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Recent attempts to calculate relativistic bremsstrahlung cross sections in the intermediate
energy region are discussed, using results from an independent exact numerical calculation.
The numerical work of Brysk, Zerby, and Penny gives quite good results for the bremsstrah-
lung cross section, differential only in photon energy, but significantly underestimates and over-
estimates the cross section, differential in photon energy and angle, in small-photon-angle re-
gions and in large-photon-angle regions, respectively. The approximate analytical results of
Elwert and Haug are quite good for low atomic number Z, but we can already see deviations
for Z=13. For Z=79, their theory underestimates the cross section by large factors.

We wish to discuss two recent attempts'&' to cal-
culate relativistic bremsstrahlung cross sections
in the intermediate energy region. The difficulties
in obtaining such results beyond Born approxima-
tion (the Bethe-Heitler formula) are well known
and have been solved only for extreme relativis-
tic energies, by Bethe and Maximon, ' using ana, lyt-

ical approximate high-energy electron wave func-
tions. In the nonrelativistic case, results were ob-
tained by Sommerfeld, Elwert, and others. 4 But a
gap has remained in our predictions at intermedi-
ate energies (5 keV to 50 MeV) except for those
cases in which Born approximation is valid (yp
-=2trZts/P, «1). Recently, Brysk, Zerby, and
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Penny' (BZP) have reported an attempt to fill the

gap, calculating electron wave functions in a partial-
wave expansion, while Elwert and Haug' (EH) have
used approximate electron wave functions to obtain
analytical results valid (neglecting screening) for
all energies, at least for light Z elements. The
natural question regarding BZP —as for any com-
plicated numerical calculation —is whether the re-
sults can be verified in an independent calculation,
whereas with regard to EH, one would like to ask
for how high Z their formulas can be applied.

We wish to report answers to these questions
based on an independent numerical calculation of
bremsstrahlung cross sections which has been un-
der way here. Our methods are similar to those
used by Schmickley and Pratt' in the calculation of
atomic photoeffect, and are based on the assump-
tion that the atom is considered as a source of a
static spherically symmetric field. Like BZP, the
electron wave functions are calculated in partial-
wave series. For simplicity, we confine our at-
tention here to cases in which screening effects
are small.

Figure 1 presents a comparison of our results
(solid line) with the Born approximation' results
(broken line); the results of EH' (crosses); and
the results of BZP' (dotted broken line), for the
case Z = 1, Tj =-E1 —m c' = 0.380 MeV, k = 0.228

TABLE E. Comparison of bremsstrahlung differential
cross-section values (differential in photon energy), for
the case Z = 1, T~ = 0.380 MeV, k = 0.228 MeV.

~(k) in mb

Born

4.477

BZP

4.425

EH
Present
theory

4.513

MeV, where E, is the energy of the incident elec-
tron and k the energy of the emitted photon. This
case provides a check of our numerical calcula-
tions. The Coulomb parameter y8= 7.2x10 ' in
this case; both our results and EH's results indi-
cate that, as expected, the Born approximation is
accurate with error of the order of 1%%uo, the exact
results larger than the Born approximation result.
Define v(k) =—(kjZ')(do/dk). These results are
presented in Table I. Our result is higher than
that of Born approximation (as expected) by 0.8%%uo,

while the result of BZP is smaller than that of
Born approximation by 1.2%%uo. From Fig. 1, we
conclude that our results are more accurate than
those of BZP, particularly for radiation at small
and large angles relative to the incident electron.
For this low Z case, we find good agreement with
the formula of Elwert and Haug (EH).
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FIG. 1. Bremsstrahlung differen-
tial cross sections for Z= 1, T~ = 0.380
MeU, and k=0.228 MeV.
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Figure 2 gives a comparison of our results (solid
line for Z= 8, single, dotted broken line for Z= 13)
with the Bornwpproximation results (broken line),
the nonrelativistic results' for Z=13 (dotted line),
and those of EH (crosses for Z= 8, double dotted
broken line for Z=13), for the cases T, =0.045
MeV, k=0. 040 Mev, with Z=8 and Z=13. The
nonrelativistic results are poor since the initial
electron velocity is quite relativistic (P,= 0.4). The
Born approximation is also poor since yg = 2. 64 for
Z=8, and yet=4. 3 for Z=13. For both Z=8 and Z
=13, our results are quite close to those of EH
but, as expected, agreement is better for Z= 8.
This shows the growing importance of the higher-
order terms in Z, which the EH calculation
neglects.

Figure 3 presents a comparison of our results
(solid line) with the Born-approximation results
(broken line), the results of BZP (dotted broken
line), and the results of EH (crosses), for the
case Z=79, T, =0.180 MeV, k=0.108 MeV. The
Born approximation is bad since y = 7.5. The
results of EH are seen to be quite poor for high Z.
Just as in the Z=1 case, we find that the BZP re-

suits are not good for small and large photon an-
gles.

From these examples and from other similar
cases which we have calculated, we conclude that
the numerical calculation of Brysk, Zerby, and
Penny gives reasonable results for the bremsstrah-
lung-cross-section differential in photon energy,
but not for the bremsstrahlung-cross-section dif-
ferential in photon energy and angle. ' This type
of difficulty suggests that important higher partial
waves were either omitted or incorrectly calcu-
lated. We also conclude that the analytic expres-
sions of Elwert and Haug, valid for low Z elements,
unfortunately become quite poor for intermediate
and high Z elements. We plan to present a more
complete discussion of our results subsequently,
and, at the same time, we hope to be able to dis-
cuss the effects of screening on bremsstrahlung
cross sections.
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