(2L2

Diff ).

x/R as a function of z/LDiff for the magnetic field gradient
B = 32 mG/mm (red dashed line) and B = 64 mG/mm (blue
solid line), respectively. We see that the larger the magnetic
field gradient B, the larger the deflection distance bending to
the x direction.

It is easy to get the propagating velocity of the Thirring
soliton

V =
(
MV 2

g R

L2
Diff

t, 0, Vg

)
. (19)

Assume the soliton passes through the atomic medium with
length L along the z direction. Thus the traveling time of the
soliton in the z direction is t = L/Vg. Therefore, the velocity

FIG. 4. Stern-Gerlach deflection distance and deflection angle
θ of the temporal optical Thirring soliton. (a) Deflection distance
x/R as a function of z/LDiff for the magnetic field gradient B =
32 mG/mm (red dashed line) and B = 64 mG/mm (blue solid
line), respectively. (b) Deflection angle θ as a function of the mag-
netic field gradient B when the soliton propagates to z = 4LDiff ≈
2.8 cm. Inset: Magnetic field gradient B as a function of the
deflection angle θ .
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of the soliton at z = L is given by V = (Vx, 0, Vg) with Vx =
MRVgL/L2

Diff . As a result, the soliton acquires the following
deflection angle:

θ = Vx

Vg
= MR2 L

LDiff
B, (20)

when it propagates in the medium from z = 0 to z = L, where
M has been defined in the Appendix A and its value has been
given in Sec. III B.

Figure 4(b) shows the deflection angle of the Thirring
soliton as a function of the SG gradient magnetic field B
for propagation length L = 4LDiff ≈ 2.8 cm. We see that the
larger magnetic field gradient B, the larger the deflection
angle θ of the soliton. The deflection angle θ can reach to
10−4 radian when the magnetic field gradient B = 32 mG/mm
(B = 64 mG/mm) for L = 4LDiff , which is one order of
magnitude larger than that of the dark-state polariton in a
linear EIT system obtained in Ref. [37].

The SG effect of the temporal optical Thirring soliton
demonstrated above may have many promising practical ap-
plications. One of them is the precision measurement of micro
magnetic fields through the detection of the deflection angle
of the soliton [see the inset of Fig. 4(b)]. In addition, based
on the deflection one can design optical beam splitters and
all-optical switching, etc. Since the system employed here can
be actively manipulated through the selection of atomic levels
and the adjustment of laser detunings, laser intensities, and
other system parameters, such measurement can be made in a
controllable way.

V. SUMMARY

In this work, we have proposed a physical scheme for the
realization of an optical Thirring model and generation of the
temporal optical Thirring solitons in a coherent tripod-type
four-level atomic system. We have shown that under the

condition of the double EIT the optical Kerr nonlinearity of
the system may be increased greatly and the CPM in the two
polarization components of the probe laser pulse can be made
to be much larger than the SPM, and thus the optical Thirring
model can be obtained. Furthermore, we have shown that
the system supports stable temporal optical Thirring solitons,
which have ultralow generation power (∼10−9 W) and
ultraslow and well-matched propagation velocities (∼10−4 c).
In particular, these temporal optical Thirring solitons
may experience a Stern-Gerlach deflection and acquire a
significant deflection angle when a gradient magnetic field
is applied to the system. The theoretical method used in
this work can be applied to investigate similar phenomena
that may occur in other physical systems (e.g., laser-driven
quantum wells). The results reported here are useful not only
for extending the research realm of nonlinear magneto-optics
but also for promising applications in the precision
measurement of micromagnetic fields and for designing new
optical devices useful in optical information processing and
transmission.
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APPENDIX A: EQUATIONS OF MOTION FOR THE
DENSITY-MATRIX ELEMENTS

The equation of motion for the density-matrix elements σ jl

reads [31]

i
∂

∂t
σ11 − i�14σ44 + �∗

p1σ41 − �p1σ
∗
41 = 0, (A1a)

i
∂

∂t
σ22 − i�24σ44 + �∗

p2σ42 − �p2σ
∗
42 = 0, (A1b)

i
∂

∂t
σ33 − i�34σ44 + �∗

cσ43 − �cσ
∗
43 = 0, (A1c)

i

(
∂

∂t
+ �4

)
σ44 + �p1σ

∗
41 + �p2σ

∗
42 + �cσ

∗
43 − �∗

p1σ41 − �∗
p2σ42 − �∗

cσ43 = 0, (A1d)

(
i
∂

∂t
+ d21

)
σ21 + �∗

p2σ41 − �p1σ
∗
42 = 0, (A1e)

(
i
∂

∂t
+ d31

)
σ31 + �∗

cσ41 − �p1σ
∗
43 = 0, (A1f)

(
i
∂

∂t
+ d32

)
σ32 + �∗

cσ42 − �p2σ
∗
43 = 0, (A1g)

(
i
∂

∂t
+ d41

)
σ41 + �p1(σ11 − σ44) + �p2σ21 + �cσ31 = 0, (A1h)
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(
i
∂

∂t
+ d42

)
σ42 + �p2(σ22 − σ44) + �p1σ

∗
21 + �cσ32 = 0, (A1i)

(
i
∂

∂t
+ d43

)
σ43 + �c(σ33 − σ44) + �p1σ

∗
31 + �p2σ

∗
32 = 0, (A1j)

where d jl = �′
j − �′

l + iγ jl with �′
j = � j − μ j1Bx,

μ jl = μB(gj
F m j

F − gl
F ml

F )/h̄. Dephasing rates are defined as
γ jl = (� j + �l )/2 + γ col

jl , with � j = ∑
Ei<Ej

�i j denoting
spontaneous emission rate from the state | j〉 to all lower
energy states |i〉 and γ col

jl denoting the dephasing rate
reflecting the loss of phase coherence between the states | j〉
and |l〉.

APPENDIX B: SOLUTIONS OF THE ASYMPTOTIC
EXPANSION AT THE FIRST AND SECOND ORDERS

The first-order (α = 1) solution of the asymptotic expan-
sion is given by

�
(1)
p j = Fje

iθ j , (B1a)

σ
(1)
3 j = −�∗

cσ
(0)
j j

D j
Fje

iθ j , (B1b)

σ
(1)
4 j =

(
ω + d (0)

3 j

)
σ

(0)
j j

D j
Fje

iθ j , (B1c)

with the envelopes Fj ( j = 1, 2) depending on the slow vari-
ables x1, t2, and z2. Here Dj = |�c|2 − (ω + d (0)

3 j )(ω + d (0)
4 j )

and θ j = Kj (ω)z0 − ωt0 [38], with

Kj (ω) = ω

c
+ κ j4

(
ω + d (0)

3 j

)
σ

(0)
j j

D j
(B2)

the linear dispersion relations of the system, which have two
branches with the imaginary of the both dispersion relations
[i.e., Im(Kj (ω)] displaying an EIT transparency window, a
manifestation of the double EIT inherent in the tripod system.
For more detail, see Ref. [30].

The second-order (α = 2) solution reads

σ
(2)
21 = �

(1)
p1 σ

∗(1)
42 − �

∗(1)
p2 σ

(1)
41

ω + d (0)
21

, (B3a)

σ
(2)
43 = −�

(1)
p1 σ

∗(1)
31 + �

(1)
p2 σ

∗(1)
32

ω + d (0)
43

, (B3b)

with the other second-order density-matrix elements being
zero.

Explicit expressions of the SPM and CPM coefficients Wjl

appearing in Eq. (5) read

W11 = κ14
�ca∗(2)

431

D1
, (B4a)

W12 = κ14

[
ω + d (0)

31

]
a(2)

21 + �ca
∗(2)
432

D1
, (B4b)

W21 = κ24

[
ω + d (0)

32

]
a∗(2)

21 + �ca
∗(2)
431

D2
, (B4c)

W22 = κ24
�ca

∗(2)
432

D2
, (B4d)

with

a(2)
21 = 1

ω + d (0)
21

{[
ω + d∗(0)

32

]
σ

(0)
22

D2
−

[
ω + d (0)

31

]
σ

(0)
11

D1

}
,

(B5a)

a(2)
431 = �cσ

(0)
11

D1
[
ω + d (0)

43

] , (B5b)

a(2)
432 = �cσ

(0)
22

D2
[
ω + d (0)

43

] . (B5c)

The coefficient Mj ( j = 1, 2) contributed by the SG gradi-
ent magnetic field is given by

Mj = −κ j4

[
ω + d (0)

3 j

]2
μ4 j + |�c|2μ3 j

2D2
j

. (B6)

Due to the configuration symmetry of the tripod level struc-
ture, we have

M2 ≈ M1 (≡M ). (B7)
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