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Radiation-reaction field versus free field
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Several aspects of the inseparable connection between the radiation-reaction field and the
free field are discussed. The importance of the free-field terms in the calculation of two-
time-correlation functions is pointed out.

A number of papers' ' have recently been de-
voted to the concept of operator radiation-reaction
fields and the role played by such fields in spon-
taneous emission. The total electromagnetic field
at the position of the atom, for the problem of a
single two-level atom, is usually written in the
form

E'(f) =—E'(f)+E'(f), (I)
where EQ(t) is the free field evolving according to
the unperturbed Hamiltonian and E„(t) is the radia-
tion-reaction field (the superscripts s, as usual,
denote the positive- and negative-frequency parts
of the field operator). The radiation-reaction
field is, in general, a functional of the atomic
operators; i.e., the operator at time t is related
to the atomic operators at earlier times or their
derivatives. In the conventional approximations,
the reaction field is taken to depend on the atomic
operators at time t only. Working with Heisenberg
equations of motion, Ackerhalt, Knight, and
Eberly' interpreted spontaneous emission as due
to the reaction-field terms only. It has been fur-
ther pointed out" that spontaneous emission can
be interpreted as either from EQ(t) or from E„(t)
or some combination of the two, depending on the
ordering procedure adopted between the field
operators and the atomic operators. Here we
discuss several other aspects of the inseparable
connection between the radiation-reaction field
and the free field. In particular, we emphasize
the following: (i) The damping and Lamb shift
can be determined in terms of the correlation
functions of the free field [cf. Eq. (7)]; (ii) the .

free-field terms in the equations of motion, which
we refer to as random forces in line with the
terminology used in the context of Langevin equa-
tions, are important in the computation of two-
time-correlation functions even if the so-called
normal ordering procedure is adopted [cf. Eq.
(23)]; (iii) the correlation functions of the random
forces of the Langevin equations are themselves
determined in terms of the reaction field [cf. Eq.
(26)]. This relation is the so-called second fluc-
tuation-dissipation theorem.

= —(I /2 i ) [Q(v) —D(Q(&)] S ' —(i/2) [Q((») +D ((»)]S

where y is & the Einstein A coefficient and 0' are
the Lamb shifts defined by

0' =a— k dk k+k '+ k —k
2 fd/'

kQ = ~/C. (4)

In (3) we have also introduced the one-sided Fou-
rier transforms of the mean values of the com-
mutator and the anticommutator of the free field,
given by

Q(Q ) = ((d EQ(7 )& d ~ EQ(0)]),

Q( )=I dv'Q(r)e'"',
0

D(T) = ([d EQ(T)& d EQ(0)]),

D(~) =
I dvD(7)e'

dp

Q(&) =r+iQ', D(~) =y+iQ (e&0).

(6)

Equation (7) shows the role played by the free-
field correlations in determining the Lamb shift
and the damping. ' The following symmetry prop-
erties of Q and D are of some interest

ReD(-tu) = ReD(~), ReQ(--~) = ReQ(m). (8)

Note also, that from the dispersion relations and
(8), one has

&'(QQ, ) =~— d~r(~) [(~+~,) '+(~ —~,) '].1

0

Starting from the usual -J P(r) E(r)d'r inter-
action [ P =d6(r)(S'+ S ), d is the dipole moment
matrix element, and S' the spin angular momen-
tum operators corresponding to a spin--,' system],
one can show that the fields E„' are given, in Born
and Markov approximations, by

-d'E„' =Q'(fi'+0 )S ——,(O' —0 )S+ —iyS

(2)
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It should further be noted that Q(t) and D(t) are
connected by the fluctuation-dissipation theorem.

The Heisenberg equation of motion for any atomic
operator G is

G = —'[G, H ) —'[S '+ S,G](3 ' E), (10)

which can be rewritten in several different forms
depending on one's taste and the convenience of
calculation,

C=-i[G, Ho] —i(3 E)[S'+S,G]

=-i[G, H,] —i[s'+S-, G](B E+}

(11a)

—i(d E )[S'+S,G]

= -i[G, Ho) —i (d E+) [S++S,G]

—i[S'+ S,G](3 E )

= -i[G& Ho] —(i/2}[d ~ E, [S'+ S,G]).

(11b)

(11c)

(11d)

Different forms have been used to interpret spon-
taneous emission due to reaction fields or due to
free fields or some combinations of them. The
point worth noticing" is that the mean-value equa-
tion is unique and so different forms should lead
to the same equations for the expectation values.
Indeed, if the equal-time commutation relations
between the matter operators and the field opera-
tors were to hold, then one should have from (1)

[E„'(t),G(t)1 =-[E,'(t), G(t)),

[E;(t),E'(t)) =[E,(t), E (t)) =o,

for any atomic operator G. Note that we are doing
an approximate calculation, the equal-time com-
mutation relations should be valid to the same
order to which the theory is applicable. If one
uses (12) and the fact that the field is in vacuum
state at t=0, i.e.,

&GEO (t)& = &Eo (t)G& = o, (13)

The same conclusion is arrived at in Ref. 2 in a
different manner. Equation (14) is of course triv-
ially obtained" from (11b) and (13). If we further
write E in terms of E0 and E„, then the terms
involving E, in (11}act as random forces whose
mean values are not necessarily zero; i.e., it is
true that

but

&3 E,&=0,

([S'+S,G]3 Eo&4 0.

(15a)

(15b)

+D(7')[P(t), (P(t —r), p(t)}]]=0,

p(t) = S'e("'+H.c., (16)

where the conventional Born and Markov approxi-
mations have been made. The master equation
(16) shows the role played by the correlation func-
tions Q(v) and D(7) of the free field. On ignoring
the counter-rotating terms (16}reduces to'

8—+i( (d0+')[S', p]+y(S'S p —2S ps'+ps'S )=0.

The situation is similar to the one in the classical
theory of Langevin equations and Fokker-Planck
equations. It is known that corresponding to a
given Langevin equation there is one and only one
Fokker-Planck equation, whereas the reverse is
not true. ' The equation of motion for the density
operator is unique and the ordering problem does
not arise in the density-matrix formulation. Using
standard methods it can be shown that the reduced
density operator in the interaction picture (which
is obtained from the full density operator by taking
the trace over the field variables), obeys the
equation

—+ —
JI r(t(Q(v)[ p(t), [p(t —r), p(t)]]

0

then it is easily shown that all the fo.rms of (11)
lead to the unique mean-value equation. For ex-
ample, we have

&3 ~ E[S++S,G]) = &ct Es[s++ S, G]

+3.Eo[S++S,G]&,

The simplest Langevin equations to which (1V)
is equivalent are given by

S' =xi((d+0')S' —yS'+F'(t),
S' = -2yS 'S +F'( t).

(17)

(16)

(19)

which on using (13) becomes

(d E„[S++S,G])+ &[d ~ E+, [S++S,G]]&,

which on using (12}reduces to

&3 Es[s++ S,G]& —&[d E„+,[S++S, G]]&

= &(} Es[s++ S,G])+ ([S++S, G]8 Es)&

(G& = -i([G, Ho]) —i ([S++S,G] d ~ E„')

—' t&d' EB[s + S, G]&. (14)

These have been obtained from the mean-value
equations by just adding the fluctuating forces
which have the properties

(F'(t)& = (F'(t)& =0,

&F'(I)F'(t ')& = 2&&"&6(t —t '),

&F'(t)F'(t ')&=2&%)'')6(t —t').
(20)

The diffusion coefficients are to be obtained from
Einstein's relation and are found to be
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(u* &=(m '&=(m &=(u' &=0,
(21)

(S (t-)S'(t ')& = e «-"»&'

(00 =(0 +Q

and therefore in view of (20)

&S'(i)S-(f ')& = e' "'-"-""" (23a)
t gl

(S (i)S (t )&= dti diR(F (f ii)F (i iR)&
0 0
- )'(&~+& )- & & (&-& )e 2

=e o ~e&( &« '& n'+'&), t&t'-e
(23b)

fn deriving (23) we assumed that the atom was
initially in its uPPer state and hence, for this
initial condition, the contribution to (S (t)S'(t ')&

is solely from the free-field terms. For the initial
condition that the atom was in the ground state,
we find that both the free-field terms and the radi-
ation-reaction fields contribute, the result being

The random forces appearing in (18) and (19) are
associated with free fields. Although these free-
field terms in the form (20) do not contribute to
one-time mean values, they are nevertheless
important in the calculation of two-time-correla-
tion functions. For example, we have from (18)

t
( i)s(i&+0 y&&$4(Q)dFi( i )

i&fit

0

G = i[G,-Ho] —i[S'+S, G](d Es)

—i (d ' E„)[S'+S,G] +F~ (24)

The random force F~ has zero mean value. The
correlation function of E~ is given by Einstein's
relation (second fluctuation-dissipation theorem).
When G is taken to be S, then the correlation
function can be shown to be

(F'(i) F (i')&=0,

(F (i)F'(f')&=2(»~(f-i'),
with

2(u '& = i([S',S ] [ d Es, S']&+c.c.

(25)

(26)

Equation (26) shows explicitly the relation of the
diffusion coefficient of the random force to the
reaction field.

Similar remarks apply to the case of an atom
with many levels as well as to the case of emis-
sion from a system of many atoms.

The above result shows that (S (t)S'(t)&=1. Hence
for all times the atom remains in the ground state;
i.e., there is no possibility of spontaneous absorp-
tion.

To see the connection of the free-field terms to
E„, we rewrite the Langevin equation in the form
[cf. E|l. (14)]
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