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Wave functions and binding energies are calculated for some states of the e~ e", e& e",
»«Pe atoms in which the electron is in a 1s orbit and in which the meson or the antiproton

is in a circular or a nearly circular orbit with large principal quantum number n. The results
which are obtained in the present paper provide a basis for an estimate, described elsewhere,
of the probability that atoms in some of these states can exist for an anomalously long time
after being formed in liquid helium. Two methods are employed to calculate the wave func-
tions and binding energies. A variational method which employs hydrogenic functions is used

for states in which the meson is in a circular orbit. A more elaborate method, which makes

use of the Born-Oppenheimer approximation and which is applicable to states with meson

orbits which are not necessarily circular, is used for circular and nearly circular orbits of
a few levels of the e7t e and OtE "e atoms. It is found, in particular, that an ~4 or higher

multipole transition is required for an Auger electron to be ejected by a & meson in a circu-
lar orbit of the G.X"e atom with n=27, 28, or 29. It is found that for levels of the «e
atom with n = 27, 28, or 29 the magnitude of the energy difference between two states with the

same value of n, but with orbital angular momenta (n-2) and (n -1), is roughly 0.5 eV. It
is also found that, in some instances, replacing the absolute square of the meson wave func-
tion with a 6 function does not significantly affect the accuracy of a calculation.

I. INTRODUCTION

The purpose of this paper is to calculate reason-
ably accurate approximations to the wave functions
and binding energies for some states of the neutral
m sonic atoms which are formed when z and K
mesons and antiprotons are brought to rest in liq-
uid helium. For the sake of brevity, an antiproton
is frequently referred to in this paper as a meson.
In each instance considered in the present paper,
the electron in the mesonic atom may be thought
of as being in a 1s orbit, and the meson may be
thought of as being in an orbit which is either cir-
cular or very nearly circular. A circular atomic
orbit is one for which l = (n —1), where l is the
orbital angular momentum, and n is the principal
quantum number. For the sake of brevity, a
state of the mesonic atom in which the meson is
in a circular or a nearly circular orbit, and in
which the electron is in a 1s orbit, is frequently
referred to in this paper simply as a circular or
a nearly circular orbit. Since actually the electron
and the meson share, to some extent, the total
orbital angular momentum of the atom, it would
be, more precise to say that the so-called circular
orbits being considered here are states of the me-
sonic atom in which, for a given value of the total
orbital angular momentum, the system has the low-
est possible energy.

The results which are obtained in this paper
are used in some related papers to calculate

Auger rates' for circular orbits of isolated ~p e,
eK e-, and aPe atoms and to estimate the rate
with which Stark-effect transitions' occur between
som circular and almost circular orbits of the
o.K e atom during a. collision with a, neutral heli-
um atom. These investigations are motivated by
a suggestion of Condo, ' who sought to account for
the large experimental values of the mean cascade
times for z and K mesons in liquid helium'& ' by
supposing that some circular orbits of the ~g e
and zK e atoms may have anomalously long life-
times.

In order to calculate the Auger rates and to in-
vestigate the interaction with a helium atom, it is
convenient to be able to describe the mesonic
atom with an approximate wave function which has
a fairly tractable analytic form. For that reason,
some simple variational wave functions are calcu-
lated in Sec. II using hydrogenic functions. How-
ever, the Stark rate for a circular orbit depends
not only on the atomic transition matrix element,
but also on the energy difference e between two
states of the mesonic atom which have the same
principal quantum number n, and which have
orbital angular momentum (n-1) in one state and
(n-2) in the other. '~ ' In order to provide a basis
for determining the energy difference e, and also
to determine the extent to which the variational
wave functions obtained in Sec. II are reliable,
some rather more elaborate calculations are
performed in Sec, III, and also in an accompa-
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nying paper, ' for a few cases of special interest.
In Sec. IV of the present paper an investigation
is made of the extent to which the meson may be
regarded as a classical particle, since in a num-
ber of instances in this paper, and also in Refs.
2 and 7, calculations are simplified by replacing
the absolute square of the meson wave function
with a 5 function. Some of the results which are
obtained in Secs. III and IV and in Ref. 7 are
employed in Sec. V of the present paper to esti-
mate the values of the energy difference e' for a
few levels of the aA e and @Pe atoms. Energy
is expressed in rydbergs throughout this paper;
the unit of distance is the hydrogen Bohr radius;
and the unit of mass is the electron ma, ss.

II. VARIATIONAL CALCULATION

A. Introduction

It is assumed that all of the constituent particles
of the mesonic atom are nonrelativistic and spin-
less. The states of the atom are then represented
by solutions of the equation

H 4' (rl, r ) = E + (rl, r ),a a 1' p a a 1' p

1 M——1+$ ——1M PE J p

H4 (r, r )=E 4(r, r ),

4 1 2 4 2————v '-—+,(2.3b)1 x M p, y
p, Ir —r 1

1

is considered. The effect of the finite value of g
is estimated in Sec. II D by using perturbation
theory.

B. Method of Calculation and Numerical Results

An approximate wave function for a circular or-
bit may be readily found by a variational method,
since a trial wave function can be easily construct-
ed which is orthogonal to the wave functions for
all lower-lying states. The variational wave func-
tion, which it is convenient to denote by 4c~, is
chosen to be the product of two normalized hydro-
genic functions which are centered on the n par-
ticle. One of these hydrogenic functions, which
is denoted by u&(rl), and which is characterised
by the effective nuclear charge z, describes an
electron in a 1s state. The other function, which
is denoted by $1(r&), and which is characterized
by the effective nuclear charge Z, describes a
meson of reduced mass M in an orbit with princi-
pal quantum number n and orbital angular mo-
mentum (n —1). The two effective charges are the
variational parameters. The values of z and 8
are found by minimizing the energy Ec, which is
defined by

I r +tr I I'(1 —$)r —r
1 1 p,

(2.1b) E =f4 H4 dadec c b c 1 p.
' (2.4)

In Eq. (2.1), the position of the electron with re-
spect to the n particle is denoted by r„ the posi-
tion of the meson with respect to the c.m. of the
electron and n particle is denoted by r&, the
mass of the meson is denoted by m&, and the re-
duced mass of the meson and a particle is de-
noted by M. The quantity $, which is a measure
of the displacement of the a particle from the
c.m. of the electron and n particle, is defined by

(2.2)

where m is the mass of the e particle. The pur-
pose of the subscript a is to distinguish the Hamil-
tonian, the wave function, and the binding energy
in Eq. (2. 1) from those which appear in the ap-
proximate calculations presented below.

For the sake of mathematical simplicity, the
quantity $, which is quite small, is first set
equal to zero, and the somewhat simpler equation

and which can be shown to be given in terms of z
and Z by

E "=—z(4 —z) —(MZ/n )(2 —Z)c

—2M zZPMZ/(1VlZ + nz)]

xI'(pPz) '+(MZinz) '] . (2.5)

(2.6a)

y =n(n+-', )/(MZ) . (2.6b)

The rms velocities of the electron and the meson

Numerical results are given for zz e, ~K q,
and ape atoms. The values of z and Z are shown
in Fig. 1 as functions of n. The values of E ~ are
shown in Fig. 2. The mean values of ~1 and x&,
which are denoted by 7& and 7&, are given in
terms of the effective charges by
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a c (2.10)

be satisfied in any instance in which the multipole
order indicated in Table I is not actually the low-
est one possible. However, since Ec" is an ap-
proximate value of E&, and since Ea differs from
Eg only in that Ea takes into account the finite val-
ue of g, it is more convenient to determine wheth-
er or not the equivalent inequality

It is only necessary to show that the actual values
of the lowest allowed multipole order are not lower
than those indicated in Table I. It is necessary,
though not sufficient, that the inequality

4y and Ey. In particular, it is desirable to have
an estimate of the degree to which the motion of
the electron is correlated with the position of the
much more massive and more slowly moving me-
son, and to have an estimate of the energy differ-
ence (Ec~ —Ef,) A. lso, in order to be able to cal-
culate the Stark transition rate, it is necessary to
obtain a reliable estimate of the energy difference
between two states of the mesonic atom which have
the same principal quantum number n, but which
have orbital angular momenta (n —1) and (n —2).

Because u~ is a 1s state, the function 4'c~is al-
so the solution which is obtained if the same vari-
ational method which is described in Sec. II is ap-
plied to the eigenvalue problem

(E —E ) & (E "-E )a b c (2.11) H 4 (r, r )=E 4' (r, r ),c c 1' p, c c 1' p
(s.la)

is satisfied. Thc energy difference (Ec"—Ef, ),
which is necessarily positive, but which is rather
difficult to calculate, is estimated for a few cases
of special interest in Sec. III. The energy differ-
ence (E~ —E&) is estimated in Sec. IID. Although
(E —E&) is found to be positive also, the results
of these calculations indicate that it is never large
enough for the preceding inequality to be satisfied.

4 1 2 4
H = —V ————V

c 1 r N p

(2/r, r & r
1 p,

2r, r &r
(2.lb)

D. Energy Difference (E~-Eb)

E = J@*H 4 dT dT (2.i2)

where Ha~ is defined by

According to first-order perturbation theory, the
energy difference (E~ —Ef, ) is given by

It is, therefore, convenient to divide the investiga-
tion of the adequacy of 4c~ and Ec as approxima-
tions to 4g and Eg into two parts. One part, which
is given below, is concerned primarily with deter-
mining how accurately 4c and Ec approximate
4c and Ec. The other part, which is given in Ref.
7, is concerned with taking into account the inter-
action

H =H —H
ab a

(2.12)
H =H —H

bc 5 c (3.2)

Insofar as 4~ is represented adequately by 4'

this energy difference is given approximately by

E =f4 H 4 dv dv
ab c ab c 1 p

(2.i4 )

III. MORE ACCURATE CALCULATION USING
BORN-OPPENHEIMER APPROXIMATION

The numerical values of this approximate expres-
sion for (E —E ) are found to be between 2 &&10 ~

and 6x10 ' Ry ior the circular orbits which are
being considered in the present paper.

Since the Hamiltonian Hc takes into account only
the monopole interaction of the electron with the
meson, the angular momentum operators (r, &p, )
and (r~ &&p~) for these two particles both commute
with Hc. Only eigenstates of Hc in which the elec-
tron is in a 1s state are being considered in the
present paper. Therefore, in each of these eigen-
states the correlation of the position of the elec-
tron with that of the meson depends on the radial
coordinates r1 and r&, but not on the angular co-
ordinates r1 and r&.

B. Description of Born-Oppenheimer
Approximation and Justification for its Use

A. Introduction

It seems reasonable to assume that, apart from
the calculation which is described in Sec. IID, the
investigation of the adequacy of 4c and Ec as ap-
proximations to 4a and Ea may be carried out'by

determining how satisfactorily they approximate

A fairly accurate solution to Eq. (3.1) probably
can be found by employing the Born-Oppenheimer
approximation. If it is assumed that the motion
of the electron depends on the position of the me-
son, but not on its velocity, the solution to Eq.
(3. 1) is given by
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(r , r ) = y (r )u (r , r ),c 1' p. c p. de 1' p,
(3.3)

considered in this paper, this expression takes
the form

where the meson wave function Qc (r&) is defined
by the eigenvalue equation

v =v, l=o
1, r 1' (3.8)

(S.4a)

II =- —.V +—E—(~ ) . (S.4b)
d 1 2 4

c ~4 p, r de p
p,

The quantity Ede(x&) in the expression for H isd.
defined by the eigenvalue equation

a u (r, ~ )=E (r )u„(r, r ),de de 1' p, de p, de 1' p
(S.6a)

(2/r,
42

de 1

rl& r

1 p,

(s.sb)

v =v 2l+1 n —l —1 + l+1 1/2

p r p n(2l+ 1)
3.6

where v is its rms velocity. The velocity v& is
given by Eq. (2. 7b) for a hydrogenic state with
effective nuclear charge Z and principal quantum
number n. If the meson is in a circular orbit,
Eq. (3.6) takes the form

v =(2n —1) '~' v, f=n —1.
p. , r P

(3.7)

The eigenvalue Ec in Eq. (3.4) is the approximate
value of Ec. Unlike the variational method which
is described in Sec. II, this method may be readi-
ly applied to orbits which are not circular.

The use of the foregoing relations to obtain ap-
proximate solutions to Eq. (3.1) is justified if the
electron moves much more rapidly than the meson.
Since the correlation of the positions of these two
particles with respect to each other in an eigen-
state of H depends only on their radial coordi-
nates r1 and r~, the velocities which should be
cited in establishing the validity of approximating

4c and Ec with 4c and Ecd are the rms radial ve-
locities, which are found by computing the rms ra-
dial momenta. ' It is easily shown that the rms ra-
dial velocity v& r of a meson which has principal
quantum number n and orbital angular momentum l,
and which is described by a hydrogenic wave func-
tion, is given by

where v, is the rms velocity. Equation (2.7a)
gives an explicit expression for v, in terms of the
effective nuclear charge z which is experienced
by a 1s electron. The relative values of v, and

v&, which are determined by the variational cal-
culation given in Sec. II, indicate that v1 „is two
orders--of magnitude larger than v& r for most of
the circular orbits which are being considered in
the present paper. It is easily verified that the
value of the ratio vl ~/g& ~ for a circular orbit
differs, in most instances, by less than a factor
of 2 from its value for an almost circular orbit
with l = (n —2). It is assumed that the preceding
arguments constitute sufficient justification for
using the Born-Oppenheimer approximation to
solve Eq. (3. 1) for orbits with l=(n —1) or I
= (n —2).

C. Additional Approximation and Method of Calculation

-1 -2z r
+2m [1—(I+z x )e ].

iU, v JLt

(s.9)
It can be shown that, for a given value of r, the
value of zv which minimizes the expectation value
of Hd satisfies the equation

-2z r
(2+4z x )e +2z —4 =0 .

v p v
(3.10)

The solution to Eq. (3. 10) may be readily obtained
by numerical integration of the differential equa-
tion

So as to avoid an excessive amount of numerical
work, the solution to Eq. (3.5) is approximated
with a variational wave function. This variational
wave function, which is denoted by udev, is chosen
to be a normalized 1s hydrogenic function. It is
characterized by an effective nuclear charge z .
This effective charge is the variational parameter.
The value of zv, which depends on r&, is found by
minimizing the expectation value of the operator
Hd . This expectation value, which is also a func-
tion of r&, is denoted by Edev, and it is given in
terms of zv and r& by

E (~ )=-~ (4-& )dev p v v

If the electron is also in a hydrogenic state, its
rms radial velocity v1 r is given by an expression
which is similar to Eq. (3.6). And if the electron
is in an s state, as it is in every instance which is

2z r
4z r e

v p
dz

v

dr
2

2'
1 —4z r

p.

(3.11)
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dU dV( )
C C P (s.15)

Zy

1.8

l.6

l, 4

This equation can be integrated numerically, and
the allowed values of Ec«can be determined if
the behavior of ycdv and its first derivative are
known for both very large and very small values
of

It is easily shown that near the origin the effec-
tive charge zv is given quite accurately by

z =1+2r ' —'r '+ ipr, x «1. (3.16)
p, p p p,

To the same order of approximation, the diff eren-
tial equation for Xc is given by

l.2 1 d' 1 l(l+1) 4
+

p, p, p,

p5 IP
IN HYDROGEN BOHR RADII

2 ~ 3,4 4 dv4~ 4~ 24~ ~ (~ )
p,

'
p '

p c p,

=E g (r ), rdv dv
c c p, p,

(s.i7)
FlG. 3. Effective nuclear charge a~ for the electron

as a function of the meson radial coordinate

subject to the boundary condition zv = & at x& = 0.
Values of zv are shown in Fig. 3.

The wave function 4 is now assumed to be givenc
appr oximately by

A straightforward calculation then shows that, to
the same order of approximation, the function X dv
is given near the origin, to within a multiplicative
constant, by

2M' /n'-
x (~ ) "~

P P

"(r, r )=y "(r )u (r, r ),1 p, c p dev 1 p,

where Qc
" is a solution to the equation

dv~ dv(»
) ~ dv~ d5(» )c c p. c c p,

(s.i2)

(3 ~ 13a)

6
xg C~

v p.

where n'= 2[—M/(1+ E )]
dv 1/2

«1
p,

(3.18)

(s.i9)

a =-—v ——+z (~ ).dv 1 2 4
c M p, x dev p,

(s.ish)
Co= 1

C, = —2M[(l+1)n '] '(n' —l —1)C, ,

(S.20a)

(3.20b)

The eigenvalue Ec is assumed to be given rather
accurately by Ec v. It is convenient to express
the meson wave function Qc« in the form

(r )=(1/r )y (r )Y (t ).c p p c p, lm p.
(3.i4)

The radial wave function y satisfies the differ-dv
c

ential equation

x [-,'n'C, +(n'- l-4)C, ],
C = —2M[(5l+15)n'] '[- 'n'C ~-'n'C, —

(3 ~ 20e)

C2 = —2M[(2l + 3)n '] '(n '- l —2)C, , (3.2pc)

C, = —2M[(3l+6)n'] '(n'- l —3)C, , (3.2pd)

C, = —2M[(4l + 10)n ']

1 d2 1 l(l+1) 4 ( ) d&( )~ dy 2 jg y 2 y dev p. c p,

+ (n'- l —5)C,],
C8= —2M[(6l+21)n'] '[-,' n'C --'n'C

(3.20f)
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+-,' n'C, + (n'- l —6)C,]. (3.20g)

The preceding expression for Xc is carried to
such a high order of approximation only as a mat-
ter of convenience: Since the wave function varies
quite rapidly with x& near the origin, it is simply
less troublesome to start the outward integration
at a relatively large value of x& in order not to ex-
ceed the normal range of the computer.

The inward numerical integration of Eq. (3. 15) is
started at a point beyond which Edev is given to a
high degree of accuracy by

E (r )=—4+2' ', r»1.
deV P. P,

'
P,

(3.21)

For these large values of r&, the differential equa-
tion for Xc

v describes motion in a pure Coulomb
field. The starting value of Xc« is, therefore,
proportional to a confluent hypergeometric func-
tion. This function and its first derivative with re-
spect to x& are readily computed using asymptotic
series.

(3. 15) is indicated by denoting it by Ez fd&, rather
than by Ec«. Table II also gives values of ecdv.

Table II also gives the values, for several circu-
lar orbits, of 7&dv, which is defined by

[y (~ )] r dr
p, o c p p p

(3.23)

dv dv dv

p, p. , n —2 p. , n —1
(3.24)

and which is the mean radius of the meson orbit if
the meson wave function is /cd~(r&), as specified
by Eqs. (3. 13) and (3. 14). These seven values of
7 d~ are equal, to within 1.5%, to the correspond-

/,
ing values of the mean radius T&, which are com-
puted using the hydrogenic wave functions deter-
mined by the variational calculation given in Sec.
II. Finally, Table II gives some values of h7&dv,
which is the difference, for a given value of n, be-
tween the values of T dv for a circular and a nearly
circular orbit, and which is defined by

D. Numerical Results and Discussion

dv dv dv

c c,n-2 c,n-1 (3.22)

where the dependence on l of the eigenvalue of Eq.

Numerical calculations were performed for only
a few cases because a fairly large amount of com-
puter time was required for the determination of
each value of Ecdv. Only the em e and nE e at-
oms were considered. Of the two, the am e atom
was investigated more extensively because the
somewhat less rapid variation of its radial meson
wave function near the origin required less compu-
ter time. The values of Ec "and (Ec« —Ec") for
several circular orbits are given in Table II. For
a given value of n, the difference ec v between the
values of Ecd for a circular and a nearly circular
orbit is defined by

where the dependence on the orbital angular mo-
mentum l is indicated by denoting the mean radius
by r

~
rather than by T& v. These values of

P~
67&dv are used in Sec. V to estimate the values of
the correction to ecdv which is due to the interac-
tion Hgc, and they are also referred to in Sec. IV,
where an investigation is made of the adequacy of
an approximation which is employed elsewhere in
this paper and also, in some instances, in Refs.
2 and 7.

The relatively small values of the energy differ-
ence (Ezd" —Ez~) given in Table II indicate that
the variational energy Ec is probably a very
good approximation to Ec. Although the magni-
tude of the energy correction E5c = (E5 —Ec),
which is estimated for a few circular orbits of the
o,K e atom in Ref. 7, is larger than that of (Ecd~
—EP), it, too, does not lower the binding energy
by a substantial amount. For example, taking
both of these two corrections into account lowers

TABLE II. A summary of the results of the calculation which takes into account only the monopole contribution to the
interaction of the electron with the meson and which employs the Born-Oppenheimer approximation. The unit of energy
is the rydberg, and the unit of distance is the hydrogen Bohr radius.

atom C

d'p

ET'

18
17
16
15
14

-4.9238
—5.1491
-5.4865
—5.9541
—6.5730

—0.0111
—0.0167
-0.0157
—0.0116
-0.0077

—0.0635
—0.0744
—0.0669
—0.0546

0.920
0.715
0.575
0.478
0.404

0.022
0.036
0.045
0.038

29
28
27

-5.4267

—5.9420

—0.0091

—0.0064

—0.0415

—0.0323

0.575

0.468

0.027

0.022
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FIG. 4. Radial meson wave functions. The functions
and y~" are for a circular orbit of the e~"e atom

with principal quantum number n= 18. The function yf
is for the circular orbit of the nr" atom with n= 14 in

which the meson is left after the electron has been ejected
in an E4 Auger transition.

the estimates of the binding energies of the circu-
lar orbits of the nE e atom with n =27 and 29
from Ez~= —5.94 and —5.42 By, respectively, to
E& ——6.00 and —5.50 Ry. It is, therefore, con-
cluded that using the variational energy E~~ causes
the kinetic energy of the Auger electron to be over-
estimated by less than about 0.1 By. The magni-
tudes of these two corrections are found to indicate
that in only one instance, the nE e atom with n
=29, is the value of I given in Table I lower than
the multipolarity of the lowest energetically al-
lowed Auger transition.

Figures 4 and 5 show the meson radial wave func-
tions y~ for a circular orbit of the nm e atom
with n = 18 and a circular orbit of the zE e atom
with n =27. For the purpose of comparison, the
corresponding hydrogenic radial wave function y
which is characterizedby the effective nuclear charge
Z determined in Sec. II, is shown in both instances.
These particular states of the two atoms have rath-
er 0'fferent relative values of the mean radii x,
and i of the electron and meson orbits. As com-
puted using the variational wave functions which
are determined in Sec. II, the nz e atom with n
=18 has T1 =0.815 and 7'~ =0.923, whereas the
nE e atom with n=27 has i1 =1.103 and T&
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FIG. 5. Radial meson wave functions. The functions
and y~ are for a circular orbit of the &E e atom

with principal quantum number n=27. The function yf
is for the circular orbit of the o,'& atom with n=23 in
which the meson is left after the electron has been ejected
in an E4 Auger transition.

IV. SEMICLASSICAL APPROXIMATION

A. Introduction

In this paper, and also in Refs. 2 and 7, the me-
son is frequently treated as a classical particle for
the sake of mathematical simplicity. In these in-

= 0.465. Figures 4 and 5 also show yf, which is
the similarly defined radial wave function for the
meson after an Auger electron with orbital angular
momentum L, as specified by Table I, has been
ejected and the meson has been left in a hydrogenic
circular orbit with principal quantum number
(n —I, ) and nuclear charge Zf=2. In both instances,
and particularly in the case of the nE e atom with
p = 27, the variational wave function y~~ appears,
in some respects, to be an acceptable approxima-
tion to y~ ~. However, it should be noted that al-
though the function yz is, in the case of the ~E e
@tom with n = 27, a fairly good approximation to
y~ in the region where it overlaps to the greatest
extent with yf, the same is not true of the nn e
atom with n = 18. The accuracy of y for relative-
Ly small values of r increases as the ratio r&lr&
decreases.
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B. Approximate Values of Binding Energies
and Effective Nuclear Charges

The expression for the variational energy Ec,
which is given explicitly in terms of the effective
charges z and Z by Eq. (2.5), can be left in the
somewhat more general form

E = —z(4 —z) —(.MZ/n )(4 —Z)c

+2fjy (r )~'r

x [I—(1+zr )exp(- 2zy )]d&
p,

(4.1)

The last term in this expression is the energy
which is due to the interaction of the electron with
the meson. If the meson is now regarded as an
almost classical particle which moves in a circu-
lar orbit, and if the radius of this orbit is as-
sumed to be approximately equal to i&, the proba-
bility density l Qf(r&) l

' in Eq. (4. 1) may then be
replaced with a 6 function which is centered on
some point with ~& = i&, and E~ is given approxi-
mately by

stances it is assumed to be a point charge which is
situated a distance x& from the n particle. In this
section, the use of this procedure is justified by
demonstrating that it would not appreciably alter
the results which are obtained by the variational
calculation given in Sec. II. In addition, it is
sho~n that it is possible to use this procedure in
many instances to obtain rough estimates of the
quantities ec and ~x &d which are defined by
Eqs. (3.22) and (3.24).

that this semiclassical energy, which is denoted
by Ecsc is given by

E = —(MZ/n )(4 —Z)+E (i ),
C dev p

(4.4)

(4. 5)

which is the difference between the charge of the
a particle and the probability of finding the elec-
tron at a point with ry & r& if the electron is de-
scribed by a 1s hydrogenic wave function with an
effective nuclear charge z. The values of g and
Z~c for the ng e- atom are found to differ at most
by about 3%%uo. Figure 6 shows the values of Zsc as

l.8-

where Ede„ is the function defined by Eq. (3.9).
It is found in every instance that the values of Ecsc
obtained by using those values of Z shown in Fig. 1
differ at most by only a few tenths of a percent
from the values of Ec shown in Fig. 2. Finally,
it should be remarked that the effective nuclear
charges ~ and Z determined for the aK e and
oPe atoms by the variational calculation in Sec. II
are found to be such that the values of Z are equal,
to within about 1 /o, to the values of the quantity

E '=-z(4-z)- (MZ/~ )(4- Z)c
—2zr

+2i '[I —(1+zi )e
p,

{4.2)

l, 6-

zsc

If the orbit of the meson -has a well-defined radius
r&, it seems reasonable to expect that the value
of ~ determined by the variational calculation in
Sec. II should be given fairly accurately by

z=z (i ),
v p,

(4. 3)

where z (r&) is the function of r& which is de-
fined by Eq. (3. 10), and where r& is given in
terms of n and Z by Eq. (2. 6b). This approximate
equality is found in every instance to be accurate
to within about 1%%uo. A semiclassical expression
for the binding energy of the mesonic atom is now
obtained by replacing z with z~(7&) in the approxi-
mate expression for Ec . It is readily verified

I

0.4 0.8 I.2

r„ IN HYDROGEN BOHR RADII

FIG. 6. The semiclassical estimate Z~z of the effec-
tive nuclear charge for the & meson in a circular orbit
of the o.'& e atom with mean meson orbital radius 7&.



730 J. E. RUSSELL

a function of r& for the circular orbits of the
zK e atom. The variation of Zsc with r& for
circular orbits is nearly the same for both the
ng e and nPe atoms as it is for the ~E e atom.

C. Rough Estimates of Dr~d~ and ef-d~

Insofar as it is possible to employ hydrogenic
wave functions to describe states of the mesonic
atom which differ from the ones considered above
only in that, for a given value of the principal
quantum number n, the meson orbital angular mo-
mentum l is relatively large but not equal to (n —1),
the binding energy should still be given fairly ac-
curately by Eq. (4.4), where, as before, i& and
Z denote the mean radius and effective nuclear
charge for the meson orbit. The values of both

x& and Z for such states depend on l. That the val-
ue of r& depends on l is readily seen from the fact
that the mean radius of a hydrogenic orbit is given
in terms of n, l, and 2 by'

cates that elliptical orbits with F'&-0.7 have such
values of x&. In these instances, the increase in
r with decreasing l may possibly be inhibited to
a certain extent.

In what follows, it is convenient to indicate the
dependence of Ec on l, for a given value on n,
by denoting it by Ec l . The semiclassical ex-

dvpression for ecdv is given by

sc sc SC
c cn —2 cn —1

(4. 7)

EZ =Z -Z (4. 8)

sc
hy' = y

p p, n —2 p, n —1 (4. 9)

It is also convenient to indicate the dependence of
Z and i& on l, for a given value of n, b~ denoting

by Zl and 7~ l If ~sc and Li& are de-
fined by

r =[3n' —l(l+1)]/(2MZ) .
p,

(4. 6) the expression for ~c may be put in the form

The effective charge Z depends on l because the de-
gree to which the electron shields the meson from
the field of the n particle depends on T&.

If n and Z are fixed, the value of F& increases
with decreasing l. For a given value of n, there
is, in actual fact, a tendency in many instances
for this increase in r& with decreasing l to be en-
hanced by a decrease in the effective charge Z,
since the electron frequently becomes, on the aver-
age, more tightly bound to the nucleus. The
mechanism which is responsible for this tendency
can be discussed most conveniently by regarding
the meson as a classical point charge which moves
very slowly in an orbit which has a more or less
elliptical shape. The wave function for the much
more rapidly moving electron is then a function
of the instantaneous position of the meson. At
any given time the meson may be thought of as ex-
periencing an instantaneous effective nuclear
charge. This instantaneous effective charge is
some function of x& which is surely quite similar
to the function Zsc. If this instantaneous effective
nuclear charge decreases linearly with increasing
x~, or if its second derivative with respect to ~&
is negative, its average value for an elliptical or-
bit is surely smaller than it& . . 'ae for a circular
orbit with the same principal quantum number:
and the increase in the value of r with decreasing
l is, therefore, necessarily larger than it would
be if the .effective charge Z did not vary with l. Of
course, this conclusion does not necessarily hold
in the case of an elliptical meson orbit with values
of y& for which the second derivative of the instan-
taneous effective nuclear charge is positive. The
behavior of the function Zsc shown in Fig. 6 indi-

e "=-(M~Z"/n )(4- 2Z —.~")

+E (r 1+~~ )-E (r 1).dev p, n —1 p. dev p, n —1

(4. 1O)

Since 2'n y and ~& n y are determined in Sec.
II, and since it can be shown from Eqs. (4.6), (4.8),
and (4.9) that for hydrogenic states M and

must be related by

= [2(n —1)Z —n(2n+ 1)aZ ]
p n —I

x[2MZ (Z +~Z")], (4. 11)

it only remains to devise some other, independent,
way of relating ~ to dr& c in order to be able
to estimate ccsc

The effective nuclear charges z and Zn ~
de-

termined for circular orbits in Sec. II, and also
the quantity Z~c defined by Eq. (4. 5), can, for a
given type of atom, be represented by smoothly
varying functions of a continuously varying argu-
ment F'& n y. In order to simplify the calcula-
tion, it is now assumed that, for a given type of
atom, Zn 2 has the same dependence on r& n
that Zn &

has on r& n y. A discussion which
is given earlier in this part of the present section
indicates that this assumption is probably valid
for those values of 7'& n 2=7'~ for which the
function Zzz(F&) varies almost linearly with r&.
It is, therefore, tentatively assumed that ~sc
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and ~i&sc are given in terms of each other with
sufficient accuracy by

dZ
SC SC SC

aZ
tJ,

(4. 12)

where the derivative of Zsc(r&) is evaluated at
It is easily shown from the defini-

t'- f"Z., that

dZ -2zx
= —4e r '+z r e . (4 13)sc 3- 2, -1- dz p.

p p dJ'

Since for a given value of r& = i& „1the effective
nuclear charge z is found to be approximated rath-
er accurately by the function z, as defined in
terms of r& by Eq. (3.10), it is assumed, by anal-
ogy to Eq. (3.11), that the derivative of z which ap-
pears in Eq. (4. 13) is given by

O.I2

O.IO-
CI
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O

0.08 "
0Z

UJ Z
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I
I
I
I
l

~ ]
I

I

g
—SC
fv

0
h, rv

dv
~&v

—2zr
p,2-

4z y
gZ P.

—28J
2

1 —4zx

(4. 14)

Values of dT~ c, which are obtained by employ-
ing Eqs. (4. 11)-(4.14), are shown in Fig. 7. For
the purpose of comparison, the values of 4r& ~

which are computed in Sec. III and which are given
in Table II are also shown in Fig. 7. Figure 7
also shows values of the quantity

~r o=(n- I)/(M2 ),
p. n-1 (4. 15)

which is the expression for ~r' if ~ is set
equal to zero. The relative values of ~i& and

tend to support the qualitative discussion
given earlier in this part of the present section
concerning the relative values of the mean radii
of circular and nearly circular meson orbits.
Although the values of ~i&sc are obviously unreal-
istic for levels with relatively large values of

~» 1, the fairly good agreement between the
values ofdi& and dT& for levels of the nm e
and aK e atoms with r& n 1=0.5 is an addi-
tional indication that treating the meson as a clas-
sical particle is probably a valid approximation in
many instances. The large discrepancy between
the values of LK sc and bF'& for the levels of
the nm e atom with n = 17 and 18 is probably ap, .

consequence of Eq. (4. 12) being an inadequate ap-
proximation, since in these instances the function

Zsc does not vary linearly with the radial position
of the meson.

Figure 8 shows values of the energy difference

10 20
I I

40

FIG. 7. Estimates of the difference between the mean
meson orbital radii for two states of a mesonic atom
with the same principal quantum number +, but with or-
bital angular momenta (& —2) and (+-1).

V. ENERGY DIFFERENCE 6

A. Introduction

The energy difference e between two states of the
mesonic atom with~the same principal quantum
number n, but with orbital angular momentum
(n —1) in one state and (n —2) in the othe/, may be
defined as

F» the purpose of comparison, Fig. 8 al-
so shows the values of c which are calculated
in Sec. III and which are given in Table II. In view
of the rapid variation of this energy difference
with the principal quantum number, and in view of
the assumptions which are made in this part of
the present section, the agreement between the
values of ec and ec can probably be regarded
as satisfactory, at least for the purpose of partial-
ly justifying treating the meson as a classical par-
ticle. The discrepancy between the values of ~c
and ~c ~ for those levels of the n~ e and nE e
atoms for which hF& is found to be a fairly good
approximation to ~~& is, to some extent, prob-(&

ably due to Ed (r& „2)not being quite as ac-
curate an approximation to the expectation value
of Hde for the orbit with / = (n —2) as Ede„(r& „1)
is for the circular orbit.
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would not significantly affect an estimate of e.
It is now assumed that no appreciable error is

introduced into a computation of e by ignoring that
correction which is due to Ecdv not being precise-
ly an eigenvalue of Hc, since the arguments pre-
sented in Sec. III make it seem not unlikely that,
for a given value of n, the value of (Ee —Ec ")
changes by only a negligible amount if the value
of l is changed from (n —1) to (n —2). It therefore
only remains to estimate values of the contribution
to E which is due to Hbc. This contribution is de-
noted by ebc
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FIG. 8. Estimates of the difference between the bind-

ing energies of two states of a mesonic atom with the
same principal quantum number n, but with orbital an-
gular momenta (n-2) and (n- I). These estimates take
into account only the monopole contribution to the inter-
action between the electron and the meson.

e=E
a, n —2 a, n —1' (5. I)

where the dependence of an eigenvalue of the exact
Hamiltonian Ha on the meson orbital angular mo-
mentum l is indicated by now denoting it by E
rather than by Ea. The energy difference

, which is defined by Eq. (3. 22), is only an ap-
proximate value of e. This is partly because Ecdv,
which is denoted by Ec I Uin Eq. (3.22) a,nd which
is an eigenvalue of Hcdv, is not precisely an eigen-
value of H; but probably it is chiefly because the
approximate Hamiltonian Hc does not take into ac-
count the dipole and higher multipole interactions
of the electron with the meson. These interactions
are given by

B. Estimates for Some Levels of the nE e Atom

dv bc — dv
dE

e
bc df' p

p,

(5.4)

provided ~7&dv is not too large. The accuracy of
the estimates of Ebc probably does not warrant a
more elaborate attempt to calculate abc. The es-
timates of Ebc for the ~& e atom, which are giv-
en in Tables II and III of Ref. 7, indicate that as-
suming the derivative of Ebc to be given aPProxi-
mately by

The values of cb are now estimated for the lev-
els of the nE e- atom with n=27 and 29. These
are two of the three levels which are also studied
in Ref. 2, where some estimates are made of the
effects of the interaction of this mesonic atom with
a nearby helium atom. The following estimates of
these two values of abc are based on some numeri-
cal results which are obtained in Ref. 7. These
numerical results are approximate values of Ebc,
which is that correction to the binding energy for
a circular orbit which arises from taking into ac-
count the interaction Hbc.

Since the meson is moving relatively slowly in
a rather well-defined orbit, the approximate ex-
pressions for Ebc are given as functions of the
mean radius y„of the meson orbit, as determined
in Sec. II of the present paper. Since the values
of 7 and 7&«are shown in Sec. III to be nearly
the same for a given circular orbit, it seems rea-
sonable to suppose that a fairly reliable estimate
of Ebc which is, in a sense, based on the eigen-
functions of the approximate Hamiltonian H «,
is given by

H =H —H
bc b c' (5. 2) dE

= —0.20, nE e atom n = 27, (5. 5a)
dx

where H& is the form taken by He if $ is set equal
to zero. The very small values of the energy cor-
rection Eab indicate that taking into account the
energy operator

dE
= —0.14, o.'K e atom n = 29, (5. 5b)

p,

H =H —H
ab a b

(5. 3) probably does not cause an inaccuracy of more
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29
28

27

—0.0415

—0.0323

—0.0038

—0.0044

—0.0453

—0.0367

TABLE GI. A summary of the results of a calculation
of the energy difference & for bvo levels of the «e
atom, as obtained by first taking into account only the
monopole interaction of the electron with the meson and

employing the Born-Oppenheimer appr'oximation, and

then estimating roughly the effect of the dipole and higher
multipole interactions. The unit of energy is the rydberg.

tional numerical solutions to Eq. (3.15). A semi-
classical method is first employed to find rough
values of the energy difference c for the levels of
the +Pe atom with n=36, 37, and 38. For the
purpose of comparison, this method is also ap-
plied to the levels of the nK e atom with n = 27,
28, and 29. The results which are obtained by us-
ing this semiclassical method form, to a limited
extent, a basis for some of the assumptions which
are made at the end of this section in what is
probably a more accurate estimate of values of e
for the ape atom.

The semiclassical estimate of e' is denoted by
By analogy to Eq. (5. 5), it is defined by

than 20%%uo in the evaluation of the expression for
Table III gives the values of eyc«which

are obtained by employing Eqs. (5.4)-(5.5b).
For the purpose of comparison, the values of
ccdv which are given for these two levels of the
~E e atom in Table 0 are given again in Table
III. Table III also gives values of the quantity

dv, which is defined by

dv dv dv
+E

c bc
(5. 5)

and which is assumed to be a fairly accurate ap-
proximation to e. It should be noted that in these
two instances a relatively large inaccuracy in the
estimate of ~bc results in a much smaller rela-
tive inaccuracy in the estimate of e.

C. Estimates for Some Levels of the ape Atom

Because an experiment has been proposed to
determine whether or not Stark transitions are
suppressed in antiprotonic atoms formed in liq-
uid helium, ' and because a Born-Oppenheimer
calculation requires a substantial amount of com-
puter time, it is appropriate to attempt to esti-
mate the values of e for a few levels of the npe-
atom in a way which does not require any addi-

sc sc sc
+Ec bc (5. 7)

By analogy to Eq. (5.4), the term eric
c is de

fined by

sc
C
bc

dE
bc — sc

dt"
p.

(5. S)

The derivative of E5c which appears in Eq. (5. 8)
is the same quantity which appears in Eq. (5.4).

Values of the derivative of Ebc are now esti-
mated in much the same way as they are in the
preceding part of this section. The estimates of
Ebc, which are made in Ref. 7 by employing a
semiclassical approximation, depend only on the
wean radius r& of the meson orbit, and not on the
meson mass. Each of the circular orbits of the
pPe atom being considered here has a value of
r~ which is not very different from that for one of
the circular orbits of the nE e atom with n = 27,
28, or 29. It is now assumed that for these few
states of the two atoms the derivative of Ebc var-
ies linearly with r in such a way that Eqs. (5.5a)
and (5. 5b) are satisfied.

Table IV gives values of hr& c
and e c. Values of the approximate binding energy

TABLE IV. A summary of the results of a calculation of the energy difference & for some levels of the o,'K e" and

&pe atoms, as obtained by first taking into account only the monopole interaction of the electron with the meson and

employing the semiclassical approximation, and then estimating roughly the effect of the dipole and higher multipole
interactions. The unit of energy is the rydberg, and the unit of distance is the hydrogen Bohr radius.

atom SCf p
SC

bc
$C

bc

O.pe

29
28
27

38
37
36

-5.4176
-5.6551
—5.9356

-5.4175
-5.5955
-5.7982

0.569
0.514
0.465

0.567
0.523
0.484

0.0322
0.0257
0.0214

0.0244
0.0204
0.0176

—0.0296
—0.0249
—0.0210

—0.0225
—0.0198
—0.0172

—0.0045
-0.0044
—0.0043

—0,0034
—0.0034
—0.0033

—0.0341
—0.0293
—0.0253

—0.0259
—0,023 2
—0,0205
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E~~ and the mean meson orbital radius x& for the
circular orbits, as determined in Sec. II, are also
given. Although each of the three levels of the
npe atom which are listed in Table IV has a cir-
cular orbit with values of r& and E~ which are not
very different from those for a circular orbit of one
of the three levels listed for the nE e atom, the
values of c ~ do not agree quite so closely. This
difference is due to the difference between the val-
ues of ~r& . For each of these three particular
pairs of more or less comparable levels of the npe
and nE e atoms, the ratio of the values of g

is very nearly equal to the ratio of the values of
SC

Although a comparison of the results given for the
nE e atom in Table IV with those given in Table
III shows that the semiclassical method does not
result in an especially accurate estimate of ed~,
there is reason to believe that the relative values
of e~~ for each of the particular pairs of levels of
the nK e and o.je atoms listed in Table IV are
probably similar to the relative values of ed~. If
the values of e~ and &~ shown for the nm e and

nE e atoms in Fig. 8 can be regarded as providing
a reliable indication, a computation of e~ for a
level of the npe atom with n =36, 37, or 38
would result in a value with a magnitude which is
somewhat larger than that of e&, but which is
still somewhat smaller than the magnitude of

for an nE e atom of nearly the same size

and binding energy. And if the values of ez ~ and
given in Table II for the levels of the nm edv

atom with n = 15 and 16 and the levels of the nE e
atom with n = 27 and 29 can be regarded as provid-
ing a reliable indication, the ratio of the value of

for an nPe atom with n = 36, 37, or 38 to
that for an nE-e atom of nearly the same size
and binding energy is likely to be very nearly
equal to the ratio of the values of ~i@~~ for
these two atoms. The values of dF ~~ and ~ip.
given for the n m e and nE e atoms in Fig. 7,
and also the discussion given in Sec. IVC, indi-
cate that the values of r& and Z for an nPe at-
om with n =36, 37, or 38 are probably such that
~F& is a fair approximation to bK~ . It there-
fore seems likely that the magnitudes of S "for
ape atoms with n = 36, 37, and 38 are roughly 80Vo

as large as the magnitudes of e ~ for nE-e- atoms
with n=27, 28, and 29, respectively.
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