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The behavior of a two-level system interacting with a bichromatic classical field is studied. Analytic
expressions are found for the Green’s-function operator for the system if the field is weak and near
resonance, and a systematic procedure is developed to obtain the Green’s-function operator in a more
general case. The results are used to calculate the probability of a transition from the lower to the
upper state; resonance conditions occur when the level spacing of the system, w,,, is near
nwy, — (n — Do, where n is a positive or negative integer, and w, and w, are the frequencies of
the components of the field. The resonance frequency depends on the intensity of the field components.
In addition, the cross section for scattering photons out of the field has been calculated. It is found
that the spectrum of the scattered radiation consists of lines at frequency w, = ®,, @), and odd
harmonics of these, combinations of the fundamental and the harmonics with A = w, — w,, and
satellites shifted from all of these features by an amount which depends on the intensity of the field
and o,,. The cross section is intensity dependent particularly insofar as the location of resonance
peaks is concerned. It is suggested that this effect may be exploited in transferring intensity modu-
lation of one component of the field to phase modulation in the other component.

I. INTRODUCTION

The behavior of an atomic system in an intense
electromagnetic field has become of considerable
practical and theoretical interest as a result of the
availability of powerful lasers. Because the field
may rapidly induce large changes in the atomic
wave function it is necessary, in order to calculate
physical quantities of interest such as transition
probabilities and scattering cross sections, to
find, for example, the complete Green’s-function
operator of the system interacting with the field.
To make this problem tractable, one is naturally
forced to adopt some simplifying assumptions. The
primary one adopted in this paper is that only two
states of the atom are effective in its interaction
with the radiation. That is, the atom is replaced
by a two-level system endowed with an electric
dipole moment. Furthermore, the energy levels
are considered sharp, all relaxation processes
being ignored.

The problem of a two-level system in a mono-
chromatic field has been dealt with in some detail
by several authors,! but the case of a bichromatic
or polychromatic field has received much less
attention because of its complexity. Although a
general formalism to deal with these cases has
been introduced by Chang and Stehle,? they did
not treat examples. Using an entirely different
approach, Mollow® has discussed a two-level sys-
tem interacting with a pump field and a weak-signal
field whose frequencies are very close to the reso-
nance frequency of the atom. Two allied problems
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to the one discussed here may also be mentioned:
the spontaneous emission by a two-level atom into
a multimode cavity, treated in the rotating-wave
approximation by Swain?; and a three-level atom

in the presence of a two-mode electromagnetic
field, studied by Walls® and Chiarini et al.® Ex-
periments involving the application of two oscil-
lating fields to an atomic system have been carried
out by Oka and collaborators.”

Whereas the problem of finding the Green’s func-
tion of a two-level system in a monochromatic
field could be solved by summing a perturbation
series,! it does not appear to be possible to do this
in general when another component is added to the
field. However, if the two components of the field
are relatively weak, and have a frequency which
is near resonance, it is possible to sum the most
important terms in the perturbation series, ob-
taining the Green’s function in terms of continued
fractions. The general case is attacked by pos-
tulating that the wave function of the two-level sys-
tem in the bichromatic field has the form of a
double Fourier series; the coefficients in this
series satisfy certain recursion relations which
permit their evaluation in principle. It is then
shown that the Green’s function may be expressed
in terms of these coefficients.

From the Green’s function, the probability of
transition from the lower to the upper state may be
evaluated, and several illustrative examples were
calculated numerically. The two-level system
displays nonlinearities, there being resonant tran-
sitions at sum and difference frequencies of the
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10 TWO-LEVEL SYSTEM IN A BICHROMATIC FIELD

two components of the field and significant intensi-
ty-dependent shifts in the resonance frequencies.
The cross section for the scattering of a photon
out of the incident field has also been calculated.
Here too, the system shows nonlinear effects,
because, in addition to Rayleigh scattering, one
finds photons emitted at sum and difference fre-
quencies and satellite emission lines, the fre-
quency of which depends on the field intensity.
It is found that the scattering cross section depends
on the field intensity, and this implies that the
index of refraction of a gas of two-level atoms
would be intensity dependent. This could have
practical implications.

J
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IIl. THEORETICAL BACKGROUND

The properties of a two-level system interacting
with a classical field may be deduced from its
Green’s-function operator. This operator satisfies
the equation

[Hy+V(t)-iRd/at] G* (t —t,) =-RO(t —1t,), (2.1)

where H, is the unperturbed Hamiltonian and V(¢)
is the interaction potential. The solution to (2.1)
may be written in a perturbation series,

G*(t=1)=Gg(t —t)+n ™" fdt’ Go(t=t"YV(E)Gy (' —t,) +H ™2 f fdt'dt" Gy (t=t") V()G (¢ —t")

X V("G (2" —t)+++-,

where Gg (t-t,) is the zeroth-order Green’s-func-
tion operator,

fw, (t=tg)
G;(t—to)=—lim—2—f e 0

e—o* 1 w, - i€
X (|a) ale™*@att=to) 4 |b)(b|e™+¥ptt=t0)),
(2.3)

In (2.3) the lower and upper eigenstates of the un-
perturbed system, |a) and ), of eigenenergy

hw, and Zw,, respectively, have been introduced.
In what follows the Green’s-function operator will

be expressed as the sum of four parts,
G =Gy +Gpy+Gap +Gpg (2.4)

where
; 1 _
1= _li><7le_wi“-t°)—2_ﬂ— jdwx et1t=tolg, (w,).

(2.5)

The kernel 9,,(w1) is the complete propagator of
the two-level system interacting with the field.

It is assumed that the interaction of the system
with the external field E(¢) takes place through the
electric dipole moment d, and the interaction po-
tential equals

(2.6)

The matrix elements of V(¢) are assumed real and
are defined as follows:

(alV]|d) =(b|V]a)

=20 7 (Coswt + acosw, t),

V(t)=-d- (f;\coswxﬂﬁu cosw,, t).

@.7)
where

w,=-(a|d- E.\lb)/21 (2.8)

(2.2)

—

and
a=(ald-E,|5)/(ald-E,|b). (2.9)

When V() is introduced into (2.2) contributions
to G* result which can be interpreted as describing
processes in which photons of type A or type u are
absorbed from or emitted into the field, although
the latter is classical. The kernel §;; may con-
sequently be expressed as the sum of distinct con-
tributions §{Y*¥), corresponding to the net emis-
sion of N A-type photons and M u-type photons.

Of these contributions, §{2°® has a special signifi-
cance because it describes the process of forward
scattering, that is, the propagation of the system
in the ground state |a) with no net emission or
absorption of photons into the field. This forward
scattering propagator has an expansion in terms
of the self-energy Z of the system:

80 =g +8 TG +8,Z8,ZG,+" "+, (2.10)
where §, is the unperturbed system propagator
1/(w, — i€). The self-energy T is the sum of all
proper zero-net-photon-absorption diagrams, that
is, those which do not contain §,. The series
(2.10) can be formally summed to yield

800 =1 /(w, - T - ie). (2.11)
As will be shown later the general term 9}7"" is
closely connected to §{2'”, hence the determination
of the self-energy is the first step in the calcula-
tion of G*.

As a preliminary to the more complicated bi-
chromatic case, the self-energy of the system is
first found for the monochromatic case, that is,
choosing a@ equal to zero.
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A. Propagator for monochromatic case:
Perturbation theory

A general term in the perturbation expansion for
8, will be proportional to a product of factors of
the type (w, —nw) —i€)™?, (W, +w,, ~mw,—ie)™?,
and w, e*!“rfo, where w,,=w, - w,. The former

w? PL UM
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two factors are propagators and the latter factors
are vertex contributions. Referring to a descrip-
tion of the perturbation series using diagrams,

the integers n and m indicate the number of photons
emitted above the corresponding propagator. For
example, the second-order contribution to §,, is
the following sum of four terms:

1

AN
1

1

((w1+wu —w,—- €)W, - 2w - i€) T (W, + Wy, — Wy - i€)(w, — i€)

3 r3 + ) 3
* (W, + Wy +Wr—t€)(W, —i€) T (W, +Wy, +Wr—i€)(W, + 2w~ i€)

The second and third-terms, to be identified with
forward scattering processes, contribute to the
second term of (2.10) and are represented by dia-
grams in Figs. 1(b) and 1(c). The central lines of
these diagrams, that is, the propagators

(W, + Wy, =W ~—i€)"! and (W, +w,, +wy~ €)™}, are
the lowest-order contributions to the self-energy.
The first and fourth terms, shown in Figs. 1(a)
and 1(d), are contributions to 8%’ and 8{;*’, re-
spectively.

'It is convenient to normalize all frequencies in
the problem to w, and rename them as follows:
N=w,/w,, ' =, +w,,)/w, and A=w,/w,. Fur-
thermore, the following compact notation is intro-
duced: [m]=(n-mX-i€), if m is even; [m]
=’ —=mX —i€), if m is odd; and [m, m 1]
=’ -mr -i€)n—-(m+1)A~ie], if m is odd.

In higher order of perturbation theory more
complicated contributions to §,, and to Z are found.
Some examples of the latter are given in Fig. 2.
All diagrams contributing to Z can be divided into
two classes, those beginning and ending with the
propagator [+1]~! (Z*) and those beginning and
ending with [-1]~! (Z7), where £=Z%+Z". It may
be shown, following arguments developed in I, that

a |0 (@) O O

b |1 R -1

al?2 @) O -2
(@) (b) (© (d)

FIG. 1. Second-order diagrams contributing to 8,, .
The letters a and b refer to the state of the two-level
system, and the numbers refer to the integers » and -

m in the propagators (w; —nw) —i€) ™! and (W, + Wy, —mwy,
—1i€)™!, where n is even and m is odd.

-1 t
"2 Mo ) 2.12)

>, 2 ndmme) ()

x( 1 )”'2(m2+m3—1>< 1 >"'3”.
(-2, -3] m, =3, -3]
1 1 1
TN 4A-d€- M+2A—i€~ 7' +3\ - i€ -

(2.13)

cee

and

1

z+= .
+1

o () )
() () (k)

_ 1 1 1 .
T -r-ie=- n=-21-i€e- ' -3\ -je-
(2.14)

The zero-photon-emission propagator in the mono-
chromatic case equals .

8 =1/(n-2* -2~ - ie). (2.15)
1 -1
1 2 -1 -2
— —
2 3 2 3
1 2 -1 -2
1 -1

+ -
2 2
FIG. 2. Second- and fourth-order contributions to the
components Z* and Z~ of the self-energy.

b
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Introducing (2.13) and (2.14) into (2.15) one obtains
an expression for {2 in terms of continued frac-
tions identical to that in I, equation (2.14), ob-
tained without recourse to the notion of self-ener-
gy.

As mentioned previously, not only is §{2’ deter-
mined by the self-energy, but so are those parts
of §,;; involving the net emission or absorption of
photons. For example, consider the propagator
which takes the system from the state |b) to the
state |a) with the net emission of one photon. This
propagator may be visualized by means of graphs
shown in Fig. 3. It is clear from the construction
of Fig. 3(b) that the lower blob in Fig. 3(c) is none
other than Z*, For, if a free propagator had ap-
peared in the lower part of the diagram, the re-
sulting graph would contain a repetition of a graph
already contained in §{2’. Hence

Q;Ib) =_9$) 2+elw)\‘o’ (2.16)
and, similarly,
g5V = =0 T gmivnto, (2.17)

Furthermore, a propagator which takes the sys-
tem from state |a) to state |a), but in which, for
example, a net number of two photons is emitted,
can be obtained multiplying 8}’ by the sum of all
zero-net-photon-emission diagrams which do not
contain either [0] or [+1]. That is,

8% =85 Aef Mo, (2.18)
where
1 - 1 <m +m, -1
A 1 2 )
ﬂml'mzz' '0([3 2]) mz
.. (2.19)
X <[3 1] )

is a constituent of Z*. In a similar way contribu-

gm gaa
+ + +o=

1 1 Z .

I 2 s
1 RE
2
T

(@ (b) (c)

FIG. 3. Graphs representing the one-photon-emission
contributions to §, ,.

tions to 9;, involving an arbitrary number of pho-
tons can be built up.

B. Wave function and Floquet’s theorem

The wave function |§(¢)) of the system results
from operating on the initial state with G*. Sup-
pose, for example, that at time f,=0 the initial
state is |a), then

l¥(8)) =G* ()l a)

1
=iw,t

=-|a)e iWentg ()

e 1
-|bYe ‘“’o'gfdne‘“c"'s,,,,(n). (2.20)

As was shown in I the poles of §,, and §,, are lo-
cated at

M, = =3 + 1L +2mA (2.21a)
and
(2.21b)

respectively, where y =(w,, —w,)/w,,l=%1, m is

a positive or negative integer, and ¢ is a parameter
which depends on A and 6 =w,,/w,. Denoting the
residues of §,, and 8,, by R(aa|lm) and R (ba|lm),

Ny =3y +1L +2m2,

respectively, one may write

l(8)) =—i [Zl: expli (-3yw, +lgw, — w,) ]
X <‘a>z R(aallm)e!zmth

+lb> Z R(ballm)e‘(zm-l)w”)] .

(2.22)

This result suggests that one could write for a
general wave function the expression

[9(2)) =etx? (Ia) S Aneiment 4 Ib)ZBne""‘”x'),

(2.23)

where x is a parameter. Indeed, reducing Schro-
dinger’s equation

CHy +V(ED|9(2)) =ik |§(2)) (2.24)

to a Hill’s equation (which is possible here) and
then invoking Floquet’s theorem,® one is led to
postulate for the wave function of the system the
form (2.23). This procedure was used by Autler
and Townes.®

The close connection between the parameter x
and the poles of the complete propagator suggests
a possible approach to determining the Green’s-
function operator without recourse to perturbation
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theory. Clearly, in order that (2.23) be a solu-
tion to (2.24) x may assume only certain allowed
values. Suppose that the relation which yields the
values of x has the form x — F(x)=0. Then the
self-energy of the system is, to within an additive
constant, none other than F(x), and 8!’ must be
equal to 1/[x = F(x)]. This turns out to be a more

powerful way to obtain the Green’s-function opera--

tor than by summation of the perturbation series.
The relation which must be satisfied by x is

found by substituting (2.23) into the Schrddinger
equation (2.24) and multiplying from the left with
(a| and {(b]. One finds that

(X +w, —nw))A,=-w (B, +B,.,) (2.25a)
and

(X + W, —nw \)Bn = —wc(An-l, + An+1)- (2.25b)
In particular, from (2.25a) with n=0 one has

(X +w,)/w,+B_,/A,+B,;/A,=0. (2.26)

The ratios B_,/A, and B,,/A, are obtained by sys-
tematic elimination of unknowns from Egs. (2.25):

-1 1 1

Bi/Ao= 3T Taonc POy TR
(2.27)
~1 1 1
Bulhomrxs gomas womn T

In Eqs. (2.27) the variables 1 =(x +w,)/w, and 71’
=(x +w,)/w, have been introduced. Substituting in
(2.26) the expressions for B_,/A, and B,,/A, given
by (2.27) one obtains the denominator of the propa-
gator (2.15), and one sees that the self-energy
equals the sum of -B_,/A, and -B,,/A,. Referring
to equations (2.16) and (2.17) one may write that

gl =g (B, /A )et o, (2.28)

851 =8(B_,/Ag)e™ !N, (2.29)
and furthermore it may be shown that

gl =80 (Ay/A et “No, N even, (2.302)
and

8N =849 (B, /A)e! YN0, N odd. (2.30b)

It follows that the entire Green’s-function operator
can be built up from the coefficients A, and B,.

II. BICHROMATIC CASE

Except for a special case, to be discussed short-
ly, where the bichromatic problem can be ‘solved
with both the perturbation theory approach and the
Floquet-theorem approach, it is necessary to
attack the bichromatic case using the method out-
lined at the end of Sec. II.

As a trial wave function a simple generalization
of Eq. (2.23) is postulated:

[9) =eixt<'|a> ZA"me-l(nw)‘-rmwu)t
n,m

H18) Y Beteenrmt). (a.1)
n,m
By introducing (3.1) into (2.24) and projecting re-
spectively on (a| and (b| one obtains the following
conditions on the expansion coefficients A,, and
B

.
nme

m=nx~mp)A,,

= "(Bn—x.m +Bn+1,m) - a(Bn.m-l +Bn.m+1)9

(3.2a)
(' =nx —my)B,,

= "(An-l,m + An+1,m) - Q(An,m-l + An.mﬂ),
(3.2b)

where the variables n=(x +w,)/w, and ' = (x +w,)/
w, and the parameters A=w,/w,_ and 1 -_-wu/wc
have been introduced. In particular, if » and m
are set equal to zero in (3.2a) one obtains the rela-
tion

N+(B_yo+Byo+ @B, + By )/Ag =0. (3.3)

Following the arguments of the previous section
one is led to postulate for the zero-photon-absorp-
tion propagator the expression

84" =[n+ (B.yp+Bio+ @By + 0B )/A g~ ie]™t.
(3.4)

At first sight it is not at all obvious how to solve
Eqgs. (3.2) because there is no a priori reason that
one coefficient or group of coefficients is more
important than another. Furthermore, direct
numerical solution with a computer is restricted
to a relatively small number of coefficients. As
a guide to solving for the A,, and B,,, in an arbi-
trary case, it will first be assumed that both com-
ponents of the field are weak and near resonance
with the two-level system. This is a case which
can be solved both in perturbation theory and using
the Floquet’s theorem approach. It is found that
there is a close connection between the propagators
obtained in perturbation theory and the coefficients
obtained from (3.2). This connection, which we
assume can be generalized to an arbitrary case, is

G M) =800 A vy /Ago)e! NN e N 4 M even,
G310 =800 (B yu/Ago)et VN H Yo N+ M odd.
(3.5)

These relations are extensions of Eqs. (2.30).
Referring to Egs. (3.5), it is seen that the proba-
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bility that the two-level system makes a transition
from, for example, state |a) to state |a), emitting
N X-type photons and M p-type photons into the
field depends intimately on A,,. This interpreta-
tion of the coefficients assists in judging which
ones might be the most significant in a particular
problem. For example, for the near resonance
case cited above only coefficients of the type Ay _y
and By, _y,, Will be important, these corresponding
to nearly energy-conserving processes. In this
way one has a physical argument for focusing one’s
attention on a restricted group of coefficients.

A. Ladder approximation

1. Perturbation-theory treatment

In the case that the frequencies w, and w, are
close to w,, and the field is weak only a certain
class of diagrams is important, and they can be
counted, in contrast to the general case. These
have the appearance of a ladder, in which a photon
absorption is followed by a photon emission, and
vice versa, and in which for §,,, for example, the
first interaction is an absorption. A diagram of
this class hence consists of a sequence of nearly
unperturbed propagators. This is an extension of
the rotating-wave approximation of the monochro-
matic case.

Consider now diagrams in which the number of
photons emitted minus the number of photons ab-
sorbed of either type equals zero. The second
order ladder contribution to the system propagator
from these processes equals

J

[u]
[O] [0] [A] [A+u]
A\ [u] Ayl [Av2u]
A—i p—
[0} (o] [A] [A+p]
(1]
(a) (b)

FIG. 4. (a) Second-order ladder diagrams contributing
to 8{%'9. The square vertex indicates absorption or
emission of a u~-type photon. (b) Examples of self-ener-
gy diagrams.

932.0)” =

1 ( 1 . o? ) 1

n-ie\n' -r-ie n' -u-ie/n-ie’
(3.6)

Graphs corresponding to Eq. (3.6) are shown in
Fig. 4(a), where the following compact notation
for reciprocal propagators has been introduced:
fer+mpl=(m—nx -mp - i€),n +m even; [nx +mp]
=(n' =nA—-mp —i€),n +m odd; and
fex+mp, A +mp]=pr+mp][te £ D)X +mp).

As in the monochromatic case, to obtain g {9
we now sum the self-energy diagrams only. Of
these there are two classes, those commencing
and ending with [A]™ and [i]™*, respectively.
Some examples are shown in Fig. 4(b). The self-
energy in the ladder approximation may hence be
written

Tt= ;+Z:‘,], (3.7)
where

Zi= ﬁ EO(D—L:M—]YI (nl+:: ) 1) <[x- W,2x - u]>"2 (n‘z +::_ 1) ([2A-2:,22x- u])ns e

a?

.. (3.8)

o

nl,nz
_ 1 a? 1 ]
N =A—je—nN-A+p—t€e— 70 =2 +U —i€— N—2X+2/. — € - ’
and
ot

’lz-l-_

a? 1 a?

-8, 2 ) ) o) O ) ()

1

=n’—u—ie— N+A—-p—d€— N +A=2U — i€ = N+2\ = 2 — j€ ~

We note that Z3 and Z), consist of products of
propagators [nA+m ]!, withn +m =0 and
n+m =1, only.

The zero-photon-emission propagator conse-
quently equals,

g0 =1/(n- T} - =}, - i€). (3.10)
The rotating-wave approximation to §,, for the

e, (3.9)

r

monochromatic case is obtained by putting o
equal to zero in (3.10). That is,

8(9 =1/(n- i€ = 1/(n - A =i€)), (3.11)

in agreement with Eq. (2.22a) of I. On the basis
of Eq. (3.11) one might have guessed that the
propagator for the bichromatic case in the ro-
tating-wave approximation would have the form,
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809 = [n-ie-1/(n = x—i€) - ?/(n - -i€)]™.

(3.12)

However, this guess is seriously in error. Nu-
merical analysis of Eq. (3.10) reveals that the
continued fractions which follow 1/(n’ - A — é¢) and
a?/(n' — u —i€) in Egs. (3.8) and (3.9), respective-
ly, have a profound effect on the pole locations
and residues of §{2'”. This is because X - y is
assumed a small quantity. Equation (3.12) results
from considering those ladder diagrams which

J

-1 o

nl.nz.-..-

AND H. P. GUSH

contain only the propagators [0]™, [x]™, and
[1]7, that is, diagrams where every other pro-
pagator is [0]72.2°

We next consider contributions to the system
propagator arising from diagrams in which, for
example, there is a net emission of one A-type
photon and a net absorption of one u-type photon.
Although energy is not conserved, these diagrams
are nevertheless sighificant because of the close-
ness of u and A. Two typical diagrams are shown
in Fig. 5. Summing all those diagrams which do
not contain a free propagator one has

o, 2 _(mma) O ) O ) e

=([h—au]- [2A—1u]—'[2>\—a22u]—m> ([7&1]- [R-a;]— [Zh-lu]—m>

and
(3.14)

gg.-l) =g‘gg,o)z(l,-l)el‘(lu)\-w“)‘o.

This procedure can be readily extended to calcu-
late ${¥ =¥ for arbitrary N. There are no other
contributions to §,, in the ladder approximation.

The propagator involving the net absorption or
emission of photons can be obtained using the
same method outlined in Sec. II. It is readily
shown that, for example,

93.0)=_g£:).0)2;e‘w)\‘5. (3.15)

The poles of §'? are the same as those of §{0'?,
which follows from the form of (3.15), the prop-
erties of §{0'?, Eq. (3.10), and =%, Eq. (3.9).
The propagators 8{Y =) and §{**""-V) are ob-
tained from ;¥ and §{;¥"¥*%) by exchanging

(O]

| ——

[A]

[A-u] [A-p]

[2A-p] [A]
— —

[A-p] [A-u]

(FIG. 5. Examples of ladder diagrams contributing to
84D,

(3.13)

-

a with b everywhere and replacing X and p with
-2 and -pu.

2. Floquet’s-theorem approach

As has already been stated, to obtain the
Green’s-function operator using the Floquet’s-
theorem approach it is necessary to solve Egs.
(3.2) for the coefficients B_,,, B,, Bg-;, and By,.
Because the factors on the left of Eqs. (3.2),
(n-nx-mu) and (0 =nx -mu), have formally the
appearance of reciprocals of propagators, to
obtain an expression for §{'? similar to the one
obtained in perturbation theory one must set equal
to zero all coefficients A,,, with » +m #0 and all
coefficients B,, withn +m #1. The connection
between the perturbation theory approach and this
approach is in fact the following. If, in the pertur-
bation theory, one takes into account all propa-
gators up to some maximum, n=N andm =M,
then to obtain an equivalent result here one must
include all coefficients up to Ay, or By,. With
these simplifications the set of equations (3.2) can
be solved by iteration, and one finds,

E.LQ:_( 1 o? 1 "'>=—Z+
Ago N —A=N=A+u—1 =20+p— L
(3.16a)
B, =_< a 1 a? )
Ago N=p=N+A—p— ' +X=2p -
1.,

=_;Zp7 (3.16b)

B_,,=B,.,=0. (3.16¢)

If these relations are introduced into Eq. (3.4) one
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obtains a propagator identical to that given by Eq.
(3:10). Moreover, an inspection of Eqgs. (3.15)
and (3.16a) reveals that the propagator §{}'? is
simply related to B,,. In fact,

92;'0) =9§2'0)(310/Aoo)eiw)“°- (317)

Concurrently with the solution for B,, one finds
an expression for A4, _;:

A,_1_< a 1 a? )

Ao T\n-A+p-—n =22+p - 77—2)\+2p.—“'

x( 1 a? 1 )
N =A=N=A+p =70 =21+~ ’
(3.18)

and it is seen that A,_, /A, is identical to =%,
defined in Eq. (3.13). It follows, therefore, that

82 V=820 (A, . /Ag)e (AWt (3.19)

These results make it plausible that in general
the propagators corresponding to the absorption
or emission of any arbitrary number of photons
have the form specified in Eq. (3.5).

3. Applications

The Green’s-function operator can be used, for
example, to calculate the probability that a two-
level system, suddenly immersed in the field,
makes a transition from the lower to the upper
state

Wy=1-1(alG" (t-t))|a)|?

2

=1- ~—217fd11e‘"“’c("‘0’9m(n) . (3.20)
To evaluate W,, it is clear that one requires the
poles and residues of §,,. These have been ob-
tained by numerical analysis on a digital computer.

In practice, the continued fractions in (3.16a)
and (3.16b) are terminated at a certain level. The
depth to which one must go depends on the value
of A — 1 and is determined empirically. That is,
in the computation, the depth is systematically
increased until the addition of a new layer makes
no significant difference in the pole locations and
in the residues. Certain checks were applied to the
residues obtained. In particular, the sum over
all the poles of the residues of §{"*~™ equalled
unity for » =0, and equalled zero for n#0. Also
the sum of the residues of §{"* 1) equalled zero,
and the sum of the squares of the residues of §,,
and $,, equalled unity.

It is found that the poles of §{2'? are located at

(3.21)

where v = (w,, - Q“)/wc, A=)-pu,m is a positive or

':,,;=—§y+l§+mA,

negative integer, and 7 has the values +1. The
quantity ¢ must be determined for each choice of
A U, @, and 8=w,, /w,.. A typical set of pole loca-
tions along the 7 axis is shown in Fig. 6. The lo-
cation of the poles of §,, as a function of 5 is
shown in Fig. 7 for the case A =100, p =98, and
a=1, 0.5, and 0.1. As seen in the figure there
are values of & for which the poles approach each
other closely; these define resonance conditions
in wy,.

Denoting the residues of §{"*™ by the symbol
R, .., the probability (3.20) can be expressed in
the following way:

12
3 R mexpli, P, (t - to)]explinato]|

m,l.,n

Wba=1-

(3.22)

The time-independent part of W,, equals the aver-
age probability W;, that the system be in the state
| 5) having started at an uncertain time in state

|a):

W;a"_'l - Z llenlz-
m,1,n

In Fig. 8 six curves of W}, are plotted as a func-
tion of 6 for the case A=100. In Figs. 8(a), 8(c),
and 8(d) the value of a has been chosen to be
unity, and the values of 1 have been chosen equal
to 90, 97, and 98, respectively.!’ The curve cor-
responding to p =90 was in fact calculated using
a procedure to be described later, because the
ladder approximation is not valid for such a large
separation between p and A. It is included here
in order to aid in the interpretation of the reso-
nance peaks. Referring to this case, W;, con-
sists of two broad features centered near 6=90
and 6=100, and two sharp peaks near 6=80.28
and 6=109.7. The broad peaks correspond to
absorption of single n-type photons and single
A-type photons, respectively. The sharp peak at
6=80.28 corresponds to the absorption of two
w-type photons and the emission of one A-type -
photon, whereas the one at 6=109.7 corresponds
to the absorption of two A-type photons and the
emission of a u-type photon. In the case of p =97
the two multiphoton peaks have shifted to 6 ~95
and 102, respectively, whereas the two main

(3.23)

FIG. 6. Illustrating the pole locations of §,,.
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96 98 100 102
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FIG. 7. Pole locations of §,, as a function of é for the
case A=100 and p=98. Three cases are shown corre-
sponding to values of @ equal to 1, 0.5, and 0.1.

peaks due to absorption of single A- and u-type
photons have coalesced into one broad feature
centered at 6=98.5. Two other sharp features
are included in the figure, at 6=105.4 and 6=91.6,

due to processes in which three [x(u)]-type photons
are absorbed and two [11())]-type photons are
emitted. Finally, for u =98, the two peaks due to
(2x — u)- and (2p — 2)-processes almost completely
overlap the central feature due to single A- and
u-type absorption. One would have probably in-
correctly identified all the peaks in this graph had
a comparison with the cases u =97 and ¢ =90 not
been available. This is because the peaks occur

at frequencies which are closer to the central
value of the spectrum, 6=3(\+u), than one would
expect.

We remark that if W},, calculated in the ladder
approximation, is plotted as a function of £=0
- 3(A+u), distinct curves are obtained only for
distinct values of A — u. In other words, Fig. 8(d)
represents W;, for all cases A — u =2.

Figures 8(e) and 8(f) illustrate the cases »=100,
=98, in which « has the values 0.5 and 0.1,
respectively. The main feature of Fig. 8(f) is a
broad resonance centered at 6~100. If o were
equal to zero, the curve would be Lorentzian in
shape. However, there are fine-structure fea-
tures due to the presence of the 1 component of
the field. One is a sharp peak at 6=96.55, which
corresponds to the absorption of two u-type pho-

05 (a) (@)
_+
05+
~Bg
80
051
@)

94 100 106

o2 96 100 104

o)

FIG. 8. Transition probability Wy, as a function of 6 for the case A=100.
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tons and the emission of one A-type photon. The
frequency is substantially shifted from the value
6=2u ~ X =96 because the system is being strongly
driven by the A field. An even sharper feature
occurs at 6=103.45, identified with a multiphoton
transition 3\ —2u. The features due to absorption
of single u-type and single X-type photons, as
well as that due to the multiphoton process of type
2\ — u are all superimposed in the central broad
peak. The case u=90 and @=0.1 with A=100 is
shown in Fig. 8(b); here the different components
of the spectrum are clearly separated in fre-
quency.

In all the cases mentioned above significant
frequency shifts are present between the location
of resonance peaks in W}, and the “expected”
values, 8=nwy, - (n - 1)w,. This indicates that
corrections will be necessary in deducing accurate
atomic-energy-level spacings from double-reso-
nance-type experiments, especially when high
powers are used. These corrections can of course
be calculated using the procedures of this paper
provided that the transition dipole moments are
known. Alternatively, a measurement of the in-
tensity-dependent shift would yield a value of the
dipole moment were this not already available.

In Fig. 9, W}, is plotted as a function of a for
the following choice of parameters: A=100,

L =98, and 6=94.75. It is seen that the system is
swept through a resonance at 6= (3 - 2)) simply
by varying the intensity of the 1 component of the
field by a relatively small amount.

The probability that the system is-in the state
|b), having started in |a) at time #,=0, has been
calculated as a function of the time for a few
cases. Curves for near-resonance and off-res-
onance cases are shown in Fig. 10: 6=99, 103,
and 103.12, with A=100, £ =98, and a=1. When
6=3(A+u) (that is the first case), it turns out
that the poles are located at n=3n(A-pu), n a
positive or negative integer. Furthermore, only
poles with » =0,+2 contribute significantly to W,,
and one may express the probability in the form

Wy A + Beos[w (X = p)(t - t,)]
+C cos[2w (A = u)(t - ¢,)]. (3.24)

The constants A, B, and C depend on the particu-
lar choice of A — 4. By contrast to (3.24), in the
monochromatic case for the rotating-wave approx-
imation the probability oscillates simply in a
sinusoidal way [see Eq. (2.27) of I]. The third
case plotted corresponds to the resonant condi-
tion of 63X -2u. It is seen that a much greater
time is required to attain the condition W,, =1

than for the case 6=3(A + ).

05— —

0 I ‘ l ‘ |

0.8 10
X

FIG. 9. Transition probability W, as a function of &
for the case A=100, u=98, and 6 =94.75.

B. Improvements on ladder approximation

When the frequency of the two components of the
field is not close to resonance one is no longer
justified in solving the problem by just making the
ladder approximation. However, including more
diagrams in the perturbation-theory approach
leads to an unmanageable collection of products of
propagators. One is then forced to turn to the
Floquet’s-theorem approach, taking into consider-
ation more coefficients 4,,, and B,, than were in-

(a) (b)

10 10— —
0 ' L I

o | M2 5 10 0 5 10

BQ
T ©
o M\MMMM)M, ! ! | 1 |
0 20 40 60 80
Wt

FIG. 10. Transition probability W,, as a function of
the reduced time w,¢ for the case A=100, u=98, and
a=1, with 6=99, 103, 103.12 in (a), (b), and (c), re-
spectively.
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cluded in the ladder approximation.

In the recursion relations (3.2) every coefficient
of type A or B is related to four coefficients of
type B or A, respectively. This suggests that it
may be convenient to assign the coefficients A and
B to points in a square lattice in such a way that
each coefficient has as nearest neighbors the four
coefficients to which it is directly related by the
recursion relations (3.2). The resulting diagram
is shown in Fig..11. We note that all the coeffi-
cients A, (B,,) lying along a diagonal line with
slope -1 are characterized by the same index
r=m+n, the net number of emitted photons.

With reference to Fig. 11 the two cases so far
treated can be discussed in the following terms.
In the monochromatic case, that is =0, the only
nonzero coefficients lie in a vertical line through
Ay A given coefficient is hence connected only to
two neighbors and a solution is readily obtained.
In the more restricted case of the rotating-wave
approximation all coefficients except Ay, and B,
are neglected. In the ladder approximation to the
bichromatic case only the central diagonal section
of the array, where =0 and 7 =1, is taken into
account. In this case again any point has only two
nearest neighbors and consequently a relatively
simple expression can be found for a given coeffi-
cient.

An obvious improvement to the ladder approxi-
mation is to include in the analysis coefficients
with »=2,3, -1, and -2, that is, coefficients
along diagonals parallel to the “ladder” diagonal.

A8, A, B, b .
BZ 3 AZ‘Z BZ‘I 20 BZ|‘ \ N
\A--a B. ATTB, A, B
A, B, A-—B A B
A, R A
\\\ AZO B“Z( A22 BZS A—24
A, B, A;—B,

FIG. 11. Coefficients 4, , and B, ,, laid out on a square
lattice. In the ladder approximation only those coeffi-
cients joined by the solid lines are taken into account.
The dashed lines mark the boundary of the array used
in the calculations with A=100 and x=90.

In terms of perturbation theory this choice of co-
efficients is equivalent to including propagators
(in $,;) in which as many as three successive
emissions, or two successive absorptions of
either A- or p-type photons take place. If a were
equal to zero this approximation would lead to the
zero-photon propagator

o _|. . _ 1 1 1
9"_[n re (n’—)\-ie—n-ZA—ie—n’—SA—ie)

- 1 1 ]_1 (3.25)
N'+A=i€— n+21—ie ’ ’

This is a very good approximation for 6= 100 or
greater, but it would become questionable if A
were of the order of 10. It is of course necessary
to extend the diagonal array of coefficients only a
finite distance away from A,,. In practice one
terminates it at the coefficients Ay _yand A_y y,
where N is determined empirically.

With this selection of nonzero coefficients it is
possible to express all of them in terms of the co-
efficients A, _,. One then must solve numerically
2N simultaneous equations for the ratios A4, _,/Aq,.
From these solutions one calculates the coeffi-
cients B,,, B,_,, By, and B_,,, from which §%®
may be evaluated and its poles and residues de-
duced. Since all the coefficients in the chosen
array may now be calculated, $%* and §&¥* are
known through Egs. (3.5).

1. Numerical examples

The foregoing procedure was used to calculate
the Green’s function for the following values of
the parameters: A=100, p =98, a=1; A=100,
p=97, a=1; x=100, u=90, @=1~0.1. From
these Green’s functions the probability that the
system makes a transition from state |a) to state
|b) was evaluated, and two of the results have
already been presented in Figs. 8(a) and 8(b).

The difference between W;, calculated in the lad-
der approximation and Wi, calculated using this
procedure was small in the cases =98 and p =97,
and was essentially confined to a frequency shift
in the location of the sharp maxima due to multi-
photon transitions. The Green’s functions were
also used to calculate the probability of scatter-
ing, to be discussed in Sec. III B 2.

In comparison to the ladder approximation, this
more complete calculation reveals the existence
of additional poles shifted away from the ones
given by Eq. (3.21) by 2 mu. That is,

P2 ==3y+lE+nA+2mpu. (3.26)

These additional poles are to be expected, of
course, on the basis of the form of the postu-
lated wave function (3.1). Corresponding to each



pole of §¥'¥ is a residue denoted by the symbol
R(ij |mnINM), and the Green’s-function operator
equals

Nyt —iwg(tot L inw(t -
G“=—|l><]le iwy(t to)ﬁfdnemwc(t to)

Z RGj [mnINM) svoys uy )ty

m-Pl i 3.27)
mn

In practice only one pole need be located by solving
Eq. (3.3), all the rest following by the application
of the above relation (3.26). The accuracy of the
numerical results was tested in the same way as
for the ladder approximation to the Green’s func-
tion.

2. Scattering

In the discussion of the Green’s-function opera-
tor in the previous sections the language of photon
emission or absorption has been introduced as a
matter of convenience; these photons are emitted
into and absorbed from the applied field and are
hence not observable. We would now like to cal-
culate the probability that the system emits pho-
tons accessible to an observer, that is, the prob-
ability of photon scattering.
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The two-level system is coupled to a quantized
field via the electric dipole moment. The part of
the interaction Hamiltonian effective in photon
emission may be written

1/2 pt Liwyt
v bVe v ’

Hi=i@n)™2 Y d-3,0 (3.28)
R v

" where v specifies a field mode of frequency w, and

momentum k,, and &, is the polarization vector.
bT, is the creation operator for the field and V the
quantization volume. The units are chosen so that
c=k=1.

This interaction potential introduces a first-
order change in the Green’s-function operator
equal to

aG= [ at' G (t-tVH, (NG ("= ty),  (3.29)
where G* is the Green’s-function operator satis-
fying Eq. (2.1). The amplitude of a transition in
which the two-level system immersed in the clas-
sical field at time #=¢, goes from the state |g) to
the state |p) at the time ¢ and the quantized field
goes from the vacuum state |0) to the one-photon
state |«) equals,

i 172 - .
S,.=z‘<x|<p|e'“»'Ace-'“«'olq>|o>=(2—;°,x) e'wrar ety (@8 D, R(pk|mnINM)R('alm'n'l' N'M)
'S mn,... M

Xexpi{[ (N +N")wy + (M+M")w,]|to+ 3w [Py

+PE s+ (1 w0 N wper + Nwy +Mw,, + w, )] (2= 20)}
sm(wc/Z)[P’M - P? = (1/ w ) (wppr+ Ny, +Mwu+ w)] (2= to)

We [ Phni = Primyr = (1/ @ )wppr + Nwy +Mwy + w, )]

To obtain (3.30) use has been made of the definition
of G*, Eq. (2.4), and the relation (3.27) for G;.

The cross section for scattering will be propor-
tional to |S,,|*. In order that it be independent of
the initial and final time it is clear that restric-
tions on the sums over the indices in (3.30) will be
necessary. Furthermore, for {- ¢, large, the
frequency of the emitted photon is well defined and
equal to

Wy _wc( mnl = P:t:n'l')_wpk’_Nw)\_wa- (331)

J

v d .
U(wK).__(z‘")s(l)\/wx'F[ /wu) f a* [d_t (Isbalz+ I saal )]

=42 2 Z

=k j'=r' x,

In (3.33) the symbols x, x’, etc., have been intro-
duced to stand for the set of five indices mnINM,
required to completely specify a residue. The
prime on the sum over the indices x, x’, etc.,

R(aj |x)R(ka|x")R(aj’|x")R(k'a|x")+R(bj|x)R(ka|x")R(bj’| x")R(k'a|x™)].

(3.30)

r
Introducing the pole locations (3.26) one sees that
possible values for w, are,

W= (27 + Dwyy+ S(wy = wy) +v8w, , (3.32)
where 7 and s are positive or negative integers
and v has the values 0, +2.

Assuming the system to be initially in the state
|a), the cross section for emitting a photon of
frequency w, without regard to the final atomic
state equals

(3.33)

r
means that restrictions have been imposed on the
indicesm, n, I, m’, n’, etc., so thato is station-
ary, and furthermore, so that w, has the desired
value.'? The quantity A, equals
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FIG. 12. Scattering cross
section (divided by A,) as a
function of 6, for the case
A=100, =90, and @=1.

(a) Scattering at w, = w,,
and wy. (b) Solid curves,
for scattering into the
satellites of w;: w,=w,
+2¢w.. Dashed curve, for
the satellite at frequency

02~ (b)

W, =2w) —wy —2¢w,. (c)

— Scattering at w, =2w, —wy
(solid curve) and w, = w,
—2¢w, (dashed curve). (d)
Scattering at w, =2w)\ —w,

— (solid curve), w, =2wy —w,

| +2¢w, (dashed curve), and

Wy =2W) —wy, —2¢w, (dot-

dashed curve).

_ Twd = a2
AK_(ZTT)S(I)‘/Q))‘+I“/O)“)fdnk(dab ex) ’

(3.34)

where I, and I, are the intensity of the A and p
components of the bichromatic field, and d§2, is
an element of solid angle into which the photon is
emitted.

The cross section for scattering at w, = w,, w,
2wy - wy, and values shifted from these by +2¢
has been worked out numerically for the specific
case A=100, 1 =90, and a=1. These results are
presented in Fig. 12. In Fig. 12(a) is plotted, as a
function of 6, the cross section for Rayleigh scat-
tering, that is, for scattering at the frequency of
the components of the incident field. These curves
have maxima for w,, near w,and w,, frequency
shifts present being similar to those exhibited by
Wi;.. It may be noticed, in addition, that the cross
section for scattering at w, =w, shows minima
near wy, =100 and 80.22, while that for scattering

at w, = w, has minima near wy,=90 and w,,=109.74.

At these values of w,, the scattering cross section
is large for other values of the frequency w,, for
example, for w, =w, and 2w, —w,, respectively,
in the latter case.

In Fig. 12(b) is shown the cross section for
production of the satellite lines at w, = w, +2¢,
wy —2¢, and 2w, - w, —2¢. The maximum cross
section for these features is approximately half
the maximum cross section for the Rayleigh lines.
In the insets, Figs. 12(c) and 12(d), are shown
details of the cross section on an expanded w,,

scale. Fig. 12(c) corresponds to scattering near
we =2w, — w,. Only one satellite is shown; the
other, which would belong to 3w, —2w, was not
calculated. Fig. 12(d) corresponds to scattering
near w, =2w) —w,. The satellites are similar in
behavior to the satellites in the monochromatic
case, discussed in I. The frequency of all the
satellite lines as a function of w,, is shown in Fig.

80 90 100 110

FIG. 13. Frequency of the scattered radiation as a
function of 6 for the case A=100, =90 and @ =1. Those
components of the spectrum which are most intense are
indicated by heavier weight lines. The dot-dashed diag-
onal line is the curve w, = w,,.
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FIG. 14. Cross section for scattering as a function of
« for the case A=100, p=90, 6=109.74, and (a) w,
=2w)\—w“; (b) w, = wy.

13. The highest intensity features have been in-
dicated with a line of heavy weight, while the weak
features are indicated with dotted lines. Roughly
speaking, the most intense scattering takes place
at the frequency w, which is closest to wy,.

The frequency w,, at which maxima occur ing¢
depends on the intensity of the u component of the

field. This is illustrated in Fig. 14(a), which is a
plot of the scattering cross section at w, =2w, - w,
as a function of « for the fixed value 6=108.74. It
is seen that by varying the intensity of the u com-
ponent the system can be caused to pass through a
resonance. In Fig. 14(b) the cross section for
scattering at w, = w, is also shown as a function of
a for the same value of 6. It is seen that this
cross section passes through a minimum, and for
a=0.65 the system would not scatter any photons
of frequency w,. This rapid change in the scatter-
ing cross section as a function of « is one of the
most interesting results of this investigation, be-
cause it implies that the index of refraction of a
gas of these two-level atoms may be made strongly
intensity dependent. That is, the index of refrac-
tion at frequency w,, say, can be made sensitive
to the intensity of the p component of the field by
appropriate choice of all the system’s parameters.
In practical terms, this means that one could
phase modulate the A component of the field by
intensity modulating the p component. In the ex-
ample chosen, the two components of the field
have a similar frequency, but an analogous effect
would exist if, for example, the A component were
radiation from an infrared laser and the yu com-
ponent were a microwave field. Experiments are
underway to investigate these effects.
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