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We extend the Wigner current vector field (Wigner current) construct to single bosonic mode quantum systems
interacting with an environment. In terms of the Wigner function quasiprobability density and associated Wigner
current, the open system quantum dynamics can be concisely expressed as a continuity equation. Through
the consideration of the harmonic oscillator and additively driven Duffing oscillator in the bistable regime as
illustrative system examples, we show how the evolving Wigner current vector field on the system phase space
yields useful geometric insights concerning how quantum states decohere away due to interactions with the
environment, as well as how they may be stabilized through the counteracting effects of the system anharmonicity

(i.e., nonlinearity).

DOI: 10.1103/PhysRevA.100.012124

I. INTRODUCTION

The Wigner function [1-4] provides a particularly useful
geometric representation of the state of a bosonic single-
mode quantum system as a real valued function on the two-
dimensional system phase space that can be interpreted as a
quasiprobability density. In particular, integrating the Wigner
function with respect to the system position coordinate x gives
the marginal probability density in the momentum coordinate
p (and vice versa). In terms of the Wigner function, the quan-
tum expectation value of a (Weyl-ordered) observable A(x, p)
is evaluated in exactly the same way as for the correspond-
ing classical system described by a phase-space probability
distribution function. Furthermore, the master equation that
describes the quantum dynamics of a bosonic single-mode
system interacting with its thermal environment gets mapped
to a partial differential equation for the Wigner function
dynamics that closely resembles the Fokker-Planck equation
for the corresponding classical system statistical dynamics;
the Wigner function dynamical equation may aptly be termed
the “quantum Fokker-Planck” equation.

The Wigner function can take negative values and so is
not a true probability distribution, however. The presence of
regions in phase space where the Wigner function is negative
is conventionally interpreted as a signature of nonclassicality
in the quantum state; with the exception of Gaussian (i.e.,
coherent and squeezed) states, all pure states have negative-
valued Wigner function regions and hence are nonclassical
[5]. Well-known examples are the harmonic oscillator energy
eigenstates or Fock states and so-called Schrodinger cat states
involving superpositions of different coherent states. In the
presence of a thermal environment, such nonclassical, pure
states will typically evolve into mixed states with Wigner
function representations that are everywhere positive [6].

Given the close resemblance between the Wigner function
representation of the open quantum system dynamical equa-
tions and the corresponding classical statistical dynamical
equations, the Wigner function has helped provide an under-
standing of how classical dynamics arises by approximation
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from the underlying quantum dynamics [7-16]. Of particular
interest in this respect are nonlinear single-mode systems
such as the paradigmatic, driven damped Duffing oscillator.
A number of investigations employed the Wigner function
representation to explore the resulting quantum phase-space
dynamics in parameter regimes where the corresponding clas-
sical nonlinear dynamics exhibits, for example, bistability or
chaos [9,11,13—15]. By varying the system damping and noise
(diffusion) due to coupling to the environment, the quantum-
to-classical transition can be explored in a controllable and
geometrically direct way by comparing the corresponding
quantum Wigner function phase space and classical phase-
space pictures.

In the present work we extend the Wigner formulation of
open, single-mode bosonic system quantum dynamics and
take into account also the so-called Wigner current vector
field (or “Wigner current” for short) on phase space [17,18].
We will show that the Wigner current allows a particularly
concise reformulation of the quantum Fokker-Planck equation
as a standard continuity equation, equating (via the familiar
Gauss’s theorem of vector calculus) the rate of change of
the net Wigner quasiprobability within some two-dimensional
region of phase space to the net Wigner current normal to the
boundary enclosing the region.

Our key motivation for introducing the Wigner current
and casting the bosonic mode system quantum dynamics into
a continuity equation on phase space is to apply a more
geometric approach to addressing the sought-after goal of
generating macroscopic quantum states that are stable over
long times against the decohering effects of the environment.
By “macroscopic,” we mean that the averaged number of
energy quanta (e.g., photons, phonons, etc.) is large in the
stabilized, bosonic-mode state, while by “quantum” we mean
that the Wigner function representation of the state has signif-
icant negative regions in the system phase space. How large
can a negative Wigner valued region be? Two classic theorems
that can be easily generalized to mixed states establish that
the Wigner function is generally bounded in magnitude by
(rh)~! = 2/h [19], while the area of a given region where the
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Wigner function is negative can exceed /i, but where at least
one of its normalized linear coordinate dimensions x./mawy,

p//mwy must be of order Vi or smaller [20], with m the
effective mass and wg a characteristic harmonic oscillation
frequency of the single-mode bosonic system (see Sec. III for
further details on the rescaled phase coordinate definitions).

Stabilized macroscopic quantum states are useful not only
for quantum information processing applications, but also for
fundamental explorations, especially concerning how macro-
scopic a quantum state can be in the presence of unavoid-
able decohering environments. As with the above-mentioned
quantum-classical correspondence investigations, the Wigner
function has served as a useful tool in addressing the genera-
tion and detection of nonclassical states of bosonic-, single-,
as well as few-mode quantum systems. Several investigations
have been carried out involving optical [21,22], microwave
cavity [23], and superconducting circuit systems [24-33], as
well as nanomechanical systems [15,34-38].

Approaches to stabilizing quantum states involve mea-
surement feedback to control the quantum system dynamics
[39], as well as so-called autonomous methods that do not
require measurement feedback control. The latter typically
involve “reservoir engineering,” where the effective system-
environment interaction is tailored in such a way as to
evolve the system into a quantum state as well as to protect
the state from the decohering effects of the environment
[34,40-46].

Another approach to autonomously generating quantum
states exploits the nonlinearities in the closed bosonic-mode
system dynamics (equivalently anharmonicities in the system
Hamiltonian). The presence of anharmonicities can cause ini-
tial Gaussian states with associated positive Wigner functions
to evolve into nonclassical states with associated negative-
valued Wigner functions (see, e.g., Ref. [15]). In terms of the
quantum Fokker-Planck dynamical equations for the Wigner
function, the root cause of such evolution is the presence
of a third or higher-order position derivative term involving
the system potential energy. Only when the potential energy
is anharmonic is this term present and without this term
the Wigner function dynamical equation coincides with the
classical Fokker-Planck equation.

For example, in the case of the driven, damped Duffing
oscillator with x* anharmonicity and in the regime of bistable
large and small amplitude oscillatory solutions for the classi-
cal dynamics, an initial coherent state will transiently evolve
into a Schrddinger cat-like state where the Wigner function
displays a sequence of alternating negative and positive re-
gions in between the corresponding large and small amplitude
positive Wigner function peaks [15]. In a classically chaotic
regime, an initial coherent state will spread out in phase
space, exhibiting a complex interference pattern of positive
and sub-7 (i.e., sub-Planckian) scale negative Wigner function
regions [9]. However, depending on the environment temper-
ature, such nonclassical features will typically diffuse away
for the usual device system-environment couplings, leaving
a long time steady state that is closely approximated by the
corresponding classical system Fokker-Planck equation.

Nevertheless, the question is still largely unresolved as
to whether it might be possible to stabilize quantum states

of a single-mode bosonic system largely through its anhar-
monicities alone. In particular, for certain anharmonicity types
and drives (whether externally or internally generated by the
system dynamics), we may be able to prepare and maintain
quantum states with significant associated negative Wigner
function regions, despite the counteracting decoherence ef-
fects of environmental noise. Recent relevant developments
in superconducting microwave resonator (as well as cou-
pled nanomechanical resonator) circuits involving embedded
Josephson junction elements provide strong motivation for
pursuing this question [47-55]; the Josephson junctions can
induce strong effective anharmonicities in the microwave
mode Hamiltonian, as well as internally generated drive tones
through the ac-Josephson effect. One consequence is lasing-
like behavior [50], with the continuous, stimulated emission
of amplitude-squeezed microwaves with large average photon
number [51].

The potential advantage of bringing the Wigner current
into play is that it can give a graphic geometric represen-
tation of how nonclassical states form through the system
Hamiltonian anharmonicity, as well as diffuse away due to the
environment. By exploring the relative contributions to the net
Wigner current across the boundary of a given negative region
that arise from the system Hamiltonian anharmonicity and
from the interactions with the environment, we may be able
to improve our understanding of how to “engineer” system
Hamiltonian anharmonicities and drive tones so as to stabilize
macroscopic bosonic quantum states in the presence of envi-
ronmental noise. As an application of the geometric Wigner
current construct for open quantum systems, the present work
gives some initial steps in this direction.

Note that in the present work we do not attempt to address
the largely open question as to how the negative Wigner
function regions form in the first place; rather, we suppose
that negative regions have already formed, and consider how
the regions may be stabilized in the presence of environmental
noise. Some promising first steps towards understanding how
negative regions form from a Wigner current perspective are
given in Refs. [56,57].

In Sec. II, we reformulate the quantum Fokker-Planck
equation for a one-dimensional anharmonic particle system
interacting with a thermal bath as a continuity equation
in terms of the Wigner function and associated current. In
Sec. III we consider as specific system examples the harmonic
oscillator and additively driven Duffing oscillator, solving nu-
merically for their Wigner functions and currents. In Sec. IV,
we take some first steps towards a geometric understanding
from a Wigner current perspective concerning how nonclassi-
cal states may be stabilized. Concluding remarks are provided
in Sec. V.

II. QUANTUM FOKKER-PLANCK EQUATION
AS A CONTINUITY EQUATION

For a one-dimensional, mass m particle with Hamilto-
nian H = p*/(2m) + V(x,t), where V(x,t) is the (time-
dependent) potential energy, a suitable Lindblad master equa-
tion that describes the quantum dynamics of the system
state characterized by density matrix p(f) interacting with an
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oscillator bath can be written as follows:

dp i V.- Tt T
i h[H,p]—i— 2(n—l—l)(Zapa a'ap — pa'a)

+ %ﬁ(Zana — aaT,o — ,oaaT), (D)
where y is the system energy damping rate, 7 = (e/'®/*sT) —
1)~ is the Bose-Einstein thermal average occupation number
of the temperature 7 bath at the characteristic harmonic
oscillation frequency wy of the system Hamiltonian. Strictly
speaking, the master equation (1) is valid to a good approxi-
mation provided the system-environment interaction is weak:
y < wp, the temperature is in the range iy < kgT <K hwy,
and the anharmonic potential contribution V — ma)ox2 /2 is
sufficiently weak [58]. However, following frequent practice,
we will assume that the master equation can still give rea-
sonable open system quantum dynamics even when these
conditions are not strictly adhered to.

The Wigner function representation of the quantum state
p(t) as a real-valued function on phase space is defined
as [1-4]

1 —+00 5 5
Wr pot) = E/ dy e 2P (x4 ylo()lx — )
—00
1 +o00 -
= — [ Pt plpwlp - ).
-0

2)

Expressing the master equation (1) in terms of the Wigner
function (2), we obtain the so-called “quantum Fokker-
Planck” equation

aw pow VoW
Bt mox | ox ap
Z (_l)n(h/z)Zn 82n+1 82n+1 W
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y 9 AN )4
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The Wigner current vector fields for the system ([17,18])
and environment are defined, respectively, as follows:

ya
Jsys = (_ )3 » - 1)"(%/2)2"a(2n+1)V8(2n)W> )

@n+1)! Yx
and
Jow oY (xW + (A + %)(ma)())laxw>’ )
2\ pW + A(7i + 3)mewod,W

where the first row is the position x component and the second
row is the momentum p component of the current vector, and
where we used the shorthand notation 9, = a ,and 9, = a
The environment current can be further decomposed as a sum
of damping and diffusion contributions: Jeny = Jdamp + Jait

where

w
Jdamp = _g <)]§W> (6)

o yh(_ 1\ [((mwy) oW
Jaifr = - <n + 5) < maogd,W )’ @)
In terms of the system and environment currents, the master

equation for the Wigner function (3) takes the concise form of
a continuity equation:

8W+V J=0 (3)
ot -

where J = Jgy5 + Jeny and V =

and

(0x, 0p).

III. HARMONIC AND DUFFING OSCILLATOR
WIGNER CURRENTS

The driven Duffing oscillator is characterized by the anhar-
monic plus additive driving potential

1
Vix,t) = —ma)ox + x — xF cos(wyt), ©)]

4

where the parameter A gives the strength of the anharmonic
potential, the parameter F' gives the strength of the time-
dependent sinusoidal drive, and w, is the drive frequency.
Substituting Eq. (9) into Eq. (4), we obtain for the driven
Duffing oscillator system Wigner current:

Py
J _ m .
Duff <[_ magx + F cos(wgt) — Ax> + ﬁfTAxa,%]W)
(10)

For the harmonic oscillator the system Wigner current simpli-

fies to
2y
= m . 11
JHo (—ma)(z)xW) (11)

It is convenient to work in terms of dimensionless forms
of the Wigner function and current. In terms of the length
unit xo = +/fi/(mwo) and time unit fH = w, ' we transform
the various coordinates and parameters into dimensionless
form as follows: ¥ = x/xg, p = p/(mwoxo), F = xoF /(hwy),
A= Axg/(liwy), 7 = v /@y, Ba = wa/wo, and = wyt, where
the tilde denotes the dimensionless form. The dimensionless
form for the Wigner function is

W =W

N

:nf dy e P& +3pOIF-5),  (12)

e M x +ylp(®)lx — y)

where |X) = /Xo|x) [so that (X|%') = §(X — X')]. The continu-
ity equation becomes in dimensionless form:

(3]
S’l| =

+V.J=0, (13)
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(a) t = 0 (initial state)

X
(c) t = 1007

FIG. 1. Snapshots of evolving harmonic oscillator Wigner function and associated current vector field J = Juo + Jeny for an initial
superposition of coherent states with separation x = 6; the damping rate y = 0.01 and bath temperature 7 = 0.

where j = jDuff + jenw with

j W 14
= N - . -], 4
PN\ [= 54 F cos(@al) — A + Exo2]W
and
jenv = jdamp + jdiffa (15)
with
s v (W
Jdamp - ) <p~W> (16)
and
P (W
Jaier = _§(n+ E) (8,;W>' (17)

For the harmonic oscillator, we have for the dimensionless
current: J = Jyo + Jeny, With

joo — PV
Jho = <_xw> (1)

and Jen, given by Eq. (15). From now on, we drop the tildes
for notational convenience, the dimensionless form of the
parameters and coordinates understood.

In Figs. 1 to 4, we show example numerical solutions
to the Wigner function W and associated current vector
field J for the undriven, open harmonic and driven Duffing
oscillator systems. This involves first solving the Lindblad
master equation (1) for the system density matrix p(t) using
QUTIP [59] and then evaluating the Wigner function and
current in terms of the density matrix; the source code can
be obtained from Ref. [60]. Although the Wigner function
time dependence for the open harmonic oscillator system can
be determined analytically [61,62], we nevertheless solve the
harmonic oscillator master equation numerically as a check
on the validity of our code.

Figure 1 shows snapshots of the evolving Wigner function
and associated current J = Jyo + Jeny for the harmonic oscil-
lator initially in a superposition of coherent states separated

by x = 6; the snapshot times are given in multiples of the
free oscillation period T = 27 /wy = 27ty. The damping rate
is chosen to be y = 0.01 and the bath temperature is set
to zero. Regions color-coded blue correspond to positive
Wigner function value, red regions correspond to negative
Wigner function value, while the local color density gives a
measure of the Wigner function magnitude. A unit area square
corresponding to Planck’s constant 7 in our dimensionless
units is indicated at the bottom right of each figure to give
the scale, while the arrow legend at the top left of each figure
indicates the scale for the current vector field. Figure 2 shows
the same evolving Wigner function snapshots as in Fig. 1
but with just the environmental diffusion current Jgir (17)
indicated. In the final indicated snapshots corresponding to
t = 1007 [Figs. 1 to 2(c)], the Wigner function and current
hardly change between subsequent snapshots separated by a
free oscillation period, indicating that the system dynamics
has reached a steady state to a good approximation. This is to
be expected given that yt = 2, i.e., the final snapshot time
is approximately six times longer than the harmonic oscillator
relaxation time.

Figure 3 shows snapshots of the evolving Wigner func-
tion and associated current J = Jpusr + Jeny for the driven
Duffing oscillator initially in an undisplaced coherent state;
the snapshot times are given in multiples of the drive period
Ty = 21 /wy. We choose the dimensionless Duffing oscillator
parameter values A = 0.05 (anharmonic strength), w; = 1.09
(drive frequency), F = 0.092 (drive strength), and y = 0.01
(damping rate), with the bath temperature set to zero. These
parameter values result in the classical Duffing oscillator
exhibiting bistability for the steady-state dynamics at zero
temperature, corresponding to coexisting small and large am-
plitude oscillations. For the above parameter choices, these
small and large steady-state amplitudes are 0.52 and 2.46,
respectively. Figure 4 shows the same evolving Wigner func-
tion snapshots as in Fig. 3, but with just the environmental
diffusion current Jgir (17) indicated. In the final indicated
snapshots corresponding to ¢+ = 3007, [Figs. 3(c) and 4(c)],
the Wigner function and current hardly change between sub-
sequent snapshots separated by a drive period. These final
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FIG. 2. Snapshots of evolving harmonic oscillator Wigner function and associated environmental diffusion current vector field Jgg for an
initial superposition of coherent states with separation x = 6; the damping rate y = 0.01 and bath temperature 7 = 0.

snapshots should therefore correspond pretty accurately to the
long time limit steady-state Wigner function and current.

IV. DISCUSSION

Common to the harmonic and Duffing oscillator quantum
dynamics indicated in Figs. 1 and 3, the direction of the
current J in the regions of positive-valued Wigner function
is clockwise about the phase-space origin, just as is the case
for an evolving classical probability density that results from
solving the corresponding classical Fokker-Planck equation
for some initial probability distribution; for the harmonic
oscillator system, the Wigner current continuity equation (8)
coincides with the classical, Brownian motion Fokker-Planck
equation, while for the Duffing oscillator the Wigner current
continuity equation (8) differs from the classical Fokker-
Planck equation only in the presence of the system quantum
current term (0, )»xagW/4) [see Eq. (14)]. In contrast, the
current direction in the regions of negative-valued Wigner
function is counterclockwise, i.e., in the opposite direction to
the corresponding classical current [17,18,63].

The harmonic and time-dependent drive contributions to
Jputf [Eq. (14)] dominate the Wigner current. In principle, one
can go to the rotating frame of the drive so that the nontrivial
anharmonic and environment contributions dominate. How-
ever, the resulting algebraic expressions in the rotating frame
become quite involved. While considerable simplification re-
sults if the rotating wave approximation (RWA) is made, we
prefer not to go to the rotating frame and perform the RWA
in the present work. As we shall see below, the dynamics
throughout a given drive period of the nonvanishing quantum
and diffusion contributions to the Wigner current on a negative
region boundary suggests a possible way to stabilize negative
regions in the long time limit; such a dynamics would be
effectively averaged over if the RWA were carried out.

In Figs. 2 and 4, we can see that for any negative-valued
Wigner function region, the diffusion contribution to the
environmental current Jgsr is always directed inwards on the
boundary of the negative region, with the result that the envi-
ronmental diffusion current acts to destroy negative regions.
This is just the process of decoherence viewed in terms of the
Wigner current.

a 0 o 0

-1 -1

-2 : -2

-3 -3
-3 -2 -1 0 1 2 3 -3

(a) t = 0 (initial state)

(b) t = 1874

(c) t = 30074

FIG. 3. Snapshots of evolving Duffing oscillator Wigner function and associated current vector field J = Jpyg + Jeny for an initial
undisplaced coherent state; the damping rate y = 0.01 and bath temperature 7' = 0.
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FIG. 4. Snapshots of evolving Duffing oscillator Wigner function and associated environmental diffusion current vector field Jq for an
initial undisplaced coherent state; the damping rate y = 0.01 and bath temperature 7 = 0.

To gain a better understanding of the Wigner function
evolution for nonclassical states, let us suppose that the
Wigner function at some given time instant ¢ is negative
in certain regions of phase space. This is the case for
the initial coherent state superposition example considered
above (see Figs. 1 and 2), while for the Duffing oscillator,
we see that negative Wigner function regions are generated
through the dynamics (Figs. 3 and 4). Consider a particular
negative region with phase space area A(¢r) and boundary
0A(t), where the indicated ¢ dependence accounts for the
fact that the negative region evolves in time. In particular,
the boundary is defined by W (x, p,?)|sa¢) = 0. A measure
of the degree of negativity of the region is given by the
negative “volume” under the integral f A(,)dxd pW(x, p,t).
From Eqs. (13) to (17) and Gauss’s theorem, the time rate of
change of this negative volume is

| axdpWix. p.) A/ dsn - (0 )82W
— xdpW(x, p,t) = —— sn- (0, x)—-
dt Jaw 4 Jaaq) op?
y 1
+=|n+ - dsn-VW,
2 2 ) Jaaw
(19)

where we used the fact that the Wigner function vanishes on
the boundary dA(), s parametrizes the boundary curve, and n
is the unit vector outwards normal to the curve.

For the harmonic oscillator system, the first term on
the right-hand side of the equals sign in Eq. (19) van-
ishes (since A =0) and the rate of change of the region
negativity is affected solely by the environmental diffusion
current (17). Since the Wigner function is by definition
negative on the interior region and positive on at least the
immediate exterior region of the boundary 0A(t), the gra-
dient VW points outwards so that n- VW > 0 everywhere
on the boundary. Therefore, for the harmonic oscillator we
have that

d
— dxdpW(x, p,t) > 0, (20)
dl A(t)

and we thus see that the size of a negative region always
decreases with time at a rate governed by the environmental
diffusion current. That the environment causes decoherence
for a harmonic oscillator initially in a quantum superposition
state is of course well known. Nevertheless, in our view
there is value in picturing the process of decoherence from
a geometric, current perspective, especially in the case where
the oscillator is anharmonic.

In particular, for the Duffing oscillator system (A # 0), on
the other hand, we see from Eq. (19) that the rate of change
of the region negativity is now governed by two current
contributions: the system quantum current (0, )»xBﬁW/4) and
the environmental diffusion current (17). Figure 5 shows
the Wigner current on the W = 0 boundary of a particular
negative region, comprising the net sum of these two current
contributions. Each row of subplots in Fig. 5 show the Wigner
function at times separated by one quarter of the drive period.
The subplots in first row occur at times when the long-term
trend is for the negativity volume to grow. Those in the second
and third rows occur at times with the opposite long-term
behavior. Figure 5(a) shows a negative region when its volume
is slightly increasing due to a net outward boundary current.
The region evolves into that which is shown in Fig. 5(b) when
the negativity volume is now significantly increasing due to
the comparatively larger net outward boundary current. In
Fig. 5(c) the region now contracts with the net flow inwards
but expands again in Fig. 5(d). This pulsing behavior repeats
itself over many periods of the drive, as can be seen in the
other plots of Fig. 5 and also in Fig. 6 which traces the
continuous evolution of the same negative region from initial
formation to almost complete disappearance; note in partic-
ular the small half-drive period oscillations in the negativity
volume.

At a given location on the boundary, the environmental
diffusion current always flows inwards, thus acting to de-
stroy the negative region. On the other hand, the functional
dependence of the system quantum current leads to more
varied flow behavior on the boundary and can act to either
create or destroy the negative regions; the quantum current
must therefore be responsible for the initial generation and
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FIG. 5. Snapshots of evolving Duffing oscillator Wigner function and current vector field J on the boundary of a single negative region for
an initial undisplaced coherent state; the damping rate y = 0.01 and bath temperature 7 = 0.

possible eventual stabilization of negative regions in the
steady state.

To counteract the diffusive inflow, from Eq. (19) we neces-
sarily require that

A *wW
- dsn - (O,x)—2 > 0. 21
4 DA(r) ap

Although the orientation and location of the boundary seg-
ments along with the magnitude of the term 8§W can result
in quite complicated current flows on the negative region

0.000 -
—-0.025 -
—0.050 -
-0.075 -

—-0.100 -

Negativity Volume

-0.125 -

—-0.150 -

boundaries, there are certain conditions that lead to pre-
dictable flow patterns. To aid our intuition, we will focus on
the two terms n - (0, x) and B;W in Eq. (21), which must
both be large for there to be a significant quantum current.
The n - (0, x) term is significant on boundary segments with
sizable x coordinates and where the normal vector n is ori-
ented with a small angle relative to the vertical p axis. At
certain times in the evolution over a given drive period, the
second derivative 3§W becomes large at these same boundary
segments, resulting in sizable boundary currents inwards or
outwards depending on the relative signs of the n - (0, x) and

15 1 20 1 25

Time (in units of t,)

FIG. 6. Time evolution for the volume of the first sizable negative region to form and the focus of Fig. 5. The arrows indicate approximate

times corresponding to the snapshots appearing in the Fig. 5 rows.
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8§W terms, and the sign of & which we assume here to be
positive. This can be observed whenever the large positive
peak is directly above or below the negative region of interest
[c.f. Figs. 5(b), 5(d), 5(f), 5(h), 5(j), and 5(1)], leading to large
positive BI%W where n - (0, x) > 0, and therefore resulting in
a large net outward current on the boundary segment of the
negative region that is proximal to the large positive peak.

In the quadrants where x and p have the same sign [c.f.
Figs. 5(a), 5(c), 5(e), 5(g), 5(i), and 5(k)], the positive peak
is now directly to the left or right of the negative region of
interest, leading instead to large positive 3>W, and having
little effect on the BI%W term. In fact, in these quadrants,

8§W < 0 on most of the negative region boundary where
n - (0, x) > 0, resulting in a net inwards flow.

This change in the direction of the quantum current from
outwards to inwards on the boundary is the mechanism re-
sponsible for the oscillation in the volume of the individual
negative region as it cycles clockwise in phase space. Figure 6
clearly displays this “heartbeat” behavior for the single nega-
tive region of interest shown in the snapshots of Fig. 5. Arrows
on the time axis of Fig. 6 indicate the approximate times of the
snapshots.

While significant negative regions develop in the Duffing
oscillator numerical example considered above during inter-
mediate times [Fig. 3(b)], the negative regions practically
vanish in the long time limit steady state, even at zero temper-
ature [Fig. 3(c)]. We have seen that as negative regions transit
between adjacent quadrants of phase space, there is an ebb
and flow in their size; any stabilization of negativity would be
in the sense that significant negativity persists and is repeated
at times that are equal modulo the drive period. For this to
be possible, the net effect of the quantum current over the
drive period must be to increase the negativity volume, thus
counteracting the deleterious effects of the diffusion term in
Eq. (19). If the negative region does not disappear during one
period of the drive t;, we can formulate a criterion for this
weaker form of stabilization as follows:

to+T4 A 32W
/ dt[——/ dsn-(O,)c)—2
0 4 Joaw ap

1
+Z<n+—>/ dsn.vw]go, (22)
2 2 ) Joaw

as ty — 00.

In the above simulations the chosen, example parameter
values result in coexisting small and large amplitude stable
oscillations for the classical dynamics; the Wigner function
must correspondingly spread out through diffusive current
flow from its initially narrow and strongly peaked coherent
state distribution [Fig. 3(a)]. As a result, the magnitude of the
term 8§W must decrease overall, and with the small chosen
anharmonic coupling strength value A (=0.05), the system
quantum current term is too weak to counter the deleterious
effects of the diffusion term in Eq. (19) and hence be able to
stabilize sizable negative regions.

Although we have not yet identified specific examples
that lead to the evolution of the Wigner function such that
Eq. (22) is satisfied, there are certain, basic Wigner function
distribution geometries that appear to be good candidates.

I

_—

\)

FIG. 7. Snapshots of an idealized Wigner function distribution
geometry that may sustain a significant negative region as it repeat-
edly cycles clockwise in phase space. Note that the indicated distri-
bution is schematic only and meant to show the relative locations of
the positive and negative regions and their overall aspect ratios. The
distribution is squeezed in such a way as to maximize the horizontal
dimension when the quantum current can play a dominant role in
growing the negative volume, and minimize the horizontal dimension
when the net Wigner current would otherwise reduce the negative
volume.

In particular, consider the situation where a negative region
precedes a large positive region as they cycle clockwise in
phase space, similar to what is observed in actual simula-
tions as we discussed above. If, furthermore, the positive
region is squeezed such that a large portion of its bound-
ary is proximal to the negative region [c.f. Fig. 7], then
according to our above analysis there should be significant
growth of the negative region volume in the two quadrants
where x and p have opposite sign, while in the other two
quadrants where x and p have the same sign there should
be comparatively less shrinkage of the negative region vol-
ume. Note that the preceeding argument depends on the
inflection point agw = 0 occurring where W > 0, so that
8§W > 0 on the negative region boundary; based on our
above numerical simulations of the Duffing oscillator, it is
reasonable to assume this over a large portion of the boundary
provided that the maximum of the positive peak is relatively
large compared to the minimum of the adjacent negative
region.

V. CONCLUSION

In this present work, we extend the Wigner phase-space
formulation of open quantum system dynamics to include a
description of the Wigner current vector fields on phase space.
This enables the quantum Fokker-Planck equation describing
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the Wigner function dynamics to be written in the concise
form of a continuity equation. The evolving Wigner current
is investigated numerically for a harmonic oscillator and a
driven Duffing oscillator in the bistable regime, the last of
these serving as an illustrative anharmonic system. Through
the application of the two-dimensional Gauss’s theorem to
boundary-enclosed, negative Wigner function regions on sys-
tem phase space, we saw that the growth and reduction of
negative regions are governed solely by the so-called quantum
current due to the system anharmonicity and the diffusion
current across the negative region boundaries. By examining
the geometric form of these specific contributions to the total
Wigner current, we were able to gain some initial insights as

to how negative regions might be stabilized, i.e., maintained
in the steady state.

ACKNOWLEDGMENTS

We thank Paul Nation for helpful discussions, as well as
John Hudson and Susan Schwarz for their assistance with
using the Dartmouth Discovery Cluster. W.E.B. and A.J.R.
were supported by the National Science Foundation under
Grant No. DMR-1807785. W.EB. also gratefully acknowl-
edges support of a Gordon F. Hull Dartmouth graduate fel-
lowship. M.P.B. and O.D.F. were supported by the National
Science Foundation under Grant No. DMR-1507383.

[1] E. Wigner, Phys. Rev. 40, 749 (1932).

[2] M. Hillery, R. F. O’Connell, M. O. Scully, and E. P. Wigner,
Phys. Rep. 106, 121 (1984).

[3] W. B. Case, Am. J. Phys. 76, 937 (2008).

[4] T. L. Curtright, D. B. Fairlie, and C. K. Zachos, A Concise
Treatment On Quantum Mechanics in Phase Space (World
Scientific, Singapore, 2014).

[5] R. L. Hudson, Rep. Math. Phys. 6, 249 (1974).

[6] W. H. Zurek, Phys. Today 44, 36 (1991).

[7]1 W. H. Zurek and J. P. Paz, Phys. Rev. Lett. 72, 2508 (1994).

[8] S. Kohler, T. Dittrich, and P. Hianggi, Phys. Rev. E 55, 300
(1997).

[9] S. Habib, K. Shizume, and W. H. Zurek, Phys. Rev. Lett. 80,
4361 (1998).

[10] D. Monteoliva and J. P. Paz, Phys. Rev. E 64, 056238
(2001).

[11] S. Habib, K. Jacobs, H. Mabuchi, R. Ryne, K. Shizume, and B.
Sundaram, Phys. Rev. Lett. 88, 040402 (2002).

[12] M. ]. Everitt, T. D. Clark, P. B. Stiffell, J. F. Ralph, A. R.
Bulsara, and C. J. Harland, Phys. Rev. E 72, 066209 (2005).

[13] M. I. Dykman, Phys. Rev. E 75, 011101 (2007).

[14] B. D. Greenbaum, S. Habib, K. Shizume, and B. Sundaram,
Phys. Rev. E 76, 046215 (2007).

[15] I. Katz, R. Lifshitz, A. Retzker, and R. Straub, New. J. Phys. 10,
125023 (2008).

[16] M. Stobiriska, G. J. Milburn, and K. Wédkiewicz, Phys. Rev. A
78, 013810 (2008).

[17] H. Bauke and N. R. Itzhak, arXiv:1101.2683v]1.

[18] O. Steuernagel, D. Kakofengitis, and G. Ritter, Phys. Rev. Lett.
110, 030401 (2013).

[19] G. A. Baker, Jr., Phys. Rev. 109, 2198 (1958).

[20] N. D. Cartwright, Physica A 83, 210 (1976).

[21] E. Bimbard, N. Jain, A. Macrae, and A. I. Lvovsky, Nat. Photon.
4,243 (2010).

[22] J.-i. Yoshikawa, K. Makino, S. Kurata, P. van Loock, and A.
Furusawa, Phys. Rev. X 3, 041028 (2013).

[23] S. Deléglise, 1. Dotsenko, C. Sayrin, J. Bernu, M. Brune, J.-M.
Raimond, and S. Haroche, Nature 455, 510 (2008).

[24] M. Hotheinz, H. Wang, M. Ansmann, R. C. Bialczak, E.
Lucero, M. Neeley, A. D. O’Connell, D. Sank, J. Wenner, J. M.
Martinis, and A. N. Cleland, Nature 459, 546 (2009).

[25] H. Wang, M. Hofheinz, M. Ansmann, R. C. Bialczak, E.
Lucero, M. Neeley, A. D. O’Connell, D. Sank, M. Weides,

J. Wenner, A. N. Cleland, and J. M. Martinis, Phys. Rev. Lett.
103, 200404 (2009).

[26] F. Mallet, M. A. Castellanos-Beltran, H. S. Ku, S. Glancy, E.
Knill, K. D. Irwin, G. C. Hilton, L. R. Vale, and K. W. Lehnert,
Phys. Rev. Lett. 106, 220502 (2011).

[27] C. Eichler, D. Bozyigit, C. Lang, L. Steffen, J. Fink, and A.
Wallraff, Phys. Rev. Lett. 106, 220503 (2011).

[28] C. Eichler, D. Bozyigit, and A. Wallraff, Phys. Rev. A 86,
032106 (2012).

[29] Y. Shalibo, Y. Rofe, 1. Barth, L. Friedland, R. Bialczack,
J. M. Martinis, and N. Katz, Phys. Rev. Lett. 108, 037701
(2012)

[30] Y. Shalibo, R. Resh, O. Fogel, D. Shwa, R. Bialczak, J. M.
Martinis, and N. Katz, Phys. Rev. Lett. 110, 100404 (2013).

[31] G. Kirchmair, B. Vlastakis, Z. Leghtas, S. E. Nigg, H. Paik, E.
Ginossar, M. Mirrahimi, S. M. Girvin, and R. J. Schoelkopf,
Nature 495, 205 (2013).

[32] B. Vlastakis, G. Kirchmair, Z. Leghtas, L. Frunzio, S. M.
Girvin, M. Mirrahimi, M. H. Devoret, and R. J. Schoelkopf,
Science 342, 607 (2013).

[33] C. Wang, Y. Y. Gao, P. Reinhold, R. W. Heeres, N. Ofek,
K. Chou, C. Axline, M. Reagor, J. Blumoff, K. M. Sliwa, L.
Frunzio, S. M. Girvin, L. Jiang, M. Mirrahimi, M. H. Devoret,
and R. J. Schoelkopf, Science 352, 1087 (2016).

[34] S. Rips, M. Kiftner, I. Wilson-Rae, and M. J. Hartmann, New J.
Phys. 14, 023042 (2012).

[35] P. D. Nation, Phys. Rev. A 88, 053828 (2013).

[36] S. Rips, I. Wilson-Rae, and M. J. Hartmann, Phys. Rev. A 89,
013854 (2014).

[37] M. R. Vanner, 1. Pikovski, and M. S. Kim, Ann. Phys. (Berlin)
527, 15 (2015).

[38] M. Abdi, P. Degenfeld-Schonburg, M. Sameti, C. Navarrete-
Benlloch, and M. J. Hartmann, Phys. Rev. Lett. 116, 233604
(2016).

[39] C. Joana, P. van Loock, H. Deng, and T. Byrnes, Phys. Rev. A
94, 063802 (2016).

[40] J. F. Poyatos, J. I. Cirac, and P. Zoller, Phys. Rev. Lett. 77, 4728
(1996).

[41] A. Sarlette, J. M. Raimond, M. Brune, and P. Rouchon, Phys.
Rev. Lett. 107, 010402 (2011).

[42] Y. Lin, J. P. Gaebler, F. Reiter, T. R. Tan, R. Bowler, A. S.
Sgrensen, D. Leibfried, and D. J. Wineland, Nature 504, 415
(2013).

012124-9


https://doi.org/10.1103/PhysRev.40.749
https://doi.org/10.1103/PhysRev.40.749
https://doi.org/10.1103/PhysRev.40.749
https://doi.org/10.1103/PhysRev.40.749
https://doi.org/10.1016/0370-1573(84)90160-1
https://doi.org/10.1016/0370-1573(84)90160-1
https://doi.org/10.1016/0370-1573(84)90160-1
https://doi.org/10.1016/0370-1573(84)90160-1
https://doi.org/10.1119/1.2957889
https://doi.org/10.1119/1.2957889
https://doi.org/10.1119/1.2957889
https://doi.org/10.1119/1.2957889
https://doi.org/10.1016/0034-4877(74)90007-X
https://doi.org/10.1016/0034-4877(74)90007-X
https://doi.org/10.1016/0034-4877(74)90007-X
https://doi.org/10.1016/0034-4877(74)90007-X
https://doi.org/10.1063/1.881293
https://doi.org/10.1063/1.881293
https://doi.org/10.1063/1.881293
https://doi.org/10.1063/1.881293
https://doi.org/10.1103/PhysRevLett.72.2508
https://doi.org/10.1103/PhysRevLett.72.2508
https://doi.org/10.1103/PhysRevLett.72.2508
https://doi.org/10.1103/PhysRevLett.72.2508
https://doi.org/10.1103/PhysRevE.55.300
https://doi.org/10.1103/PhysRevE.55.300
https://doi.org/10.1103/PhysRevE.55.300
https://doi.org/10.1103/PhysRevE.55.300
https://doi.org/10.1103/PhysRevLett.80.4361
https://doi.org/10.1103/PhysRevLett.80.4361
https://doi.org/10.1103/PhysRevLett.80.4361
https://doi.org/10.1103/PhysRevLett.80.4361
https://doi.org/10.1103/PhysRevE.64.056238
https://doi.org/10.1103/PhysRevE.64.056238
https://doi.org/10.1103/PhysRevE.64.056238
https://doi.org/10.1103/PhysRevE.64.056238
https://doi.org/10.1103/PhysRevLett.88.040402
https://doi.org/10.1103/PhysRevLett.88.040402
https://doi.org/10.1103/PhysRevLett.88.040402
https://doi.org/10.1103/PhysRevLett.88.040402
https://doi.org/10.1103/PhysRevE.72.066209
https://doi.org/10.1103/PhysRevE.72.066209
https://doi.org/10.1103/PhysRevE.72.066209
https://doi.org/10.1103/PhysRevE.72.066209
https://doi.org/10.1103/PhysRevE.75.011101
https://doi.org/10.1103/PhysRevE.75.011101
https://doi.org/10.1103/PhysRevE.75.011101
https://doi.org/10.1103/PhysRevE.75.011101
https://doi.org/10.1103/PhysRevE.76.046215
https://doi.org/10.1103/PhysRevE.76.046215
https://doi.org/10.1103/PhysRevE.76.046215
https://doi.org/10.1103/PhysRevE.76.046215
https://doi.org/10.1088/1367-2630/10/12/125023
https://doi.org/10.1088/1367-2630/10/12/125023
https://doi.org/10.1088/1367-2630/10/12/125023
https://doi.org/10.1088/1367-2630/10/12/125023
https://doi.org/10.1103/PhysRevA.78.013810
https://doi.org/10.1103/PhysRevA.78.013810
https://doi.org/10.1103/PhysRevA.78.013810
https://doi.org/10.1103/PhysRevA.78.013810
http://arxiv.org/abs/arXiv:1101.2683v1
https://doi.org/10.1103/PhysRevLett.110.030401
https://doi.org/10.1103/PhysRevLett.110.030401
https://doi.org/10.1103/PhysRevLett.110.030401
https://doi.org/10.1103/PhysRevLett.110.030401
https://doi.org/10.1103/PhysRev.109.2198
https://doi.org/10.1103/PhysRev.109.2198
https://doi.org/10.1103/PhysRev.109.2198
https://doi.org/10.1103/PhysRev.109.2198
https://doi.org/10.1016/0378-4371(76)90145-X
https://doi.org/10.1016/0378-4371(76)90145-X
https://doi.org/10.1016/0378-4371(76)90145-X
https://doi.org/10.1016/0378-4371(76)90145-X
https://doi.org/10.1038/nphoton.2010.6
https://doi.org/10.1038/nphoton.2010.6
https://doi.org/10.1038/nphoton.2010.6
https://doi.org/10.1038/nphoton.2010.6
https://doi.org/10.1103/PhysRevX.3.041028
https://doi.org/10.1103/PhysRevX.3.041028
https://doi.org/10.1103/PhysRevX.3.041028
https://doi.org/10.1103/PhysRevX.3.041028
https://doi.org/10.1038/nature07288
https://doi.org/10.1038/nature07288
https://doi.org/10.1038/nature07288
https://doi.org/10.1038/nature07288
https://doi.org/10.1038/nature08005
https://doi.org/10.1038/nature08005
https://doi.org/10.1038/nature08005
https://doi.org/10.1038/nature08005
https://doi.org/10.1103/PhysRevLett.103.200404
https://doi.org/10.1103/PhysRevLett.103.200404
https://doi.org/10.1103/PhysRevLett.103.200404
https://doi.org/10.1103/PhysRevLett.103.200404
https://doi.org/10.1103/PhysRevLett.106.220502
https://doi.org/10.1103/PhysRevLett.106.220502
https://doi.org/10.1103/PhysRevLett.106.220502
https://doi.org/10.1103/PhysRevLett.106.220502
https://doi.org/10.1103/PhysRevLett.106.220503
https://doi.org/10.1103/PhysRevLett.106.220503
https://doi.org/10.1103/PhysRevLett.106.220503
https://doi.org/10.1103/PhysRevLett.106.220503
https://doi.org/10.1103/PhysRevA.86.032106
https://doi.org/10.1103/PhysRevA.86.032106
https://doi.org/10.1103/PhysRevA.86.032106
https://doi.org/10.1103/PhysRevA.86.032106
https://doi.org/10.1103/PhysRevLett.108.037701
https://doi.org/10.1103/PhysRevLett.108.037701
https://doi.org/10.1103/PhysRevLett.108.037701
https://doi.org/10.1103/PhysRevLett.108.037701
https://doi.org/10.1103/PhysRevLett.110.100404
https://doi.org/10.1103/PhysRevLett.110.100404
https://doi.org/10.1103/PhysRevLett.110.100404
https://doi.org/10.1103/PhysRevLett.110.100404
https://doi.org/10.1038/nature11902
https://doi.org/10.1038/nature11902
https://doi.org/10.1038/nature11902
https://doi.org/10.1038/nature11902
https://doi.org/10.1126/science.1243289
https://doi.org/10.1126/science.1243289
https://doi.org/10.1126/science.1243289
https://doi.org/10.1126/science.1243289
https://doi.org/10.1126/science.aaf2941
https://doi.org/10.1126/science.aaf2941
https://doi.org/10.1126/science.aaf2941
https://doi.org/10.1126/science.aaf2941
https://doi.org/10.1088/1367-2630/14/2/023042
https://doi.org/10.1088/1367-2630/14/2/023042
https://doi.org/10.1088/1367-2630/14/2/023042
https://doi.org/10.1088/1367-2630/14/2/023042
https://doi.org/10.1103/PhysRevA.88.053828
https://doi.org/10.1103/PhysRevA.88.053828
https://doi.org/10.1103/PhysRevA.88.053828
https://doi.org/10.1103/PhysRevA.88.053828
https://doi.org/10.1103/PhysRevA.89.013854
https://doi.org/10.1103/PhysRevA.89.013854
https://doi.org/10.1103/PhysRevA.89.013854
https://doi.org/10.1103/PhysRevA.89.013854
https://doi.org/10.1002/andp.201400124
https://doi.org/10.1002/andp.201400124
https://doi.org/10.1002/andp.201400124
https://doi.org/10.1002/andp.201400124
https://doi.org/10.1103/PhysRevLett.116.233604
https://doi.org/10.1103/PhysRevLett.116.233604
https://doi.org/10.1103/PhysRevLett.116.233604
https://doi.org/10.1103/PhysRevLett.116.233604
https://doi.org/10.1103/PhysRevA.94.063802
https://doi.org/10.1103/PhysRevA.94.063802
https://doi.org/10.1103/PhysRevA.94.063802
https://doi.org/10.1103/PhysRevA.94.063802
https://doi.org/10.1103/PhysRevLett.77.4728
https://doi.org/10.1103/PhysRevLett.77.4728
https://doi.org/10.1103/PhysRevLett.77.4728
https://doi.org/10.1103/PhysRevLett.77.4728
https://doi.org/10.1103/PhysRevLett.107.010402
https://doi.org/10.1103/PhysRevLett.107.010402
https://doi.org/10.1103/PhysRevLett.107.010402
https://doi.org/10.1103/PhysRevLett.107.010402
https://doi.org/10.1038/nature12801
https://doi.org/10.1038/nature12801
https://doi.org/10.1038/nature12801
https://doi.org/10.1038/nature12801

WILLIAM F. BRAASCH, JR. et al.

PHYSICAL REVIEW A 100, 012124 (2019)

[43] S. Shankar, M. Hatridge, Z. Leghtas, K. M. Sliwa, A. Narla,
U. Vool, S. M. Girvin, L. Frunzio, M. Mirrahimi, and M. H.
Devoret, Nature 504, 419 (2013).

[44] A.Roy,Z. Leghtas, A. D. Stone, M. Devoret, and M. Mirrahimi,
Phys. Rev. A 91, 013810 (2015).

[45] Z. Leghtas, S. Touzard, I. M. Pop, A. Kou, B. Vlastakis, A.
Petrenko, K. M. Sliwa, A. Narla, S. Shankar, M. J. Hatridge,
M. Reagor, L. Frunzio, R. J. Schoelkopf, M. Mirrahimi, and
M. H. Devoret, Science 347, 853 (2015).

[46] S. Touzard, A. Grimm, Z. Leghtas, S. O. Mundhada, P.
Reinhold, C. Axline, M. Reagor, K. Chou, J. Blumoff, K. M.
Sliwa, S. Shankar, L. Frunzio, R. J. Schoelkopf, M. Mirrahimi,
and M. H. Devoret, Phys. Rev. X 8, 021005 (2018).

[47] F. Chen, A. J. Sirois, R. W. Simmonds, and A. J. Rimberg, Appl.
Phys. Lett. 98, 132509 (2011).

[48] M. P. Blencowe, A. D. Armour, and A. J. Rimberg, in Fluctu-
ating Nonlinear Oscillators: From Nanomechanics to Quantum
Superconducting Circuits, edited by M. Dykman (Oxford Uni-
versity Press, Oxford, 2012).

[49] A.J. Rimberg, M. P. Blencowe, A. D. Armour, and P. D. Nation,
New J. Phys. 16, 055008 (2014).

[50] F. Chen, J. Li, A. D. Armour, E. Brahimi, J. Stettenheim, A. J.
Sirois, R. W. Simmonds, M. P. Blencowe, and A. J. Rimberg,
Phys. Rev. B 90, 020506(R) (2014).

[51] A. D. Armour, M. P. Blencowe, E. Brahimi, and A. J. Rimberg,
Phys. Rev. Lett. 111, 247001 (2013).

[52] V. Gramich, B. Kubala, S. Rohrer, and J. Ankerhold, Phys. Rev.
Lett. 111, 247002 (2013).

[53] A. D. Armour, B. Kubala, and J. Ankerhold, Phys. Rev. B 91,
184508 (2015).

[54] J.-R. Souquet and A. A. Clerk, Phys. Rev. A 93, 060301(R)
(2016).

[55] S. Dambach, B. Kubala, and J. Ankerhold, New J. Phys. 19,
023027 (2017).

[56] M. Oliva and O. Steuernagel, Phys. Rev. Lett. 122, 020401
(2019).

[57] M. Oliva and O. Steuernagel, Phys. Rev. A 99, 032104 (2019).

[58] F. Haake, H. Risken, C. Savage, and D. Walls, Phys. Rev. A 34,
3969 (1986).

[59] J. R. Johansson, P. D. Nation, and F. Nori, Comput. Phys.
Commun. 183, 1760 (2012); 184, 1234 (2013).

[60] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevA.100.012124 for the source code.

[61] M. S. Kim and V. Buzek, Phys. Rev. A 46, 4239 (1992).

[62] J. P. Paz, S. Habib, and W. H. Zurek, Phys. Rev. D 47, 488
(1993).

[63] F. Albarelli, T. Guaita, and M. G. A. Paris, Int. J. Quantum. Inf.
14, 1650032 (2016).

012124-10


https://doi.org/10.1038/nature12802
https://doi.org/10.1038/nature12802
https://doi.org/10.1038/nature12802
https://doi.org/10.1038/nature12802
https://doi.org/10.1103/PhysRevA.91.013810
https://doi.org/10.1103/PhysRevA.91.013810
https://doi.org/10.1103/PhysRevA.91.013810
https://doi.org/10.1103/PhysRevA.91.013810
https://doi.org/10.1126/science.aaa2085
https://doi.org/10.1126/science.aaa2085
https://doi.org/10.1126/science.aaa2085
https://doi.org/10.1126/science.aaa2085
https://doi.org/10.1103/PhysRevX.8.021005
https://doi.org/10.1103/PhysRevX.8.021005
https://doi.org/10.1103/PhysRevX.8.021005
https://doi.org/10.1103/PhysRevX.8.021005
https://doi.org/10.1063/1.3573824
https://doi.org/10.1063/1.3573824
https://doi.org/10.1063/1.3573824
https://doi.org/10.1063/1.3573824
https://doi.org/10.1088/1367-2630/16/5/055008
https://doi.org/10.1088/1367-2630/16/5/055008
https://doi.org/10.1088/1367-2630/16/5/055008
https://doi.org/10.1088/1367-2630/16/5/055008
https://doi.org/10.1103/PhysRevB.90.020506
https://doi.org/10.1103/PhysRevB.90.020506
https://doi.org/10.1103/PhysRevB.90.020506
https://doi.org/10.1103/PhysRevB.90.020506
https://doi.org/10.1103/PhysRevLett.111.247001
https://doi.org/10.1103/PhysRevLett.111.247001
https://doi.org/10.1103/PhysRevLett.111.247001
https://doi.org/10.1103/PhysRevLett.111.247001
https://doi.org/10.1103/PhysRevLett.111.247002
https://doi.org/10.1103/PhysRevLett.111.247002
https://doi.org/10.1103/PhysRevLett.111.247002
https://doi.org/10.1103/PhysRevLett.111.247002
https://doi.org/10.1103/PhysRevB.91.184508
https://doi.org/10.1103/PhysRevB.91.184508
https://doi.org/10.1103/PhysRevB.91.184508
https://doi.org/10.1103/PhysRevB.91.184508
https://doi.org/10.1103/PhysRevA.93.060301
https://doi.org/10.1103/PhysRevA.93.060301
https://doi.org/10.1103/PhysRevA.93.060301
https://doi.org/10.1103/PhysRevA.93.060301
https://doi.org/10.1088/1367-2630/aa5bb6
https://doi.org/10.1088/1367-2630/aa5bb6
https://doi.org/10.1088/1367-2630/aa5bb6
https://doi.org/10.1088/1367-2630/aa5bb6
https://doi.org/10.1103/PhysRevLett.122.020401
https://doi.org/10.1103/PhysRevLett.122.020401
https://doi.org/10.1103/PhysRevLett.122.020401
https://doi.org/10.1103/PhysRevLett.122.020401
https://doi.org/10.1103/PhysRevA.99.032104
https://doi.org/10.1103/PhysRevA.99.032104
https://doi.org/10.1103/PhysRevA.99.032104
https://doi.org/10.1103/PhysRevA.99.032104
https://doi.org/10.1103/PhysRevA.34.3969
https://doi.org/10.1103/PhysRevA.34.3969
https://doi.org/10.1103/PhysRevA.34.3969
https://doi.org/10.1103/PhysRevA.34.3969
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.02.021
https://doi.org/10.1016/j.cpc.2012.11.019
https://doi.org/10.1016/j.cpc.2012.11.019
https://doi.org/10.1016/j.cpc.2012.11.019
http://link.aps.org/supplemental/10.1103/PhysRevA.100.012124
https://doi.org/10.1103/PhysRevA.46.4239
https://doi.org/10.1103/PhysRevA.46.4239
https://doi.org/10.1103/PhysRevA.46.4239
https://doi.org/10.1103/PhysRevA.46.4239
https://doi.org/10.1103/PhysRevD.47.488
https://doi.org/10.1103/PhysRevD.47.488
https://doi.org/10.1103/PhysRevD.47.488
https://doi.org/10.1103/PhysRevD.47.488
https://doi.org/10.1142/S0219749916500325
https://doi.org/10.1142/S0219749916500325
https://doi.org/10.1142/S0219749916500325
https://doi.org/10.1142/S0219749916500325

