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The force terms in the wave equation for second sound which arise from the interaction of
rotons and vortex lines are recalculated. When the phase of the perturbation in the roton drift
velocity owing to dragging of the rotons by the vortex lines is taken into account, new force
terms are found. One of these terms predicts a decrease of the second-sound velocity pro-
portional to the vortex density, in agreement with recent experiments on rotating helium and
heat currents. The other term predicts a new contribution to the attenuation of second sound

in rotating helium which may be observable.

I. INTRODUCTION

Explanation of measurements of second-sound
attenuation in rotating helium II,! and of second-
sound attenuation and temperature gradients in
heat currents® was made possible by the addition
of frictional force terms to the two-fluid hydro-
dynamic equations of Landau.® The frictional
forces arise because of interactions between ele-
mentary excitations (primarily rotons) and super-
fluid vortex lines. The form of the force terms
applicable to rotating helium was deduced by Hall
and Vinen? in a calculation that related the force
on vortex lines owing to roton scattering to the
average superfluid and normal-fluid velocities.
Vinen, constructing an approximate theory of
superfluid turbulence along similar lines, de-
veloped a theoretical basis for the force terms
applicable to heat currents.®*®

In this work,  we reconsider the calculation of
the force terms, and find that inclusion of a pre-
viously neglected effect leads to a satisfactory ex-
planation of the decrease of the second-sound
velocity which has been observed in rotation”®
and in heat currents.®'!°

When superfluid vortices are subject to oscillat-
ing forces in a second-sound wave, the vortices
oscillate, dragging the rotons in the vicinity of
the line so that the average roton velocity near
the vortex core differs from the normal-fluid
velocity averaged over a region containing many
vortex lines. This velocity perturbation was
treated by Hall and Vinen, who found that the per-
turbation had a large effect on the calculated mag-
nitude of the force term. In this work, we con-
sider the effect of the relative phase of the veloc-
ity perturbation and the force on the normal fluid
near the vortex. This consideration leads to two
additional terms in the wave equation for second
sound in rotating helium. One of the terms, and
a similar term which applies to heat currents,
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predicts a decrease in the velocity of second

sound which depends on the vortex density. The
magnitude of the predicted effect is in close agree-
ment with one of the experiments in rotating heli-
um® and in satisfactory agreement with the ex-
periments in heat currents.'® The other new term
predicts an additional contribution to the attenua-
tion of second sound in rotating helium which may
be observable.

-In Sec. II expressions for the force on rectilin-
ear vortex lines and for the macroscopic force
terms in rotating helium are derived. The effects
on second sound in rotating helium are considered
in Sec. II. In Sec. IV, a discussion of the effects
of superfluid turbulence on second sound is given.

II. MACROSCOPIC FORCE TERMS IN UNIFORMLY
ROTATING HELIUM II

In this section, expressions for the macroscopic
force terms arising from the interaction of second
sound with vortex lines are derived. The expres-
sions are given in terms of phenomenological scat-
tering parameters which describe the force on a
vortex line owing to roton scattering from the
line. Although attempts have been made to calcu-
late these parameters from first principles,?* 1+12
the parameters are usually treated phenomeno-
logically.

The calculation is based on the treatment of the
dynamics of a rectilinear vortex by Hall and
Vinen,* Hall,**''* and Hillel, Hall, and Lucas.'®
Originally,’® the force per unit length of line was
assumed to be entirely due to the scattering of
rotons from the line. In a reconsideration of the
theory in 1970, Hall proposed that a nonscatter-
ing contribution to the force, first predicted by
Iordanskii,® acted only on the normal fluid. This
led to a prediction that second sound would couple
to first sound, but not vice versa. Later, Lucas'’
failed to observe a coupling of the required mag-
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nitude. This led to a reexamination of the theory
by Hillel et al.,'® who concluded that both the scat-
tering force and the Iordanskii force are balanced
by a Magnus force on the superfluid, so the vector
sum of the forces acting on the normal fluid and
superfluid is zero. Forces of this form will be
assumed in this paper.!®

We first calculate the frictional forces acting
near a line, being careful to take into account the
relative phases of the various oscillatory quanti-
ties. A time dependence e'°‘ is assumed. We ne-
glect vortex wave effects, and assume the lines
are straight and parallel to the axis of rotation.
For simplicity, we assume that the normal-fluid
and superfluid velocities ¥, and V,, the roton drift
velocity at the vortex core, Vg, and the vortex ve-
locity V, are normal to the axis of rotation, al-
though the results of the calculation can be ex-
tended to apply to the case of arbitrary ¥, and ¥,."
We also assume, following Hall,™ that I, the
force on the normal fluid near the vortex lines is
given by

Tn=—D-‘7RL-(D,—an)G’X€RL; (1)

where D and D’ are parameters proportional to the
scattering cross sections, @ is a unit vector in the
direction of the angular velocity @, Vg, =Vg —Vy,

K is the quantum of circulation, and p, is the nor-
mal fluid density. The transverse force term
proportional to p,« is the Iordanskii force. Follow
ing Hillel et al.,'® we assume a balance of forces
near the line, with the force on the superfluid
provided by the Magnus effect:

-

f.g: ‘Tn=ps-’(a)x(;s_6la)’ (2)

where p, is the superfluid density. This equation
can be used to relate v, to V. Hall and Vinen* use
a result from classical hydrodynamics, with an
approximate correction for the finite roton-roton
mean-free-path L, to relate the roton-drift veloc-
ity perturbation (V5 - ¥,) to f,:

FR - "7': =-fn/E 1) (3)
where
1_-In(3AL)-1-%in

E- 4mm ’ (4)

7 is the normal-fluid viscosity, and A= (p,0/7)"/?

is proportional to the reciprocal of the hydrody-
namic penetration depth. This expression gives
an approximate description of the dragging of ro-
tons near the oscillating lines. The imaginary
part of 1/E, neglected by Hall and Vinen, corre-
sponds to a velocity perturbation which is out of
phase with f,,. (Such phase shifts generally arise
in the treatment of oscillatory motions of viscous

fluids.) For typical experimental temperatures
and second-sound frequencies, —In(3AL)-1=7,
so the imaginary part of 1/E has a magnitude
about a factor of 10 smaller than the real part.
Although it is difficult to estimate the errors
which may be introduced by the use of this expres-
sion for E (Hall estimates the uncertainty at
about 20%), the use of (4) leads to a calculated
value of the decrease of the second-sound veloci-
ty in rotation which is in surprisingly good agree-
ment with experiment.

Taking the vector product of @ and (2), and us-
ing (1), we find

Vs - ‘71, = (Dll/psK)WRL - (D/psK)G)XGRL ’ (5)

where D''=D’-p,k. From (1) and (3) we obtain

- - D\.. D'"\. L
Vo=V =(1+E>VRL +(T>w><vm. (6)
By subtracting (6) from (5) we obtain
E=Fs";n= -y-‘;RL +xa’vaL7 (7)
where
D D’I D DII
x= ok E y—1+E-psK . (8)

To obtain Vg, in terms of q, we invert (7) by taking
the vector product of @ and (7) and eliminating

@ XV, from the two resulting equations. The
result is

Ayt 0

Substituting this into the expressions for the
forces, we obtain

_(yD—xD"")q +(yD"" +xD) Xq
E+y? ’

Unfortunately, no useful simplification is achieved
by separation of the real and imaginary parts of
the factors involving x and y. Note, however, that
such a separation will lead to two force terms
proportional to ¢ and two terms proportional to

d. One of the latter terms predicts a dependence
of the second-sound velocity on vortex density;

the other may have observable effects on the atten-
uation of second sound in rotating helium.

Note also that an expression for V, can be ob-
tained from (5) and (9), and that ¥; can be ob-
tained from (3) and (10). Generally, the phases
of f,, Vg, V., and § are all different.

The macroscopic forces per unit volume are
obtained by multiplying (10) by 2w/k, the density
of the vortex lines per unit area. The macroscop-
ic force constants (the various B’s) are defined
by the following equation:

> -
VgL = —

- -
s= _fn=

h

(10)
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1

= 2w
sT — Fn=7fs

BLa(B,&x (@ xq) +B,o x (@ xd/0)

+BIoX{ +BL&x§/0)] (11)

where _ﬁs and '15,, are the superfluid and normal-
fluid forces per unit volume. The form of ex-
pression presented in (11) will be valid even if

q is not normal to @ providing that the cross sec-
tions for roton-vortex scattering in the & direc-
tion can be neglected, as experimental evidence
indicates.®*!®* The macroscopic force constants
are given by

. _{ 2p \yD—=x(D'-p,k)
Bi+iBy= (psan> Ky

=( 2p> X
PsPuk ) X2 +Y 27

. 2p \ xD +y(D’ —p,k)
’ [ n-
Bi+iB; (psp,.'f > & +y°

- 2p> Y
—<pspnx X4y 12)

where

D 1
X—D2+(D’ - pak)? T
(13)
— 7 —
(D" —pg) 1

Y=1 +(D'=puk ¥ pgk "

If the imaginary terms in (12) are neglected,
(11) reduces to the form for f, first proposed by
Hall and Vinen,* who determined values of B,
from measurements of the increase of second-
sound attenuation owing to rotation. The param-
eter B] can be determined from measurements
of the frequency shift of certain modes of a second-
sound resonator.?®?! Lucas®' has summarized all
published measurements of B, and B]. The data
presented in his paper were averaged to obtain
the B, and B] curves in Fig. 1. These data were
used to calculate the scattering parameters D and
D’ by inverting (12). (Omission of the imaginary
parts of x and y has a negligible effect on B, and
B!.) The values of D and D’ were then used in a
calculation of B, and B;. The results are shown
in Fig. 1. The uncertainty in B, arising from
scatter in the B, and B data is about 10% at high
and low temperatures, rising to approximately
20% near 1.9 K. The uncertainty in B} arising
from the same sources is somewhat smaller in
magnitude. Although the uncertainty in E arising
from approximations in the derivation of (4) is
hard to estimate, it is worth considering the

j/u

1.4 1.6 1.8 2.0 Ty
T(K) ‘

FIG. 1. Temperature dependence of the mutual friction
parameters. The values of B; and Bf were determined
from an average of all available experimental data, and
the values of B, and Bj were calculated using the experi-
mental values of By and Bj, as described in the text.
(The curve of 10Bj; is displaced 0.5 unit downward for
clarity.) :

effect of changes of E on the force parameters.
If D and D’ are held constant in (12), a change in
the real part of 1/E will affect all the force pa-
rameters. However, if (12) is used to calculate
B, and B; from experimental values of B, and B]
as described above, a change in the real part of
1/E will shift the values of D and D’ but will not
affect B, and B;. A small fractional increase in
the imaginary part of 1/E will, on the other hand,
increase the calculated values of B, and Bj by the
same fraction.

Since E depends on the second-sound frequency
through the A-term in (4), (12) predicts that all
of the force parameters will have a weak frequency
dependence. For example, at 1.65 K, increasing
o from 5 to 10 kHz will increase the calculated
values of B, and B, by 2.5% and 5%, respectively.
This frequency dependence of B, has escaped de-
tection; the range of scatter of all reported B,
measurements is on the order of 10%.

Note that if the Iordanskii contribution in (1) is
omitted, the (D’ -p,k) terms in (12) are replaced
by D’. Thus the value of D’ calculated from ex-
perimental values of B, and B will be shifted,
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but the calculated values of B, and B; will not be
affected by use of the new values in the modified
form of (12).

Different expressions for the force parameters
are found if the calculation is based on Hall’s
1970 theory.'* According to this theory, the force
on the normal fluid near a vortex line is still
given by (1), but only the scattering portion of the
force is balanced by a Magnus force ont the super-
fluid. Thus, different expressions for F and F
are found. These are given in terms of add1t10na1
macroscopic force parameters. The combinations
of these parameters which have the same effect
on second sound as those given by (12) are

B.+iB =< 2p \ yD—x(D’ psp,.K/p)
! 2 PsPak x2+y

(14)

B'+iB!= - Zp )xD"'y(D —Pa_PnK/P)
PR \pspak 2 +y

where x is given correctly by (8), but a term
p,/ps must be subtracted from the expression for
y in (8). When these expressions are used to cal-
culate D and D’ from B, and Bj, the results agree
with those obtained using (12) only at low temper-
atures. However, if the new values of D and D’
are used in (14) to calculate B, and B}, the dif-
ferences are found to be insignificant except near
T,, where (14) predict (i) a larger value of B,,
and (ii) a positive value of Bj.

III. SECOND SOUND IN UNIFORMLY ROTATING
HELIUM II

A. Wave equation

The wave equation for second sound is obtained
from the linearized hydrodynamic equations
_ p - — -
p‘?tl = —;*Vp +p SVT +F,
(15)
8? p - -
pn?tn = —Bn p—psSVT_Fs:

MEHL 10

where S and p are the entropy and pressure. To-
gether with the conservation equations for mass
and entropy, these lead to the wave equation

q uZVV 4 +B,wX @ Xq) +B,o X (@ Xq/o)

+(B! - 2o x§ +Bfw x{ /0, (16)

where we have included the one term linear in )
which arises from transformation to a rotating
coordinate system. Ordinary dissipative effects
have been neglected.

B. Second-sound velocity in rotating liquid helium

Consider the effect of the B, term on the veloc-
ity of second sound. [The combined effect of all
the friction terms in (16) will be considered in
Sec. III C.] If we neglect the other friction terms,
the wave equation is, for §L®,

=42VV+-§ - Bwi/o. (17)

Thus the wave velocity u,(w, o) depends on the
angular velocity and second-sound frequency:

#,(w, 0)=u,(1 +B,w/0)" 2 2 u,(1 - 1B,w/0). (18)

The approximation in (18) is valid since B, is of
order 0.1 at all temperatures at typical second-
sound frequencies, and w/0<< 1 under usual ex-
perimental conditions. Although the B, term ap-
pears to dominate (18) as ¢ approaches zero,

this limit cannot be realized experimentally, for
B, decreases (weakly) with decreasing ¢ owing to
the A term in the expression for E[(4)], and second
sound cannot propagate for o <2w.?

The dependence of «, on both w and ¢ in (18) has
been verified by Lynall and Mehl® in measurements
at 1.65 K. A comparison of their results with (18)
is presented in Table I, which also lists the mea-
surement of Vidal, leRay, and Francois at 1.63
K.” The u,-vs-w data of Lynall and Mehl are
linear for w< 4 rad sec™!, the maximum angular
velocity used in their experiment. The slopes of
their u,-vs-w plots are listed in Table I. The un-

TABLE I. Comparison of the predictions of Eq. (18) with experiments.

Investigators T ag/2m —Auy(uyw)™! (ppm/radsec™?)
K) Hz) Experiment Calculated

Lynall and 1.65 654 6.8+£0.2 7.5+0.4

Mehl (Ref. 8) 1198 4,1+0.1 4,1+0.2

1935 2.0+0.4 2.8x0.1

Vidal & al. 1.63 740 13 +3 7.1+0.8

(Ref. 1)
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certainties are estimated from the scatter of the
measurements, with no allowance for possible
systematic errors. The uncertainties in the cal-
culated slopes stated in Table I are based on scat-
ter in the B, and Bj data used in the calculation

of B,. (For the 1.65-K data, this uncertainty is
somewhat less than reported in Sec. II, since a
value of B, measured by Lynall and Mehl in the
same experiment was used.) Any uncertainty in
the imaginary part of 1/E in (4) will contribute
further to the uncertainty in B,. This source of
uncertainty may account for the slight discrepancy
between the theoretical and experimental slopes
in Table I.

The data of Vidal et al.” show a linear decrease
of u, with w at small w, with a more rapid de-
crease above w =3 rad sec™!. The slope stated in
Table I is based on a fit to the three points at
w<3 radsec”!. Vidal, leRay, Francois, and
Lhuillier later report a quadratic dependence of
Au, on w.'° However, more recent measurements
by the same group show a linear dependence for
w<6 radsec™'.?® A decrease in the size of the
effect with increasing second-sound frequency was
also reported, although the frequency dependence
was not stated.

The result of Vidal ef al. shown in Table I is in
disagreement with both the experiment of Lynall
and Mehl and with the theory presented here.
While their estimate of the uncertainty in individ-
ual measurements, 5 ppm, is about five times
larger than the scatter in the measurements of
Lynall and Mehl, the difference does not appear
to be sufficient to account for the disagreement.

Vidal et al.'® interpret their measurements in
terms of a phenomenological model in which the
B, term in the expression for F’s is replaced by a
term proportional to VT. Since the temperature
gradient VT is proportional to q in a second-sound
wave, both theories will predict a decrease of
u,. The theory presented here has the additional
advantage of predicting the magnitude of the effect
in terms of independently determinable parame-
ters.

C. Other effects in rotating helium II

The effect of the B, term can be seen if we con-
sider the combined effect of all the terms on the
modes of a cylindrical second-sound resonator.
This convenient geometry was used in the exper-
iments of Lucas?®! and Lynall and Mehl.® Consider
a cylinder of radius a with the cylinder axis coin-
cident with the axis of rotation. The normal
modes can be determined from the eigenvalue
equation that is obtained from (16) if we take the
time derivatives. [ We assume a time dependence

e!°t] We obtain

-u2VV+§ +0w (B, - B,)q +0[i(2 -~ B!) + B}l @ x{ = 07q.
(19)

The effect of the friction terms can be calculated
using perturbation theory.** The unperturbed
equation

—2VV-4=07, (20)
has eigenvectors
s (v, 0) =V (B,7) exp(aise), (21)

where J(u) is the s-order Bessel function. The
boundary condition at the cylinder wall, dJ (u)/du
=0 at u=k,,a, determines the values of k,; and the
zero-order eigenfrequencies o0,, =k,u,. (We are
neglecting the possibility of modes with a compo-
nent of q in the ® direction.) If we let P stand for
the perturbing operators in (19), the first-order
shift in the eigenfrequencies is given by

8(0?) = f Wk P, dV . 22)

Using (22), we find

14 - ’
60, , =iw <§BI=F——S-§2—> —w (%Bz;i(_z_ﬁx_> .

kia® - s? kisa® - s°
(23)

The unperturbed modes include degenerate pairs
for s#0. The real term in (23) predicts, in ad-
dition to the frequency decrease corresponding
to (18), a splitting of the normal frequencies of
the two modes in a degenerate pair. This splitting
is due to the combined effect of the Coriolis ac-
celeration and the B] term. Experimental values
of B] have been determined from observations of
this splitting by Lucas,?! and also from observa-
tion of the splitting in a square resonator by
Snyder and Linekin.2®

The imaginary part of o,,. corresponds to ex-
ponential decay, and is thus related to the quality
factor @ of the resonator. Measurements of @
are used to determine B;. Our calculation shows
that such measurements only determine B, directly
if an s=0 mode is used. Otherwise, an effective
value proportional to the linear combination of
B, and Bj in (23) is determined. The @’s of the
(+) and (=) modes of a degenerate pair will differ
due to the B term. This effect is largest for the
n=1 modes. For the (1 1+) mode the factor
s(k2,a® — s®)7! equals 0.418; for the (1 2+) modes
it is 0.375. The fractional separation of the ef-
fective B, values for these degenerate mode pairs
is thus approximately equal to 1.6B}/B,. Calcu-
lated values of the ratio B}/B, are less than 0.02
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at all temperatures where data is available. The
size of the effect is thus on the same order as

the effect on B, of doubling the second-sound fre-
quency. Refinements in experiments may make

it possible to observe both effects. Since Lucas
used the (1 2+) mode for his B, measurements

at temperatures below 2.12 K,21'?° the effect would
shift his data by a small amount which is much
less than the scatter in his measurements.

IV. SECOND SOUND IN THE PRESCENCE OF
SUPERFLUID TURBULENCE

A. Force terms

Although small heat currents due to normal
fluid -superfluid counterflow can be successfully
described by the unmodified equations of two-
fluid hydrodynamics, additional terms must be
added to describe the increase in friction which
occurs with large heat currents.® Vinen® attrib-
uted the increased friction to superfluid turbu-
lence, and developed a theory to explain the re-
sults of his studies of the temperature gradients
and second-sound attenuation associated with heat
currents. In Vinen’s model an equation for the
frictional force per unit volume is obtained by
multiplying an expression similar to (10) by an
effective vortex density L. An irregular, tangled
mass of vortex lines is assumed. The length of
vortex line per unit volume is L, and the factor
of £ arises from an average over orientations.
The vortex lines are assumed to move, on the
average, with the superfluid velocity V. This is
reasonable since the effect of the Magnus force
(2) might be expected to average to zero when
averaged over the random orientations of vortex
lines in turbulence.

In this section we will attempt to account for the
observed decrease of the second-sound velocity
in the presence of heat currents®!° by an exten-
sion of Vinen’s theory. Because of the approxi-
mate nature of Vinen’s theory, we should not ex-
pect to find close agreement between theoretical
expressions and experimental results. The agree-
ment turns out to be satisfactory, however.

In order to apply (10) to turbulence, we must
first eliminate the effects of the Magnus force by
expressing T, in terms of ¥, —V,, and then approx-
imating V, by V,. We first consider the modifica-
tion of (10), and then use Vinen’s expression for
L to find the macroscopic force terms in the
second-sound wave equation.

The Magnus effect was included in our calcula-
tions by combining (5) and (6) to get (7). I in-
stead, we invert (6) directly, we obtain an expres-
sion similar to (9): '

MEHL 10
= _ i -V) +q0X @y -V,)
VRL xi +y£ N (24)
where
%, =—-(D'-p,k)/E, y,=1+D/E. (25)

The force fs can now be expressed in terms of

¥, —V,. The expression differs from (10) only in
replacement of x by x;, y by y,, and q by Vv, - V,.
In applying the equation to turbulence, we assume
that the transverse terms average to zero, and
that the macroscopic forces are obtained by multi-
plying the analog of (10) by 2L. The effect on the
wave equation can be obtained by replacing the
vortex density 2w/k by 3L in (16), dropping the
transverse terms, and assuming that v, equals
v, on the average:

§=1299-§ - 1B, kL§ —iB, kL4 /0. (26)

We have introduced new parameters (By,, Bp,)
which differ from the parameters for rotation by
omission of the effects of the Magnus force. They
are given by expressions analogous to (12) with
x and y replaced by x; and y,. The differences
between B, and B,, and between By, and B,, are
less than 10% for £<2.0 K.

Using a dimensional argument, Vinen related
L to the average counterflow velocity v by

LY2=(B/k)v, (27

where v is averaged over many cycles of second
sound and g is a dimensionless parameter. (In
Vinen’s notation, B=2na =nB,p,X,/X;.) This ex-
pression is valid for large v, when turbulence is
fully developed. The values of 8 determined from
Vinen’s experiments range from about 0.09 at

1.3 K to 0.25 at 2.0 K. By using (27) in the wave
equation (26), we see that the second-sound atten-
uation and velocity reduction owing to a heat cur-
rent are expected to have quadratic dependences
on v:

2
ar=E8u,, (28)
2
A ’B
e - @)
2 .

Vinen (and others) generally found that the v* term
in (28) had to be replaced by (v —v,)® to agree with
experiments, where v, is a small positive con-
stant which tends to decrease with increasing
channel size. Thus the theoretical expression

(28) was expected to apply only in the limit of very
wide channels. The physical meaning of the v,
term is not fully understood, but it is probably
related to the effects of the channel walls on vor-
ticity production.®
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B. Comparisons with experiments

Vidal et al.'® have made simultaneous measure-
ments of @’ and Aw, in heat currents at 1.44 and
1.52 K. The direction of sound propagation was
normal to the heat current to avoid entrainment
effects.?®'?” Their results have been replotted in
Fig. 2 in a form which facilitates comparison
with (28) and (29). The attenuation data differ from
similar data of Vinen in two ways: (i) A linear
fit to (a’)"/? at high v extrapolates to a negative
vy, while all the published curves of Vinen show
a positive v,. (The magnitudes of the required
values of v, are on the same order of magnitude
as those found by Vinen.) (ii) The slope of the
(a’)2-vs-v curve at high v should be (Ap/2u,)"/?
in terms of Vinen’s parameter A; the actual slopes
in Fig. 2 are about 55% of the values calculated
using Vinen’s values of A. Vinen found that his
values of A were independent of channel size, but
investigators in other laboratories find different
values. For example, Brewer and Edwards®®
found that the values of A that they determined
from measurements of temperature gradients in
heat flow were independent of channel size but
were about 50% larger than Vinen’s values.
Kramers® notes that the values of A determined
in a variety of experiments are spread over a

8r 152K ad
6 I °.o'°' e.02
°° .
=3 ‘°' ) ]
4 Lo~ _o—°/_ [o]]
~ 2} _-o° o 0o® :
- e 19’/ 1 2
g o 1’ 1 1 L 1 1 o ’\(U
o N
o 8 -
o ® b
B4
2
0

V (cm/sec)

FIG. 2. Plots of (¢/)!/2.and (- Au,/u,)!/? as functions
of the counterflow velocity v, where ¢’ is the increase in
second-sound attenuation due to a heat current and Az, is
the change in the second-sound velocity due to a heat cur-
rent. The data is from Ref. 10. Open circles (al/?

(left scale); solid circles, (—Au,/u,)'/? (right scale).
The vertical lines through the solid circles at low v
show the error estimates from Ref. 10. The dashed
lines are fit to the attenuation data. The solid lines are
calculated from (29) as described in the text.

large range. Thus the slopes of the attenuation
data in Fig. 2 are not inconsistent with other mea-
surements, but we can expect difficulty in com-
paring (28) and (29) with experiments. The best
procedure would seem to be to make direct com-
parisons of the attenuation- and velocity-reduction
measurements from the same experiment. Such
comparisons should eliminate the effect of vortex
density. Regardless of the dependence of L on v,
we would expect the ratio of a’ to A, to be in-
dependent of v. This is clearly not the case. The
velocity-reduction data appear to be consistent
with the unmodified form of (29) at low v, rather
than a form with a negative v, as required to fit
the attenuation data. It is not clear whether the
disagreements arise from a defect in the experi-
ments or from a defect in the model. Meaningful,
direct comparisons of @’ and Au, are, however,
difficult. Instead the Au, data have been compared
directly with (29), using values of 8 calculated
from Vinen’s values of A. The solid lines in Fig.
2 are calculated from (29) in this way. If, alter-
nately, values of 8 calculated from the slopes of
the attenuation measurements in Fig. 2 are used,
the slopes of the solid lines are smaller by a
factor of about 65%.

Consideration of Fig. 2 leads us to conclude that
while the ideas discussed here fail to give a com-
plete and accurate description of the data of Fig.
2, the second-sound velocity reduction calculated
from (29) is in sufficiently good agreement with
the data to support the general assumptions on
which (29) is based. Perhaps more experimental
work will clarify the situation, particularly with
respect to the need for replacing v by (v -v,) in
(27).

The second-sound velocity reduction described
by (29) is due to random vorticity, hence the ef-
fect should be independent of the relative direction
of the second-sound wave vector k and the counter-
flow velocity 7. In addition to this effect, the
second-sound velocity will be decreased in a heat
current by the entrainment effect calculated
Khalatnikov®® and Mikeska.?” Unlike the isotropic
effect predicted by (29), this effect vanishes for
E-L\’r, and hence should have no effect on the re-
sults of Vidal et al.

Bhagat and Davis®® have measured the velocity
of second sound in heat currents at temperatures
within a few millikelvin of T,. With KIV they ob-
serve a decrease which is quadratic in v, with a
slope (-Aw,)/(u,v?)=0.1 cm™2 sec®. With kLlv, on
the other hand, they were unable to detect an ef-
fect. The sensitivity of their measurements
places an upper limit of about 10~ em ™2 sec? on
the slope. Bhagat and Davis attribute their results
to the effect calculated by Khalatnikov and Mikeska.
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The anisotropy of the data is consistent with
this interpretation, although the magnitude of the
observed effect is much larger than the calculated
value.

It is worth considering the expected magnitude
of u, predicted by (29) at temperatures near T).
One difficulty in estimating the size of the expected
effect is finding a suitable value of 8 for use in
(29). Since no measurements of o’ have been
made near T,, it is necessary to estimate 8 from
measurements of temperature gradients in heat
currents. Several groups have made such mea-
surements near T,.3'"3* Ahlers®' and Leiderer
and Pobell*? analyze and present their data in a
form from which 8 can be estimated. Ahlers
finds the parameter A is approximately 150 cm sec
g™ ' at T\ - T~ 1jmK; Leiderer and Pobell find
A=6300 cm secg™! at the same temperature. (The
reader is referred to the original papers for the
details of the difficulties which arise in the anal-
ysis.) If B is expressed in terms of the parameters
A and B;,, (29) becomes

Au, ApBp, ,

7’2‘2 == Efu . (30)
The calculated value of the ratio (B,,/B;,) depends
strongly on whether a mutual-force theory or
Hall’s 1970 theory is used in the calculation. If
the ratio is calculated as described in Sec. IVA,
it is found to approach zero rapidly as T approach-
es T). However, if the ratio is calculated on the
basis of Hall’s 1970 theory, using a suitably mod-
ified form of (14), the ratio remains constant at
approximately 0.1 near T,. (This is at least a
factor of 10 higher than the mutual-force result.)
If a value of o appropriate for the experiment of
Bhagat and Davis and (Bp,/B;,)=0.1 are used in
(30), the slope (-Auw,)/(u,0%) ispredicted tobe 0.003
cm™2 gec? using Ahler’s value of A, and 0.13
cm™? gec? using the value of Leiderer and Pobell.
Since these values are larger than the experimen-
tal uncertainty, we conclude that the results of the
experiment of Bhagat and Davis are inconsistent
with a prediction based on Hall’s 1970 theory, and
consistent with the mutual-force theory. We note,
however, that there is no direct experimental
evidence supporting the use of (28) and (29) at
temperatures near T,. Particularly in view of
the difficulties in the interpretation of the temper-
ature-gradient measurements, 3*3 it appears that
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useful information about superfluid turbulence
could be gained from further experimental work.
Simultaneous measurements of a’ and A, in heat
currents at temperatures extending from below
2.0 K to near T, would be particularly desirable
as tests of (28) and (29).

V. SUMMARY

Two new terms in the expressions for the mac-
roscopic forces describing the vortex second-
sound interaction arise when the phase of the roton
drag is taken into account. The new terms can be
obtained by replacing the parameters (B, B’) in-
troduced by Hall and Vinen* by complex param-
eters (B, +iB,, B} +iB}). Expressions for the
complex parameters in terms of the phenomeno-
logical scattering parameters (D, D’) have been
derived. The parameters B, and B, were calcu-
lated using values of D and D’ calculated from ex-
perimental values of B, and B{. Comparisons of
the parameters B, and B, with experiments pro-
vide a test of the accuracy of the Hall-Vinen mod-
el of the vortex second-sound interaction.

The force term proportional to B, describes
a decrease in the second-sound velocity which is
proportional to the angular velocity and inversely
proportional to the second-sound frequency, in
agreement with the experiment of Lynall and
Mehl.® Moreover, the agreement of the observed
and calculated magnitudes of the effect provides
new evidence in support of Hall and Vinen’s theory
of the vortex second-sound interaction.

The force term proportional to B; describes an
additional contribution to the losses of certain
modes of second-sound resonators. The effect
is small, but may be observable in a carefully
designed experiment.

The form of the force terms applicable to the
case of the random vorticity in superfluid turbu-
lence has also been discussed. The theory pre-
dicts the approximate magnitude and counterflow
dependence of the second-sound velocity decrease
which has been observed in heat currents.'® Anal-
ysis of the results of experiments with heat cur-
rents suggests that experimental studies of
second sound in heat currents at temperatures
extending from below 2 K to near T, may yield
useful information about superfluid turbulence,
including the diverging mutual friction observed
in temperature-gradient measurements near T',.
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