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The change in the wave function of an atom or molecule which interacts with saturating inci-
dent radiation is shown to have a time evolution operator U(t, 0) = Q I s) (n'

I B(no, )B (n'o. )

x e ~ " ~ ) ' where the sum over n and n' is over both the (2&e+ 1) values of me and

(2~b+1) values of mb, and the sum over n is over the (2~a+1) + (2&b+1) modes indicated by the

index O'. The eigenvalues $ («) and their eigenvectors &(n&) depend on the intensity and polar-
ization of the incident radiation, produce a modulation term in the electric polarization P of the
molecule, and give rise to anomalous polarization in the stimulated radiation. This unitary op-
erator is used to discuss the radiation stimulated by two pulses or photon echoes. Echoes from
elliptic pulses are discussed for &» 2, and the linear-linear sequence is compared with the theory
of Gordon, Wang, Patel, Slusher, and Tomlinson. Echoes from linear-circular and circular-
linear pulse sequences are discussed in detail.

I. INTRODUCTION

The anomalous response of an atom or mole-
cule to an intense radiation field is of considerable
interest for the anomalous polarization which
occurs in laser radiation, '~' the anomalous polar-
ization which occurs in the cosmic OH emission, '
and in the polarization phenomena which occurs
in photon echoes. '~' The earlier calculations' for
lasers were made using a perturbation approach
and lead to the interesting conclusion that a laser
operating between a J~= 2 J~= 2 transition pre-
fers circular polarization, while a J =2 —J~ —-1
laser prefers linear. ' Photon echoes occur in the
region in which the perturbation approach is no
longer appropriate.

This paper uses an approach which permits the
discussion of radiation fields which are so strong
that a perturbation approach is not appropriate.
The interaction of an atom or molecule with a
single frequency time-dependent potential V(t) for
a finite time interval is considered. If this inter-
action is between energy levels with degeneracies

of (22~+ 1) and (2Jb+ 1), the problem can be dis-
cussed in terms of (2J~+1)+ (2Jh+1) modes. These
modes have eigenvalues which depend on the nature
and strength of the interaction. A time evolution
operator is developed and tables of coefficients
are given for all electric and magnetic dipole
transitions for J & 2. The electric polarization of
the atom or molecule, which is stimulated by the
radiation field, is given in terms of the time evolu-
tion operator. This development permits the dis-
cussion of the intensity and elliptic polarization
of photon echoes with arbitrary polarization for the
first and second pulses. A detailed discussion is
given for linear-linear, linear-circular, and cir-
cular-linear sequence of pulses for J ~2. The
linear-linear effects are in agreement with the
very elegant operator development of Gordon
et al. Linear-circular or circular-linear have
distinctive features in the echo intensities and
should yield an assignment of the J values of the
transitions.

Since the development in this paper treats the
interaction as the addition of a time-dependent
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term to the Hamiltonian or treats the radiation
field in a classical manner, spontaneous emission
cannot be included in the development. The finite
lifetime of the energy levels cannot be included,
and the theory is only applicable to problems for
which the level lifetime is longer than the duration
of the radiation pulses. The theory does suggest
aspects which a complete quantum treatment must
include for degenerate energy levels. Rabi, Ram-
sey, and Schwinger' used a doubly rotating coordi-
nate system to discuss magnetic transitions between
the magnetic sublevels of a given value of J (I for
nuclei). Their method was well suited to strong
radiation fields, and the second rotation was a mea-
sure of the nearness to resonance and the strength
of the radiation field. An algebraic analysis of the

type used in this paper would yield the matrix ele-
ments of their second rotation operator. An inter-
action stimulating transitions between energy levels
with angular momenta J and J& cannot be treated
by their method, and an algebraic method is used.
The result has the same usefulness for stimulated
electric and magnetic dipole transitions between
different energy levels of molecules as their method
has for a given atomic sublevel. The limitations
are also the same. The resulting expression for
the electric polarization yields an explanation for
most of the anomalous polarization effects for laser
and echo experiments.

II. THEORY

Z [D, 5, —Z 8 '(n'~ Vo~n)D

t($ i —5 + &d g
—h&)f —1,$n'o.'nn n'n

~

n'n

This equation can be satisfied for all t if

+ ~, —&@=0,n'a ne n'n (5)

and ~, D, -Z, a-'(n'~ V ~n)D =O. (6)

The discussion in this paper is limited to degener-
ate energy levels, but this condition is not essen-
tial. Let the upper atomic state be denoted by

I J~m~) and the lower atomic state by I Jbmb) with
energy separation

E —E =Su
a b ab

For convenience let

6 = ((0 —(0), (6)

~(z n)- ((z n)=-n. . (9a)

In much of the subsequent discussion, the notation

and then the condition which is given by Eq. (5) can
be written

A. Transitions between Two Degenerate Energy Levels

$(J n) =$
a n

(9b)

The Schrodinger equation for a system subjected
to a time-varying perturbation ip is used. Whenever it is convenient D(no. ), $(no. ),

etc. , will be used for Dn~, $n~, etc. With this no-
tation, Eq. (6) can be written

iS —= [H, + V(t)] g .
If V(t) is a time-varying perturbation at a single
frequency &,

S( D(m n) —Z, (m
~

V
~

m )D(m n) =0,
b

(1Oa)

iM f v+- (2)
S(( +n, )D(m n)- Z, (m

~

V ~m )+D(m n)=0.

(lob)
and the interaction is between two degenerate sets
of atomic levels la) and Ib); this equation has an
interesting set of solutions. In the approximation
in which terms at 2& are omitted or the rotating
wave approximation is used, a solution of this
equation is of the form

() ~
~

)
-g(]n~+Zn/S)t

nn
n, n

I n) is used to denote the allowed wave functions of

Ho with energy En. Direct substitution into Eq. (1)
yields Q H(na)a+(na') =5

n QQ
(11a)

The coefficients of the D's form a Hermitian ma-
trix, and this set of (27~+1)+ (2Zb+ 1) homogeneous
linear equations has a nontrivial solution when the
determinant of the coefficients is zero. This oc-
curs for (2J~+1)+ (2 Jb+1) values of $~, and the
index n is used to denote these values. Substitu-
tion of these $(J~n) or $o for a given n yield a set
of orthogonal unnormaiized eigenvectors D(no. ).
These column vectors may be normalized, and
then both the rows and columns are orthogonal.
Denoting the normalized D(no. ) by B(no. ),
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B(nn)B*(n'n) = 5
Q nn' ' (iib)

where n implies a sum over ma and m&. n denotes
the row and 0. the column in the D or 8 matrices.

The solution of these equations is facilitated by
noting that for $z+ & C 0, the D(mt, a) follow from
the D(m~o. ) and the roots $~,

D(, )=(( .~)-'n-'~ ( .IV, I

m a (i2)

B. Electric Dipole Interaction

For an electric dipole interaction, V(t) is of the
form

v(t) = - P E(t),

where P is the electric dipole operator for the atom.
At a particular atomic or molecular site, the

electric field E(t) is of the form

Then, the D(mum) follow from the solution of the
(2 J~+ 1) homogeneous linear equations, -2 (dt ~ 2('dt

E(t) =Aue +A"u*e (17)

g~g (g +~)D(m o.)- Q (m IVOIm„)
m

x(m'Iv Im„)+D(m'o) =o. (13)

where A is the amplitude of the wave, and u is the
complex polarization vector transverse to the di-

A

rection of the wave, k ~ u = 0. For plane waves,
the phase e2k r~ can be included in A. For this
perturbation, the matrix elements of interest are

Since the matrix element of V0 is zero between m~l
and m~, the sum over m~ is equivalent to a sum
over the complete set, and Eq. (13) reduces to

ft'h (h +&)D(m ~)- Z,
Q Q a

a

«m
I V,V, I

m )D(m n) = o.a 0 0 a a (14)

Q D(m X)D+(m ~')=0,
a a

(15a)

At 4 =0 or resonance, this orthogonality condition
can be used with the roots go„and orthogonality
between column vectors occurs for the sum over
either ma or my separately. Thus, for & =0 and
X = $z' the relationships

Z, B(m X)B*(m &') = —'&
&,a a

ma

B(m X)B+(m X') (15b)
mQ

Again the coefficients form a Hermitian matrix.
The allowed values of X = $~($~+ 6) follow from the
requirement that the determinant of the coefficients
be zero. This is probably the simplest procedure
for finding the roots $ in terms of the matrix ele-
ments of V A similar equation for mt, follows by
replacing m~ by mf„mu by my, and Vp Vp by
Vptvp, and letting $~ 40. Orthogonality occurs in
many ways in this problem, and the columns of
D(muX) with different values of X =)~($o, + a) are
orthogonal in the sense that

—(Jm IV IJm )=(Jm Ip uIJm )A

(J IIPIIJ )

(2J 1) (Jf, imbMIJ m )x (e ~ u)A .
a

(is)
The notation of Messiah' is followed, and the
Wigner-Eckart theorem is used to give the ma-
trix element in terms of the Clebsch-Gordan co-
efficients, spherical basis vectors eM, and the
reduced matrix element. For comparison with
other data, it is noted that the reduced matrix
element

I« IIPIIJh) I'=(eao)'$=0. 72xio- $. (19)

The line strength S varies from 0. 52 for the
0. 632- p, line of Ne to 56 for the 3. 39-p, transi-
tion.

If the axis of quantization z is selected along the
direction of the radiation k, only M = +1 values
occur. The set of equations implied by Eqs. (5),
(10), etc. reduce to two independent sets with this
axis of quantization. These independent sets are
shown by solid and dashed lines in Figs. 1 and 2.
Further simplification in notation occurs with

(2J +1) '~ (J' llPll J )(e ~ u)A =8'u or Kv, (20)a a b

where the right-circular component u is used with
M = —1 and the left-circular v with M =+1.

Interaction with the magnetic component B(t) of
the radiation field is given by

can be used with X replaced by either + l (o, l or V(t) = —M ~ B(t),
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Jg= I

J
(b)

(c)

(d)

J =2

Jb= I

p&0. 1. States for
integer J values dis-
cussed in text. Solid

and dashed lines show

the two independent sets
of states connected by

elliptic ally polarized
radiation along the

direction of the axis of
quantization.

appeared in the problem, it is not possible to dis-
cuss the probability of going from ~ to n . Only
the probability of going from state n to n is a
possible measurement for this molecule and is
given by

(23)

where M is the magnetic dipole operator for the
atom and can be treated with a slight change of
notation. The reduced matrix element in Eq. (18)
becomes (jullMIIJh), and the unit vector u and 8
are related by appropriate polarization conven-
tions. Thus, the theory can be used for magnetic
transitions between hyperfine levels or levels
split by a crystalline field. Many such transitions
occur in the microwave region.

For electric or magnetic dipole transitions, the
form of Eq. (14) for D(msu) relates the coeffi-
cients D(mu~), D(m~+2, o. ), and D(mu-2, n).
For nonzero u and v, all values of D(men) can be
expressed in terms of either D(m~ =Z~, o ) or
D(ms = —J's, a) and the matri- elements of
(m& I VV0(m&). The D( mph) c "".icients follow
from Eq. (12), and the B(no) follow by normal-
ization of the column with index z. The role of
mz and m~ can be interchanged in the above dis-
cussion. Since the Clebsch-Gordan coefficients
are tabulated for the higher values of J, the roots
g~ and the B(no. ) coefficients should be readily
determined for a given set of values of 6, u, and
v by computer methods. Roots with gz -0 or

+ 6 = 0 do not contribute to the electric polar-
ization, and these column vectors can be omitted
in these calculations.

C. Time Evolution, Density Matrix, and Electric
Polarization

The evolution in time of the wave function can
now be described by the unitary matrix U(t, to):

(21)

where U(t, t,) = Q
I
n)e

-iEnr h

n n Q

The electric polarization P(t) of a molecule is
given by

P(t) = TrU PUo(t ) = TrPUo'(t, )U = TrPo(t).
(24)

UTPU expresses the evolution ln time of the oper
ator P. The operator g(t) evolves in time as

&(t) = Itt(t))(y(t) =U(((t, ))(q(t, ) U

(25)

where &(t,) describes the observable aspects for
a molecule at t, . An average of 0 over an en-
semble of molecules is regarded as the density
matrix p. If the time evolution of all molecules
is described by the same U, then o(to) can be re-
placed by p(to). In greater detail, the electric
polarization vector of a molecule stimulated by a
time varying electric field is

P(t) =

n n' n" n"'
7

x B(n 'o, )B*(n"n)B(n "'o. ')B*(nn ')

x expi[~ ir- $(n'o)+$(no, ')]7 . (26)
nn

Equations (23) and (26) imply different, experi-
ments. If the atom or molecule is definitely in the
state tn ) at t„ then a physical observation of this
system at time t yields state )n), with the prob-
ability given by Eq. (23). An observation has been
made and the final state is known. The wave pic-
ture is more apparent in P, and P can be related
to the scattering amplitude of the molecule. For

x e B(no)B (n o )(n I, (22)

with

Again n and n are summed over all values of gyes

and my. The form of U(t, t0) follows from Eq. (3),
with D(no) = c (nB),oand c~ is determined at
t =to. Although distinct modes with index ~ have

Jg= I/2

Jb= I/2
(a)

~ Jo= 3/2
/

Jb= I /2
(b)

Jg- 3/2

b
(c3

FlG. 2. States for
half-integer 4 values
discussed in text. Solid
and dashed lines show
the two independent sets
of states connected by
elliptic ally polarized
radiation along the
direction of the axis of
quantization.
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stimulated emission or absorption the stimulated
amplitude and the phase are implied by P. The
sum of the stimulated amplitudes for a group of
atoms yields the electric field at other locations.
Of course, the unitary matrix implies the same
information. In either stimulated emission or
absorption, the spherical wave at distance x from
the scattering molecule is proportional to

iV, f
&hb, v. (28b)

random pulses can be described to a certain ex-
tent by an electric field of the type given by
Eq. (17) of short duration 7, the saturation con-
dition for radiation with a bandwidth Av = 7 ' is
approximately

2 2 ikx
E = —P(e /c eO)e /~, (27)

When this condition applies, then the 6 = 0 solution
should provide a good approximation.

F. Photon Echoes
where only eand y components which are trans-
verse to x are used for P.

The B(no ) coefficients and perturbation theory
can be related by noting that the evolution matrix
element

In photon-echo experiments a sequence of pulses
is used, and Eq. (21) becomes for two pulses

q(t) = U, (t, t, )U(t„ t, )U, (t„ t, )

(n ~U(t, 0)
~

n') =Z B(no )B*(n'n)e

:-+n (n ~V
~

n')[(e —1)/Lj (28)

x U(t„o)q(0) = U(t, 0)q(o),

where U, (t„ t )
e- 0 2- i /-ta t -t )!e-

(30)

for nonzero 6, small V„and n 4n . In this ap-
proximation, the electric polarization is propor-
tional to the stimulating electric field. An ex-
pression for the time proportional transition prob-
ability follows by taking the absolute square of
Eq. (28) and integrating over the frequency spread
6, i. e. , (2m/5')) (nI UOI n'))'t.

D. Saturation and Resonance

is the evolution in time in the absence of the per-
turbation. The oscillating component of the po-
larization is given by Eq. (24). The molecules
are assumed in state ~a) at t = 0, and o(0) is a
diagonal matrix in m~. An electric polarization
can now be expressed as

to ~(t-t8) i((o ni-(u ii)(t2-tl)
P(t) = Z e e

sag Bib
n ir n rr~

Saturation occurs for

Vo i
&hb (29a)

and for radiation fields which meet this condition,
the normalized B(no) matrix becomes independent
of the strength of the radiation field. This is quite
apparent at resonance, 6= 0, and at resonance the
B(no ) matrix is independent of the intensity and de-
pends only on the polarization of the incident ra-
diation. The strength of the radiation field occurs
in the roots $z. The ratio of these roots depends
on the polarization of the incident radiation, andthe
amplitude of the roots depends on the intensity of
the radiation. The unitary matrix describing the
time evolution of a saturated system or a system
at resonance is quite differentfrom that described
by Eq. (28) for a weak field away from resonance.
Equation (28) describes a situation in which the
electric polarization is proportional to the ex-
citing electric field and corresponds to the region
in which an electric susceptibility can be defined.
This is no longer possible at saturation. The field
strength appears only in the e-t~(nn) in Eq. (22),
and the polarization of the field determines the
B( ) naond the ratio of the $(no ).

Since the spectral distribution of a series of

&& (n (U(t O) (m )(m ((T(0) (m )

(81)
It IItThe sum over n and n implies a sum over

1I tJt I II
m~, rnb, m z, and rn b . In an ensemble of
molecules interacting with a radiation field, a dis-
tribution of values will occur for ~~b, and the
sum of the stimulated components at a detector
will have random phases. If n =rnid and n

'II I=mb, a component of the polarization occurs
with the time factor

i~ (t-t tyt)-
abe

When

3 2

molecules with different ~~b will be in phase for
a time for the order of the reciprocalof the spread
in ~~b. At time t =t3+t2 —t~, an echo occurs.
The strength of the echo depends on the matrix
elements of U. In the nondegenerate two-level
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problem, the echo has maximum strength for a
&z pulse between 0 and t, and a p pulse between
t2 and t3. Pulse experiments imply saturation,
and in this approximation 4 = 0.

A comparison of the development in this paper
with the operator analysis of Gordon et al.
gives an insight into both methods. Their oper-
ator e iHori@B is related to the unitary operator
which is given by Eq. (22). The form of Eq. (22)
permits the use of a unitary operator

iHor-/h iver -i)7'
U=e 0 e e

where (a(n, (a) =0, (b(~lb) =~. $ is defined as $

=B)~B~, where B is a unitary matrix, and f is
a diagonal matrix with roots $ . Since
exp[i(B(~B~) ]r=B(e && )B~, the B matrix is re-
lated to the B coefficients by (n IB I o, ) = (u i o.)
=B(nn). For 6=0, the roots $ occur as + pairs
and further simplification is possible. For linear
polarization, the operator $ takes on the simple
form used in Ref. 4.

III. ROOTS $ AND B(na) MATRICES

The roots $~ and the B(no ) matrices are given
in this section for the transitions between the
energy levels shown in Figs. 1 and 2. In order to
simplify the notation, the columns of D(nn) are
given and B(no ) is obtained by normalizing these
columns,

TABLE I. D(nn) f r a= 1, ~b=0. $0 are defined by
Eq. (33).

a
la
Ob

oa 0 0

B. J =1-Ja

$, =0, f2 = —2(&+5) = („
(34a)

k(& -—6) = (.,
where 5'=&'+2(uu +vv ). (s4b)

An unnormalized D(no ) matrix is given in Table II.
This matrix form illustrates the independence of
the two groups. The second group follows from
the first by changing u- —v*, v- —u, and

&n-&a+~

Figure 1(b) emphasizes that the choice of the
axis of quantization divides the problem into two
independent parts. The roots for the group which
is connected by solid lines are denoted by $„$„
and („and the group which is connected by dashed
lines by $„$„and $,. Then

B(n~)=X D(n~),0

where

(32a,)
C. J =2-Jb —1a

The eight values of g are given by

B (no, )B(nn) =(iV N )Q D (nn)D(no, ) =1.
rL Q 0

(s2b)
$, =0=)„ h, = 2(- &+6,),

In any numerical problem, normalization is quite
easy, but it is cumbersome in the algebraic form.
In accord with Eq. (20), u is the strength of the
right-circular component and v the strength of the
left-circular component of the radiation.

h, = —2(&+6 ), $, =k(-~+6),

f, = —a(&+ 6),

(35a)

A. J =1-J =0a b
6' = &' + 4X, 6 = [LP + 2(uu + vv )]' ' (35b)

The allowed values of go are

$, =0=(„$.=--'(~+6), (.=--'(~-6), (ssa)

and y = —,', (uu*+ vv*)

+ —,', [25(uu* y vv*)' —96uu vv ]'i2 (35c)

where 6' = h'+ 4(uu*+ vv*) . (33b) Table III gives the unnormalized D(n~). For this
table f and g are

An unnormalized D(no, ) matrix is given in Table I,
and B(no, ) can be obtained by normalizing each
column. With the axis of quantization z selected
along 0, the state 0~ or ma = 0 is not affected by
the perturbation.

f =- & (g + a)+v*v+ —'u%+ —'v%
Q Q Q 6 6

g =$ (& +&)-u%- —'v*v- —'u*v.
Q Q' 6 6

(36a)

(36b)
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TABLE II. D(na) for ~a=1, ~b=1. $0 are defined by Eq. (34).

a
+1a

Ob

~ ]b
+ 1b

0a

V

0
0

0

0

'U

2i/2(
2

0

0
0

V

2i/2(

0

0

0

0

0

0

V

2i/2 (] + ~)

0
0

0

21/2 ([ + ~)

For those roots which contain X~, it is convenient
to note that $~($~ + b, ) = X+, and this is suggested
by Eq. (14).

J =2-Jb 2

The 10 roots g~ are

h, =- (2- &+~p)=f„

from the entries for the solid lines, ~ = 1 through 5,
by changing u - —v*, v - —u*, and $& - $~ + &.

E. Half-Integer Values of J

Tables for the half-integer values J~ = 2
3 1 3 3J~ = 2- Jb = &, J~ = &-Jy = 2 are given in Appendix

B.

IV. POLARIZATION AND INTENSITY OF
PHOTON ECHOES

where 52 = 6'+4X (3Vb)

and =—' (uu*+vv*)12

+—,', [(uu*+ vv*)'+ 32uu*vv*P '. (3Vc)

Table IV gives the unnormalized D(n~) For th.is
table

f = —$ ($ + b,)+ —,
' vv*+ —,'uu* ——,'v%,

Q 0 0 (38a)

g = $ ($ + b, ) ——,uu* —,vv*+ —,vu*. —
Q Q 0 (38b)

For those roots which contain X+, $ ($ + 6) = X+.
Also, it may be noted from the basic Eq. (10) or
from Table IV that the entries for the dashed lines
in Fig. 1(d), o, = 6 through 10, may be obtained ~3 ~59 &7=-&8 (39a)

Since photon-echo experiments are performed in
the saturation region, the resonance or 6=0 so-
lution can be used for a discussion of the salient
features of the experimental research. The J~
= 2- Jy = 1 transition is used as an example of the
development given in this paper. Only minor
modifications of the 2- 1 transition are needed to
discuss the remaining transition with J ~ 2. Equa-
tion (30) gives the polarization of an atom sub-
jected to two pulses of given polarization and du-
ration. Since the stimulating radiation sets the
phase of all the atoms in the sample, the electric
field of the echo at the detector is proportional to
P and the detector signal can be analyzed in terms
of P. Equation (22) can be used to obtain the ma-
trix elements of the unitary matrices, and Eqs.
(35) and (36) and Table III can be used to obtain
the roots f~ and the B(no. ) matrices. For 6=0,
these roots and matrices simplify and

TABLE III. D(no,') for Ja=2, &b=1. $G are defined by Eq. (35) andfo and go by Eq. (36).

a
0a

+2a
1b

+1b
1a

+1a
Ob

&jan

V V

6'/2Q*~*

Q Q

Qf~
—(vf +ug )/6

—~gn

&afn
&c &c

0
0
0
0

0
V

Q

0 21/2 (7
21/2(

8
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TABLE IV. D(nn) matrix for J =2 &b=2. »z are given by Eq. (37) and ~~ andg~ by Eq. (38). The entries 2-
5 and 7-10 differ only by the index e.

10

a
0a

+ 2

+1b
(b

+lb
a

+~a

V V

Q Q

0
0
0
0

0
0

/3 i/2

(vf~ —ug~) /2
/3 1/2

»0 fo.
»ego.

0

0

0

0

0

QQ

(g)'l/2

VV

0

0

0

0

0

0

0
v+@ +ps'/2

$/2

-u f~/3 i/2

«o. ++gc
(». )f.*

iB(m 2) =B(m 4),a a B(m 2) =-B(m 4), (39b) further simplify the notation, let

iB(m 7) =-B(m 8), B(m 7) =B(m 8). (39c)
E(v's) = Q B (m v)B*(m s),a 1 asl a

(40a)

Let T=t1 —0 denote the duration of the first pulse,
the roots for the first pulse, and BI(no) the

corresponding matrix. For the second pulse let
v =t3 —t2 denote the duration, $ the roots, and

B2(nu) the corresponding matrix. In order to

G(v s) = Q B*(m v )B (m s).
b

Pl b

(40b)

With this notation the electric polarization of the
echo can be written

-t(g (t-t +t -t )

P(t) = —2ie (o —o ) Z (m ~v~m )*
B2

x (B (m 2)B (m 2)[E(22) G(22) sin2$ v + F(23) G(23) sin2( v](1 —cos2$ v )
2 b 2 a 2 3 2

+ B*(m 3)B (m 3)[E(32)G(32) sin2$ v + F(33)G(33)sin2$ v] (1 —cos2$ v')
2 b 2 a 2 3 3

y I2B*(m 2)B (m 3)[F(22)G(32) sin2$ v + E(23)G(33) sin2$ v]
2 b 2 a

+ 2B (m 3)B (m 2)[E(32)G(22) sin2$ v'+ E(33)G(23) sin2$ v]] sin) v sin) v'

2 b 2 a 2

~B (m 7)B (m 7)[E(77)G(77)sin2$ v](1 —cos2$'v')) + c.c.
2 b 2 a

(41)

Before discussing this equation in detail, it is
convenient to note that the part of the above equa-
tion with index 7 describes the polarization of the
echo for the Ja = 1 Jb ——0 transition.

A. Ja 1 ~ Jb = 0 and ~a =1~J~ = 1

intensity is a maximum for a first pulse of strength
vl = 2),v = —,

'
m and a second pulse of strength vl

= 2$,'v '= m. For 6 = 0 and the definition of elliptic
polarization given in Appendix A, B(- la2)
= ——,'e'&siny, B(+la2) = y —,'e %cosy, and B(0h2—)
=2 ' . The polarization of the echo is given by

The echo signal for the Ja = 1-Jb = 0 transition is
given by the fifth term in Eq. (41) by changing the
index 7 to index 2 and then using Eq. (33) for g,
and Table I for the B(n2) coefficients. The simple
form of sin2), v(l —cos2$,'v') indicates that the echo

~ ) ~ )A ~g ) ZP . )(-e e cosy +e e siny )a,+
(42)

and has the same elliptical polarization as the sec-
ond pulse. For two elliptic pulses the amplitude
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is proportional to

{(m'-v) .a =(e siny siny

-&(y'- y) p
+ e + + cosycosy )sing(1 —cosy ), (43)

B. Jg = 2 ~Jb = 1

Equation (41) and Table III permit a detailed
analysis for elliptically polarized pulses. Only the
limiting cases of circular and linear pulses are
considered in detail in this paper, and Table V
gives the necessary B(no, ) coefficients for linear
polarization 8 at angle y to x and for right-cir-
cular polarization. Coefficients which depend on

and the intensity is proportional to aa*. If the
first pulse is right circular y = 2z and the second
pulse is left circular y = z, there is no echo, and
this result is in accord with the intuitive conclu-
sion that there is no interference between right-
and left-circular polarization. If both pulses are
right circular y=y = 2z, the echo is right circular
and the intensity depends only on the pulse
strengths q andy . If the first pulse is linearly
polarized along 8 making angle y = t)I with the x ax-
is, and the second pulse is linearly polarized along
{) =x or {p =0, the echo is polarized along x and
the intensity is proportional to cos'(. These re-
sults are in accord with other developments for
linear polarization. 4

The J~ = 1-J~ = 1 transition is similar to the
above discussion for the solid lines shown in Fig.
1(b), and the terms which must be added for the
dashed lines yield an equal contribution. The echo
has the same elliptic polarization as the second
pulse, and the intensity is given by Eg. (43). The
roots $, = $, are given by E{I. (34a) and for the
same intensity are smaller by 2 ' ' than the 1 0
transition.

2$, r=q, 2),7'= 2$, v= (4)'i2q = g . (44a)

Then let the second pulse be linearly polarized
along 0 = x or y = 0 and let the duration of the
second pulse be

2$,r =q', 2$ t7'= 2&,'7 '= (-')"'q ' = g
'

(44b)

The electric polarization of the echo, which is
given by Eq. (41), can be written

11 ~ Pl

P(t)=(const)e ~~ (-e e +e e )6+c.c. ,

(46)

where

and

G' = (a, +a, +a,)'+ (a, +a, )'

tang"= —(a, +a~)/(a, +a, +a, ) .

(46a)

(46b)

Thus, the echo is linearly polarized with 8
making an angle y with the x direction or the
direction of the second pulse. The dependence of
the amplitude of the pulse 6 and the phase angle
y on g, g, and q is given by the ai or

a, = [3 'i'(I + 3cos2t)I) cos( sing

+ 2sin( sin2( sing ](1—cos7l ),

+2~, +1~, and 0~ should be multiplied by the same
phase factor for a given pulse, but this phase is
not included since the product of phase factors is
the same for all terms in Eq. (41). This phase
can be taken outside the sum and can be ignored in
the calculations. Elliptic polarization and angles
y and y are discussed in Appendix A.

Let the first pulse be linearly polarized along 0,
which makes angle y =( with x, and let the dura-
tion of the first pulse be given by

TABLE V. &(+&) coefficients for ~~ =2 ~b= 1 transitions for linear polarization y= z~ and right-circular polarization
~ makes angle y with .

3

20

Oa

2Q

-1b

+1b

+1a

Ob

~ 1/2 i2p
(ge) e

-(-.)"'
1/2 -i2y

(II6) e
1Q7

g8

1 Zg
28

i2+
se

1 Zg-ye
2{P

ye

2
-1/2

-1/2 iy
2 8

0
-1/2

0
-&/»@

2 8

0
-1/2

0
-]./2 i'—2 e

0

2
-1/2
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a, = (3'~'sin( sin2$ sing &./&, = 6-'"
& /&, = 2-'" (49b)

+ 2cos( cos2( sing) (1 —cosf ),

a, = [- (1 + 3cos2$) sin( sing

+ (12)'~' cos( sin2( sing] sin-, g sin —,f

a, = [+2cosgsin2$sing

—(—",)' ' sing cos2( sing] sin~2 sin-, g

(46c)

and p is the same without primes. The intensity
of the echo is proportional to (a, +a, +a, )', and is
a function of g and g . Since the strength of the
Clebsch-Gordan coefficients for the transitions
-2a--ly, —1a-0~, and Oa-+1y are in the ratio
1:2 ' ':6 ' ', the echo depends on three pulse
strengths with the same ratios.

If the first pulse is linear with 0 at angle y=g
and the second pulse is right circular, the echo is
elliptic with

a, = 2cos( sing (1 —cosg ).

The az coefficients are the sums of the 5 products
which are given in Eq. (41) and are in the sequence
in which the products occur. The intensity of the
echo is proportional to G' and the quantity

a, =e [(—,', )'~' sing+ -', sin(f)'~'g](1 —cosg '),

a, = e [(—,',)'" sing](1 —cos6 't'g '),

a, =e [(-,')'" sin(-,')'"g](1—cos2 '"g')

a, =e [(—')' 'sing —(—')' 'sin(-')' 'g]

(5o)

G'(q, g, g ')/c'(0, g„g,'), (47)
&& sin( —,', )'~' g 'sin-,' g ',

and the angle y can be compared with the data
given in Table II of Ref. 4. Equations (45)-(47)
provide an analytic expression for entries given
in their table. It should be noted that the angle y
of the linear polarization of the echo 8' moves in
the opposite sense of the linear polarization 8 of
the first pulse at angle g, and when g =+90',
cp '=-90'.

If the second pulse is right circular, the electric
polarization of the echo in Eq. (41) has the form

tany = (a, +a, +a,)/a„ (51)

A ))
with 0 along 0. Over-all echo intensity is given
by (a, +a, +a, )(a,*+a,"+a5)+a~a,*. The intensity
a, a,* of the left-circular component in the echo is
quite sensitive to the strength of the first pulse
and is proportional to

and g is given by Eq. (44a). The ellipticity can be
determined from

-&(da/ t
P(t) =conste [-e (a )

+ 3 [sing —(—')' ' sin(4)' 'g]' (52)

(a +a +a )]+ c. c. , (48)

where the az are the sequence of five products
occurring in this equation. Since the az are
complex, the output is elliptic for a general ellip-
tic first pulse. If the first pulse is left circular
and the second pulse right circular, all az = 0 and

there is no echo. If the first pulse is right cir-
cular and the second pulse is right circular, the
echo is right circular with amplitude

It is zero at a pulse strength of g = 0, reaches its
first maximum at 193' of (0. 48)', next minimum
at 276 ', second maximum of (0. 94)' at 386 ', etc.
The left-circular component also vanishes for a
second pulse strength of ~g or (—,', )'~'g equal to a
multiple of m.

If the first pulse is right circular and the second
pulse is linear with 0 =x, the electric polariza-
tion is of the form

P(t)=conste [-e (a, +a, p ~,—a, —a, )
-zg)aA t

a, = sing(1 —cosg '), + e (a, +a, +a, +a, +a, )] + c. c. , (53)

a, = 6 ' 'sin6 ' 'g (1 —cos6 ' 'g ),

a, = sin2 ' 'g (1-cos2 ' 'g ),
(49a)

where

~, = (sing ~ (~)'~'sin6 '~'g)(I cosg ')

a3=0.

From Eq. (35) the ratio of the roots ( are known

and

a, = (sing)(1 —cos(—,')'~'g ')

a, = (2' ' sin —,'g)(1 —cos(3)'~'g ')

a, +a, = [(~)' ' sing —2'~' sin6 " 'g j

(54)
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x sin —,'q 'sin(~6)'I'q '.
The ellipticity can be determined from

tany "=(a, +a, +a, + a4+ a, )/(a, +a, + a, —a, —a,).

A distinctive feature is the absence of y polariza-
tion for a, +a, =0, and this occurs for a first-pulse
strength of g =154', 561', or for a second-pulse
strength of —,'q or (—,',)'~'q' equal to a multiple of v.

Although it does not seem important for experi-
ments, the intensity can be brought to the same
scale by multiplying Eq. (46c) by —,'„Eqs. (49a)
and (50) by -'„and Eq. (54) by —,.

a, = (6'~' sing + sing)(1 —cosy '),

a, = sing (1 —cosg ),

a, = (6'~'sing+sing) sin —,'g 'sin-,'q '.
(59)

third, fourth, seventh, and eighth terms. The
echo is linearly polarized along 0 at angle y
with x. y increases in the sam sense as g, and
at ( =90' the angle y =+90. Intensity is pro-
portional to G'. The analytic expression given
above for intensity and echo polarization are in
agreement with the numerical data of Ref. 4.

If the first pulse is right circular and the second
pulse is linear along x, then the echo polarization
is of the form given by Eq. (53) with

C. J =2~Jb 2a

2), v =q, 2),a=g = (56)

The electric polarization describing the echo
for the J~ = 2- Jy = 2 transition can be discussed
in terms of Eq. (41). The first four terms in
Eq. (41) describe the contribution of the solid
lines in Fig. 1(d). The contribution of the dashed
lines is given by adding four similar terms with
with index 2 changed to 7 and index 3 changed to 8.
The fifth term in Eq. (41) is omitted and a total
of eight terms contribute to P. Since the roots
$, = —$, =$, = —$, and $, = —$, =$, = —$„, only two
pulse strengths are important. The ratio $,/$~
depends on the ellipticity of the pulse and is given
in detail by Eq. (37).

If the first pulse is linear with 8 at angle y =(,
the second pulse is linear with 8 =x, and the
pulse strengths are written

The pulse strengths for the right-circular pulse
are

2$~r=q, 2),7=) = (—'')' 'g (60)

tany = (a, + a, +a,)/(a„+ a, —a, ) . (61)

At a pulse strength such that

6' 'sing+sin( —', )' 'q =0, (62)

the coefficients a, and a, are zero, and the echo
pulse becomes linear along the second pulse.

If the first pulse is linear along 8 at angle y = g
to x and the second pulse is right circular, then
the echo polarization is of the form given by Eq.
(48) with

and the pulse strength for the linear pulse is given
by Eq. (56). The output is elliptic with

G'= (a, +a, )'+a', , (57a)

the electric polarization can be written in the form
of Eq. (45). The amplitude G is given by

a, = e {(—,')'~' sing} (1 —cosy '),

a, = e O—,', )'~' sing + (—,)'~' sing) (1 —cosg '), (63)

and the phase angle y by

tang"=a, /(a, +a, ),

where a, = [(3+cos2$) cosg sin7l

(57b)

a, =e ((&)'~'sing —2'~'sing} sin&g sin —,'q'.

q and f are given by Eq. (56) for linear polariza-
tion and q and r by Eq. (60) for circular polar-
ization. The echo is elliptic with

~ 2sin( sin2( sing](1 —cosy ); tany = (a, +a, )/a,*, (64)

a, = [sing sin2( sin7l

+ 2cos( cos2$ sing](1 —cosg '),
a, =([3 + cos2$) sing + 2cosg sin2$] sing

—2[cos( sin2( + 2sing cos2$] sing}sin —,'q sin&f

(58)

a, includes the first and fifth terms in the sum, a,
includes the second and sixth, and a, includes the

and with 0 = 0 along the linear polarization of the
first pulse. The intensity of the right-circular
component is proportional to (a, +a, )(a, +a,*), and
the intensity of the left circular is proportional to
a3a3. The intensity of the left-circular component
of the echo varies with the pulse strength of the
first pulse as

(sing —2 sin —,
' g)~,
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and the intensity is zero for weak pulse strengths,
reaches its first maximum of (- 2. 6)' at q = 240
returns to zero at q = 360, and reaches its second
maximum of (+2. 6)' at q = 480; etc. This variation
in intensity with pulse strength should identify a
2 —2 transition. The output of the left-circular
component is also zero for a second-pulse strength
of —,ri or (—',)'~'q equal to an integer times z.

A right-circular pulse followed by a right-cir-
cular pulse yields a right-circular echo. The
amplitude of the echo is given by

a=2 '~' sing(1- cosy')+3 '~'sing(1 —cosg'), (66)

x [(1——, cos y )(1 ——, cos y) ]
2 I, 2 1/2 -1 (71)

tf
e cosy' =a, /(a, a,*+a,a,*) (72a)

SP -SP
b, = (e cosycosy + ~e sinysiny')

)& [(1——, sin y )(1 —3 sin y) ]
2 I 2 . 2 1/2 -1

r) = 2),r, g = 2),r, and $, and $, are given by Eq.
(B2). The angle y of 8 with x and the eccen-
tricity y of the echo are given by

and tany = a, /a,*, (72b)
where g, q, g, and g are given by Eq. (60).

The equations can all be brought to the same
scale by multiplying Eqs. (58), (59), and (63) by —,

and Eq. (66) by —,'.

D. J = '/z ~ Jg = /za

and intensity is given by a,a,*+a,a,*. If the first
pulse is linearly polarized with 0 = x, the angles
y = y = +z, and the pulse strength g = ( and g = ( .
a, =a,*, and the echo is linearly polarized along 0
at angle y

The echo electric polarization is given for arbi-
trary polarization of both pulses by

tancp = —4 tang . (73)

and a, has the sign of cosy, and a, has the sign of
siny. The roots q =2r, r and g =2)sr are given by
Eq. (B-1). The output is elliptical with 8 at
angle y = —tIt) with the x axis, and the eccentricity
of the ellipse is

tany"= + [sing(l —cosf )]

x[sinr)(1 —cosr) ')] ', (69)

where the square brackets have the sign of tany.
This is a function of the pulse strength only and
depends on both pulses. Two linear pulses,
y =y = &z and P =p, produce a linear echo along
8 at angle —( with x. g =0 for a right-circular
pulse, and the echo is right circular if either the
first or second pulse is right circular.

P(t) = conste ab
I—e+a, +e a,}+c. c. (67)

where a, =me sing(1 —cosg ),2P .

a, =we sing (1 —cosr) ),iy
—e (sin7) + 3'~' sin3 ' 'q)

+e (3sinri+3 '~'sin3 '~'r)), (74)

and is elliptic with 0 =x. The eccentricity y
depends entirely on the strength of the first pulse.
Varying the strength of the first pulse allows the
polarization of the echo to be changed from right
circular to left circular, etc. The echo radiation
is entirely left circular at p =191.5' and entirely
right circular at q = 251 '.

F J = —«-+J~ =2

A linear pulse 8 at angle y = ( followed by a,

linear pulse with y = 0 produces an echo polariza-
tion described by Eq. (45) with the echo linearly
polarized along 8 at an angle y

This is in agreement with Ref. 4. If the second
pulse is right circular y '=

~m, the echo is right cir-
cular. If the first pulse is right circular y = & z
and the second pulse is linear y = & z, the echo
polarization is proportional to

E J =-'~J =-1
a 2 g 2

The echo with arbitrary polarizations of the two
pulses is given by Eq. (67) with

tang"= —(a, +a, )/(a, +a, )

and intensity

G' = (a, +a, )' + (a, +a,)'.

(75a)

(75b)

a, = [ ', b, sing (1——cosy ) + b, sing (1 —cosg )] cosy

a, = [b, sin7)(1 —cosy )+ —,'b, sing(l —cosg )] siny

(70)
-z(p . . r y sp l

and b, = (e sinysiny + re cosy cosy )

The ag are given by

a, = [15cosg + cos3() sing

+ 6singsin2)sing](1 —cosy ),

a, = —,'[(6 sin( sin2$ sing
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+ (7cosg + 9cos3() sing](1 —cosg ),

a, = —4[(5 sing + sin3() sinv)

+ (sing —3 sin3$) sing] sin22) 'sin2g

a4 = —', [(9sin( —3 sin3() sinvl

+ (5 sing + 9 sin3() sing](l —cosg ),

(76)
or for all first-pulse strengths where g is an in-
teger times 270 . It is also right circular for a
second-pulse strength of g =2m, 471, etc.

The echo for a right-circular firstpulsefollowed
by a linear second pulse with 0 =x is determined
by Eq. (67) with

a, = (b, +b, —b, —3b,); a, = (b, —b, +3b, +b, ), (82)

and bz coefficients of
and 2), v = v) and 2(,7=g = ,'v)—

2sing(1 —cosg )+(—', )' 'sinv)(l —cosv) ), (7s)

If the first pulse is right circular and the second
pulse is right circular, the echo is right circular
with amplitude

b, = [3 sing+ (12)'I' sing](1 —cosy ),

b, = 4[sinv) + (—,)'~' sing] sin ~ g 'sin 2 vl ',

b, = (—', )'~' sing (1 —cosg '),

b, = —,
'

sinv) (1 —cosg ) .

(83)

where 2g, v'=v), 2),v'=g = ( )'~~'v) . (79)

There is no echo if a left-circular follows a right-
circular pulse.

If the first pulse is linear with y = 0 or e along
~ and the second pulse is right circular, the echo
polarization is of the form of Eq. (67) with

The roots v) and g are given by Eq. (79) and v)
'

and
by Eq. (77). This pulse is elliptic with 8 "=z

and an eccentricity given by tany' =a, /a, .
would appear very difficult to find pulse durations
which would make the echo pure circular or pure
linear.

a, = (- sinv) + 3 sing)(1 —cosg '),

a, = —3(sinvt + sing)(1 —cosg ')

+ (- 3 sinv) +sing )(1 —cosv) ') .

(80)

—sing + 3sin3 g = 0, (81)

v) and g are given by Eq. (77) and q
' and g

'
by

Eq. (79). The echo is right-circularly polarized
for all second-pulse strengths for a first-pulse
strength with g such that

V. ELECTRIC POLARIZATION STIMULATED
BY SATURATING RADIATION

The electric polarization of an atom or molecule
stimulated by radiation is given by Eq. (26). It is
again assumed in this section that all )a) states
are equally probable, and (ma I o ( ma) = aa. Stim-
ulated absorption and stimulated emission differ
only by a negative sign, and the electric polariza-
tion is proportional to Oa —Ob in a system of mol-
ecules experiencing the same stimulation. Thus,
the electric polarization stimulated by Eq. (2) is

(s4)

P(t) = (o —a )e Z Q (m )P(m )*e + a B (m a)B(m ~)B*(m o, )B(m n )+c.c.
a a

maPEa Qj e'
ltE b

If the root $~ =0 occurs, the B(mI, a) coefficients
are zero. Since the sum over m of B*(m 'n)
&&B(m 0) is zero, this root can be omitted in thea
sum over o and o . For $ = —6, the B(mao ) co-
efficients are zero and this root can also be omit-
ted from the sum. This polarization is modulated
at the various difference frequencies given by
$a —$a ~, and these appear as sidebands on each
side of the stimulating frequency. It is interest-
ing to note that with the axis of quantization z
along the direction of the stimulating radiation k
the electric polarization transverse to k is always
of the form

P(t) = conste [-e+(vf)+e (ug)]+ c. c. , (85)

where f and g are functions of 6, uu*, and vv*,
and the various ev(~o' ~& )f. This indicates that
even in the extreme saturation region the right-
circular component of P(t) or the coefficient of e
is proportional to the right-circular component of
incident radiation u. g is modulated in time and
is a function of the polarization and strength of the
radiation field. This relationship implies that right-
circular component stimulates only right-circular
radiation and lef t- circular component stimulates
only left-circular radiation. The degree of stimu-
lation and the modulation induced by the stimulation
depend on the intensity of both polarizations. In
weak radiation fields this proportionality is ex-
pected. It is not intuitively obvious for strong ra-
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(uu *—vv *)j(uu *+vv *) (86a)

diation fields. The above conclusions are valid
for J& 2, but it would seem that a general proof
probably exists. Dienes" in his discussion of a
damped system at resonance was able to show for
arbitrary J that P&~E& and I'~ O=E~. This simple
relationship is also true for the resolution of the
polarization along z alone and Pz o-Ez. The choice
of the axis of quantization along direction of the
radiation field and the resolution into right- and
left-circular polarization seems to yield the sim-
plest relationship between the electric polarization
and the radiation for arbitrary polarization of the
incident radiation. If other canonically conjugate
states of polarization u, and u, are selected, and
if the incident radiation has polarization u„ the
electric polarization is composed of both u, and u,
for saturating radiation.

The form of Eq. (85) clearly illustrates that the
stimulated electric polarization of the molecule
generates radiation of a different polarization than
the stimulating radiation. The intensity of right-
circular polarization in the stimulating radiation is
proportional to uu*, and the intensity in the stimu-
lated radiation is proportional to (uu*)(gg*). A mea-
sure of the degree of elliptic polarization of the in-
cident radiation is

The earlier calculations'~ ' used a damped density-
matrix procedure and perturbation theory. Ef-
fects of saturation were apparent in the third-
order term in the density matrix or in the third-
order term in the unitary matrix. A similar ex-
pansion of the unitary matrix of this paper to third
order or the B(n o) coefficients to third order
would yield a combination of the coefficients of the
same type as occurred in these earlier discus-
sions. %hen perturbation theory is no longer ap-
propriate, then the full discussion of this payer
can be used. At resonance, 6= 0, the results will
be similar to those of Dienes" for a phenomeno-
logically damped atom, but will differ by the mod-
ulation or sidebands. For finite pulses the con-
clusions are quite similar. Dienes" also notes
that for strong saturating radiation at resonance
pure-circular or pure-linear radiation do not
change their polarization during amplification.
Furthermore, the addition of a small amount of
the conjugate state of polarization in the incident
radiation yields a lesser degree of this polariza-
tion in the stimulated radiation. This information
is included in the coefficients f and g in this paper
for 6=0. It is not clear without a numerical cal-
culation that these conclusions remain valid for
6 40. Calculations for 6 40 are being pursued but
are not reported in this paper.

and of the stimulated radiation is

(uu *gg *—vv*ff *)/(uu*gg*+vv*ff*) . (86b)

It is just this difference which introduces the anom-
alous polarization into laser or other molecular
systems which are saturated. For weak radiation,
f =g and there is no difference in the degree of
polarization. For J'=1, f=g and the degree of po-
larization is the same in both weak and strong stim-
ulating radiation. For J &1, g cf, in general, and
the degree of polarization of the stimulated radia-
tion is different from the stimulating radiation.

The coefficients f and g in Eg. (85) are functions
of 4, uu*, vs*, and time, and the electric polari-
zation P of the molecule is modulated. The stim-
ulated radiation occurs at sideband frequencies,
and such sidebands are expected for monochromat-
ic radiation. Other processes occur which limit
the lifetime of a state, and the sidebands have a
finite duration and, therefore, have a spectral
distribution. Fourier components of the stimu-
lated polarization can occur at the radiation fre-
quency . Other forward scattered components
tend to change the spectral distribution of a pulse
traveling through a medium.

Damping" has not been included in the calcula-
tion, but can be considered as another process
limiting the lifetime of interaction with the incident
radiation. A suitable average will again show
many features of the polarization given by Eq. (84).

DISCUSSION

The direct algebraic solution of the time-depen-
dent Schrodinger equation for a harmonic per-
turbation of finite duration leads to a set of modes
and to a time-evolution operator which is a function
of the eigenvalues $(no ) and eigenvectors B(n ) oof

these modes. For intense radiation or for radia-
tion near resonance, these modes keep the time-
evolution operator unitary. The stimulated elec-
tric polarization of a molecule which follows from
this unitary time-evolution operator never has a
magnitude which is greater than the matrix ele-
ment of the electric-dipole operator. As the ra-
diation field increases in intensity the stimulated
electric polarization is modulated in time at fre-
quencies which are a function of the eigenvalues of
the modes. These eigenvalues depend on both the
intensity and polarization of the incident radiation.
Stimulated electric polarization generates a ra-
diation field and can in a sense be regarded as a
scattering amplitude. The amplitude or stimulated
electric field is given by P and has a magnitude
and polarization which depends on both the eigen-
values and eigenvectors.

Most of the anomalous features of radiation,
which is stimulated by saturating radiation, are
introduced by the unitary requirement. This is
apparent in the rotation of the electric polarization
in the two state problem considered by Feynman,
Vernon, and Hellwarth. ' Their approach keeps
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the magnitude of the electric-dipole constant. A

similar argument could be made for the magne-
tization in the second rotation used in Ref. V.
From an entirely different point of view, Gold-
berger and Watson" in their analysis of the gen-
eral theory of resonant scattering from long-lived
virtual states find that the requirement that the
S matrix be unitary and analytic has very signif-
icant effects on the scattering amplitude and
cross section. In their discussion, an interaction
described by the packet —,I'exp[- (—,I' —i&@,)t] has
its maximum cross section for ~ =~„and the
packet I'exp[- (-, I' —i&g,)t] has a zero cross section
at ~ =~,. This latter packet has maximum in the
cross section on each side of ~,. Increasing the
strength to m2I' causes the cross section to be a
maximum at odd x and zero for even x at reso-
nance or ~ =~,. Although the authors note no ex-
amples of this deviation from the Breit-Wigner
cross section occur, the oscillating character with
increasing strength is similar to the oscillation
caused by the single mode occurring in a two-state
problem for a pulse whose duration is proportional
to I'.

Damping or the finite lifetime of the atomic or
molecular states are not included in the theory.
In a two-state problem, the phenomenological
method introduced by Block" is most frequently
used. For problems with a greater number of
states, a truncated density matrix with phenomeno-
logical damping» ~ ' has been quite convenient.
Neither of these approaches are directly applicable
to the results of this paper, but it would seem that
the maximum amount of interference or wave as-
pects which can be stimulated should occur for the
development given in this paper. Damping and
other collision processes can only degrade these
effects. Damping can be incorporated into the re-
sults of this paper as a perturbation. This per-
turbation must be formulated to form perturbed
B(n~) eigenvectors in terms of the unperturbed
B(nn).

No distinction appears in the development be-
tween stimulated emission and absorption, and the
conclusions are equally valid for both cases. Phe-
nomenon, such as the self-induced transparency
of Hahn and McCall, "are inherent in the theory
since the modulation of the polarization introduces
the possibility of anomalous stimulated effects.
For the higher values of J &1, more than one mode
occurs and it is no longer possible to generate a
2m pulse for all modes. Since the modes have dif-
ferent strengths, it would seem that the trans-
parency should be between & and 1 for J &1. The
research reported by Patel and Slusher" on self-
induced transparency in SF, suggests that com-
plete transparency is approached at high intensity.
If J values greater than one are involved, this re-
sult is not in accord with the simple aspects which
are suggested in this paper. Pulse shape, damp-

APPENDIX A

The polarization vector u of the radiation can be
given in terms of unit vectors transverse to the
direction of the radiation S. The simplest of these
are the linear polarization vectors 8 and y, which
can be written in terms of the spherical basis vec-
tors as

~ = 2 (—e+e +8 e )cos8 —e, sin8, (A1)
-I/2 ~ -ip ig7

—1 2 r. -ip r. :.. 'L(pp=i2 (e+e +e e ) . (A2)

8, y are the orientation angles of 5 relative to z
in spherical polar coordinates. For 0 = y = 0,
8 =x, cp=y. Right- and left-circular polarization
are related to the spherical basis vectors by

u = ~[+e+(1 v cos8)e +e (1 a cos8)e ]

-1 2-
w2 e, sin8, (A3)

and u~ is given by the lower signs.
A unit polarization vector u of the form

u = 5 cos-,p —i y sin —,p

A

represents linear polarization along 8 with P = 0,
right circular with p = 2m, linear along y with p = m,

left circular with P = 2m, etc.
For 0=0, this unit polarization vector -j,s given

in terms of the spherical basis vectors as

ing, and perturbing interactions may be sufficient
to alter the character of the multiple modes to a
single effective mode, but this is not obvious. '

Since photon-echo experiments maximize the
wave aspect or interference aspect in the time
domain, the processes are well described by the
use of a sequence of time-evolution operators of
the type given in this paper. Anomalous polariza-
tion effects in the stimulated radiation are sug-
gested and it should be possible to experimentally
observe these effects. Linear-circular or circu-
lar-linear may be more useful than the previously
discussed4 linear-linear sequence.

The development in this paper is suitable for
stimulated effects with either (vz —a'b) 5 0 and
should apply to stimulated absorption as well as
emission. Echo and selftransparency experi-
ments are normally made for an absorbing medium
and anomalous polarization in a lasing medium.
For saturating radiation, the electric polarization
differs only by a sign, and the stimulated aspects
must be the same in either absorbing or lasing
material. The two problems differ in the subse-
quent nonlinear problem for the growth or decay
of the pulse. ~
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TABLE VI. D(no,') for ~~= & ~y= &. (~ are defined by Eq. (B1).

(- s)~
(+ 2)y
(+ r)
(- x)b

—(3) u
2 i/2

0

0

(2) i/2

0
0

0
0

(2) i/2

0
0

(2) i/2

k4

zp . - -zpu=(e e siny-e+e cosy), (A4) 2. Jg =2 —J

(e ~ u) =e siny =u/F, (A5a)

where y = —,P+ —,'V. Equations (18) and (20) resolve
the incident wave into spherical basis vectors, and
for 8= 0 or k along z, the amount of right- and
left-circular components in the incident wave are 5 = (62+ 4uu*+22- vv*)'/',

and for the dashed lines are

(B2b)

Roots $ for the solid lines are
Q

$, =0, $, = —,'(- a+5), $, =-,'(—/) -5), (B2a)

-zp
(e+ ~ u) = —e cosy =v/E, (A5b)

$, =0, $, = —,'(- &+5'), &, = —,'(—d —5'), (B2c)

where I' is a complex amplitude which is related
to the matrix element and amplitude A in Eq. (20).
With this notation, y = 4z linear along 8, y = 271

right circular, and y = z left circular.

APPENDIX 8

6 =(42y4vv*+a2-uu*j'/' . (B2d)

An unnormalized D(nn) matrix is given in Table VII.

3 3Ja= ~-Jb = ~

1 11. Jg=p~Jg=p

The J~ = & Jy = 2 problem divides into the two
independent parts shown in Fig. 2(a) by the solid
and dashed lines. Roots $ for the solid line are

(Bja)

Roots $ for solid lines in Fig. 2(c) are

&, =-'(- ~+5,), (.=-'(- ~+5 ),

$2=2(-~-~+), 5, =2(- & —~ ),

and for dashed lines are

(B3a.)

5 = (&9+&uu~)'/2,

and for the dashed line are

(Bjb)

where 5 =(A2+4X )'",

(B3b)

(B3c)
&.=-'(- ~+5'), &.=-'(- ~-5'),

(g2 ~ ~8 v 4
)
1/2

(B1c)

X = —', uu*+ —,', vv* a —,', [(VV*)'+ 3 vv*uu* ]' '

(B3d)

An unnormalized D(no. ) matrix is given in Table VI.
Primed quantities are given by changing u —v,
v u*. Also,

TABLE VII. D(en) for &a=) &y=k. t'u are defined by Eq. (B2).

(-S)e
(+ k)e
(- k)y
(+ l)e
(- k)~
(+ k)b

2/2v +

-u*
0
0
0
0

(k) 2/2

0
0
0

(k) 2/2

0
0
0

0
0
0

(k) 2/2

0

0
0
0

(k) 2/2

0
0

0
V

(k )2/2u

$6
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5 6 7 8

0

0

0

0
+ (g) i/2 gf I

(g) i!2I(+) i/2 gf s g+ t ]

((~+6)g~

TABLE VIII. D(no.') for J~= 2 Jb= 2. $~ are defined by Eqs. (B3a) and (B3b) and fo and go. by Eqs. (B3e) and (B3f).l 1 2 3 4
(--')a
(+ g)g (g) i/2)(g) i/2 f
(- ~)b &Gfn
(+ g)b &0«G

(-P)b 0
(+ ~)b 0
(- g)g 0
(+ ~)a 0

f = -] (g + b.) + -', uu*- (—,",)'~'uv*,
Q Q Q

(Me) An unnormalized D(no, ) matrix is given in Table
VIII.

g =( (] + a) ——',uu*- —,', vv*+ (~)"'u*v. (BM)
Q Q Q
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