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Calculations of ionization cross sections have been performed for removing electrons from 2s and 2p
levels in hydrogenlike atoms by heavy-charged-particle impact using the binary-encounter approximation
(BEA). The ratio of ol /ot is predicted to peak when the projectile has a velocity equal to 0.3 times

the velocity of the atomic electron. Experimental values of crt, /crt, , in agreement with Born
predictions, peak at a velocity significantly lower than that predicted by BEA calculations. By
transforming to coordinate space in an approximate way, predictions for the impact-parameter
dependence are made. In the 2s case, the ionization probability has a pronounced local minimum for
impact parameters near half the atomic radius, corresponding to a node in the 2s wave function. The
ionization probabilities for arbitrary charged particles on arbitrary targets may be easily found by

applying scaling laws to values tabulated over a wide range of projectile velocities.

I. INTRODUCTION

There are many ways to predict cross sections
when a limited number of channels are open, and

when the process may be considered as a two-
body problem. Since neither of these criteria is
easily met in the case of atomic ionization by
heavy-charged-particle impact, it should not be
surprising that few practical solutions exist, and

that the existing solutions are rigorously valid

only in certain regions, i.e., at high energies.
Consequently, it is reasonable to develop and test
models, particularly in regions where rigorous
solutions do not exist, where data do exist, and

where the model is relatively simple to use.
The binary-encounter approximation' ' (BRA),

of course, is such a model, useful at low and

intermediate projectile velocities where it is not
clear that the Born~'' or Qlauber' approximations
rigorously apply. The cross sections obtained in

the BEA model obey remarkably simple scaling
laws suggesting that vacancy-production data for
various projectiles and targets should have the
same velocity dependence. Expex imental data
support this simple model to a remarkable degree,
i.e., the data for ionization of inner-shell elec-
trons by the impact of protons and n particles is
usually within a factor of 2 of the BEA predictions
(and Born predictions, as well) over a wide range
of projectile velocities.

Recently, the BEA model has been extended '

to predict the impact-parameter dependence of the
ionization cross sections, i.e., to compute the
probability of ionization as a function of the impact
parameter of the projectile. In extending the mod-
el, at least two additional assumptions are intro-
duced, namely, that (i) there exists an algebraic

relationship between the velocity of the atomic
electron and its distance from the nucleus; (ii)
ionization occurs when the projectile and electx'on
are separated by a distance small compared to
the atomic radius. The predictions themselves
are in good qualitative agreement with xecent im-
pact-parameter measurements for K-shell elec-
trons. Furthermore, comparison with multiple
K- and L,-shell ionization' ' data supports pre-
dictions for the I shell near zero impact parame-
ter.

While there has been considexable work done for
filled atomic shells, little attention has been given
to the subshell structure. Recently, Hansen' has
computed cross sections for ionization in the 28
and 2P subshells. However, there has been no
prediction of the impact-parameter dependence
of the ionization probabilities for atomic sub-
shells in either the BEA model nor any other mod-
el.

In Sec. II we formulate expressions for ioniza-
tion cross sections and probabilities in the 2s and
2P subshells. In Sec. III, we compare our results
to recent observations" "ot os „/o~ and os „,/I

~ru.
In Sec. IV, we present predictions for the ioniza-

tion probability in the 2s and 2P subshells, each
of which differs significantly from the prediction
for filled shells. Applying the usual scaling laws
for these probabilities to tabulated values, pre-
dictions for arbitrary targets and projectiles are
easily found.

II. FORMULATION

In the BEA model, one approximates the ioniza-
tion problem by considex ing a binary encounter
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between a projectile and a free electron. The ef-
fective two body cross section, averaged over
allowed energy transfers, ' ' is then averaged
over the density distribution for an atomic elec-
tron. The expression for the differential cross
section, d«, «/d(bE)dq, has been derived by Bates
and Mc Donough, "namely

dg, g 4m@ Z e'
)
dq=, , p(v, )v, dv, .dAFv;q

TABLE I. G (V) vs V for 2s and 2P electrons . The
cross section for ionization is given by 0 (V) =Nz ooG(V)/
U . Here N =2 (or 6) for 2s (or 2P), 00 = 6.56 x 10 cm
eV, U is the binding energy meV, and V = (mE/MU)
=v;/v 0 is the scaled velocity where the projectile energy
E = ~~v; and ~U ~

=s mv 0. Hansen's tables (Ref. 7) of
U o./N correspond to OOG (V) x 10 . In our notation,
0.729(-4) = 0.729 x 1Q

G2p6')

Here 'q is the momentum transfer, AE is the ener-
gy transferred to the target electron, z is the
charge of the projectile, Z is the nuclear charge
seen by the atomic electron, e is the charge of
the electron, v; is the projectile velocity, v, is
the electron velocity, and p(v, ) is the density dis-
tribution of the atomic electron. This expression
is valid for arbitrary density distributions p(v, )
in randomly oriented targets (e.g. , no external
electric or magnetic fields). The density distri-
bution is normalized according to

where the binding energy -U = —,
' m v'0. In this case

the total cross section for ionization is given by

where N is the number of electrons in the filled
shell, V=v;/v, is the scaled velocity, (T, =6.56
x10 "cm'eV', and G(V) is a tabulated' function
of V. A closed form expression for do,«/d(r)E)
is given' by Garcia.

For the 2s subshell, the density distribution is
given by

32 Vp 2 2 22.4 (v2 —vo)
7T (V2 + Vp)

(6)

Now the total cross section for removing electrons
from the 2s level may be computed using Garcia' s
result' for d«.«/d(nE), giving

p(v, )v', dv, =1.
0

The total cross section may then be found by
integrating E(l. (1) over allowed ranges' ' of energy
and momentum transfers. It is important to note
that the limits of integration depend on v, ~

For filled hydrogenic shells, the density distri-
bution, corresponding to the square of the wave
function in momentum" (or a microcononical
statistical distribution of classical particles) is
given by

32 vp
p( 2

—
( 2 )4s)!v )=—
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' d& effo„(v)= p„(v,)v', dv, „',d(nE)

28 0'
= ~'G„(v), (6)

We now identify

P(b) p((b +z ) )dz doeff

(14)

where G„(v) is tabulated in Table I. Hansen' s
tables' of U'o/Nz' correspond to cr,G(V) && 10".

Similarly, for 2p electrons where the density
distribution is given by

32 v,' 4

the total cross section is given by

6z o,G ~ (V) (8)

Here we have chosen p(r) rather than p(v, (r))
since using the former gives a correspondence'
to the plane-wave Born approximation and better
represents data for K-shell ionization. We have
also assumed that b is the impact parameter of
both the projectile and the atomic electron.

It has been previously pointed out' that, in the
BRA model, the ionization probability satisfies
remarkably simple scaling properties, namely
that

where G» (V) is also listed in Table I. We note
that

2G2, (V)+6G»(V) =8G(V),

corresponding" to 2o„+60» = 802. These results
may be easily used to compute total cross sections
for ionization in the 2s and 2p levels.

In order to express the cross section in terms
of the ionization probability, i.e.,

y oo

o(V) = 2wbP(b, V)db,
&0

we must transform to coordinate space. This may
be done' ' by assuming that the electron velocity
v2 is a function of its distance from the nucleus, o.
This may be done classically, using conserva-
tion of energy, namely

-,' m v, —(Ze /r) = ——,
' m v„

but this gives imaginary values of v2 for r) 2a
=2n/v„where n is the principal quantum number.
Instead we prefer Hansen's relation, '

P(b, V) =(z/Z) P(b/a, V),

where P(b/a, V} has been tabulated' for ionization
in the K shell. Here a is the radius of the atomic
electron. In Sec. IV we tabulate P~(b/a} and

P~(b/a, V).

III. CROSS-SECTION RATIOS

(16)PL I
—P2s & PL II III

The binding energies for L„L», and L»I differ
from one another. Consequently, at a fixed pro-

In order to compare the results of Sec. II to
experimental x-ray measurements, it is neces-
sary to transform from 2s, 2p notation to L„LII,
Lm notation. The (n, l, n„s, m, ) wave functions
may be related to the (n, j, m~, s, m, ) wave functions
using Clebsch-Gordan coefficients. Since the
density. distributions are just the square of the
wave functions, it is straightforward to derive
the obvious relations,

E
r 2

p(r)r' dr + p(v, )v',dv, = 1,
0

(12}

I I

LEAD
PWBA
BEA

in accordance with the uncertainty principle. Here

p(r) is the coordinate space density distribution,
and p(v, ) is the velocity space distribution.

We may now express the cross section in the
form of Eq. (8). Since v, =v, (r), we may write
Eq. (4) as

/

(V) ( p2 dr sff ( l . 2( )) d(nE)
d(n. z)

= (I/4m) p(r) d'r " d(n E)
Q

p((b +' } )«
0 0 2'

x do eff

d(gE) d(+E) .

2

E p (MeV)

FIG. 1. Ratio of crL, cr&, vs projectile energy for
p+Pb. The plane-wave Born-approximation (PWBA)
calculation is from Merzbacher et aL. (Ref. 4). The data
were taken by Shafroth et al.
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FIG. 2. Ratio of 01 „/OL, „vs projectile energy for
P+ Pb. At the same scaled velocity, the BEA model
predicts that the ratio is 2. At a fixed projectile energy,
deviations from two are due to differences in the binding
energies for I II and L, III electrons.

jectile velocity, the scaled velocities are different
for each subshell. Therefore, or, „and ~L, m are
not identical at fixed projectile velocity. Further-
more, the subshell sum ruled defined by Eq. (9)
is broken. In most instances, the subshell bind-
ing energies are similar, and the differences
which we have just discussed are small.

Recently there have been observations of the
ratio of cz, /&xz, in atoms near" Z = 80 and near"
Z =60 over a range of projectile energies. In Fig.
1 we compare the BEA results to the observations
of the group" in North Carolina, and to predictions
by Merzbacher. ' Our BEA results (shown) differ
by 20%%uo or so from those quoted by Madison et al.
(not shown). In any case, the Born results tend to

predict the position of the peak more accurately
than do the BEA results. In our calculations we
find that the position and magnitude of the peak is
a sensitive function of the scaled velocity, so that
these measurements tend to emphasize delicate
features of the total cross sections.

In Fig. 2 we compare the BEA prediction for
c~ /v~, to experiment and to the Born calcula-
. III

tion. Innthe BEA prediction, the increase in cz, /
III

0~ at low energies reflects the sensitivity of
II

G»(V) to small changes in V due to differences
in the subshell binding energies U~„and U~„, . In
this case the BEA predictions seem closer to ex-
periment than the Born predictions.

In Fig. 8 we predict a universal curve for o~ /
0~ for fixed scaled velocity. Here, one must
vary the projectile velocity, so that the scaled
velocity, V=(Em/UM)'" remains the same. This
curve has a sharp local maximum at V=0.30 and
a broad local minimum at V=O. VO. According to
our BEA predictions, the ratio oz /v~ =2 at

III II
fixed scaled velocity.

IV. IONIZATION PROBABILITIES

Previous BEA calculations' ' of the ionization
probability indicate that the probability is essen-
tially a monotonically decreasing function of im-
pact parameter for filled shells. Born calcula-
tions and observations for ionization in the K shell
agree with the BEA predictions and with each
other within -50%%uo.

In Fig. 4 we present the ionization probability
for 2s and 2p electrons at V=1. The dominant
feature in both cases is that the impact parameter
dependence is markedly different from the mono-
tonic dependence for filled shells. In the 2s cal-
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culations there is a local minimum near b = —,'a,
corresponding to a node in the 2s radial wave func-
tion at b =-,'a. In the 2p case, there is a maximum
near b =a, again due to a maximum in the 2P densi-
ty distribution. The sum of twice the 2s proba-
bility plus six times the 2p probability gives an
impact parameter dependence which monotonically
decreases. However, in coordinate space the
density distributions do not satisfy the sum rule
[Eq. (9)] for filled shells satisfied by velocity
space density distributions.

Comparing Fig. 4 and Fig. 5 we see that the
minor variations in the 2s values of P(b) corre-
spond to variations in the kinematics near b = —,'a.
Since such variations are not present for the 2p
shell in either P(b) or the kinematics, we attribute
these 2s minor variations to kinematics. Since
these fluctuations appear to be due to Hansen' s
kinematics, and since we have no correct kine-
matics in our classical approach, we find it dif-
ficult to state definitively whether or not the minor
fluctuations are correct. In our opinion they are
probably spurious. However, especially since a
quantum mechanical calculation, " is feasible, we
see little point in stating a definitive conclusion
in this matter. Furthermore, these minor fluctua-
tions seem to be comparable to experimental er-
ror with existing experimental technique. Con-
sequently, we leave the question somewhat open.

In Tables II and III we present tabulated values
of P(b, V) for the 2s and 2P subshells. The ion-
ization probability for projectiles of charge z

Z'.0
~o
IJJ

1.4

CC
1.2

I.O

CQ 0.8
Q) J3
O~

0.6

incident on an atomic electron bound by a nuclear
charge Z =n(U/13. 6)", is given by (z/Z) P(V, 5).

V. DISCUSSION

3

2s
Classical--- Hansen

In the BEA model, cross sections are computed
using a single parameter, namely the binding en-
ergy U which may be determined experimentally
in most cases. In the Born approximation, two
parameters are adjusted to correspond to experi-
mental values, namely the binding energy U and
the effective nuclear charge Z. Furthermore,
the less rigorous BEA model corresponds to the
Born approximation in the limit of high velocities
of the ejected electron. Consequently, it should
come as no surprise that the Born approximation
gives somewhat better agreement with the o~„ /
cr~ experimental data than does the BEA model.

I
If there is any surprise, it is that these approxi-
mations work at all in this low energy region. In
the same vein, one should view with caution pre-
dictions of universal curves such as Fig. 3, since
many simplifying assumptions have been made in.
order to produce such a curve. At best such re-
sults can be expected to reflect a general trend
to be looked for in experimental data.

In Sec. II we pointed out that to compute total
cross sections in coordinate space required more
assumptions than are required in velocity space.
In our calculations we have chosen the density
distribution equal to the square of the wave func-
tion, i.e.,

2

p„,(r)=!4„,(r)1'=
&,

dpe' '"4„,(p)

Such a choice preserves the correspondence' to

g 0.4
I~
N 02
Z0

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2,0

by 0
FIG. 4. Probability for ionization in the 2s and 2P

subshells as a function of impact parameter at V =1.
The minimum in the 2s curve occurs at b =~a, corre-
sponding to the node in the radial wave function for 2s
electrons. The solid curves employ Eq. (11) while the
dashed curves use Eq. (12) due to Hansen. The two
approximations give similar results except at large
impact parameters.

FIG. 5. Velocity-distance diagram for the 2s sub-
shell; the solid curve is classical fZq. (11)] and the
broken curve is due to Hansen [Eq. (12)]. For the 2p
subshell, Hansen's result is very close to the classical
result.
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the Born approximation. Hansen, on the other
hand, chooses' a different density distribution
corresponding to

In this way Hansen preserves Fock's' sum rule,
namely that Q, p„, is independent of n, which our
choice fails to satisfy. However, Hansen's choice
leads to wave functions in coordinate space which
are not hydrogenic. Fortunately the differences
in the ionization probabilities and cross sections
are usually small compared to the over-all accu-
racy of the BEA model itself. Unless one is
searching for a fine detail, or is at low velocities,
it makes little difference which method is used.
Except when one is forced to work in coordinate
space (e.g. , computation of ionization probabil-
ities), it is preferable io work in velocity space
(e.g. , total cross sections) where these ambigu-
ities do not arise.

Since we have seen that the local minimum in
P(b) for 2s electrons corresponds to a node in the
radial wave function, it seems reasonable to ex-
pect that the BEA model will predict n - l - 1 local
minima in general corresponding to the n- l-1
nodes in 4'„,(r) for higher shells.

Finally, we should like to point out that there
exist no data on the impact parameter dependence
of L-subshell ionization cross sections. Nor have
there been calculations done in the Born approxi-
mation, although appropriate expressions" exist.
Such measurements and calculations will provide
a further test of the atomic ionization cross sec-
tions.
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