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which is always negative for v . Hence the minimum
found by Huang in the plot of I' versus v is spurious.

The coefficient Bk in Eq. (6.39) of Ref. 17 is actually
(4'/v)no, where no is the condensate density in the
interacting system. The function f (f, x) in (Eq. 6.42) of
Ref. 17 is, however, not the same as np. The discrep-
ancy arises due to the neglect of the term

in (6.36) while a term of the same order viz. ,

k
k &kp

has been retained. Since the appropriate definition of
the line of condensation should be np= 0, the replacement
of np by f ($, x) in the neighborhood of the line of con-
densation is unjustified, as is also the definition ( =0 of
the line of condensation.
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A calculation of the optical-absorption cross section of electronic bubbles in liquid helium
is presented as a function of energy and pressure for various assumed values of the zero-
pressure well depth Vp(0). It is shown that a simple interpretation of the Northby-Zipfel-
Sanders experiments on "photoejection" can be based on a value of Vp(0) of 0.95 eV, varying
with pressure (i.e. , density) according to either the optical or the Wigner-Seitz approximation.
We suggest an interpretation in which the electron is not necessarily released from the bub-
ble, and predict that these experiments performed at 12 p (zero pressure) to 25 p (15 atm)
would show a 10 -larger effect.2

I. INTRODUCTION

Electronic bubbles in liquid helium have been
widely studied in recent years. ' " A bubble is now

generally believed to consist of a cavity in the liq-
uid containing one electron only, the surrounding
fluid being expelled by the Pauli-Principle repul-
sion between the electron and the helium atoms.
It has appeared that a satisfactory theoretical mod-
el for the bubble is a spherical square-well poten-
tial of depth V, -1 eV and radius R, -30a,. (Here
ao = I 2/mes is the Bohr radius. )

Several. elements of theoretical work support this
model. The optical approximation, applied with
the observed low-energy electron-scattering length
(1.2ao) and the density of liquid helium at the equi-
librium vapor pressure (-0) at 1.25 'K, leads to a
well dePth V,(0) of 0.66 eV.' (Since this method
neglects the increase in electronic kinetic energy,
this value should be considered to be a lower lim-
it. ) Estimates based on the Wigner-Seitz (WS) ap-
proximation, or modifications of it, lead to values
about 1.0 to 1.2 eV. ~' ~' By minimization of the
total energy with respect to bubble radius, as de-
scribed below, and making use of the observed

bulk surface tension, one is led to an equilibrium
radius of about 33a, (with either 0.66 or 1.2 eV
well depth).

Several experiments have also confirmed this
model. Liquid helium has a negative-electron af-
finity (i.e. , a barrier) of about 1.1 eV, as mea-
sured by electron-injection experiments. '~' The
trapping of electronic bubbles at vortex lines indi-
cates a bubble radius of about 30a,.'~" Early pho-
toejection experiments, "~' along with photoioniza-
tion cross sections calculated for various well
depths and bubble radii, "suggested a well depth of
1.02 eV and radius 40a, .

The interpretation of this last experiment, which
at first sight appeared to be simply the photoioniza-
tion of an electron which contributed a high mobility
component to the photocurrent, evidently is more
complex. It has been suggested that the action of
the light is to free an electron from a bubble, which
is itself trapped in turbulence; the electron then
rapidly creates another untrapped bubble, which
can contribute to the photocurrent. "~"

Because of problems associated with the infra-
red cutoff in the optical system, the photoejection
experiment has recently been repeated, "y" to lar-



514 T. MIYAKAWA AND D. L. DEXTER

ger wavelengths and as a function of pressure. A
new lower energy and much larger peak in the pho-
toexcitation spectrum has been observed. This has
led to revised values for the radius, 30a„and the
weQ depth, 0. 55 eV at zero pressure, in substan-
tial disagreement with the above values for V, (0).

Certain difficulties exist in the interpretation of
this experiment, as discussed in Ref. 18. One re-
lates to the rapid variation of well depth with pres-
sure, V,(P). Another is the unexpected invariance
of spectral shape to pressure, which changes the
well depth by a factor of 2 and the radius by 0. 6
over the range studied. Still another is the shape
of the photoexcitation spectrum. We shall com-
ment below on possible explanations of these ef-
fects.

In view of the rather different picture of the bub-
ble which has emerged from these latest photoejec-
tion experiments, we undertook a calculation of the
spectroscopy of the discrete transitions, hoping
thereby to encourage experimental studies which
might determine the potential more precisely (It.
is possible, for example, . that a square-well poten-
tial is adequate to treat bound states, but not the
continuum states reached in photoionization. ) In
the process of these computations we found that an
interpretation can be given which avoids the diffi-
culties referred to above, and which is reasonably
consistent with other experiments and theory.

II. CALCULATIONS

We deal with a Hamiltonian that includes Ee, the
electronic energy of an electron in a square well
of depth V, (P) and radius R(P); the PV term, being
the work against the external pressure required to
form the bubble; the surface energy; and a polar-
ization energy in the surrounding liquid arising
from the charge in the cavity. ' Thus, the total
energy in electronic state j is given by

E. =E . + &vR'P+4vR'o ——,[(g - I)/z]e'/R,

where 0 is the surface tension and v is the dielec-
tric constant of liquid He at pressure P. To a very
good approximation (z —I)/K is given by 4mno, ,
where n is the number density of He atoms in the
liquid at pressure P, and u is the atomic polariza-
bility of a free He atom, 2. Ox 10 "cm'.

All calculations were made for a system at 1.25
'K, at which temperature the equilibrium vapor
pressure is essentially zero. Added external pres-
sure affects each term in Eq. (1). It changes the
well depth, through its dependence on n, and hence
changes Ee j p lt appears explicitly in the next
term; it changes n in the last term; and it modi-
fies 0 in the surface energy. We have used theory
to scale 0 according to"

(r (P) = c(0)[n(P)c (P)/n (0)c(0)] (2)

TABLE I. Parameters for the evaluation of Eq. (1),
at T= 1.25 'K.

I' (atm) n && 10" cm 0. (erg/cm )

0
5

10
15
20

25

2.193
2.292
2.386
2.463
2,532
2.593

0.3600
0.4335
0.4958
0.5530
0.6068
0.6557

where we use measured densities and velocities of
sound c at the various pressures up to 25 atm, and
the measured bulk surface tension at zero pres-
sure. " The parameters employed are shown in
Table I.

Two common methods have been used to compute
V, as a function of atomic density. In one, the liq-
uid is treated as if it were a crystal of the same
density as the liquid, and the WS method is applied;
the other is the so-called optical approximation. '~'~"
For each of several assumed well depths V,'(0) at
zero pressure we computed by each method,
through the density dependence, what the well depth
would be at pressure P. The results are shown in
Fig. 1, along with those determined experimentally
in Ref. 18. The main features are that the well
depth varies with pressure rather similarly for the
WS and optical approximations, and that the "ex-
perimental" variation is much more rapid than
either. It has been suggested" that an increased
ordering of the liquid occurs upon application of
pressure; the addition of long-range effects could
increase the importance of multiple scattering,
and although the optical approximation might be
reasonably valid at low pressure, the WS model
becomes better at high pressure. Certainly one
would have to conclude that a major change is oc-
curring in the liquid as pressure is applied, if the
bubble model and the "experimental" mell depths are
to be believed.

With these well depths for the calculation of Eej
as a function of R, and knowledge of the other terms
in Eq. (1) at each pressure, we computed the total
energy of Eq. (1) for numerous values of R near
the minimum energy for the ground electronic (Is)
state. (That is, we computed a "configuration-co-
ordinate" curve" for the ground electronic state in
the radial mode of vibration for each potential at
each pressure. ) At the minimum energy for each
configuration-coordinate diagram we noted the val-
ue of the radius R,(P). These equilibrium radii are
shown in Fig. 2, along with the experimentally de-
termined radii of Ref. 18, as a function of pressure.
We exhibit here and in the following only the results
from the WS calculation for the sake of clarity. The
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accuracy of 4 its expected linewidth could deter-
mine V, (0) to within about 0. 1 eV.

III. INTERPRETATION
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FIG. 1. Computed well depths Vp(P) as a function of
pressure for several assumed values Vp(0) of the well
depth at zero pressure. The dashed curves are based
on computations with the optical approximation, and

the solid curves are based on a WS model. Shown in the
heavy solid curve are the experimental values taken
from Fig. 26 of Ref. 18.

One would expect the higher excited p states to
be much more sensitive to the well depth, and this
was found to be the case. For example, no bound
3p state was found at the equilibrium radius R,(P)
at any pressure for Vo(0) & 1.1 eV, and the bound
2p state disappeared at various pressures for
Vo 1.1 eV. The results for &Earp

=—Epp —E1& are
exhibited in Fig. 3. The termination of each line oc-
curs at or slightly below the pressure at which the
2P state merges with the continuum. In the case of
V, (0) = 0. 7 eV, the 2p state is (barely)bound atzero
pressure, but not at 5 atm. For V,(0) =0.948 atm,
it is bound at 17 but not at 20 atm. Also shown are
the positions of the lowest-energy peaks of the ex-
perimental photoexcitation spectrum.

The remarkable agreement of the latter with the
energies of the 1s-2p transition for V, (0) =0.95 eV
led us to a calculation of the 1s-continuum cross
sections" as well, for several values of V,(0), and
the associated values of V, (P), at the predicted equi-
librium radius R,(P). Figure 4 shows some of the
results for V, (0) = 0. 948 eV at pressures of 0, 10,

10.25
T

2

I

optical approximation gives very similar results. '~

It is apparent that although the radius varies appre-
ciably with pressure, it is not at all sensitive to
well depth in this range. Since the 1s state is
tightly bound in a well of depth as small as 0. 5 eV,
any increase of well depth makes little difference.

For each set of parameters, and for the value of
R, (P) at each calculated minimum, we computed
the energy of the lowest state allowed in an optical
transition, the 1P electronic state. The energy dif-
ference E1p -E1~ is extremely close to the center
of the vibrationally broadened band of the lowest-
energy optical transition of the electronic bubble.
This transition has approximately 0. 97 of all the
oscillator strength associated with the bubble, and
has a band width of approximately 0.01 eV. '3 It is
the relatively huge absorption cross section associ-
ated with this transition which makes it appear so
attractive for experimental spectroscopy.

The excitation energies AE1~ = Elp E1s are also
plotted as a function of P, for the various choices of

V, (0), in Fig. 2. As would be expected from the
weak dependence of Ro on V,(0), AE is rather weak-
ly dependent on V, (0) particularly at low pressure.
At 20 atm, however, determination of 4E1& to an
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FIG. 2. Equilibrium bubble radii Rp and 1s-2P ex-
citation energies ~1& as a function of pressure. The
light lines are computed on the basis of the WS approxi-
mation for various well depths Vp(0). Curves 1-4 are
for Vp(0) =0.50, 0.70, 0.90, and 1.076, respectively.
The heavy solid line for Rp is taken from the dashed
curve of Fig. 25 of Ref. 18, and the heavy dashed line
is the value of AEy& computed from the well depth Vp(P)

of Fig. 26 in Ref. 18.
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FIG. 3. CComputed excitation energies for the 1s-2p
or various va uestransition as a function of pressure for

of Vp(0) in the WS approximation. Curves b des a, , c,
and e correspond to values of Vp(0) equal to 0.90, 0.948
1 002 1 049 a. 49, and 1.076 eV, respectively. The triangle

t

at P=O is for V (0) =p( ) =0.7 eV. The experimental values
for the first peak in the photoexcitation spectrum, shown

in open circles, are taken from Fig. 19 of Ref. 18.

and 20 atm. The peak heights for the discrete tran-
si ions are based on calculated oscillator strengths
and widths of the 1s —1P and 1s -2P lines. The
widths were taken to be 0. 01 and 0. 02 eV, respec-
ive y." It is evidently unnecessary for our pur-

poses to consider vibrational broadening of the tran-
sitions to the
to th

e continuum. The general simila t
e observed photoexcitation spectra is clear,

rx y

particularly when due account is taken of the wide
slits employed in the experiments. " At nonzero
ow pressures there exists a small peak in the

cross section just above threshold for photoioniza-
tion. For example, at I'=10 atm thisbum h' hump, w lc

e ow we shall refer to as b, appears at 0. 9 eV.
Finally, we exhibit in Fig. 5 the energies of var-

ious low-energy peaks of the calculated cross sec-
tion for V 0 =0.t', & = .948 eV as a function of pressure.
The 1s-2. — p transition energy is plotted as ~E and
the loweowest-energy-continuum bump as b. These

2p9

join at about 17 atm, where the 2P t t
th the continuu

s a e merges
wx e continuum. At this pressure, muck of the
1s-2p oscillator strength (-0.023) becomes avail-
able to b, so that it grows markedl . (cf th
a - .95 eV in Fig. 4 at P = 20 atm). The position
of the maximum of the next wide band, which moves
continuously to higher energy as pressure is in-

the o
'

creased, is labeled zv. Also includ d
' F' .

e positions of the first two experimental peaks
called ~ and & i, in Ref. 18. (No measurements

t

were made below about 0. 5 eV, and we omit the
1s-1P transitions accordingly. ) The sim'1 't f~ ml arl y 0

energses strong-ese calculated and experimental
ly suggests that the experimental peak c b
erpreted as the energy of the 1s- 2p transition,

and e, be interpreted as sv, the wide continuously

dff
shifting band in the continuum. (The numerical

x r e, cou easilyx erence in the peak energies fo ld
e attributed to difficulties in readin th

of the bro
ea ing e position

o e road experimental peak with small ' 1-a szgna-
ratzos. j~The small bump b, which should

grow abruptly at about 17 atm, and become e is1&
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FIG. 4. Computed absorption
cross section of a bubble of well
depth Vp(0) =0.948 eV for pres-
sures of 0, 10, and 20 atm, as
labeled. The low- energy peaks
for the 1s-1p transition have
been multiplied by 10 before
plotting.
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FIG. 5. Calculation of the peak positions of the ab-
sorption cross section for a bubble with well depth

. Vp(0) = 0.948 eV, as a function of pressure. The solid
circles represent experimental values from Table I of
Ref. 18. See text for the meaning of the labels b and zo.

very likely associated with the low-energy "anoma-
lies" of Fig. 21 of Ref. 18. (These are slight
peaks in the photoexcitation spectrum which find
no explanation if fl and e, are the first two peak
energies of the photoionization spectrum. We can-
not comment on the high-energy anomalies, if in-
deed they are real. )

Another question relates to the shape and the
relative strengths of the bands labeled EE2~ and
so. The strength of the calculated +varies smoothly
with pressure, as observed, as do the peak height
and width (which was greater than the slit widths
of the equipment of Ref. 18). The total oscillator
strength of the band m varies from 4. Ox 10 ' at
P=O to 2. 4x10 ' at P=15 atm, and broadens with
increasing P. The oscillator strength associated
with the 1s-2p band ranges from 0. 0256 at P = 0 to
0. 0185 at P =16 atm, and the strength of the low-
energy-continuum band, into which the 1s -2P line
continuously merges, is 0.021 at 20 atm and 0.020

at 25 atm. The computed f sum was unity to with-
in 0. 0303 for an upper limit on the energy of 2. 2

eV at P = 0, and within 0. 005 up to 2. 37 eV at
P=25 atm.

The electronic bubble also possesses ld and lf
states between the 1p and 2P states. In particular,
under the presence of l =2 modes of oscillation of
the bubble, a ls 1f tr-ansition should be weakly ob-
servable at an energy b Elf between AE2s and

~E2P, perhaps 0. 7 eV at P=10 atm. It is possible
that this transition is responsible for the apparent
signal at energies below E, in Figs. 13-17 of Ref.
18.

The major physical question is how the mere ex-
citation, not ionization, of a bubble can affect the
current flow. We believe that the answer is to be
found in the thermal energy released by a bubble
during relaxation after excitation. It was shown in
Ref. 23 that - 0. 05 eV is given up in heat following
excitation, during the bubble relaxation to a new
configuration characteristic of its changed "1P"
charge distribution. This thermal energy would
raise the local temperature of each surface atom
by several degrees for a short time. It was shown
in Ref. 18 that the (differential) photoexcitation sig-
nal decreases rapidly above 1.O'K, and in Ref. 14
it appeared that bubbles thermally dissociated from
vortex lines above 1.34'K. Since the thermal en-
ergy released following a 1s -2p transition is sub-
stantially greater than for a 1s - 1p transition, "it
seems reasonable to suppose that the action of the
light is to remove bubbles from traps even without
photoionization. It also seems probable that exci-
tation of the 1s- 1P transition would likewise free
the bubble. The absorption coefficient for this pro-
cess would be at least 50 times stronger than that
for the E, line, and the effort required to work in
the 10-25 p, region would seem to be justified.

In summary, it appears possible to interpret the
photoexcitation experiments with a well depth
V,(0)-0.95, close to that for electron injection, with
a variation of V, with pressure equal to that predict-
ed in the model. The best test of this interpreta-
tion would be study of the optical properties of bub-
bles at larger wavelength.
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Professor W. B. Fowler, Professor J. Hernandez,
and Professor M. Silver, and are particularly in-
debted to Professor T. M. Sanders for providing
us with copies of Refs. 16, 17, and 18.
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