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The spectral width of "elastic" second-harmonic light scattering has been measured for a
number of liquids. The broadening arises principally from rotational molecular motions and,

ignoring possible nonadditive molecule-molecule interactions, the spectrum is shown to be
related to the Fourier transform of the orientation-dependent pair distribution function
G(r, Q, t). An irreducible spherical-tensor representation is employed. It is shown that a
totally symmetric nonlinear-susceptibility tensor produces elastic harmonic light scattering
characterized by just the first- and third-degree spherical elements of G(r, 0, t) and that the
corresponding spectra may be independently determined. For Brownian orientational motion,
these comprise Lorentzians whose widths are related to the tensorial orientational-diffusion
coefficient. For isotropic orientational diffusion, the widths are in the ratio 1:6. Dielectric
relaxation and depolarized Rayleigh scattering also relate to G(r, Q, t), and the results of all
three experiments are compared. In no instance was isotropic orientational diffusion found

to be a satisfactory model. A more extended study was made of carbon tetrachloride. Evi-
dence was found both for nonadditive response and for coherent effects resulting from short-
range orientational ordering. The extremely weak signals —often less than one photoevent
per laser firing —necessitated development of a reliable high-repetition-rate Q-switched ruby
laser and use of electronic data-accumulation techniques.

I. INTRODUCTION

An earlier paper' described measurements of
second-harmonic light scattering. In those ex-
periments, a Q-switched ruby laser was brought
to focus within suitable isotropic optical materials,
and light whose optical frequency was near twice
the laser's was detected coming from the focal
region. The paper reported upon the intensity,
polarization, and spectrum (with 100-cm-' resolu-
tion) of this harmonic light scattering and inter-
preted the effect in terms of macroscopic material
parameters. The spectrum was generally domi-
nated by a strong unresolvable "elastic" peak —the
elastic harmonic light scattering (EHLS) —centered
exactly at twice the laser frequency. Weak "in-
elastic" sidebands displaced by molecular vibra-
tional frequencies from the EHLS peak were also
found.

The effect had been anticipated'y' and has been
discussed both macroscopically and microscopically
by a number of authors. 4 ' lt is ascribable to elec-
tric polarization induced by the square of the ap-
plied electric field upon the microscopic constit-
uents of an otherwise isotropic medium. For most
materials, the responsible nonlinear susceptibility
may be described adequately by a real symmetric
tensor. In that case, the harmonic light scattering
comprises two parts separable by polarization
effects. In the completely general case, six com-
ponents may be distinguished. The EHLS process

is coherent, but only by virtue of correlations in
the orientation of the scattering elements.

In a fluid, the scatterers are conveniently iden-
tified with the constituent molecules. The motions
of the molecules, particularly their rotational mo-
tions, will time modulate the nonlinear polariza-
tion and produce spectral broadening of the EHLS.
The broadening produced by rotational motions will
be of the order of the reciprocal of the orientational
relaxation time (a few cm '). The data of the ear-
lier paper indicated that at the very high resolution
required to detect this broadening, the peak signal
would fall to less than one photoelectron per laser
firing. By employing a high-repetition-rate laser,
a high-dispersion monochromator, and an elec-
tronic data-processing system, this broadening has
been measured in a number of pure liquids. The
essential purpose of this paper is to report and
interpret those findings.

In Sec. II the scattering theory is first developed
in terms of an orientation-dependent pair correla-
tion function. All angular dependencies are then
expanded in spherical harmonics, spherical tensors
are introduced, and it is shown that the two (for a
totally symmetric susceptibility tensor) distinguish-
able parts of the unresolved EHLS give rise to dif-
ferent spectra. These are just the time Fourier
transforms of the l = 1 and l =3 spherical elements
of the correlation function. %'bile spherical ten-
sors are widely used, they are perhaps unfamiliar
in the present context. Therefore a detailed ac-
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count of their use in the current problem is given
in an Appendix. The rather general first treat-
ment is followed by a series of simplifying assump-
tions, and it is shown that in the limit of incoher-
ent scattering from molecules undergoing diffu-
sj.onal-orientational r elaxation, an exact solution
for the spectrum can be given in terms of the rota-
tional diffusion tensor. The experiment is de-
scribed in Sec. III, where the results and related
literature data are summarized in Table I. Section
IV begins with a discussion of the influence of the
intense laser beam and competing nonlinear opti-
cal effects upon the intrinsic properties of the
samples and upon the results. The relationship
between dielectric relaxation, EHLS, and depolar-
ized Rayleigh scattering is then developed. Fi-
nally the experimental results for individual mole-
cules are discussed and given tentative interpreta-
tion in terms of foregoing considerations.

II. THEORY

In the following, a theory for elastic second-
harmonic light scattering from the undistorted in-
dividual molecules of a liquid will be developed
in the Born approximation and under the assump-
tions that the molecules are small compared to
the wavelength and that the dimensions of the sam-
ple are large compared to both the light wave-
length and to the extent of order within the liquid.
It will include consideration of the interference
between the scattering from separate molecules.
A full theory would in addition consider aggregates
of molecules whose total scattering cross section
is not given by the sum of the cross sections of its
constituents. In this latter category fall effects
of distortions, both mechanical and electronic, of
the individual molecules from their free-space
configuration due to the environment. Thus, as

TABLE I. Summary of EHLS linewidth data.

Liquid Temp
0 C
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psec

Tp

psec
Vp

psec

Literature values
from measure

of psec
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60

8. 6 +0.6 1.2 +0, 1
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3.8 +0. 7
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17.4
7.0
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vg)g 3 e5
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23 +0. 3 +0.4
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1.80 +0.15 13.1
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+0.1
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p 8 ~p 1 98a12
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0.4
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'DRS= 20'

Chloroform

Acetonitrile
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Methylcyclohexane

10 0. 1 1.25 + p. 2 8. 6 y 1.4 I7.2+ 2.8

+o. 5 7. 2 +p. 5 1.5 +0.1 3 +.2('P)

5 +1.5 2. ] yp 6

104 +06 24 +03 44 yp 8.8 +I

1 51 +013 4 5 +01 24 y0 5 28+6 11
35
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2-methylbutane

2, 2, 4-trimethyl-
pentane
Methanol
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5. 8 +0.8 gp

22 +05 &0 1
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2. 4 +0. 3
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& 50

3.4 +.5
29+4(V)
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& Ipp
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vD = 7000
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Reference 30.
bFrom polarized spectra. See text.

Reference 3I.
dReference 32.

Reference 33.
f Background intensity & 0.1 & eak.
gReference 34.
hReference 11,

~From Ref. l.
& Reference 35.

Using p=9.
Reference 36.
Using p =1.5.

Reference 37.
0Reference 38.
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was done in earlier papers, ' ' it will be assumed
that the scattering arises solely from electronic
dipole moments induced, proportional to the square
of the applied electric field, upon each undistorted
molecule of the medium. This moment will be
written

rather sharp focus within a large continuous sam-
ple. The electric field of the laser will be repre-
sented by a plane wave whose amplitude is zero
outside of the focal volume, and is constant and
equal to an appropriately weighted average over
the focal volume of the actual field. Thus,

E.(r, t) = S. cos(ko r —~ot+ y.),i a' i 0 a 0 i

xE (r, t) .loc a'

E, (r, t ) = —,'(n'+ 2) E(r, t), (2)

n being the refractive index. The intermolecular
field contributes to E& a time-varying compo-l.oc
nent which is independent of the applied field. In
combination with the square of the applied field
and the higher-order nonlinear polarizabilities,
this intermolecular field can produce frequency-
broadened second-harmonic light scattering. Such
an effect has been examined theoretically by Kei-
lich' and %einberg' and is found to be significant
in certain cases. Further discussion of its pos-
sible influence upon our experimental results wi11
be postponed to Sec. IV. Equation (1) implies in-
stantaneous response of the molecular system to
the applied fields, or that the medium is lossless.
This of course is not the case, but this assumption
is not critical to the results of the development
provided no resonant behavior occurs at fre-
quencies between the laser frequency and its har-
monic.

In practice, the laser beam was brought to a

Here p~(t) is the dipole moment induced on mole-
cule a, whose time-dependent position r and
orientation 5 are specified in a space-fixed Car-a
tesian reference frame whose origin, for sim-
plicity, is chosen to be the geometric center of the
scattering region. 0 stands for the usual Euler
angle set (2, 6, y).' g(Q~) is the nonlinear polar-
izability or hyperpolarizability tensor for the un-
distorted molecule a and is real; in Eq. (1),
it depends parametrically upon time through Aa
and the molecular motions. As will be seen, it
is this additional source of time dependence that
gives a natural spectral width to the EHLS even
though the laser might be perfectly monochromatic.
References 9 and 10 summarize existing knowledge
of P, and, among others, " '4 Gordan" has investi-
gated the effects of molecular motions on infrared
absorption, Raman, and depolarized Rayleigh scat-
tering spectra. El (r, t) is the real vector am-
plitude of the local electric field and will be as-
sumed to be related to the applied optical fre-
quency electric field E(r, t) through a simple
Lorentz factor by

g being the average field amplitude; td, /2m= f„
the laser frequency; [k, I

= e,/c, the magnitude of
the wave vector k, which points in the direction of
propagation of the laser beam; yi, the phase of the
ith vector component of S; and c, = nc, the vacuum
light velocity. Retaining only the Fourier compo-
nent of E'(r, t) at twice the laser frequency,

x cos(2ko r —2u&Ot + p + y ) .a 0 n (4)

At some observation point R, the electric field
E (R, t) of the scattered radiation propagating
toward that point and polarized in direction q
(where q R —= 0) is given in the wave zone (R —= iR ~

=» X —=c/f ) by'

N R

sg ' 3 c ' g+ t' ag c
0 a= a

(5)

where Ra -=R- ra and N is the number of molecules
within the focal volume V~. Since the average
molecular velocity is very small compared to the
light velocity, R in Eq. (5) may be taken at time
t. Assuming R» Vs' ', and inserting (1) and (2),
Eq. (5) becomes

Z (R, t)=- ', Z 8 h P (5')
sq ' 3 Rco'

1
n p qo!p aa=1

x cosf2k ' r ' —2~ [t- (ft /c)]j .a 0 a

The primed position and orientation variables sig-
nify their values at the retarded time t —(B /&),
i.e. , r ' =—r [t —(R~/c)]. Here the time deriva-
tives indicated in (6) have been performed only
upon the optical frequency terms since the remain-
ing time-dependent quantities vary much more
slowly. The discussion will immediately be re-
stricted to analysis of the plane-polarized scat-
tering. In certain specialized cases, further in-
formation can be gained by studying circularly
polarized scattering, but no experiments of this
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sort were conducted.
Let Iq(R, ur) be the intensity per unit frequency

interval of the scattered radiation associated with
E . It is given in terms of the cosine FourierSg'
transform of the space-time correlation function
of the total scattered electric field by"

time t+7' —(R, /c). Regarding all molecules as
being equivalent upon averaging,

N
Z f~=8, ~ G(&r, b0, 7'+ )

g Q-] S8m2V Rc (10)

I (R, cu)= o " d7'cosmic
q

' 4m'

x (Z (R, t)Z (R, t+r)).
SQ' SQ'

Here the symbol ( ) stands for the average over
time t, the result being independent of t. Note
that (f(- r)) = (f(r)) for any f(r). Inserting for
E, (R, t),

n, p, y, b

x J' dv'costs (p [0'(t)]pqn a qyb

x [Qb (t+r)]
cos12k~

.[r '(t+r)- r '(t)]

where br =r, —r, ; 60 —=0, —5, ;

and, since R, = [(R —r, ) ~ (R —r, )]' '- R —R. r, /R,

R, —R, =- R'hr/R.

Here G(r, 0, t) is van Hove's density-density cor-
relation function" generalized to include the ori-
entation coordinates. Thus, G(r, 0, t) is the prob-
ability density of finding a molecule at r with ori-
entation 0 at time t after a molecule (the same or
any other) was at r —= 0, 0 =-0. Deriving from time-
reversible laws of microscopic motion, the gener-
alized van Hove function will be symmetric under
time reversal, "i.e. ,

G(r, Q, -t)=G(r, 5, t)

%'hereas the usual van Hove function depends only
upon )r), the present function, as defined, depends
also upon the direction of r relative to the initial
(i. e. , 0 =—0) orientation of the molecule. Since the
particles are indistinguishable, the relation

R —R
—240

b a
0]') ~0 c

(8) G(-r, —0, —t)=GJD(~)r, 0, t I (12)

where y —= yn+ yp- yy —yb. The right-hand side
of Eq. (8) should include a sum frequency term.
Since the spectrum of molecular motions contains
no Fourier components near 4~,t, the term will
vanish upon performing the time average and has,
therefore, been dropped.

The quantity remaining to be time-averaged in
(8) depends upon time only parametrically, through
its dependence upon the molecular positions and
orientations. Thus, invoking the ergodic theorem,
the time average may be replaced by an ensemble
average, "i.e. ,

(Z[r ' (t), r'(ter), &'(t), &' (t+&) ]&

will hold. Here D(0) is the operator for a rotation
of the reference coordinate frame by amount ~."
Further, as no molecular deformations are al-
lowed, infirst approximation, G(r, 0, t) willbelong
to the same symmetry-point group as the individu-
al molecules, both in 0 and in the angular coordi-
nates of r.

Using this notion, the intensity (8) becomes

q
' 3 mR'c, ' n p yn, , y, b

00 dQ
d7 COSA'

= f dr, f dr, f8, d~, &(r„r„0„0)
y S

s

xf (a:r„Q„t —R,/c
~
b:r, 0„t+ T —R /c), (9)1P lP 1

where fg is the joint probability density of finding
molecule a with coordinates r„~, at tim«—
(R, /c) and molecule b with coordinates r» 0, at

x G(&r, &0, r+R ~ &r/cR) p (0)p (0+30)
qn p qyb

xcos[2ko Ar —2(uo(v'+R br/cR) —p]

where, in addition to (10), the substitutions r -=r,
and 0 =-0, have been used, and the trivial integra-
tion over r has been performed.

Next, the third-rank Cartesian tensor Pt~y(5) is
expanded in spherical representation according to
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the relation

p) g p
[v, l]+) vlm

ijk m
v, l, m

zjk
(14)

The details of this expansion, including a. deriva-
tion of the matrix cijyvim, aregiven in the Appen-
dix. Briefly, in (14), Pm[v~ l](A) transforms under
proper rotations like the rnth spherical harmonic
of degree l, i.e. , like the angular momentum
eigenfunction representing a state having total an-
gular momentum hl and z component of angular
momentum Sm. The index v specifies the sym-
metry of Pi&y upon interchange of its Cartesian
subscripts. There are four definable symmetry
species under this interchange operation. Only
those for which P~&y is invariant upon interchange
of j and k are measurable via harmonic light scat-
tering. Two such species exist; one being sym-
metric on interchange of i and j (to be denoted by
v = ss), the other having undefined or mixed sym-
metry on interchange of i and j (to be denoted v=
ms). If Pi&t, is totally symmetric (i. e. , v=ss
only), as is the case when the material is trans-
parent throughout the frequency region ~ «(d, to

l
P ' (&)- Z D (N)P

mk (15)

The superscript ( ) is introduced to distinguish
tensor properties referred to molecular fixed co-
ordinate frames. Inserting (14) and (15) into (13)
and, for later convenience, using the presumed
reality of Pi&~ [both ci&~v™and Pm[") i](5) are
complex quantities], one obtains

(d» 2~0, l can assume only the values l = 3 (for
which —3 &m & 3) and l = 1(-1&m &1). For the
species v =ms, l assumes the values one and two.
For the sake of generality, the remaining species,
although of no practical interest at this time, are
treated in the Appendix.

As discussed in the Appendix, the dependence of
Pm[v~ ll(fl) upon the molecular orientation 5 can be
given'0 explicitly as the contraction of the finite
rotation matrix D& l (5) with P [v~ ], the prop-
erty tensor expressed in a molecular fixed coor-
dinate frame, i.e. ,

n +2 md, N6 4

Q' 3 7l'R co

vlm v l &pe

~n&p@y&5'qnp '
qy6o., p, y, 6

v, v', l, l'

d~ d(t),n)

R.~r R hrx cos(dv'G br, hQ r+ cos 2j ~ b, r —2(d v+ — —qrcR cR (16)

Using various of the properties of the D~m[l)(5)
functions, as given in (A24) of the Appendix, the
integral over A reduces to

5, 5

)
dQ ll' mm '

D [l]+
(~~) (17)8~' 2l+1 ut '

2l+ 1G(r, &, t)=( ),
i(f r —(dt)de

x Q D (A)G (f, (d) . (18)

The inverse transform takes the form

Let us perform a Fourier expansion of G(r ~, t)
in r and t and expand its dependence upon in
terms of the complete set D~m[i](5), so that

G (f (o) f d&f" dr f dteu~ ' 8~' OQ

x D []*(5)G(r,fl, t) . (19)

Since G(r, A, t)=G(r, Q, —t), GI),m I (k, (d)=Gym I

x(k, +). As a function of r, G(r, 5, t) becomes con-
stant, equal to its continuum value N/8v'Vs, for
distances r larger than a few times the phonon
damping length. In the phonon frequency range
being dealt with, this length is small compared to
the dimensions of the scattering volume, so that the
integrals over r in Eqs. (9), (3), and (16) may
safely be extended to infinity. Thus, on inserting
(17) and (18) into (16) and performing the integra-
tions, we obtain

n +2 n4oo N
6 4

3 4mR2c 3 ho(Spg g

v, v'l, m, k, k'
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-f, l]- [",l]*
vlm v'lm* k Pk'

xc c
eo'P Vr~ 2l+ 1

x/G, (b, j'p, D~)e[l] —tp

+ G~~, (- ak, a+)e ty
(20)

to distances short compared to 1/~ bk~ (300/ for
the present experiments), the factor e ~~k r ap-
pearing in Eq. (19) may set equal to unity.

G& [l] (4k, v) is then independent of hk and is
just the Fourier-transformed spherical expansion
coefficient of I dr'G(r, Q, t), i. e. , of the total
probability density of finding some molecule with
orientation 0 a time t after a test molecule had
orientation 5= 0, independent of their relative
separation. Equation (20) then becomes

G(r, t) = f A G (r, &, t) . (21)

From O, 9), we see that G(r, t) —= Go, ~o'(r, t). Since

pl, [~ l ] [1 0 makes no contribution to EHLS, den-

sity fluctuations will not be observed.
It should be noted that the intensity of the Hay-

leigh scattering may be expressed in a form iden-
tical to that of Eq. (20), 5 [&, l] and c ~lm re-
placing c ~1m and p [~~ l]. As o' contains

e&p
spherical components having l=0, 1, and 2, in-
formation is available, in principle, concerning
the various spherical expansion coefficients of the
orientation- dependent pair correlation function
for l out to 3, with, in fact, several cross checks.
Dielectric relaxation also relates, indirectly, to
the l=1 elements of GA, [l](k, u&), the connection
involving macroscopic and induced polarization
effects. "& '~" NMR line broadening in certain in-
stances relates, again indirectly, to the l=2 ele-
ments of Gt, [l l(k, &)."~'4 These interrelations
will be discussed further in Sec. IV.

A series of simplifying assumptions, progres-
sively more restrictive, will now be introduced so
as to reduce (20) to a form more suited for com-
parison with the available data. First, note that
the orientational ordering found in liquids will
most often be of rather short range. If it extends

where ~(d —= (d —2~, is the frequency shift and ~k
=k —2k0= (~/c)(H/fl) —2k0 is the wave vector
shift upon scattering.

Equation (20) is a quite general expression for
the intensity of EHI S in terms of fundamental prop-
erties of the scattering system, j.e. , the molec-
ular property tensor P [~, l] and the system pair
correlation function. Its generality is limited
chiefly by the assumption that the bulk properties
may adequately be expressed in terms of the prop-
erties of individual undistorted molecules. Other
assumptions involved in the derivation are apt to'
be very realistic for the considered experiment
applied to a wide range of liquids and gases. Note
that the density fluctuations which give rise to
Brillouin scattering are an isotropic material
property and are contained in the orientation-in-
dependent pair correlation function G(r, t) de-
fined by

f (H )
n +2 n(u„4X

q
' 3 4' co ~, p, r, ~

vq v &lp pEpkpk

vlm v'lm*
o' P r & ao-'P or&

—f~, ll- [~', l]" [l]'pa''u
2l+1

(22)

Second, as discussed in the Appendix, to good
approximation P may be assumed to be a totally
symmetric tensor, i. e. , Ppb'~ lj may be set equal
to zero unless v=ss. In that case, l may assume
only the values one and three, the indices v and v'
may be suppressed, and we observe that the EHI S
spectrum consists in fact of two separate parts:

~ —fl] — fl] *
G [i] (~ ),

kk'

for l=1 and l=3 .

These two spectra wall henceforth be denoted as the
p&'~ and p'" spectra. As will be shown in a later
paper, a similar result holds for inelastic har-
monic light scattering; further, the P'" spectrum
obeys "dipole" selection rules, as does the in-
frared absorption spectrum. The P ~" spectrum,
however, obeys "octapole" selection rules and
permits observation of a new class of molecular
excitations. 4 It will shortly be demonstrated that
these two spectra may be measured independently.

Next, decompose G(Q, t) via the relation

G(5, t)=G (&, t)+G„(fl, t) . (24)

Here G (5, t) is the self-correlation function (the
probability density that the test molecule itself
has orientation 0 a time t after it was at 9 = 0)
while Gd(5, t) is the "different molecule" correla-
tion function. No detailed knowledge of Gd(5, t)
exists, and its actual importance in the present
context, as will be seen in the discussion of Sec. IV,
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is not at all clear. Little can be done with the
term except that, if the local environment about
the test molecule is assumed to remain constant
as that molecule wanders, then

-D V 'g Q, t=0,

(
D-v ' g (lrl, t)=oet r r

(29)

(3o)

where N r, defined by[I]

[I]
1% PB SZ Vl dying gpss

(25)

(26)

where Dr is the translational diffusion coefficient,
DQ is the (here assumed scalar) rotational diffu-
sion coefficient and Vr' and V'& the Laplacians in
position and orientation ' ' space. The diffusion
coefficients are given in terms of the viscous drag
resisting the motions, B, by D =AT/B, andgoing
still further to the Debye-Stokes limit, ' 7"

is the total number of molecules, weighted ap-
propriately by their orientation, correlated about
the test molecule. Gd, [I] are the spherical
expansion coefficients of Gd(Q).

The orientational self-correlation function
Gs(PL, t)= j dr Gs(r, Q, t) can be determined if
z (Q), the probability density per unit time that
a molecule will undergo a change of orientation
by amount 0 is known. ' " Expanding the con-
tinuity equation

G (Q, t)= J, dQ'G (Q-Q', t)~(Q') —G (Q, t)
Bt s 8' s s

B = Bma3g=~ g2B
Q (3l)

g (r, O)=c(r),

g„(Q, o) = g(5),

(32)

In this approximation, the molecules are assumed
to be small spheres of radius a moving classically
in a continuum having viscosity p. A real liquid
might thus have Dg = 10"sec ' and Dr ——10 ' sec '
cm

Subject to the initial values

x J,dQ'g (Q')

in the D& [I](Q) functions, the following set of
coupled linear differential equations results:

(27)

l=0 0= —l

g (r, t) = (4pD l tl )
' 'exp(-g /4D ltl),

(33)

where 6(x) is the Dirac 6 function, (29) and (30)
have the classical solutions'

x [11, —g O, ]. (28)

The set may be solved readily by Laplace trans-
forms. The spherical elements of G8(Q, t) on this
model are seen to decay exponentially, the time
constants for a particular element depending upon
some combination of the spherical expansion coef-
ficients of w(Q).

In a consummate attempt to reduce (20) and re-
late the EHLS spectral broadening to more com-
mon experience, assume that Gs(r, Q, t) results
from thermally activated Brownian motion. The
dependence of Gs upon r will be reintroduced as a
time-dependent factor, and it will be seen that
even this consideration is unimportant to the
EHLS. Thus, if Gz(r, Q, t)=gz(r, t)gQ(Q, t), then
the g's represent solutions to simple diffusion
equations of the form'

(34)

'/'m='"'"
Q ""Q Q' ~—

7 0, gy 07'

where DD, & is the diffusion coefficient for rota-
tions about the figure axis and Dg ~& is for rota-
tions about axes in the xy plane. No closed solu-
tion of the form (33) exists for rotational diffusion
of an anisotropic molecule. The relaxation times
in that case involve three diffusion coefficients,
one for rotation about each principal axis. The
problem is in direct analogy to that of determining
the energy levels of an asymmetric rotor and has
been treated in full detail by Favro. " Since all

with I/7'Q = I/TI = I (I + l )D

For nonspherical molecules, the rotational dif-
fusion coefficients become tensors. 2

7 If an axis
of symmetry (threefold or higher) remains, the
rotational diffusion Eq. (29) has the solution (33),
but with



930 P. D. MAKER

dependence upon the translation diffusion is shortly
to be dropped, we need not be concerned with the
tensor nature of Dz.

Using this solution for Gs(r, 0, f) and Eq. (25) to
define G(r, 0, f) (i. e. , a simple model for the cor-
relations is adopted), we find that according to Eq.
(19),

g g g g vl&l v le g
n p y 6qnp qy6

[Ij- [v'Ij- [v', fj*
kk'

g (&~)cosq&,

(36)

where the line-shape function gf(») is given by

(s6)
g (&(o)= 2r /[1+ (7I M)'] . (s9)

where I/r = (I/~f)+ (I/r )= f(t+1)Dfl+4lkj'D

(37)

Using the Debye-Stokes approximation to Dg and

D~, 1/rf»1/v~=4)k ['D~, i. e. , the contribution
to the scattering of the translational motion is in-
deed negligible. Setting I/7'~=0, the scattered in-
tensity becomes

2
2

6 nco0N
4

t (&T, w)=( ) n, p, y, 6

The spectrum of the EHLS with these approxima-
tions is comprised of a series of Lorentzians cen-
tered at &~ =0, one for each allowed value of l
whose full width at half-maximum (FWHM) is
f(I+1)Dfl.

For isotropic rotational diffusion let us use Table
II of the Appendix to make explicit the dependence
of Iq(R, ~) upon the polarization state of the laser
and the relative direction of q and S. With S~
= 8cos8, 8& = 8 sin6, S~ = 0, y~= 0, p&

= y, and in-
cluding both the symmetry species v=ss and v
=ms, we obtain

I (It, &u) =g, (&co) 45 (9cos 8+sin 8+4cos 8 sin 8+6cos 8 cos2q&)~ p
—1 i 4.42.22 [ss, 1] 2

x

+(2/9/5)sin 8(l —6cos 8 sin q&)Re(P ' )(P
'

)
2 2 . 2 -[ss, 1] -[ms, 1]*

+ (4/3/5)sin 8 cos Hsing&cosq&im(p '
p

' *)+z sin 8
~
p

. 2 2 -[ss, 1]-[ms, 1]~, 2 [ms, 1] 2

+ ~~g2(&co)sin 8( p' ' '( + 22» 'g, (&+) (2+cos 8+6cos 8 sin Hsin q&) fp
' ~ /, (40)

-~ms, 2l 2 2 2 . 2 . 2 —Iss312

K I (R, &u)=gl(hw) [4', (1 —sin 28sin q&)~ p
'

~

+(2/9/5)(1 —sin 28sin q&)
—1, . 2 . 2 [ss 1]2 . 2 . 2

(
—[ss, 1]-[ms, 1]s) ~ (1 . 228 . 2

)~ p
[ms, 1]~ 2]

+ —,', g, (&e)(I+sin 28 sin q&)) p
'

( ++» g, (&w)(4+sin 28 sin q&)~ p
. 2 . 2 -[ms, 2] 2 2 . 2 —[ss, 3] 2

(41)

where K=—[—,'(n'+2)]'(n+, 4NS /4mB'c, ') (42)

Equations (40) and (41), apart from the restric-
tions imposed by the conditions q ~ R = 0, are inde-
pendent of the angle between the incident laser
beam and the direction of propagation of the scat-
tered radiation. They involve seven material pa-
rameters —the rotational diffusion coefficient
which determines the line-shape function gf(&~),
and six intensity parameters [ P [ss& 1]

~

2

-[,fj-[",fj* ~ [I]
p

[v, I]- [v', I]~ .
mm'm 'm

VE p
Vl' I
only (4s)

~p[ss, 3][2 [p[ms&1]~2 Re(p[ss, I]@[ms, ljw)
Im(P[ss&1]P[ms& ]*), and IP[ms&2]&2. Here we
have
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As shown in Ref. 1, the unresolved EHLS from a
macroscopically isotropic medium can always be
fully characterized by six intensity parameters.
The above expressions relate those parameters to
molecular coristants. However, if P,&y is real (as
has been assumed), it is ap arent from Table II of
the Appendix that P[»&1]P ~s&1]*is also real, so
that only five of the intensity parameters remain.
The formalism can easily be expanded to include
complex P~&y, with the result that all six occur.
Note also that lm(pf»&1] p [~&,1]+) makes no con-
tribution to the plane-polarized scattering when the
laser is either plane polarized or elliptically po-
larized having p= 90, and is the only constant
whose contribution is sensitive to the sign of p. It
can readily be seen that if pfI'y is real, I&(R, &+)
must be independent of the sign of p. One may, by
measuring the integrated scattered intensity for
several carefully chosen values of 8 and y, deter-
mine each of the six intensity parameters listed
above. As discussed, to good approximation
P~[~s& f] may be set equal to zero. Specializing
(40) and (41) to this case, dropping the superscript
v and expanding for the geometries of actual ex-
perimental interest, the following results are ob-
tained: For a laser beam plane polarized in the
x direction, remembering that q R =-0, we obtain

K-'I (R ~)=-,'g (»)IP"'I'
x ' ' 1

K-'I (R, ~)=K 'I (R, ~)= ~s-g&(»)

xIp I
+, g (»)Ia"'I' .

the most two Lorentzians whose FWHM's are 2Dg
and 12D& and whose heights are proportional to
(P" ')' and ) Pt")', respectively. Only these three
material parameters enter.

When anisotropic rotational diffusion occurs, the
results (44) and (45) can be generalized in accor-
dance with the discussion following (34). The pro-
cedure is straightforward when an axis of sym-
metry is present. Several additional parameters
are required to characterize the spectrum, how-
ever, since the individual k components of P~~I]
produce lines of different half-widths, as given
by (35). The construction of I=1 and l=3 spectra
from I (R, &) and I (R, ~) is still possible. The
l=1 spectrum would in general contain two Lorent-
zian components, but with a symmetry axis pres-
ent, P + 1 [f ] = 0 and a single component whose width
is given by 2D~ z is measured. The l=3 spec-
trum, even with an axis present, will consist of
more than one Lorentzian component, the constants
D~ z. Dg ~y, g~& p lf]P~ (f&]*N~~ [I&] entering.
For completely anisotropic rotational diffusion,
still further complexities arise.

By the last relation given in (45), the spectrum
of the perpendicularly polarized scattering when
circularly polarized laser light is used gives di-
rectly the line-shape function g, (hz), provided of
course that I

P'"I' WO. One can then form linear
combinations of the other relations (44) and (45)
and experimentally, whenever i P &'& ]' =

) P t"I'
determine g, (hv). A check of the applicability of
the orientational diffusion model is then provided
by comparison of the widths of g, (») and g, (»),
which on that theory ought to be in the ratio 1:6.
However, the separation of the EHLS spectrum
into P'" and P&" spectra is completely independent
of any assumptions on G(Q, t).

while for circular polarization, Sx= by = (1/g2) S,
p= 90,

K-'I (R, e)=K 'I (R, v)=~gg(~&)
x

IP"'I" l g (I ) I~
"' I'

K 'I (R cu) = —'
g (& u))

I
P
"'

I

' (45)

The quantity Ix(R, +)/Iz(R, cu) =p(&u) will be re-
ferred to later as the EHLS "polarization ratio. "
Unless it is stated that a circularly polarized laser
(having S~= 8 ) is employed, it will be understood
when discussing p(~) that the laser is plane polar-
ized in the x direction.

Equations (44) and (45) will serve as a starting
point for the discussion of the data. In this ap-
proximation, the EHLS spectrum consists of at

III. EXPERIMENT

A. Apparatus

Figure 1 is a schematic diagram of the experi-
mental apparatus. The laser head, a modified
Raytheon LH8 unit, was watercooled and employed
an FX-47b-6. 5 EGk G linear flashtube and a devel-
opment grade 6-,'-in. -long by 8 -in. -diam 60' Linde
Czochralski grown ruby in flat-flat uncoated con-
figuration. The Tyman-Green pattern of the rod
showed approximately three fringes. Teflon 0-
rings, which replaced the original rubber ones at the
water seal to the ruby rod, were found to be un-
damaged by exposure to the lamp flash and, of more
importance, caused no significant contamination of
the ruby surface at the contact point. Q switching
was accomplished via a TIR prism, placed some
150 cm from the end of the ruby, and rotated at
about 120 cps. The output-end reflector comprised
two fused-quartz optical plane parallels 1.5 and 5
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FIG. I. Experimental apparatus for measuring the
spectral profile of elastic second-harmonic light scat-
tering.

mm thick, optically contacted to opposite ends of a
plane-parallel Alumalox cylindrical spacer 2 cm
long. This resonant reflector was mounted directly
to the laser head about 5 cm from the end of the
ruby through a three-point adjustable mount. Par-
allelism between rod and resonator, monitored
interferometrically by a He-Ne laser, was adjusted
after initial laser warmup to better than —,

' fringe
and held steady during operation to within + 2 fringe,
so long as the laser fired at regular intervals. No

attempt was made to optimize the various optical
spacings of the resonant reflector. A tendency of
the output to jump between adjacent cavity modes
from shot to shot was minimized by controlling the
rod-coolant temperature. Holding the coolant to

C, the spectrum consisted of two or three close-
ly spaced axial modes, each less than 0.01 cm '
wide, contained within an envelope less than 0.05
cm wide. Under the usual operating conditions,
the laser was fired once per second, delivering
a single pulse of 90 nsec FWHM, 5-MW peak power,
12-mm' initial area, and 0.6-mrad full cone-angle
beam divergence. At this repetition rate the laser
rod after run-in returned to within approximately
10 C of the coolant temperature between succeeding
shots. In order to minimize multiple time spiking,
an MgO-smoked glass cylinder was inserted into the
flash lamp cavity. This diffuse pumping of the ruby,
at an expense of a factor of about 1.6 in pump power
compared to the original focused (via a polished el-
liptical cylinder) pumping, resulted in a single, es-
sentially triangular output pulse and in addition im-
proved its spatial uniformity and collimation. The
Raytheon power supply was voltage regulated to
+O.1%%. At an operating pump power of 8% above
threshold, the laser pulse height reproduced to
a 10% at a rep rate of one per five secs and to a 30%
at one per sec. The flashtube life ranged from 20
to 400 K shots at initial loadings of 1.6 kJ (1 MF
charged to 1800 V in pulses lasting approximately
1 msec. Cold tapwater was used to cool the ruby
to approximately 10 'C while a, heat exchanger (de-
mineralized, distilled water-to-cold tap water)

cooled the flashtube. Use of distilled rather than
tap water as flashlamp coolant appreciably extended
the flashlamp life.

Unsupported split mica was used to provide the
desired laser beam polarization, both —,'-wave and
—,'-wave plates being used. The beam itself was
found to be better than 95'%%up plane polarized when
fused quartz resonant reflector flats were used.
Substitution of available sapphire flats, which how-
ever were not Czochralski grown, reduced the pump
requirements somewhat, but their poor internal
optical quality resulted in an output beam only 70'%%up

polarized.
A polished Corning 2-64 filter (red transmitting)

reflected (at 45 ', p polarization) a small fraction
of the beam into a monitor channel. The main por-
tion of this reflection was detected by an RCA 925
vacuum phototube operated with 8+ = 900 V. The
resulting electrical signal, initially in excess of
20-V peak, was shaped to have a rise time of 0.1
p, sec, a flat 1 p, sec, 3 V top, and a decay time of
3 p, sec. It served both as the "B-time-base" trig-
ger for a Tektronix 555 dual-beam oscilloscope
and as the coincidence gate for the analog-to-digi-
tal converters (ADC's). The scope was operated
with its "A time base" triggered by noise picked
up when the flashlamp was triggered, and its "8
time base" in the "delayed triggerable" mode. A
small fraction of the monitor beam was reflected
(at 45 ', s polarization) from a glass cover slip
and passed through a 4-mm-thick crystal of ADP
oriented to produce phase-matched second-harmon-
ic generation. The blue light thus produced was
detected by a 1P28 phototube whose output was fed
to one of the ADC's. This provided a monitor of
the second-harmonic efficacy of each laser pulse,
both as regards its amplitude and to some extent
its coherence properties.

The main laser beam was deflected upward by
a TIR prism and brought to focus with a 15-cm
focal-length simple lens in a transparent liquid
sample situated in front of the monochromator
entrance slit. The beam was absorbed in CuS04
just above the sample. The glass cell containing
the sample was immersed in a large, liquid-filled
flat-sided glass vessel which served as a thermal
bath and also minimized reflection losses. A
front-surface spherical mirror positioned within
the outer vessel imaged the laser "focal cylinder"
onto the monochromator entrance slit. When con-
ducting experiments in which the temperature was
varied, a lens positioned just outside the larger
cell replaced the front surface mirror. A field
lens was used at the monochromator entrance
slit. A collection solid angle of ,'f, determined—
within the sample, was possible. At 4x magnifi-
cation, both the monochromator aperture (~pf )
and entrance slit (~ 0. 2mm) were fully illuminated.
The scattering angle in all cases was 90 ' (a 12 '
due to the combined laser and scattered-beam
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divergences). The monochromator, a Spex model
1700, had a 75-cm focal length, was equipped with
a Jarrell Ash 13-231 grating (7620 l/in. , 80&& 190
mm ruled area, 59 ' blaze), operated in 16th
order, and had a spectral dispersion of 1.3 A/mm
(11 cm '/mm at 3471 A). To achieve theoretical
resolution even at slit widths of 50 p (-10 times
the diffraction-limited width) half the grating had

to be masked (reducing the quoted solid angles).
This was due largely to a nonflat grating, but in
part to the aberrations of the Czerny-Turner op-
tical system, both effects being exaggerated by
the short focal length and large grating angle. A
straight entrance slit was used because the image
of the laser focal cylinder was itself a long straight
line having no excess width. In order to utilize
the available slit height without sacrifice of reso-
lution it was then necessary to curve the exit slit.
The jaws for this slit were constructed of brass
shim stock cut to the proper radius by a razor
blade attached to a pivot arm. They were affixed
with double-sided Scotch tape to the slightly opened
original-equipment straight- jawed exit slit. Ex-
amination with a microscope revealed that these
rather simple jaws were parallel to + 2 p, and had
edges smooth to +2 p.. They served admirably for
widths down to the minimum required by the ex-
periment, 50 p,. Also because of the large grating
angle and short focal length, the entrance and exit
slits when in proper adjustment were not of equal
width, the ratio of their widths being cos(8- y)/
cos(8+ p):-1/1.7. Here, 8 is the angle between
the grating normal and the instrument optic axis
(-60') and p is tan 'D/2E (- 5.7 '), D being the
distance between the slits and I' the instrument
focal length. Overlapping orders higher than the
17th were heavily attenuated by the CuSO~ filter
used to eliminate scattered and stray laser light,
while the 13th and lower orders were attenuated
by a Corning 7-54 filter and the CuSO4. The 14th,
15th, and 17th orders were not discriminated
against but periodic checks were made assuring
their absence. These were done using various
Corning filters and plexiglass to alternately at-
tenuate the various orders. The instrument trans-
mission efficiency, including all filters, was -20/o
for radiation polarized parallel to the rulings and
-12%%uo (ratio 1.74) for the perpendicular polariza-
tion. A 2 x 2 x 2-cm calcite Rochon prism and a
lens spatially separated the two polarization
components of the monochromator output. They
were measured by independent RCA 8575 photo-
multipliers. The phototubes were selected for
their high quantum efficiency (-30%%uq) in the blue.
Operated cathode grounded, at room temperature,
and with an electron gain of 4 x 10' (B+= 2800 V),
they had a dark-current count rate after pulse-
height discrimination at approximately 80/o count-
ing efficiency of only 10'—10' per sec.
The three phototube outputs (one for each polar-

ization of the EHLS and one for the SHG monitor)
were coupled through long cables and an g-Q
shaping network to the ADC's (Technical Measure-
ments Corporation, Model 210). The ADC output
consisted of 4-MHz clock pulses, whose number
was linearly proportional to the integral (over the
duration of the coincidence pulse) of the input. The
clock pulses were accumulated in electronic count-
ers (Hewlett Packard Model 5203L), giving a vi-
sual digital readout of the signals for each laser
firing. The counters could be made to reset after
each shot or to accumulate over a preset number
of successive shots. Under standard operating
conditions, a single photoelectron from the 8575
photomultiplier produced an average signal of 30
on the counters for the signal channels while the
monitor signal was adjusted to register a count of
-300 (corresponding to many thousands of photons).
Although operating in a gated or coincidence mode,
the ADC's converted twice on each flashlamp fir-
ing. The first conversion occurred as a result of
noise picked up when the flashlamp was triggered.
The counters, however, were gated by the oscil-
loscope 8-time base and hence failed to register
this noise signal. However, the pickup was large
enough to cause an overdrive which had not quite
relaxed by the time the desired signal and coinci-
dence gate pulse arrived. Thus with no input, the
scalers registered approximately 25 counts on
each laser firing. This constant background was
subtracted automatically from each reading by
adjusting the ADC "baseline" control. Other use-
ful features of the ADC's included a built-in step
attenuator for calibrated gain control, a threshold
control which permitted rejection of phototube
noise pulses whose amplitude was small compared
to that of an "average" photoelectron, and an ad-
justable "upper-level" limit which when exceeded
cancelled the conversion. Thus, full pulse-height
discrimination was available and the apparatus
could be used for conventional "photon counting. "
For this purpose, the sealer was connected to the
ADC "address reset" output which provided a sin-
gle pulse whenever conversion of a photoelectron
occurred. Also, by connecting all three upper-
level circuits in parallel, an excessively large
signal (as would result when a spark occurred in
the sample) on any channel would inhibit the con-
version on all three channels. The units did, how-
ever, require longer coincidence pulses than would
normally have been used. Thus, although the laser
pulse lasted only 0.1 p. sec, the ADC's sampled the
phototube output, including dark current, for- 2
p. sec. Even so, phototube dark current amounted
to only one spurious event per thousand laser
flashes and was negligible as a noise source. For
proper operation of the ADC's, the coincidence
pulse had to precede the signal pulse. This feat
was accomplished by overdriving the 925 phototube
that produced the coincidence pulse and by keeping
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its cables short while delaying the output from the
signal detectors through use of long cables. The
R-C circuit needed to shape the phototube output
to meet the ADC input requirements also helped
delay the signal. Power for the ADC units, which
are actually plug-in modules for TMC's larger
pulse-height analyzers and consequently are not
self-powered, was obtained from a bank of Harri-
son Laboratories's adjustable regulated power sup-
plies.

9. Procedure

The samples were prepared by distilling reagent
materials (spectro- or chromato-quality when
available) and filtering the distillates through
0. 22- p. GSWP or 1.5-p, OHWP Millipore filters
directly into all glass cells. The laser intensity
was adjusted, using Corning glass filters, to the
point at which dielectric breakdown within the sam-
ple occurred very infrequently. For many mate-
rials, the refuse produced by a single such break-
down would reduce the dielectric strength of the
sample enough to necessitate its change. Typical-
ly the laser had to be attenuated to less than 1 MW
( 1.5&10"W/cm' at focus) to prevent breakdown.
Elevated sample temperatures were obtained by
using an immersion heater placed inside the larger
glass cell, which, except for the optical ports,
was encased in 12 ins. of Styrofoam. The temper-
ature was then controlled to + 1 C.

To obtain the spectral profile of the EHLS, the
laser was fired repeatedly with the monochromator
at a fixed wavelength setting until the totalized sig-
nal on the monitor channel reached some predeter-
mined level. The accumulated signals were tran-
scribed, the counters reset, the wavelengths ad-
vanced, and the procedure repeated. In an effort to
average long-term equipment drifts, several scans
through the line were made, each in the direction
of increasing wavelength. Depending on the
strength of the signals obtained, as many as 200
laser firings might be taken at each wavelength
setting. For each wavelength, the accumulated
signals for the many scans were totalized, normal-
ized first for the number of stops at that wave-
length and then normalized to one at the peak of the
line.

The noise in the data was entirely statistical since
even for the strongest scatterers, the peak accu-
mulated signal corresponded to no more than a few
hundred photons. Thus only the simplest of line-
shape analyses was warranted. On the basis of the
preceding theory, the true line shape near center
was expected to be Lorentzian. Therefore, the
instrumental band-pass function, measured to be
triangular to very good precision over the range of
slit widths used, was convoluted via computer with
a family of Lorentzians of varying half-widths, gen-
erating a, family of "expected" line profiles. The

member which best fit the data was then selected
visually, allowance being made for a possible
wavelength-independent background. The width of
the Lorentzian selected on this basis was then used
to compute a relaxation time according to ~~
=100/3m&v»2 psec, where bv»2 is the Lorentzian
FWHM in cm '.

C. Results

Typical data are shown in Fig. 2. Here the sam-
ple is room-temperature water, the laser was
fired approximately 150 times at each wavelength
setting, and approximately 300 photoevents were
accumulated at the line center. Probable errors,
based solely upon the statistical fluctuations to be
expected in the accumulated number of photoevents,
are shown for selected data points. Adjacent data
points have not been averaged together and hence
are statistically independent. Note the extremely
high datum just left of the line center. In fitting
the shown curve to the rest of the data, this point
was assumed to be a statistical deviate (its devi-
ation is & 3. 5 times the probable error, which has
a probability of occurrence of 53 whereas 21 data
are shown) and ignored. This was done, however,
only after obtaining another spectrum (using even
narrower slits so that on the average the trace was
even noisier) demonstrating the same sample-
contributed width. The extreme-right data point
demonstrates that for this example there is no
need to consider a wavelength-independent back-
ground. Further out in the wings, the signal fell
to less than one photoevent per 100 laser firings.
This is comprised of system noise (due in pa, rt to
phototube dark current, in part to stray light) and
inelastic HLS.

As mentioned, at these signal levels shot noise
was the dominant noise source. At higher signal
levels, however, a systematic error was encoun-
tered which in fact. implied a slightly less-than-
linear relationship between the EHLS signal and
the monitor. Two factors contribute to this.
First, the monitor channel records phase-matched
coherent SHG rather than EHLS. Hence, it de-
pends differently upon the coherence properties of
the laser than does the signal. Further, stimulated
Brillouin scattering" was occurring in the sam-
ple on each laser shot. Depending upon the degree
of saturation of the effect, as the laser intensity
increases it prevents proportionately more of the
laser beam from reaching the focal region. This
systematic error became unimportant to the ac-
tual experiment when the laser intensity was con-
trolled to + 50/0.

Except for carbon tetrachloride, it proved im-
possible to obtain useful data when operating the
laser at levels below the threshold for stimulated
Brillouin scattering. In that instance, however,
the measured relaxation time and polarization
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FIG. 2. Spectrum of EHLS
from water. Here and in later
figures the scattered radiation
and laser were plane polarized in
the same direction; the scattering
angle was 90'; the abscissa is the
displacement from 28 800 cm
(twice the laser frequency); and

the ordinate is the relative EHLS
intensity. The circles are un-
processed data and the error bars
represent statistical uncertainties
arising from the finite number of
events recorded. The long-dashed
curve is a convolution of the in-
strument bandpass function [a tri-
angle (short-dashed curve) with

FWHM equal to the indicated slit
width (S. W. )] with a Lorentzian.
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ratio were found to be independent of the occur-
rence of stimulated Brillouin scattering. Possible
influences of this competing effect upon the re-
sults of the measurements will be considered
further in the next section. Stimulated Rarnan
scattering was never observed, nor were effects
that could be associated with self-trapping.

Table I summarizes the data. " " Column 1

gives the sample, followed by its temperature.
Column 3 gives the measured polarization ratio p
[see discussion following Eq. (45)]. The uncer-
tainty here is simply statistical. Column 4 lists
the true Lorentzian FWHNI inferred from the
curve fitting, followed in the next column by the
associated relaxation time. Here the listed er-
rors are qualitative estimates reflecting the quan-
tity and quality of the data and the degree to
which it could be accounted for with the computed
family of profiles. Column 6 gives vp—:l(l
+1)rmeas, where l = 1 for p=1.5 and l=3 for p =9,
while in Columns 7 and 8 appear literature cita-
tions for orientational relaxation times. There,
7 0 ls twice 7'Dg, the dielectric relaxation time or
six times vDgg, the relaxation time measured
from depolarized Bayleigh scattering.

For sever al reasons, no intensity measur ements
are reported. First, it was felt that the accura-
cies quoted in Bef. 1 could not be surpassed, nor
in fact approached. This was due chiefly to the
additional difficulties imposed by use of extremely
narrow slits. Second, the aforementioned pres-
ence of stimulated Brillouin scattering greatly
cornplicates any intensity measurements.

IV. DISCUSSION

A. Departures of the Sample from Its Equilibrium State
Caused by the Presence of the Laser Beam

To some extent, the material properties being
measured are themselves influenced by the pres-
ence of the intense-focused laser beam. Such ef.—

fects result in data which do not characterize the
equilibrium state of the sample. It is, therefore,
important to have a good estimate of the various
effects the laser beam can have upon the sample's
physical state. There are several means by which
the laser can exert such influence. Among the
most important are by heating the sample via ab-
sorption of the fundamental beam, by causing
changes in the molecular distribution functions via
its electromagnetic fields, and by creating an in-
tense hypersound wave via stimulated Brillouin
scattering (SBS)." Let us examine each effect.

All of the liquids dealt with had good tra, nspar-
ency at the laser wavelength. As a worst case, if
1% of the laser beam were absorbed per cm and if
there is no thermal conduction or convection, then
at the focus of the laser the sample would experi-
ence a temperature rise of 5 'C. For a more typ-
ical case, the rise would be less than 1deg. In
itself, such a temperature change has negligible
effect on the measurements. Also, since the ap-
propriate relaxation times in the materials studied
are of the order of 10 "sec, the rate of tempera-
ture rise (which may be as high as 10' deg/sec)



LIGHT SCATTERING IN LIQUIDS

probably is not significant and the system may be
regarded as being in equilibrium at all times with

respect to this source of heat input. However, the
sample cannot flow quite rapidly enough to accom-
modate the associated thermal expansion; there
results a localized pressure buildup. Assuming no

flow whatsoever and a, 1'C temperature rise, the
pressure would reach-10 atm. Such a pressure
disturbance will propagate outward at sonic veloc-
ities, typically 10' cm/sec, so that during the laser
flash it will have traveled-10 ' cm, or a distance
roughly equal to the laser focal diam. The ex-
pected pressure rise might thus be of the order of
a few atmospheres. To have noticeable effect on
the properties being measured, however (except
when dealing with a, critical point), pressures on

the scale of hundreds to thousands of atmospheres
are necessary. " Thus, absorption of the laser
beam should have no significant effect on the re-
sults.

Consider next the importance of the laser beam's
electric field. At focus it reaches 10~ esu. Its
most apparent influence is the alignment of mole-
cules due to any anisotropy in the polariz ability.
The interaction energy producing such alignment is
given by o(fl)E'I, where o, (5) is the orientation-
dependent molecular polarizability and 0 the ori-
entation relative to E. For typical cases, this

energy will vary with orientation by less than 1%
~+room Of comparable importance is the ef-

fect of the fields on the pair correlation function. 4'

Perhaps the largest term entering here is that due

to the dipole moment induced by the field on one
molecule interacting with the permanent (or in-
duced) dipole moment of a neighbor. This energy,
(@ED/r'), again, is of the order of 1 /0 of kTroom.
It is difficult to appraise the true significance of
even such small perturbations as these on the mi-
croscopic behavior of a liquid. This would again
be particularly true in the vicinity of a phase tran-
sition. Hopefully, they too will have negligible ef-
fect on the measurements.

Lastly, the laser is observed to cause SBS"at
each firing. In this process, a photon from the
laser beam is absorbed while a hypersonic phonon

(propagating parallel to the laser beam) and a new

photon (propagating antiparallel) are created. Both
momentum and energy are conserved so that,
knowing the phonon velocity, its energy can readily
be calculated. The rate at which this processpro-
ceeds depends upon the laser intensity. At very
high intensities, much of the beam is converted,
and in fact it can become completely depleted be-
fore reaching the focus. Thus, due to SBS, the
la,ser intensity at the focal volume is reduced while
at the same time the volume of sample being ob-
served via EHLS is subjected to an intense hyper-
sonic wave. As no intensity measurements are re-
ported, the attenuation of the laser beam may be
ignored. To obtain a worst-case estimate of the

effects of the sound wave, assume that the laser
beam is completely depleted, that the photon life-
time is infinite, and that the sample is subjected to
the full intensity of the resultant sonic wave. Then
for a typical substance, the acoustic intensity will
be- 200 kW/cm2, producing particle excursions of-+ 6 A, acoustic pressures of -+ 500 atm, and mod-
ulations of the average interparticle distance of
-+3%.4' The periodic motion of the molecules
phase modulates the induced nonlinear polarization
giving rise to sidebands in the scattering, separated
from twice the laser frequency by the sound-wave
frequency. Since the excursion is always a small
fraction of the optical wavelength, the sideband in-
tensity will be very small —of the order of parts
per ten thousand —and hence can safely be disre-
garded. Of far greater importance seems the ef-
fect the periodic pressure-density modulation might
have upon the molecular distribution functions.
Note, however, that thermal agitation within a mo-
lecular volume produces pressure fluctuations of
the order of thousands of atmospheres. Thus, this
maximum acoustic overpressure, though a severe
perturbation, would probably have no really dras-
tic consequence. This is the worst possible case.
In practice, only 10-20%%uo of the laser beam is con-
verted and while no quantitative account has been
given, it is felt that the actual acoustic intensity
present in the focal volume simultaneously with
the laser is only a small fraction (-1/0) of the max-
imum value. Further, considering that the life-
time of the created phonons is but-10-' sec, the
maximum intensity is further reduced, and by a
large factor. If the entire phonon wave were dis-
sipated as heat in the focal volume, its tempera-
ture would rise a mere 0.01 C. The worst case,
then, is really a gross overestimate and one may
confidently expect that SBS will not seriously in-
fluence the results. In fact, for one sample, this
hypothesis was tested and found to hold. The EHLS
signal from CCl~ was strong enough that useful
data could be obtained both above and below its
relatively high SBS threshold. Within the exper-
imental accuracy, no differences in polarization
ratio or linewidth were found.

Two other mechanisms through which the laser
might influence the physical state of the sample
are stimulated Raman scattering (SRS)44 and opti-
cal self-trapping. " No SRS was observed to oc-
cur during any of the measurements. Its absence
has been taken by other workers ' to imply that
optical self-trapping does not occur.

If, for any reason, the results reflect laser in-
duced nonequilibrium sample conditions, they will
be sensitive to the average laser intensity over and
above the simple square-law intensity dependence
expected. Except in the above-mentioned instance,
the EHLS signals were simply too weak to permit
experimental investigation of the situation. In
each of the several instances in which the depen-
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dence of the integrated EHLS signal upon laser in-
tensity was measured, the expected quadratic be-
havior was found, within the rather large shot-
noise- governed experimental uncertainty.

In view of the foregoing discussion, the experi-
mental results will most probably reflect prop-
erties of the equilibrium state of the samples mea-
sured. However, the close proximity of disaster
demands that the situation in this regard be care-
fully reexamined for each particular sample.
Small excess optical absorption or a nearby phase
transition could easily swing the balance to just
the opposite conclusion.

B. Relation between Various Relaxation Times

= [(e0+2)/(n'+ 2)]7
DR 0 4', (45)

In Sec. II it was shown how the normalized l =1
and l =3 EHLS spectra relate in general to the Four-
ier transforms of the l =1 and l =3 spherical compo-
nents of G(Q, t), the spatially averaged orientation-
dependent pair correlation function. Because of the
limited amount and precision of the data, it was
possible to determine only some average width for
the spectra. The much simplified theory that as-
sumes vanishing orientational correlations and
isotropic orientational diffusion predicts pure-
Lorentzian line shapes deriving from exponentially
decaying correlation functions. On that model, the
relaxation times for the degree l spherical com-
ponents of G(Q, t) are related by &I =7'0/l(l+ 1),
l WO, so that T,:T, =12:2.

In a manner exactly parallel to that given in
Sec. II, it can be shown that the normalized depo-
larized Rayleigh spectrum gives g, (&&a), the Fou-
rier transform of Gt" (t)." " Thus, the time be-
havior of the first three spherical components of
G(Q, t) are in principle available. In the approxi-
mation described above, the decay time inferred
from a Lorentzian fit of the depolarized Rayleigh
scattering spectrum should fit the relation T] T2 T3

=12:4:2.
The dielectric decay time TDg as measured via

the frequency dependence of the dielectric loss
factor, is closely related to Ty but differs from it
for two significant reasons. As detailed ~n the
papers by Glarum ' and Cole, "

total dipole moment M of the specimen. However,
M—=m+X consists of two parts. X results from
long-range dipole forces extending throughout the
medium while m, the remainder and source for
X, is localized about the test molecule. If the
sample is large compared to the focal volume,
correlations produced by X will not influence
EHLS. Thus, 7, as measured by EHLS relates
to the localized dipolar correlations only. Gl'&(t),
as employed throughout this paper, is to be given
similar interpretation. Further, xd —that part
of X due to orientation of molecules —has a de-
layed response to changes in m and hence causes
m and M to have different time behavior. A sec-
ond disparity between 7' and 71 results from
the fact that m includes an induced polari-ation
term, i.e. ,

m= Z (p+o. R).
loc i

the sum over nearby molecules of their total di-
pole moment. Here R is the reaction field pro-
duced at the molecular origin by the surrounding
dielectric in response to p, . Again, part of R
has delayed response to changes in p, . Using the
methods of Cole and Glarum, both effects can be
accounted for, and it can be shown that

2E +1 6 +2
7' T I4 c 2m+1 ~+2 y' (49)

and y'(t) is assumed to behave like e &; and

2c +1 36

+1 26 +E 1
(51)

where 5~'&(t) is assumed to be given by e ' and
is identified with (p(0). m'(t))/(g(0) m'(0)), m'be-
ing QI pt, the sum over a localized region of
all permanent dipole moments. Combining these
relations,

where

q '(t) =(p(0) [NI(t) -x (t) ]& /& p(0) [M(0) - xd(o)])

(5o)

where &, is the dc dielectric constant, n the refrac-
tive index, and zC, is the decay time for

7 = [36 /(26 +e )]'r (52)

@(t)=&y(0) M(t)) /& p(0) M(0)), (47)

assuming that C(t) is an exponentially decaying
function. 4(t) is the correlation function of a
permanent molecular dipole moment p. and the

Equation (52) does not depend upon assumptions as
to the nature of the correlations or the mechanism
of relaxation and, provided only that the various
correlation functions are adequately described by
exponentials, it should be rather general. How-
ever, a major violation of (52) occurs if the mo-
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lecular site symmetry does not define a directed
axis. In that case k Wm 0 0, and the anisotropy
permits as many as three different 7y s Only if
the permanent dipole moment and the l =1 ele-
ment of P~&y are parallel (or antiparallel) will Eq.
(52) hold. The derivation also assumes the usual
"spherical" dielectric sample. This has implica-
tions with regard to the ratio between the applied
and internalelectric fields and to the ratio between
localized and "long-range" dipole correlations.

The orientational motions of molecules in liq-
uids contribute also to the broadening of
NMR, "~"~"~~' IR absorption, and Baman scatter-
ing lines. "~" In each case, comparisons with
various elements of Gy~P)(t) are possible, but
are not always straightforward. In the IR and
Raman spectra, excited vibrational states are in-
volved. This h3s several important conse-
quences. " First, because of the phase uncer-
tainty so introduced, the effects are totally inco-
herent and only Gs(r, 5, f) can contribute to the
line broadening. Second, the particular spherical
element of Gs(r, 5, t) being measured is deter-
mined by the symmetry species of the vibrational
states involved. Finally, the local environment
can affect the energy levels (in a number of ways)
and thus contribute a line broadening in addition
to that produced by orientational motions alone.
In the case of NMR relaxation, the nuclear spin
system couples to the molecular motions through
the quadrupole coupling coefficient, a second-rank
spherical property tensor. Thus, G~~'"(t) is in-
volved, but, again, alternative line-broadening
mechanisms exist. Further, the measured relax-
ation time is related to the appropriate molecular
relaxation time by an extremely small coefficient,
whose value depends upon both the NMR relaxation
theory and upon additional experimental data.

The Brownian diffusion mechanism of orienta-
tional relaxation is found to be inappropriate in
many instances, and alternative models have been
proposed. Notable among these are various "jump"
models, for which solutions for Gs(t) usually can
be given, using methods like that leading to the
development of Eq. (28). However the very fact
that Brownian diffusion is an inadequate approxi-
mation implies strongly that in these instances
short-range orientational correlations exist and
hence that Gd(Q, t) will play an important part in
the EHLS. In view of the qualitative nature of our
data and in the absence of good models for Gd(Q, f),
there seems little point in attempting to identify
mechanisms other than pure Brownian diffusion.

Since, ,/7 = ap, /p, = nR/p, ,1

(54)

and in addition yp, = o.P, we see that

/r= 67',/t
m y' 1'

While this correction term of course depends up-
on the tensor nature of o. , P, and y, the correc-
tions involved will be of the magnitude v&1/vl.

The reaction field just discussed was correlated
to the motion of the test-site molecule and hence,
merely altered an existing term. F includes un-
correlated, random terms as well. They will con-
tribute to the scattered intensity a term propor-
tional to 1y(0) F(0)}&&1y(t) F(t)}. Since the time
scale for fluctuations in F(t) corresponds to that
for molecular collisions, this term will produce
a very broad (-100 cm ') spectral component,
which feature might serve to identify it.

It is of interest to note that in a monatomic fluid
like liquid argon a major fraction of F will arise
from pair interactions. Since a pair of identical
atoms possesses inversion symmetry, thatfraction
of F cannot contribute to (yF)' EHLS. Should
EHLS be seen in such a system, it must reflect
three, or more, particle interactions.

D. Individual Results

y "~IE&(&u)E1,(g)EI(t), where F(t) is the time-de-
pendent instantaneous local electric field which
exists in the absence of any external fields.
When the molecules possess permanent dipole
moments, F includes the reaction field R men-
tioned above. Just as the dipole moment was en-
hanced by n R in the calculation of dielectric
relaxation, so P will be enhanced by y R in a cal-
culation of EHLS. Similarly, since R has de-
layed response to motions of the test-site mole-
cule, not only will the intensity of the EHLS be
enhanced, its spectral width will be narrowed (or
broadened, depending upon the sign of the rele-
vant tensor elements). Representing the measured
relaxation time by 7~ and the corresponding ori-
entational relaxation time by 7, then, from the re-
sponse function theory of Cole, "

C. Higher-Order Nonlinearities 1. Water

In all of the foregoing, it has been assumed that
the sole source for the component of dipole mo-
ment at 2u is the term p~&f E&(~)E1 (~). Several
authors' ' have in addition considered terms like

The EHLS spectrum for water at 22'C appears
as Fig. 2 and has already been discussed. As
seen in the figure, a relatively good fit of the data
to the convolution of a Lorentzian with the instru-
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ment's response function was obtained. The de-
rived relaxation time and the measured polariza-
tion ratio are given in Table I, together with the
results of measurements made with the sample at
60 C.

From the polarization ratio, p=8. 6+0.6, it is
apparent that the present experiments measure
v'„ the relaxation time of the dipolar-correlated
molecular subset. As discussed on rather gener-
al grounds in the preceding paragraphs, 7, and the
dielectric relaxation time TD@are related by 7y
= (2e0+n'/3e0)T~R. Using the well-established
value of ma&,

"this predicts that at 22 C Ty

= 5. 9 psec. The measured value, 8. 8 + 0. 8 psec
is roughly 40 larger. The disagreement, while
not quite so large, persists at 60 C, so that little
doubt remains as to its reality. Since the water
molecule possesses a directed symmetry axis (as
do current models of the local structure of liquid
water), it cannot be argued that this difference is
due to the fact that p and p&" are notparallel. There
remains the influence of higher-order terms. If
the reaction field R were of the same importance
in determining p tot as it is in determining p, tot,
the predicted relaxation time for 22 'C water would
be 6. 9 psec, still 2. 50 too small. Assuming that
pt" and IT are parallel and that just the isotropic
parts of o and y (denoted n and y, respectively)
are important, the full discrepancy can be ex-
plained if P&&/y =0.3$/a. Since n andy are iso-
tropic material parameters (they are finite for
perfect spheres), while p, and P'" depend uponalack
of inversion symmetry (hence they are in some
measure determined by the molecular anisotropy)
this would imply simply that the nonlinear elec-
trical properties are less anisotropic than the
linear. The 60 C result is adequately fitted by
this same assumption. While the above provides
a reasonable account of the data, the possibility
remains that the assumption implicit in Eq. (51)
provides an inadequate description of a liquid as
structured as water.

NMR relaxation data are available for liquid
water, "~"the results indicating that 7, is about

'If one assumes the simple orientational-
diffusion relation T&

= 7,/[l(l + 1)] and in addition

&1 =[(2e0+" )/3e0]7DR, the»2= ~(2 0+n )/ e0]
ma& or, for water at 22' C, v2=0. 22 7D&. Be-
cause of the rather uncertain relation between v2
and the actual NMR measurements, this remark-
able agreement cannot be taken as proof of the
validity of the assumptions. In view of the current
picture of the structure of liquid mater, it is highly
unlikely that simple diffusion is important, so that
the relation vf = fr0/f(f+ 1)] cannot be employed.
A better first-approximation might be that micro-
scopic relaxations are all dominated by the same
structure-relaxation time or that 72

——71. As
discussed earlier, the spectral width of the de-
polarized Rayleigh scattering line gives a much

more direct measure of 72. Because of the weak-
ness of the scattering, however, this measure-
ment has yet to be performed.

2. N, N-Dimethylformide (NNDMF)

As seen from Eq. (43), if GOO~'&(f) and G& '"(f)
have different time behavior, the EHLS spectral
profile will depend upon the direction of polariza-
tion of the scattered light. This is because the
different polarizations contain diff erent proportions
of the P'"~ and P~@ spectra. An example of this situ-
ation is shown in Fig. 3(a), which shows both po-
larizations of the EHLS from NNDMF at room
temperature. It was the only liquid studied in
which the effect was discernible. In most other
materials, either IPL"I'» I

P'"I' or vice versa,
making it experimentally difficult to extract the
weaker spectral component. In accordance with
Eq. (43), the P ~" and P ~" spectra were determined
from the data of Fig. 3(a) by forming I~~

—2Ij and
I&-—', I~~, respectively. Correction for the finite
collection solid angle was included. The resulting
spectra, together with the best-fit Lorentzian con-
vglutions, are shown in Fig. 3(b). The ratio of
IP'~l'/IP~'~l' deduced in this curve-fitting process

was 3.4: 1, consistent with the value of(3.5+0.3):1
obtained from the integrated-intensity polarization
ratio.

From the widths of the best-fit Lor entzians,
71=5+1 psec and F3=1.5+0. 5 psec. The dielec-
tric relaxation time is 7& =10.6 psec, " imply-
ing on the basis of Eq. (51 that vl should equal
7. 5 psec. As discussed, a zeroth-order reaction-
field correction can be made, but this results in
even greater disagreement between v1 and its pre-
dicted value. However, the NNDMF molecule
lacks a directed symmetry axis and it is probable
that p and pL'~ are not collinear. This provides a
ready explanation of the discrepancy between 71
and the value predicted from 7Dg. In fact, if the
predominant force producing local structuring is
the interaction between permanent dipole moments,
then any component of PL'& perpendicular to p, will
undoubtedly relax faster than p, , with the resultant
prediction that 71 should be smaller than the value
predicted from ra&, mhich is exactly the case.
In view of the low molecular symmetry, little can
be said about the relative values of T1 and 73. In
fact, more than one v3 exists —as detailed in
Sec. II —the measured value being some average.
Thus, little significance, one way or the other,
should be attached to the fact that the experimental
ratio of 7;/7„3. 3 + l. 3, 'does not willingly equal
6, the value predicted by isotropic orientational
relaxation.

3. Carbon Tetrachloride

A molecule with tetrahedral symmetry has no
dipole moment nor isotropic polarizability ten-
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sor. Thus, pure rotational motions of individual
molecules do not give rise to either infrared ab-
sorption (dielectric relaxation in liquids) or to
Raman scattering (depolarized Rayleigh-wing
scattering in liquids). However, p~&z does not
vanish (in spherical representation p, L'j= p, «t0),
and EHLS provides for the first time a means of

optically studying the rotational motions of mol-
ecules like CH4 and CC14. Indeed, evidence for
pure rotation HLS from gaseous CH4 has been pre-
sented, 4' and unresolved EHLS from liquid CC14
has been reported, by several workers. '~' How-
ever, the polarization ratio for the EHLS from
liquid CCl, was found to be 2. 9+0.3, ' not & as re-
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quired for tetrahedral scatters, and Weinberg'
has shown that both the measurements on CCl, and
CH» can be explained with Pz&z

——0. Thus, con-
siderable interest focuses upon EHLS from A+14,
and a more extensive investigation was conducted
for this substance.

The intensity, polarization, and linewidth were
first measured as functions of sample temperature
from 2 to 67 'C. The spectra obtained at the ex-
treme temperatures are typical and are shown in
Fig. 4, together with attempts to fit the data to

Lorentzian line shapes as corrected for the in-
strumental response. The presence of a back-
ground signal is evident, and it has been included
in the curve fitting. Even so, a relatively poor
accounting of the line shapes results. The evident
temperature dependence of the linewidth is sum-
marized in Fig. 5, where the recorded width is
that of the best-fit Lorentzian.

Background signals of nearly the magnitude found
here were observed from many of the materials
studied. Much larger background signals (-100
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ties. Thus, the polarization ratio was a function
of the resolution of the measurement. Using a
spectral bandpass comparable to the true width,
p was determined to be 1.83 y 0.11. This value
represents the average of a large body of data ob-
tained from four totally independent experiments.
In contrast, when a broad spectral bandpass
(& 100 cm ') was employed, the value p= 2. 9 (that
reported in the earlier pager) was approached.
The narrow-bandpass polarization ratio was found
to be relatively independent of temperature over
the range 23-60'C, as seen in Fig. 5.

The temperature dependence of the intensity of
the EHLS using a bandpass of 40 cm ', was fol-
lowed between 20 and 60 'C, the results appearing
in Fig. 5. A slight peaking occurred at about
40 'C, the intensity falling by about 20%%u~ at the ex-
treme temperatures. Figure 5 also shows data
obtained by Weinberg. ' The two sets of data are
similar where they overlap, but he makes the im-
portant observation that the intensity continues to
fall as the sample is cooled, dropping by about a
factor of 2 between 25 and 15'C.

The spectral width, integrated intensity (I~~ only),
and polarization ratio of the EHLS were deter-
mined as functions of methanol concentration in
CC1, at room temperature. The data are shown
in Fig. 6. Strikingly, the polarization ratio was
observed to fall as MeOH was first added, reach-
ing a minimum of 1.53 +0.05 (the tetrahedral
value!) at -10% MeOH. Also of significance, the

FIG. 5. Temperature dependence of the spectal half-
width, intensity (o, present data; x, data of Weinberg
Ref. 7), and polarization ratio of EHLS from CC14. Dashed
lines show the temperature divided by the viscosity
[A. K. Doolittle and D. B. Doolittle, J. Appl. Phys. 28,
901 (1957)] and the cube of the temperature, both nor-
malized to the linewidth data at 2'C. Typical error bars
appear.

times), probably due to nonlinearly excited lu-
minescence, in fact totally masked the EHLS
signals in benzene and its derivatives. In CC14,
the background amounted to -

—,', photon per laser
shot, making it difficult to study. Seemingly it
extended hundreds of cm ' to either side of hv = 0,
was largely plane polarized para11el to the laser
polarization direction, was time coincident with
the laser pulse, and seemed to increase slightly
in magnitude with increasing sample temperature.

Some difficulties were encountered in determin-
ing the polarization ratio. These were primarily
due to the fact that the background signal was po-
larized. Being essentially independent of wave-
length, it made a greater and greater contribution
to the signal as the monochromator slits were
opened to provide larger signals and better statis-
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FIG. 6. Relative intensity, spectral half-width, and

polarization ratio of the EHLS from mixtures of methanol
in CC14. The abscissa gives the volume of pure methanol
in the mixture, expressed as a percentage of the final
volume.
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integrated intensity falls essentially linearly from
its highest value, at 100% CCl„ to its lowest
value, reached at 100% MeOH. The linewidth
versus concentration shows perhaps an initial,
gradual increase as MeOH is added to pure CCI„
followed by a sudden drop —by almost a factor of
2 —between 10 and 20% MeOH.

To begin the discussion of these data, consider
the observed background signal, common to most
materials but somewhat larger in CCI4, being
highly polarized, it cannot arise from the response
of individual, undistorted CC14 molecules and
therefore must be due to interactions characteris-
tic of the liquid state. Strauss" has recently ob-
served very closely related phenomena in liquid
CC14, namely, residual far-infrared absorption
(or high-frequency dielectric relaxation) and de-
polarized Rayleigh-wing scattering. As mentioned,
both effects vanish for perfectly tetrahedral, non-
interacting molecules. The existence of residual
far-infrared absorption requires that the liquid-
state interactions support / = 1 spherical tensor
properties. Therefore EHLS due to such inter-
actions will contain an $ = 1 or totally polarized
(p =9) component. Presuming that all such l =1
effects originate from the properties of a highly
transient configuration of the liquid state, they
will demonstrate in first approximation identical
relaxation behavior —that of the responsible con-
figuration. Thus, the spectrum of such an EHLS
component will be just the Fourier transform of
the dipole-moment correlation function derived by
Strauss. That function begins with a short inertial
period, ends in an ill-determined tail, and in
between shows a rather long period well character-
ized by exponential decay with a time constant of
-0.2 psec. This time is exactly the bulk- or
compressiona1-relaxation time calculated by
Nettleton. "Thus its Fourier transform will have
roughly the appearance of a Lorentzian with
FWHM of -50 cm '

( 1/vcr). It seems highly
likely that the observed EHLS background signal,
being polarized and approximately this width, is
in fact this component. Having made such identi-
fication, the two different polarization ratios
(1.83 for narrow slits and 2. 9 for wide slits) actu-
ally provide a cross check. If the background is a
Lorentzian with p =9, and the main signal derives
from the nonvanishing molecular constant P+, t&

and is a p = & Lorentzian, then to satisfy the po-
larization data the former must have 0. 09 times
the peak height and 0. 45 times the integrated in-
tensity of the latter, and must be exactly 50 cm '
wide t This estimate of the width is of course sub-
ject to rather large experimental uncertainties.
Further, it should not be expected to exactly equal
the value derived from residual infrared absorp-
tion data, not because of the correction factors
discussed earlier (which in this case are all unity
since eo =n') but because here P

&"' and p are not

molecular constants, but derive from dynamic
liquid-state interactions. There is thus no as-
surance that their relaxation behavior is identical.
For instance, P"', being a nonlinea, rity, might well
depend upon a higher power of the pair approach
distance than does p, . However, it is highly prob-
able that the EHLS background arises from exactly
the same aspect of the liquid-state environment as
does the residual infrared absorption.

Next, observe that the liquid-state interactions
invoked above cannot arise through orientational
correlations, as they were discussed in Sec. II.
This is contrary to the conclusions of Bershon
et al. ,

' but a similar result was obtained by
Keliech. ' Examination of Eq. (20), which is the
general expression for the EHLS intensity in terms
of the elements of the pair correlation function,
reveals that regardless of the nature of the cor-
relations, if t)"' vanishes, then the polarization
ratio must be &. This result follows simply from
the fact that spherical harmonics do not change
their degree ("l" value) under coordinate frame
rotation. The same arguments apply to depolar-
ized Rayleigh scattering and in an obvious way to
dielectric relaxation —if individual molecules
lack dipole moments, no group of molecules can
have a dipole moment resulting from "additive"
effects. Thus, a response "nonadditive" in
single-molecule properties must be invoked. Sev-
eral simple theoretical approaches to the handling
of this problem have been introduced. ' '~" One
such theory is embodied in the concept of a molec-
ular field, as described in Sec. IV C. While the
EHLS-background signal data represent new input
to such theories, they aretoo limited at thepresent
time to be of great help in their development.

Several facets of the data suggest that the
"additive" coherent effects describable by the
methods of Sec. II are important in the EHLS
from liquid CC14. First, while the Debye-Stokes
relation

r =8vasrl(t)/l(i +1)kT,

[q(t) being the temperature-dependent shear vis-
cosity) is not to be taken too seriously, even for
the tetrahedrally symmetric CC14 molecule, none-
theless the room-temperature l = 3 relaxation time
so predicted is -30 psec, "one-and-one-half or-
ders of magnitude longer than the measured val-
ue, 1. 1 psec. Nor does the EHLS linewidth
Av», =1/vcr, behave with temperature like T/q(T),
instead it raises much more slowly with T (see
Fig. 5). Over the limited temperature range
covered, the linewidth data couldbe nicely fitted by
a T3 dependence, but no importance has been at-
tached as yet to this fact. Further, the marked
temperature dependence of the EHLS intensity
strongly implies local orientational ordering, as
has already been noted by Weinberg. 7 The fact
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that the EHLS intensity falls with decreasing tem-
perature requires that the molecular arrangement
existent at low temperatures must possess more
highly developed inversion symmetry than the
room-temperature configuration. Next, note in
Fig. 4 that the observed line shape departs con-
sistently and significantly in the region ( &v )

2 +v] /2 from the Lorentzian shape anticipated on
the basis that single molecules undergoing dif-
fusional-orientational motion produce the EHLS.
Several of the other simple models of the orienta-
tional relaxation of single molecules also predict
Lorentzian line shapes. "~"~" Thus, either a
complex mode of orientational relaxation or co-
herent effects are implied. (In the full theory,
the line shape of course is the Fourier transform
of the l =3 spherical element of the pair correla-
tion function, which function needn't be an expo-
nential. ) Further we observe that the correlation
function for the anisotropic polarizability shown

by Strauss" seems to have a reasonably well-
defined exponential tail for t &0.5 psec. The de-
cay time of this exponential is 1.1 psec, exactly
that given by the inverse of the EHLS linewidth.
As mentioned earlier, the anisotropic polarizabil-
ity is a property not of individual molecules but
of the liquid-state interactions. While this agree-
ment between the dominant EHLS relaxation time
and a known interaction relaxation time may well
be coincidental, the combined weight of the above
evidence suggests that EHLS from liquid CC14 is
strongly influenced by coherence effects, certain-
ly so at low temperatures.

The above contention requires short-range ori-
entational ordering in liquid CC14. X-ray- scat-
tering data have long provided p" oof that such or-
dering does exist. "" Two high-precision x-ray
studies have recently been reported" '4 and while
the structure models they present differ, an orig-
in for the coherent optical effects can be found in
either. These x-ray studies provide a picture of
only the average or static structure, but if the
various optical effects could be associated with
specific features of the structure, its dynamic
behavior would begin to emerge. While such as-
sociations might be made using just the room-
temperature data, a much more credible assign-
ment would be possible if the temperature depen-
dence of all the pertinent data were known and in-
cluded.

Finally consider the EHLS data from CC14-
methanol (MeOH) mixtures, as summarized in

Fig. 6. While not fully understandable, it is pre-
sented as further evidence for, and against, the
structured nature of liquid CC14 and the importance
of that structure in the EHLS. MeOH was chosen
as the diluent because in pure form it produced
relatively weak, completely polarized (p =9) EHLS.
The fact that p decreases to the tetrahedral value
—,
' as MeOH is first added can only mean that in low

concentrations it inhibits the l = 1 spherical tensor
liquid-state properties present in pure CC14.
Since neither the intensity nor the linewidth are
changed appreciably as p goes to 1.5, the sus-
pected short-range orientational correlations are
either nonexistent at room temperature or are not
much disturbed by the addition of 10 /p MeOH.
When the MeOH concentration is increased from
10 to 15%, a new, local structure evidently
evolves, as indicated by the rising polarization
ratio and the sharply falling linewidth. Apart from
the fact that it is not tetrahedral, little can be said
of this structure. Throughout the entire con-
centration range, including this region wherein
a new structure is forming, the EHLS intensity is
essentially linearly proportional to the CCl, con-
centration. This carries the implication that co-
herent effects are of little importance at room
temperature, at least not as regards the intensity
of scattering.

In summary, the origin of the departure of the
polarization ratio from the tetrahedral value is
now understood, but the importance of coherence
effects remains to be definitely established. Cer-
tain relations between the EHLS spectrum and the
far-infrared absorption and anisotropic polariza-
bility-correlation functions are noted. The pos-
sibility of understanding these relations and even
the origin of the anomalous optical effects in terms
of a dynamic model of the liquid structure is sug-
gested. Determination of the temperature (and
perhaps solute) dependence of the various data is
of prime importance to such understanding.

4. I'u~the~ Material s

The spectral width and polarization ratio (mea-
sured over bv =+ 20 cm ') have been measured for
10 additional liquids. These were chosen on the
basis of transparency at 2v~, availability in rela-
tively pure form, and high threshold for sparking
in the as-prepared state. No benzene derivatives
are included, since those tested all produced the
aforementioned luminescence, which obscured the
EHLS signal.

The polarization ratio for EHLS in chloroform
is exactly that expected for the relaxation of an
l =3 spherical tensor. As depolarized Rayleigh
scattering" and dielectric loss" data are available,
an excellent opportunity to check the applicability
of a rotational diffusion model presents itself. The
ratios of the l =3, l =2, and l = 1 relaxation times
[the latter corrected in accord with Eq. (51), us-
ing the value 7D~=5.4 psec] are, however,
1:2.46: 1.83, not 1:2: 6. Thus, while the EHLS
and depolarized Rayleigh linewidths are in reason-
able agreement with the diffusional model, the
observed dielectric relaxation time is some 3 times
less than the value expected from that agreement.
Further, the discrepancy cannot be explained in
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terms of the tensor properties of the rotational dif-
fusion coefficient, since, by the molecular symme-
try, p and nt'& are both relaxed only by rotation
about axes perpendicular to the figure axis and
therefore should have relaxation times related by
the expected factor of 3. Thus, diffusional orienta-
tion relaxation cannot account for the observed
times. It might next be argued that perhaps anori-
entational pair correlation function exists having
only a strong l =1 spherical component, as would
result from dipolar coupling. Dielectric studies of
the liquid'4 do not, however, suggest such coupling.
Thus we again are led to the conclusion that either
structural effects and coherent scattering exert
dominant influences or that the orientational relaxa-
tion cannot be described as diffusional. The latter
seems more likely.

Acetonitrile demonstrates EHLS of maximum
polarization ratio (p =9), so that the relaxation of
an /=1 quantity is being observed. Thus, the de-
cay time determined via EHLS should coincide with
the dielectric relaxation time as corrected accord-
ing to Eq. (51). The corrected dielectric relaxa-
tion time is however more than 3 times shorter
than the observed EHLS time. No simple explana-
tion of this discrepancy exists; possibilities in-
clude inadequate treatment of the reaction field for
this highly dipolar material and the usual struc-
tural effects. Note that the first-order effect of
the pulsed laser beam upon the sample properties
as discussed earlier (heating of the focal volume,
intense sound waves, etc. ) would probably be to
shorten the relaxation time, whereas the opposite
disparity is observed.

Even less can be said in the case of diethylether,
where the polarization ratio indicates contributions
to the EHLS from both P~" and P'". Unlike di-
methylformamide, the intensity of the EHLS was
too weak to permit separate determination of the
two spectral profiles. The polarization ratio being
nearer to 9 than to —,

' implies that the decay time
deduced from the EHLS linewidth, 1.5 psec, should
(assuming the diffusional-orientational relaxation )
be close to, but smaller than, the corrected dielec-
tric relaxation time. That time is in fact 1.95 psec,
but such qualitative agreement is of little interpreta-
tive value in view of the complexity of the molecule.

Four other liquids produced EHLS whose spectral
width could be measured (dichloromethane, methyl-
cyclohexane 2-methylbutane, and 2-2-4-trimethyl-
pentane). A literature search failed to produce
other data on their orientational relaxation times.
The relatively simple molecule dichloromethane
produced yure P t" EHLS, and discussion like that
given above would be possible if the other times
were known. In the other instances, the molecu-
lar complexity and admixing of p&" and p'@ compo-
nents would rule out any significant interpretation
unless the simplest relations were satisfied.

Jn addition, three simple alcohols (methanol,

n-propanol, and isopropanol) were studied. These
liquids are strongly hydrogen bonded and demon-
strate dielectric relaxation times longer than 100
psec. ' ~ "~" On that basis it was not anticipated
that spectral broadening of their EHLS would be
detected, and this was indeed found to be the case.

V. SUMMARY AND CONCLUSIONS

The spectrum of "quasielastic" second-harmonic
light scattering has been shown to provide, in
theory, a rich source of information about the
time dependence of the orientation-dependent
molecular pair distribution function of liquids.
However, due to the very low intensity of the scat-
tering, only an effective-spectra linewidth has
been measured experimentally. This width trans-
lates into an average orientational relaxation time
which, it is felt, represents an equilibrium prop-
erty of the sample in spite of the presence of in-
tense laser illumination. Considered together,
dielectric relaxation, depolarized Rayleigh scat-
tering, and the present measurements (however
meager) provide a basis for discussing orienta-
tional ordering and relaxation in liquids, and it is
found that Bromnian diffusion is a poor model in
almost all cases. Projected development of the
experimental apparatus will permit recording the
entire spectrum of the EHLS for each laser shot,
and thereby increase the data acquisition rate by
1—,'-2 orders of magnitude. With that improve-
ment, it should be possible to make a quantitative
study of the EHLS spectral profile and hence to
determine the time dependence of both the first-
and third-degree spherical elements of the pair
correlation function. As the second-degree ele-
ments are available from depolarized Rayleigh
scattering —a field in which experimental tech-
niques are rapidly developing —a fairly precise
picture of the first three spherical components of
the dynamic orientation-dependent pair correla-
tion function would then exist.
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APPENDIX

The transformation of P to spherical representa-
tion is best introduced in the expression for the
energy of interaction per molecule between the
nonlinear medium and the generalized triple prod-
uct of the applied field amplitudes. In order to
satisfy both Eq. (1) and the relation Pf(o')
=SW/SEloczf, the interaction energy W in
Cartesian representation can be written
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1 n2+2w=--
&

Z p,j&(EI,, E2. E2»
strictly adhered to, so that the standard vector
components of E, denoted by E&~ &, are given(I )

by
0. ~ am&

X E .E .E
3u

(Al)
=Z (Im Iu)E,(I)

(A3)

where E ., o. =1, 2, 3, and i=x, y, z represent the
real ith vector component of the ~th applied field
(the three field amplitudes are at this point as-
sumed to be distinguishable, as for instance by
their frequencies), while the P; I,(EI,E ., E&&)
are simply regarded as the constants of propor-

2gP

tionality, characteristic of the nonlinear medium,
between the product of field amplitude components
and 8'. Note that due to dispersion, in general

( i/&»I/V~ 0 )
where (lmIk) = 0 0 —i

—i/v'2 I/v'2 0 j
(A4)

with m=+1, 0, —1, 4=x, y, and z and /=1. The
irreducible products of three such standard sets,
denoted by (E ) (f~~ I), are given by""'"'

p(E„E„X,) ~p(E„E„E,) . (A2) (E ) = Z (E, ,f,m If.m. )
(Ii, I}

Thus, considered as a factor of (Al), the product
of field amplitudes E, &&E, &&E, must be considered
an ordered product.

A unitary substitution transform is next applied
to the 27-element tensorial set E1zE2&E3~ so as
to decompose it into irreducible (under the three-
dimensional pure rotation group R,) tensorial sets.
This may be accomplished by first regrouping the

Cartesian vector components of each of the field
amplitudes so that they transform under R, like
the m components of the degree one irreducible
tensor. The notation of Pano and Racah" will be

x(l.m. E m Ilm)E ' Ei i 1 1 1m, 2m, 3m, '

where of the many vector coupling schemes avail-
able, the indicated one will be employed. Here l„
l „and l, are of course all equal to 1 but have been
left unspecified as an aid in following the develop-
ment. As a remainder, the vector coupling sig-
ner, or Clebsch-Gordan coefficients (related to 3-j
symbols) are subject to the conditions li ~ 0 and

) m; )
~ li, and satisfy the elementary relations-''&"

(&,m, &,m, Il,m, ) =0, unless m, =m, +m„ I3= II, —l2I or Ifi I2I+I or (A6)

(Iimifam2I&arne) =(-1) ' ' '(4m t m&II, m, );

(f,m, l,m, Il,m, )=(-1) 2 &(I,
l, +l,-l,

(I~m~f2m& I ~&m3) = (- 1) ' '[(213+ 1)(2l&+ 1)] (la —mzisms II &m&);
l,-m, 1/2

(I,m, f m If,m)(f, m, f,m, II'm)=6, ,

g, (I,m, f m II m)'(~, m,'I m'tf m)=6

(A7)

(AB)

(A9)

(A10)

(A11)

and also satisfy the recoupling relation

(&,m, &,m, I
&m.)(&m.&,m, I

&m) = ~ «2m2&, m, I &'m')«, m, & m'I &m) [&, , (&,&,)&', &I (&,&,», &, ;&),

where [l2, (l2ll)li~, II (l2l2)fi, ll, lj is the Wigner re-
coupling coefficient (related to a 6-j symbol) and is
independent of all m values. In (A5), (E ) ( i ' )

represents the m components of a degree E, order
(21 +1) irreducible standard set. Multiple occur-
rences of the degree l irreducible standard set are
distinguished by the value of /i. From (A6), li

may be zero, one, or two, while l may equal three
(when li is two), two (when li is either two or one),
one(when li is either two, one, or zero), or zero
(when li is one). The 27 elements of the triple vec-
tor product, after reduction via (A5), are the

seven elements (m = —E, —I+ 1, . . . , +l) of the ir-
reducible set (E')t' '&, five elements each of the
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sets (E~)&','& and (E')&'i'&, three elements from
each of the three sets (E )"~ ', (E )
(E')"~ '& and the lone element of the set (E') "~ '&.

As in (Al ), the ordering of the product E, x E,x E 3

as it appears in (A5) is specific and permutation of
the factors is not permitted. In anticipation of re-
moval of the distinction between some or all of the
applied fields, consider now the behavior of the
various elements (E')m (li~ l)if such permutations
were performed. Using (A7), interchange of

E, with E, on the right-band side of (A5) is seen to
be equivalent to multiplication by (- 1)li, since l,
= l, = 1. Hence for all allowed l and m, (E3)m(lii l)
will be symmetric in E, and E, when l2 is 0 or 2,
and antisymmetric when /2 is 1. Using the re-
coupling relation (A12), Eq. (A5) may be written

where the unitary matrix U l. is given in Table III.
The preceding development exactly parallels that

V2

by which the product-state wave function for three
spin-1 particles is formed. That problem, for
an arbitrary number of particles of arbitrary spin,
has received much attention and becomes routine
with the aid of Young's Tableaux, "neumonics
which permit species determination by inspection,
and Yahn's coefficients of fractional parentage"
(our Uvl. ). Reference (57) consists of a set of re-l

prints and an extensive bibliography in this field.
The response of the medium may now be specified

by the 27 constants of proportionality between W,
the interaction energy, and the 27 elements
(E3)m(" l), i e. , by. the contrastandard set Pm

v l

defined by the inner product relation

Z (l m l,m fl.,m. , )2' 2'
sg 1Pl2PÃ3/ ~ I

x(l m l.,m. ,jim)(l, (l l, )l.„lf

x(l l )l. , l, l)E (l, ) (l.) (l, )
32 2 1 lm, 2m, 3m,

(A13)

The behavior of the right-hand side of (A13) upon
interchange of E, and E, is seen to depend upon the
values of /2I as above, and also upon the recoupling
coefficient. Since for completeness all recoupling
coefficients are nonzero, the general element
(E3)m(li~ l) will have undefined or mixed symmetry
under such interchange. However, three special
cases exist. For l to equal 3, both /2 and l2I must
be 2; thus (E')" "will be symmetric on inter-
change of E, with E, as well as with E, . Similarly,
when l = 0, li and li~ must be 1, and (E') "~'& is
totally antisymmetric. A third special case arises
when l is 1. Here, the two sets (E')"~'& and (E')""
are both symmetric in E, and E„and of these two
sets a linear combination may be formed whose
recoupling coefficient having l2I equal to 1 vanishes.
This combination also will be totally symmetric.

From these observations, it is apparent that a
unitary transformation exists, connecting the sets
(E3)(ii~1) to the irreducible standard sets (E3)(vi )
(where v specifies the symmetry of the set under
the two interchange operations just discussed), and
that v will assume these values: ss;, signifying a
totally symmetric set; aa2, signifying a totally anti-
symmetric set; mai, signifying a set symmetric in
E2 and E, but of mixed symmetry in E, and E2; and
mai, signifying a set antisymmetric in R, and E3
and mixed in E, and E,. Thus

(l. , l)
(A14)

2
2

'+ ~ [v, l](
)

(v, l)
3 3 nz m

P ~= ZP ' Ul (lm lm jl.m. )
[v, l]

2
'm 1m 2'm3

x(l,m. llm jim)(l. m. fi)(l m jj)(l m f&)

[v, l] vlmc 04k
2j

(A16)

whence

Z U
l (l m l m fl.m. )2jk

/.m1m2nz3 2

x(l.m. l m jim)(l, m fi)(1 m fj)(1 m fu)

Having employed unitary transforms at each step,
1e =c j, ie. ,

[v l] ~ vlm~
ijk i'ijk

ijk
~~12

l
vl. (l m l m

f
l.m. )

x(l.m l m jim)(l m&lz)*(l m jj)*

x(l,m, j ~)*P,,~. (A18)

Using (Al), (A3), (A5), (A14), and (A15) we ob-
tain
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TABLE III. Elements of the unitary tensor U~~ . .l
2.

LZ SSy mS& SS3 mS2 aa

(4/9)
(5/9) 1/

0

0

0

0

0

(5/ 9)1/2

(4/9) 1/2

0

0
0

0

0

The elements of c~&~ have been evaluated using
vlm

(A17) and appear as Table II.
While Eqs. (A17) and (A18) accomplish the ob-

3ectives of the Appendix, several remarks are in
order. First, consider the possibilityof permuting
the field amplitudes in (A5). For EHLS, two of
the fields, say E2 and E„derive from the same
laser beam and are hence indistinguishable. Thus
the sets (E8)(v» ), when v implies antisymmetry
in E, and E, will vanish, i.e. , (E3)m(m a 2)
=(E3)m»( i )=(E2)0(«0) =0 for all allowed m
and m'. The corresponding coefficients P[» ~]

need not be specified or alternatively may be set
equal to zero. Thus, we obtain

[ma„2] [ma„ 1] [aa, 0]

Also, the distinction between the fields E, and E,
lies solely in the difference in their frequencies.
Permutations of E, and E, are thus forbidden only
because of the dispersion in the nonlinear response
of the medium. " Experimental attempts to detect
effects due to this dispersion have all failed "
Thus in addition to (A19), coefficients P[v» I I for
v=msi, i.e. , pm[ms„2] and pm&[ms'»1] for all
allowed m and nz

' will be small and to good approx-
imation can be set equal to zero. In the limit of
vanishing dispersion, the nonlinear response of
the medium may be characterized either by the
ten elements of a totally symmetric third-rank
Cartesian tensor pili= pj&i = I8yij = pyji

——pjiji = pilij
or by the elements of the two irreducible contra-
standard sets P[ss3»81 (seven elements) and
Plssi» 1] (three elements).

Next consider the transformation properties of
P[v» I] under coordinate rotations. If the refer-
ence frame is rotated by an amount specified by
the Euler angle set Q', 8, y)=—5, a transformation
is induced upon the elements of P[v I] as given
by28 &28

&
55

where Dmm» I (Q)= Dmm»[f]*(Q) are matrix ele-
ments of the finite rotation operator and are pro-
portional to the symmetric top eigenfunctions. In
the Cartesian representation, on the other hand,
this transform is given by

P. . = Z S. (h)S. (5)S (Q)P
o

(A21)

= [8m /(2l + l)]5,6 (A22)

obey the Schrodinger equation

V„D, (Q) = —I(l +1)D, (Q), (A23)

V'~2 being the Laplacian operator in Euler angle
space; and further satisfy

D (Q)= 1,D (Q)= (- 1) D (Q)00 ' ink -m-k'

and D (—Q)=D (Q) .
km knz

where Sij(Q) is the Cartesian rotation matrix. '
In (A21) all elements of P~p& are intermixed,
whereas in spherical representation only elements
having the same l and v are intermixed. In fact,
the process of expressing P in terms of irreducible
sets is equivalent to reducing the 27-dimensional
representation of 8, provided by Si~(5)Sjp(h)SIi&fg)
to irreducible form. Further, the
Dmm» (&)(Q), as functions of 6, satisfy the ortho-
gonality conditions

(A20)
Since the transform matrix Dmm' (Q) is uni-(I) - .

tary, the spaced-fixed nonlinearity tensor of a



950 P. D. MAKER

molecule whose orientation is 5 becomes

[v, 1] ~ — [v, l] (f)g) [v, f]@)
m m' m' m'm m

(A24)

where (E )
2

m.
(f,.)

(f,m, f m, ~i.m. )
m2m3

(f.), (f.)xE,
2 3

(A28)

i'1.= P ~uE2.ES
j

(A25)

to spherical representation. As an alternative to
(A15), W can be expressed as the inner product
of the contrastandard set p,m /j with the standard
set E, ~, x.e. ,(~)

[f,] (f ) [l., f]

1 Pm
m g z

w= gp,
1

P[v, f), the molecule fixed nonlinearity tensor,
must reflect the point symmetries of the molecule
it characterizes, and hence many relations will
exist among its various elements. The exact form
of P as restricted by the various point groups can
be found in the literature, 4 but only in Cartesian
representation. Relation (Al) may then be used
to determine the symmetry-restricted form of
t

Last, consider the transformation of the rela-
tion

(E)
(l .)'=Z v

I mpR~Im. g
Z

x(E )
m f

[f.] [f.]z
( )f m (E2) g

(A29)

Using (A8), (A27) may be rewritten

Pl] 2f 1
1/2

and 1:he transformation to a contrastandard set
(E )[fi] is accomplished via the relation"

m ]m2m 3m

x(l m f m ~l.m. )(l.m. l m ~lm)
3 32 2 s g 2 s1 1

xp
' (E) (A80)

(f,)E (&g)E (f, )

mgm2m3 (A28)

P, ]
Thus Pm $

[t,.]
x(-1) i™i(E) (A27)

P. , f]
Z P

' (f.m.f,m firn)
//. m.m

g

Thus Pm, ~ &~ does not correspond to the irreduc-
ible contrastandard set of gree 1 resulting
from the product of pm

' with (E2) .[fi].
This seeming inconsistency may be traced to the
fact thai t e interaction energy is heinner product
of pl & with El (4) or of p fief] withm

(E8)m (fi& f), and not as the corresponding prod
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