
PHYSICAL REVIEW A VOLUME 1, NUMBER 3

COMMENTS AND ADDENDA

MARCH 1970

The Comments and Addenda section is for short communications which are not of such urgency as to justify publication in L'hysical

Rexxiew Letters and are not appropriate for regular Articles It. includes only the fottowxng typ&s of communications: (Lj comments on

Rexxiew or PhysicaL Lxeui&!w I.et ters, in which the additional information can be pres& nted. xcithoul the n& ed f'. or writing a &ompb t& a.rti. cte

Manuscripts intend& 'd fo.r this section may be accompanied by a brief abstract for infornxation r&', tr-i&'. &xat purpos& s A. c. cept& dman. uscripts

will follow the sa&ne pubLication schedule as articles in this journal, and galleys witt be s& nt t'.o authors

External Force Fields and Phase Separation*

K. Michael Davies and Gerald I.. Jones
Department of Physics, University of Notre Dame, Notre Dame, Indiana 46556
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We describe a method for treating phase separation and interphase surfaces using an ex-
ternal force field. We believe the method to have some advantages over another recently pro-
posed method.

In a recent article, ' Derrick introduced a formal-
ism for the quantum statistical mechanics in the
grand ensemble for a system of interacting particles
in which the usual rigid-walled box containing the
system is replaced by an external force. Typically,
the Hamiltonian is of the form
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where Il& is the usual Hamiltonian and L' is a mea-
sure of the volume of the system.

One of the uses proposed for this formalism is
the investigation of the properties of the surface be-
tween two coexisting phases. Derrick argues that
when the chemical potential Ij, is greater than the
value tte(P) at which a phase transition occurs at
T = (P)'e) x & Tc, the licluid phase in a large system is
in a sphere of radius B=Lxr x"Px"[p, —Lt,(P) j xt'

about the origin and the vapor phase surrounds the
liquid sphere. In addition to a leading term in the
grand potential proportional to L', Derrick argues
intuitively that a second term in L yields the sur-
face tension.

While the idea of using an external force to locate
the interphase surface is attractive, this particular

method may not be the most appropriate one. The
author points out that it is not clear that the only
contribution of order L' to the grand potential is
from the interphase surface; it is simply assumed.
In addition, it is hard to see (at least to us) how to
use such a prescription in any physically meaning-
ful approximate calculation. A further, and equally
fundamental, difficulty is that the surface moves to
infinity as L becomes large, so that one cannot in-
vestigate either the density profile in the neighbor-
hood of the surface or the effects of curvature of
the surface on its properties.

We wish to describe an alternate method of ap-
'proaching surface phenomena which avoids some of
these difficulties. We enclose the system by the
usual rigid walls and use an external field to locate
the surface at a fixed position in space as the
thermodynamic limit is taken. Surface properties
are found from the reduced distribution functions
rather than from the grand potential.

The method is most easily explained in the grand
canonical ensemble. If Q(P, 0, Lt) is the usual grand
partition function for a system confined to a region
0, and

xr(P, p, ) = lim
)

1nQ(P, 0, Lt)
1
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is the grand potential (density) in the thermody-
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namic limit, then it is known that the density (4)

The bulk densities in the two regions are given by

has a discontinuity at p, ,(P) so that p(P, p, 0+) = pI and

p(p, p, o) = p, where p& and p are the densities of
the coexisting liquid and vapor phases. The density
at p p is not determined, and, consequently, the
relative amounts of the coexisting phases and the
structure of the interphase surfaces are not well-
defined properties in this ensemble. To remedy
this, we assume 0 is divided into two parts, 0,
and Q„with different chemical potentials (or con-
stant gravitational potentials) p, , in Q, and p,, in Q, .
The idea is that when two phases coexist, the den-
ser will be in the region of smaller p. , so that the
relative amounts of the two phases and the inter-
phase surface will be fixed by the relative volumes
of 0, and 0, and their dividing surface. If one takes
the thermodynamic limit properly and then lets p, ,

p' p and p, ,-p,+, one should get a system with a
well-defined interphase surface. One should be
able to obtain the properties of the surface from
the reduced distribution functions in the neighbor-
hood of the surface. In particular, E,(r) should
give the density profile across the surface, and
the surface tension can be found from E,(r„r,) by
known expressions. '

We take the thermodynamic limit by choosing a se-
quence of domains (Qj) and subdomains {Qj,I,
Q 2) such that, asj - ~, V(Qj)-~, V(O& l)V(Qj) '
—F, and the surface between the subdomains
approaches a fixed surface. Under conditions on
the domains and particle interactions similar to
those used by Fisher' in proving the existence of
w(P, p, ), it can be rigorously shown' that

w(P, p„p, ) = lim
V )

In@(P, Q„p „Q„p.,) (3)
1
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exists and, in fact, is just the weighted sum of the
grand potentials in the two regions,

It follows from (4) and (5) that as p, ,-p„p,-p„
unless p. ,-p, , p, 2 pp In the latter case py-p~
and p2 —p~, indicating that the bulk density in the
first region is that of the vapor, and that the bulk
density in the second region is that of the liquid.
The bulk properties of the system, therefore, re-
flect a separation of the system into fixed relative
amounts of the two phases in well-defined regions
of space.

The properties of the surface mill presumably be
found in the structure of the reduced distribution
functions in the generalized ensemble near the
limiting surface between the domains Qj y and Qj 2.
One should therefore consider E&(r I, . . . , rg; P, pl,
p, 2) for (rl, . . . , rg) near the surface as p, ,- p, and

p2 p p Unfortunate ly, it is very diff icult to prove
anything rigorous about reduced distribution func-
tions, and realistic approximate calculations are
not available. We cannot guarantee that the dis-
tribution functions are well behaved in the thermo-
dynamic limit, but it seems very plausible that they
are. Using this formalism, we have considered the
interphase surface for a system with long-range
forces where presumably one can use mean-field
theory. It is clear that the method works properly
in these rather unrealistic cases.

Finally, the whole prescription can be given in
the canonical formalism at the expense of a little
complication, owing to the fact that the over-all
density is fixed in the two-phase region.
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