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An Ising model with spin S = 1 at each lattice point which exhibits multiple tricritical points is

presented. This is a generalization of the Blume-Emery-Griffiths model which was used for describing
the tricritical point in He'-He' mixtures. The model is solved in the molecular-field approximation. It is

found that its thermodynamic behavior near the tricritical point is in qualitative agreement with the
thermodynamic behavior of ternary fluids near their tricritical points.

I. INTRODUCTION

Recently, Qriffiths and Widom" have pointed
out that fluid mixtures which contain three or
more components may exhibit phenomena which
are analogous to the tricritical points observed
in He'-He' mixtures, ' metamagnets, ' NH4C1, ' etc.
The tricritical point in the fluid mixture is
achieved when three coexisting fluid phases be-
come identical simultaneously as some thermo-
dynamic field variable is altered. This point is an
intersection of two critical lines (in some thermody-
namic field space) for which two phases become
identical in the presence of a third phase. At the tri-
critical point of He'-He' mixtures, metamagnets,
etc., two of the coexisting phases are related by
some symmetry transformation (e.g. , for the
metamagnets the symmetry operation is time
reversal). This is not the case for the fluid mix-
tures where no symmetry transformation relates
the coexisting phases. For this reason the former
are called symmetric tricritical points and the
later nonsymmetric tricritical points. Such non-
symmetric tricritical points have been observed
experimentally and a list of references to these
works is given by Qriffiths and Widom. ' Qriffiths
used a phenomenological model of the Landau type
to describe the phase diagram of three- and four-
component fluid mixtures. He showed that this
model is in good qualitative agreement with experi-
ment. It would be interesting to find an explicit
model which may describe the phase diagram of
these mixtures.

In this work we present an Ising model with spin
S=1 at each lattice site which may describe the
phase diagram of ternary mixtures. This is a
generalization of the Blume-Emery-Qriffiths7
model which was used for describing the tricritical
point in He'-He4 mixtures.

The model and its connection with three-compo-
nent fluid mixtures are described in Sec. II. In

Sec. III, we present a solution of this model in the
molecular-field approximation, and discuss its con-
nection with experimental results obtained for tri-
critical points in ternary mixtures. It is found
that the Blume-Emery-Qriffiths model does ex-
hibit three tricritical points for a certain value of
the interaction parameters. This fact was over-
looked by Blume-Emery-Qriffiths.

II. THE MODEL

We consider a lattice-gas model with spin S =1
at each lattice site where the three components
S, =+ 1, 0 represent the three types of molecules
in the system. We do not allow for the possibility
of vacancies in the model. The number of mole-
cules of each type will be given by

N 1
N, =—Q (S', +S»), N =—Q (S', - S,),

N

Np=l —N« -N = Q (1 —S2»),
5=1

where N is the number of molecules in the system.
Let us suppose now that there exists a nearest-
neighbor interaction in the lattice and that the in-
teraction energy of n- and P-type molecules
(»». , P= &1,0) is given by K 8. The Hamiltonian of
this system will therefore be given by

JC = («K««+ «K + K~+ ~zK« —K«p- K p) Q S»S»
&gg)

+(«K««+«K —zK«) Q S»S»

Qf)

+(«K«« —«K —zK«p+zK p) Q (S»S»+S»S j)

+z(-K~+ zK+p+ zK p) g S»

+z (p K+ p z K p) p S» +Kppz 2N
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where z is the number of nearest-neighbor sites
of each lattice point, and (ij ) means that the sum
is over nearest neighbors only. The Hamiltonian

(2) is the most general Hamiltonian for spin S =1
that includes nearest-neighbor interactions only.
Since we are looking for phase transitions in sys-
tems where (N+), (N ), and (No) are given, it is
necessary to introduce chemical potentials p. +, p,
and po for the three types of molecules, and they
may be incorporated into the Hamiltonian:

for the transformation (6), and

J,= g(J'+ K+2C),

K, = ~(9J+K-6C},

C, = g (3J-K+ 2C),

H, = p(- J+K+H-E},

b3 = 2 (3J+K —4C —3H —4),

(9)

(3)

36=-J Q S,Sq —K Q S,Sq —C Q (S (Sq+S)S~)
(jf) (jf) ( jf&

X=k-p,,N, -g N —p, Q, .
The Hamiltonian X may therefore be written in
the form.

for the transformation (7).
In our model the number of molecules N is fixed

and therefore only two fields out of the three p,„
g, and p. pare relevant. In fact, the p 's enter
into the Hamiltonian (4) only through H and 4
which are given by

-HQS, +4 QS', (4)
1 1 1 1H = 2ZK+p - 2ZK p

- 2P.+ + gP,

(10)

Therefore, the phase diagram of the Hamiltonian

(4) in the (T, d, H) space is the same as the phase
diagram of the transformed Hamiltonian in the

(T, &, —H) space.
In the same way one can interchange the mole-

cules +1 and 0 or —1 and 0. These interchanges
are induced by the transformations

and

1 3 2Sj 1+2Sj —2S j

1 3Sj - 1+2Sj+ 2S2j

(6)

(7)

respectively. The transformed parameters will

be, in these cases,

J, = —,'(J+K- 2C),

K, = —,'(9J +K+6C),

C2 = 4 (- 3J+K+ 2C),

H2 = g (J-K+H+4},

6, = g(3J+K+4C+3H -b),

(6)

where the coefficients J, K, C, H, and & are lin-
ear combinations of K ~ and p„. In order to avoid
breaking of the translational invariance of the
system (i.e., splitting of the system into two
sublattices with different (N )), we shall consider
only the case where J, K&0.

Now let us interchange the molecules +1 and
-1. This interchange is induced by the transfor-
mation S,- -Sj which transforms the Hamiltonian
(4) to the same Hamiltonian with new parameters:

J, =J', K, =K, C, = —C,
(5)

H =-H,

1 1 1 1
b, = -ZKpp+ zZK+p+zZK-p+ 2&++ 2&- &p

The free energy of this model is therefore a func-
tion of three variables only, F=F(T, p, —g, p, ,
+ p, —2g,). One can write this alternatively as
F =F(T, 6, H).

In real ternary mixtures, unlike this model, the
density is not fixed (neither the overall average
density nor the densities of the separate phases),
and there are three independent chemical poten-
tials. The free energy in that case is therefore
a function of four independent variables
F =F(T, g„p„g,), where p, , is the chemical po-
tential of the ith component. As argued by Widom'
one has to have at least four independent variables
in the free energy in order to get a tricritical
point. However, because of the special symmetry
of our model [Egs. (5), (8), (9)], it does exhibit
tricritical points although its free energy is a
function of only three independent variables.

In this work we discuss the phase diagram of a
system described by the Hamiltonian (4) using
molecular-field approximation. The phase diagram
of this Hamiltonian for arbitrary J and K but for
C =0 was discussed by Blume, Emery, and Grif-
fiths' in connection with the phase diagram of He'-
He' mixtures. They have found that for K/J small
enough, the model does exhibit one tricritical
point at H=O. We will show that the model does
exhibit tricritical points for C/J e0. These points
are obtained by applying the transformations 8, 9
to the tricritical points at C/J' =0. No other tri-
critical points are found in this model. It is also
shown that for C/J =0 and K/J =3.0 the model ex-
hibits three tricritical points, one at H =0 and the
other two at finite values of H. This fact was over-
looked by Blume, Emery, and Qriffiths.
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III. MOLECULAR FIELD APPROXIMATION

One can derive the molecular-field approxima-
tion of a system described by a Hamiltonian by
using the variational principle for the free energy'

E & Q = trpZ+ (1/P) trp lnp

In this inequality p is an arbitrary matrix which
satisfies trp= 1, and P= 1/KeT. The exact free
energy of the system can be calculated, in princi-
ple, by minimizing the right-hand side of Eq. (11)
with respect to every possible density matrix p.
In the molecular-field approximation, however,
this minimization is carried out only with respect
to density matrices p, which can be written as a
product of single-particle density matrices:

a =J' tr(S,p, ) + C tr(S',p, ) +&,
b =Ktr(SIp, )+Ctr(S, p&) —4, (13)

In order to calculate the free energy in the molec-
ular-field approximation, we first write the most
general single-particle density matrix for spin
S=1. This matrix has the form

p e8($ &+ & )/tres(as. +bs&) (12)

where a and b are free parameters. Inserting
Eq. (12) into (11) and minimizing with respect to
a and b, one obtains the free energy Q and the
density matrix p in the molecular-field approxima-
tion. The result obtained in this way is
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FIG. 1. Phase diagram for K/J=0. 1, C/J=O. (a)
schematic form in the H-~-T space. (b) projection of
the critical lines on the H-4 plane.

FIG. 2. Phase diagram for K/J =2.88, C/J =0. (a)
schematic form in the H-8 -T space. A is a tricritical
point, Q and Q' are critical end points, and B is a co-
existence point of four phases. (b) projection of the
critical lines on the H-A plane.
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where'=M, K=zE, and C=zC. Let us now de-
fine

2 sinhP(JM+ CQ+H)
2 coshP(JM+ CQ+ H) + exp[ -P(KQ+ CM —d)]

M =(N+) -(N ), Q =(N~) + (N )
M and Q will be given in this approximation by

(14)
2coshP(JM+ CQ+H)

2 coshP(JM+CQ+ H) + exp[ P(-KQ+CM —&)]

(15)

~ rl
1

~ ~
I

.~
'

L

(a}
and the free energy Q(H, &, T) is given by

(1/N)4(H, &, T)

= ~JM +2' 2 + CMQ + (1/p)ln(1 - Q), (16)

where M(H, 4, T) and Q(H, &, T) are given by the
solutions of Eels. (15).

In order to find the phase diagram of the system
we first write down the thermodynamic potential
with respect to the order parameter M:

A(M, 4, T) = Q(H, 4, T) +MH,

where the equilibrium condition is

(a)
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FIG. 3. Phase diagram for K/J=3. 0, C/J=O. (a)
schematic form in the H-4-T space. A, P, and P' are
tricritical points and B is a coexistence point of four
phases. (b) projection of the critical lines on the H-4
plane. (c) projection of the critical lines and triple
point lines on the T-6 plane. Solid lines, critical lines;
dashed lines, triple-point lines.
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FIG. 4. Phase diagram for E/J=3.1, C/J=O. (a)
schematic form in the H-MT space. A is a tricritical
point, g and g' are critical end points and B is a co-
existence point of four phases. (b) projection of the
critical lines on the H-A plane.
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A
BM

(18) 2.5

Using this thermodynamic potential the critical
points are given by 2.0—

6/J
e2A e3A a4A

aM4

and the tricritical points are given by

(19)

t.5
0.6

I

0.7
I

0.8 09 T/J
&4A

aM aM aM aM ' aM

These equations can be derived by first solving
Eq. (15) for H and 6:

Q+MH= —ln —JM-CQ,
2P Q -M' (21)

(a)

&=—in[2(1 —Q)] ——ln(Q'-M')+CM+KQ .
P 2P

(22)

one can then calculate (a"H/aM") r ~ from Eq. (21)
using (aQ/aM)r ~ calculated from Eq. (22). The
equations obtained in this way have to be solved

FIG. 6. Projection of the lines of critical end points
Q(K) and @PC) on the T-A plane.

numerically for the general case where C and II
are different from zero.

Before discussing the phase diagram for the
general case where both C and II are different
from zero, let us consider the case C =0. This
case was studied by Blume, Emery, and Griffiths7
for H =0 They. have found that for K/J small
enough, the system exhibits one tricritical point.
As K/J increases beyond some value, this tri-
critical point becomes a critical end point. We
will show that for certain value of K/J (K/J = 3.0)
the system does exhibit two tricritical points at
some finite H, in addition to the tricritical point
at H =0. The tricritical points at HWO are ob-
tained from the point at H=O by applying the trans-
formations (8), (9) on it. The phase diagram of the
system in the T-&-H space and the projection of
the critical lines on the &-H or 4-T planes are
given for several values of K/J in Figs. 1-6.

For K/J small enough, the phase diagram is
qualitatively the same as for the case K/J =0.
This diagram for K/J =0.1 is given in Fig. 1. In
this diagram there are three coexistence surfaces,
one in the H =0 plane and two wings which are sym-

O. l
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Q=M=Q

-0. 1
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I

2,0
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3.0 4.0
I

5.0 b/S

FIG. 5. Phase diagram for K/J=5. 0, C/J =0. (a)
Schematic form in the H-A-T space. A' is a critical
end point. (b) The projection of the critical lines on the
4-H plane.

FIG. 7. Phase diagram of the system at T =0 for
IC I

——,'(K+».
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metric with respect to this plane. The three coex-
istence surfaces terminate in three critical lines
which intersect in a tricritical point A. As K/J
increases, one finds a fourth coexistence surface,
and this is shown in Fig. 2, for K/J=2. 88. This
fourth surface terminates in a critical line QQ'.
The intersection points Q and Q' of this line with
the two wings are critical end points. The point
B where the four coexistence surfaces intersect
is a coexistence point of four different phases.
As K/J further increases, the critical end points
Q and Q' move toward the critical wing lines, and
at K/J=3. 0 they intersect forming two tricritical
points P and P'. This is shown in Fig. 3. For this
value of the parameter K/J the model coincides
with the three-component Potts model discussed
by Straley and Fisher. " The phase diagram for
K/J=3. 1 is shown in Fig. 4. In this case the tri-
critical points P, P' become two critical end points
Q, Q', where the two critical lines of the wings
terminate. For K/J large enough, the tricritical
point A and the two critical end point Q, Q' disap-
pear. This is shown in Fig. 5 for K/J'=5. 0. In
this case the tricritical point A. becomes a critical
end point.

We have seen that the phase diagram of the Ham-
iltonian (4) with C =0 exhibits two tricritical points
P, P' at H 0. We have also found that each of
these points is an intersection of two lines of crit-
ical end points IQ(K) and Q(K) or Q'(K} and Q'(K)].
Theprojectionof thelines Q(K) and Q(K) onthe T-4
plane near the tricritical point P is given in Fig.
6. The tricritical point occurs at a maximum in

~ee i) 6/J
I

0.2

O. I

H/J 0

—O. I—
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-0.2 0.2 0.3 0.4 0.6 0.7 6, /J

FIG. 9. Phase diagram forE/J=0. 1, C/J=0. 05. {a)
Schematic form in the H-~-T space. A' is a critical
end point. (b) Projection of the critical lines on the
4-H plane.
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FIG. 8. Phase diagram of the system at T =0 for
ICI &kpC —J). The region denoted by (0~0~0~} is s two
sublattices region with S; =0 and S; = -1 for the two
sublattices.

FIG. 10. The phase diagram for K/J=0. 1, C/J=
= g{K/J+ 1)=0.55. {a)Projection of the critical line on
the ~-&plane. {b) Same as (a) for the 4-T plane.
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temperature for both lines of critical end points.
This result is in agreement with experiments"'"
and with Griffiths' prediction based on the Landau
theory. '

Let us now discuss the general case where both
C and H are different from zero. Consider first
the phase diagram at T=0. This diagram is given
in Figs. 7 and 8 for I CI &2(&+K) and

I
CI& ~(J+K),

respectively. In the latter case there is a region
in the H-& plane where the ground state of the
system is not translationally invariant (even though
J and K are positive). In this region the system
splits into two sublattices one with S; = —1 and the
other with S;=0. As we are interested in fluid
systems which are translationally invariant we
shall discuss only the case I CI c-,'(J+K). For
C=~(J+K) [or C= —&(J+K)] the coexistence line
b (or a) in Fig. 7 occurs only at T=O and it disap-
pears for finite temperatures. It is therefore ex-
pected in this case that the phase diagram in the
&-&-T space contains only one coexistence sur-
face [which corresponds to the coexistence lines
a( or b) and ao at T = 0].

We now discuss the phase diagram of the system
for I C/J I

~ &(K/J+ 1) and several values of K/J.
For small K/J and C/J =0 we have found that the
system has one tricritical point at H=0. For
finite C/J this tricritical point becomes a critical
end point. The phase diagram for K/J =0.1 and
C/J =0.05 is given in Fig. 9. As C/J increases,
the critical line b occurs at lower and lower tem-
peratures, and for C/J=~(K/J+1}=0.55 it lies in
the T=0 plane. The phase diagram in this case
contains only one coexistence surface which termi-
nates in a critical line. The projection of the crit-
ical line on the H-& and T-& planes are given in
Fig. 10.

I.O
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-2.0—

-0.1 0— -3.0
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1.7 1.8 1.9 2.0 6/ J

I.5
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FIG. 11. (a) Projection of the critical lines on the H-&
plane for K/J=2. 88, C/J=0. 05. Q, Q' and A' are criti-
cal end points. (b) The same diagram for K/J=2. 88,
C/J=0. 056. Q and A' are critical end points; P' is a
tricritical point. (c) The same diagram for X/J=2. 88,
C/J-0. 07. A', Q', and @are critical end points.

0.5
0

(b)
I

I.O
I

2.0

FIG. 12. Phase diagram for K/J=2. 88, C/J= 2(K/J+1)
=1.94. (a) Projection of the critical line on the H-&
plane. (b) Same as (a) for the T-6 plane.
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Consider now a case of higher K/8 where the
phase diagram for C// =0 contains four coexis-
tence surfaces and let us discuss, for example,
K/J =2.88. The phase diagram for K/J =2.88 and
C/J =0 was described in Fig. 2 and it exhibits one
tricritical point A, and two critical end points
Q, Q'. Taking C/J to be positive, the tricritical
point becomes a critical end point and the critical
end point Q' becomes closer to the critical line b.
This is shown in Fig. 11(a) for C/J=0. 05. As
C/J increases, the critical lines b and c intersect,
and the point Q' becomes a tricritical point, for
C/J=0. 056. This is shown in Fig. 11(b). This
tricritical point may be obtained by applying the
transformation (8) to one of the tricritical points
at C/J =0. As C/8 further increases, Q' becomes
a critical end point as shown in Fig. 11(c) for
C/J=0. 07. For C/J =2(K/J+1) =1.94 the two crit-
ical lines b, c disappear (as in the case of small
K/J) and the phase diagram contains only one co-
existence surface which terminates in a critical
line. The projections of this critical line on the
H-4 and T-4 planes are given in Fig. 12.

The phase diagram for K/J = 5.0 and C/J =0 was
described in Fig. 5. As C/J is increasing, the
critical line 5 will occur at lower temperatures
until the three critical lines ao, a, and b will in-
tersect to form a tricritical point. Increasing
C/J to the value &(K/J + 1) the critical line 5 will

occur at T=O and the phase diagram will contain
one coexistence surface which terminates in a
critical line.

IV. DISCUSSION

We have shown that the spin model presented in
this work exhibits tricritical points for certain
values of the interaction parameters J, K, and C.
It is found that the thermodynamic behavior of
this model near the tricritical points is in qualita-
tive agreement with that of three-component fluid
mixtures near their tricritical points. This model
has three independent thermodynamic variables
(T, &, &) and in order to compare it with three-
component fluid systems [which have four indepen-
dent thermodynamic variables (y, „p~, p„T)] we
used the interaction parameters K/J and C/J as
extra parameters. In order to obtain full analogy
with ternary mixtures one has to introduce a spin
S=-,' model (which has four independent thermo-
dynamic variables). Such a model is now under
consideration.

After this work was completed we received
papers from J. Sivardiere and J. Lajzerowicz in
which substantially the same calculations were
performed. We thank the authors for communicat-
ing their results prior to publication. We would
like to thank S. Krinsky and D. Furman for helpful
discussions.
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