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We derive quantum-mechanical kinetic equations for the matter density p and radiation density

matrix R, which describe optical pumping phenomena. The resultant kinetic equations are a
set of coupled nonlinear equations for p and R. With appropriate linearizations, we can ob-
tain the present theories of optical pumping. The nonlinear equations describe multiple scat-
tering and line narrowing due to imprisonment of resonant radiation. We show that the coupled

equations for p and R are equivalent to coupled equations for p and a generalized polarization

matrix II, whosematrixelements are the second moments of R. The polarizatiqn matrix II

constitutes a complete description of linear phenomena in the same manner as present theories
describe optical pumping phenomena by using the matter density matrix p alone. As a con-
sequence of our nonphenomenological treatment of radiation, we can provide a completely

microscopic treatment of the externally modulated light-beam experiment of Bell and Bloom.

We show that the atom absorbs the modulation envelope directly from the external thermal

light beam in the same way that the atom absorbs transverse polarization directly from the

light beam in optical pumping experiments.

I. INTRODUCTION

The clearest presentation of the current theory
of optical pumping occurs in the thesis of Cohen-
Tannoudji. ' In this paper, the optical radiation
field is treated as a given quantum-mechanical ex-
ternal beam and the matter in the sample is treated
as N noninteracting atoms described by a single-
particle density matrix. The Cohen- Tannoudji
theory is linear in the matter densitymatrixbecause
the incident radiation is treated throughout as given
by the external beam and all changes in the optical
radiation are obtained as consequences of changes
in the single-particle density matrix p. Recently,
Cohen-Tannoudji and Laloe' studied the propagation
of a classical light beam in an atomic vapor in
which the atoms are described by a given single-
particle density matrix. Consequently, their new
results correspond to a linear theory for the clas-

. sical light beam. In this paper, we derive the equa-
tions of motion for the single-particle density ma-
trix p and the radiation density matrix R, starting
from the quantum-mechanical Liouville equation
for the combined system of N particles and the ra-
diation. The resulting equations for p and R are
coupled, nonlinear, and describe multiple scattering
phenomena such as line narrowing due to imprison-
ment of resonant radiation. We next show that the
coupled equations for p and R are equivalent to a
set of coupled equations for the ground-state density
matrix p& and a generalized radiation po1arization
matrix II, whose matrix elements are the second
moments of RTra ~,(k)a& (k') 8, where the an't(k)
and a&(k') are the usual creation and annihilation
operators for photons of wave number k, k', and
polarization i,j . The reduction of the equations for

p and R to equations for pg and IIfollows from the
Gaussian or "thermal-like" statistics of the op-
tical radiation which is completely determined by
its second moments. When we linearize our equa-
tions by taking the radiation polarization matrix to
be that of the external optical beam, we obtain the
equations of motion for p which are equivalent to
those of Ref. 1. When we linearize our equations
by taking p as given, we obtain a linear equation
for the radiation polarization matrix II, which is a
generalization of the results of Ref. 2. We also
show, that in the linear problem it is possible to ob-
tain all the physics from the solution of the equa-
tions of motion for the radiation polarization ma-
trix alone, just as it is also possible to obtain all
results in the linear problem from the solution' for
p alone.

We treat the radiation fully quantum-mechanically
for the following reason: If we treated the radia-
tion purely classically, then the induced absorption
and the induced emission would be the same as in
the quantum-mechanical treatment. In order to ob-
tain spontaneous emission classically, it is abso-
lutely necessary to introduce radiation-matter
correlations such that the density matrix of radia-
tion and matter cannot be written as a product Rp.
However, if we treat the radiation quantum-mechan-
ically, we obtain spontaneous emission without the
need for any radiation-matter correlations. Con-
sequently, in the quantum-mechanical treatment,
we can consider the radiation-matter density ma-
trix to be a product Rp and sti11 have spontaneous
emission. Thus, even though we could treat the
optical radiation in optical pumping completely clas-
sically, the large amount of extra work required
to retain the requisite radiation-matter correlations

467



468 CHARLES R. WILLIS

in order to include spontaneous emission classically
is not worthwhile. The remarks in this paragraph
do not imply that the quantum theory of radiation is
equivalent to the classical theory of radiation, but
only that the question of spontaneous emission, as
it appears in optical pumping expressions for line-
shapes, is not a quantum-versus-classical problem,
but a statistical question of no correlations or cor-
relations between radiation and matter variables.

One of the questions to ask of a theory of radia-
tion in optical pumping is whether there are any lin-
ear phenomena which require a more detailed anal-
ysis of radiation than that obtained from the matter.
density matrix and an external optical beam of given
intensity and polarization. We find that the exper-
iments using a radio-frequency-modulated light
beam of Bell and Bloom require detailed knowledge
of the correlations between photons of different
wave numbers. These correlations are contained
in the radiation polarization matrix II. One of the
main results of the present paper is a completely
nonphenomenological expl. anation of the Bell-Bloom'
experiment. We find that the atom can absorb mod-
ulation directly from the light beam in the same
manner that the atom absorbs transverse polariza-
tion from the light beam. Modulation of the light
beam creates correlations between photons differing
in frequency by the modulation frequency in the
same way that a polarizer creates correlations be-
tween photons of different spin states. The coher-
ence of the light modulator is transmitted by means
of the correlations created between the photons of
the thermal optical beam to the coherence of the
atomic system. The result is essentially the same
as the direct absorption of a coherent electromag-
netic field whose frequency is the same as the fre-
quency of modulation of the light beam.

Modulation of the optical beam in optical pumping
is usually produced by the coherent dipole moment
of the atomic system created by a resonant rf or
microwave field. The method o derivation in this
paper is valid for time-dependent rf fields. How-
ever, the extra transformation required to go to the
rotating wave coordinate system so complicates the
notation that the underlying physics is obscured.
Consequently, we defer the treatment of the rf
case to a separate publication.

In Sec. II, we obtain the kinetic equation for
optical pumping by a heuristic argument. Section
III contains a discussion and an analysis of the ki-
netic equations obtained heuristically in Sec. II.
Those readers who are not interested in the founda-
tions of kinetic equations can proceed from Sec. II
directly to Sec. IV, where we work out the detailed
form of the equations of motion for the single-par-
ticle density matrix and show that the linearized
form of the equations of motion are equivalent to
the equations for p derived in Ref. 1. We show in
Sec. V that the coupled equations for p and R rig-
orously reduce to coupled equations for the ground-

state density matrix p& and the generalized polar-
ization matrix II, whose matrix elements are the
second moments of B. The linearization of the
equations of motion for II and the neglect of emis-
sion terms yield the equations of motion of Ref. 2.
In Sec. VI, we analyze the Bell-Bloom' experiment
and provide a microscopic explanation of their re-
sults. Section VII describes spatial effects, and
Sec. VIII contains the discussion.

II. KINETIC EQUATIONS FOR RADIATION AND MATTER

The Hamiltonian for our system of Xatoms inter-
acting with an optical electromagnetic field in the
dipole approximation is

H= H (N) + H +H +y V(N)a cm

-=H, (N, (O))+y V(N),
N

where H (N) =-Q h(u) .
@=1

(2. 1)

H= P 0 a (y)a (p).

[a,.(k), a.t(k')]= &," &(k k');
[a.(k), a. (k')]= [a. g (k), a.g(k')] =O .i ' j i ' j

(2. 2)

The term H (N) represents the Hamiltonian of N
noninteracting atoms in a static magnetic field in
the z direction. The eigenfunctions and eigenvalues
of a single atom are

(2. 3)

where we use the convention that Greek indices rep-
resent ground-state levels and Latin indices rep-
resent excited-state levels. The Hamiltonian IIc m
describes atomic c.m. motion including collisions.
The c.m. variables are classical variables.

The interaction Hamiltonian y V(N) is

y V(N)

0. = l, k, i

We use units where 5 =c = l. For each value of k
there are two values of i corresponding to any two
linearly-independent states of polarization. For
circular polarization, the index i takes on the two
values + corresponding to e+ = 2 "'(e', + i e,). The
symbol (k] represents the infinite number of modes
of the cavity. Usually we will consider the eigen-
modes of the cavity to be plane waves. The a (k)+ 2
and a& ~ (k) are the usual annihilation and creation
operators which satisfy the following commutation
relations:
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(X )P e (k. ) D P a. (k)]k o. e i g i (2. 4)

where the ground-state projection operator . P&+
and the excited-state projection operator Pe
are:defined as

-=& lv &(v
l

dP =-Ql )(

y =- «g lrle) (fl&2)"', (2. 8)

where q is the charge on the electron, 00 is the
energy difference between the unperturbed ground
state g and the unperturbed excited state e, and

(girl e) is the matrix element of r between the
radial parts of the ground and excited states. The
expression for y V(N, r) in the interaction repre-
sentation is

iH, (N, (k) )7' —iH, (N, {k))g

I'k (X (r)] li &&~ pt (k) 5 lm &

4, n, s

The definition of the interaction Hamiltonian is
such that products y V(N)y V(N) do not contain
ajaj and aa terms. In another context, this is
called the rotating wave approximation. The
ITT(X )'s are the eigenmodes of the cavity eval-
uated at the c.m. X of the nth atom. The op-
eretor D -=(ro/~roI ') is thedttnenstontessdi-
pole moment of the o.th atom, and the term Z.(k)

D represents the angle between the electro-
magnetic polarization direction e (k) and the di-
mensionless dipole operator of the nth atom. The
magnitude of the dipole matrix element appears in
the constant

F~{k)+i [H„(N, (k)), E ( )]
= —i [V(N), F ( )]

y' -1
N(k} r N{k}

"
N(k)

(2. 8)

The solution of Eq. (2. 8) for Fo (t) isNk

)(t)=e~[ itH -(N, {k))]F0( )(0)

xexp[itH, (N, (k})] (2.8)

The solution of Eq. (2. 8) for E'
( ) (t) is

F (k)(t) = —i 5 [V(N —7') F
( )(t)] dv (2 10)

0

When we substitute Eq. (2. 10) in Eq. (2. 8) for

FN(k), we obtain

heuristic argument which gives us an equation of
motion whose solution is the approximate solution
of Eq. (2. 7). The argument is not really a deriva-
tion because the range of validity is restricted to
times which are too short. However, the result of
the heuristic argument is correct for long times
even though the argument is valid only for short
times. We use the heuristic argument because its
simplicity provides an insight into the much more
lengthy and complex rigorous derivation we discuss
in Sec. III.

We expand EN{k) in a power series in y, sub-
stitute the expansion in Eq. (2. 7), and obtain

x(n1 la. (k)e k ray
Q 2

(2. 8)

F'
(k)

(t) +i [H (N, {k}), F'
( )(t)]

where h. c. is the Hermitian conjugate, and X (r)
is the position of the nth atom after 7' seconds.
If we neglect collisions, X~(7') equals X~(0) —V
The frequency of the electromagnetic field is Q~
and the frequency Q~& is E~ —E&.

The quantum-mechanical Liouville equation for
our system of X atoms interacting with the electro-
magnetic field is

(2. 7)

where the dot indicates differentiation with respect
to time. The density matrix FN(k) is the density
matrix for all K atoms and all the radiation modes
of the cavity.

We want an approximate solution of Eq. (2. 7)
which is valid for the macroscopic times of mea-
surement. In this section, we present a simple

=-[V(N), J [V(N, -~), F'( )(t)]]d~. (2. 11)
0

The equation of motion for FN(k)(t) to order y' is

F
( (t)+i[H (N, (k)), F

( )(t)]= y'[V(N),

J' [V(N, - ~), F (k)(t)]] dr,
0

(2. 12)

where we replace EN{k (t) on the right-hand side
of Eq. (2. 11)by FN{k) t), which is va.lid to order
y'. We dropped the term linear in y because terms
linear in the electric field operators and linear in
I'k(X) do not survive subsequent averages over the
incoherent light beam and over space. Equation
(2. 12) is rigorous for times short compared with
the relaxation time.

Finally, we make two plausible but far-reaching
assumptions. First that the time t =0 in the
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above derivation is not special, so Eq. (2. 12)
valid for all times t. This is the repeated random-
phase assumption. The second assumption is that
we can set the upper limit of the r integration in
Eq. (2. 12) equal to infinity because V(N, —r) varies
more rapidly than FN{y)(t). As we show in Sec. III,
the second assumption is true if the relaxation time
v~ is larger than a suitably defined interaction
time ~;.

The final result for the kinetic equation for FN/k}
to order y', referred to as the first Born approxi-
mation master equation is

F' ()(f)+i[H (N, (u)), F {„)(f)]

closed set of equations for A and p because they
depend on FI(y),which depends on F2(y), and so
on, until FN(p} is reached. The correlations4 be-
tween radiation and matter are proportional to the
ratio of the rate of induced emission to spontaneous
emission, i. e. , to the number of photons per mode
which in the notation of Ref. 1 is (1 Tp) . The
number of photons per mode in optical pumping is
usually less than 10 4. Consequently, when we re-
place FI{y) by Rp in Eqs. (2. 14) and (2. 15), we
obtain the closed set of equations:

R +i [H, R] = —y' X Tr,

(2. 16)
= —y'(V(N), J f V(N, —7'), F ( )(f)])d7' .

0

(2. 13)

Equation (2. 13) is also valid when H( N( A)) depends
explicitly on time if one replaces

p,'[ ~(I),p] = —y'T

~ [V, f"[V( ~),-R(~)p(~)'] «. (2. 17)

exp[ —i7'H, (N, (a))]

by T(exp[ —i f Ho(N, {0),&') dt'])

where T denotes the time-ordered product.
We are interested in the behavior of the radiation

density matrix R and the single-particle density
matrix p, which we define in the following manner:

n a laser the difference between Fly} and Rp is
responsible4 for the nonthermal statistics of the
laser. The solution of Eq. (2. 16) for R is uniquely
determined by its second moments, which is another
way of stating that 8 has "thermal-like" statistics.
In Sec. V, we show that the neglect of radiation-
matter correlations is responsible for the matter
density matrix p being uniquely determined by no
other property than the second moments of A.

The results for the arguments leading to Eqs.
(2. 16) and (2. 17) carried out in the interaction rep-
resentation are

When we trace Eq. (2. 13) over all the matter var-
iables, we obtain

R= —y'ot Tr, [V(t), J [V(f —w), R(f)p(f)]]dz
0

(2. 18)

where A(t) = exp[itH ]R(f)—exp[ —itH ],
(2. 19)

where V without the X dependence is the single
atom-radiation interaction, and ~ is the number
of atoms per unit volume. The trace of Eq. (2. 13)
over (N 1) matter variab-les and all the radiation
variables is

p (&)+ i [H.(1),p(&)]

(2. 15)
The Kin Eq. (2. 14) results from the contribution
of all & atoms to the radiation while the absence
of X in Eq. (2. 15) results from the interaction of
the radiation with a single atom.

Equations (2. 14) and. (2. 15) do not constitute a

p(f) exp[ith—=(1)]p(t) exp[ —iN(1) ]

The kinetic equations for R and p, Eqs. (2. 16)
and (2. 17), constitute the fundamental description
of the generalized theory of optical pumping which
we develop in this paper. Section III is concerned
with the justification of Eqs. (2. 16) and (2. 17).
Those readers who are interested only in the con-
sequences of Eqs. (2. 16) and (2. 17) can proceed
to Sec. IV.

III. INVESTIGATION OF INTERACTION TIME 7.;

Though the results of Sec. II are correct, the
derivation is deficient in two respects. First, the
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tl
p(t) —p(0) = —r'»{ f ffy1

x[V(t,), [V(t,), A(0)p(0)] jdt,dt„
tI

Z(t) ff(0-) = y'&-Tr, f f
(3.1)

0 0

x[T'(t, ), [V(t,), B{ )0p( )0l~dtidta {3 2)

where p(0) and W (0) are the initial values of p(t)
and g (t), and we have dropped the term linear in
y because the average value of the electric field
and the polarization is zero. We also assume
PI{p](0) is equal to A(0)p(0), i. e. , there are no
rad ation-matter correlations.

When we take the diagonal matrix elements of
Eqs. (3. 1) and (3. 2), the right-hand sides take
the form

fdnf( )f'dtf'dt, ' " "
0 0

(3.3)

where the integration over the continuous frequency
variable n arises when we replace the traces over

derivation holds only for times short compared
with a relaxation time. We discuss the removal of
the short-time restriction at the end of this section.

Second, we did not justify the extension of the
time integration from t to infinity in Eq. {2.12).
This change of limits is closely related to the ap-
pearance of the 6 function of the conservation of
energy in Fermi's golden rule. The limit of t going
to infinity in Eq. (2. 12) means that there exists a
t which is very large compared with an interaction
times &,but is small compared with the relaxation
time vz. In the present section, we find the three
different vi's that play a role in optical pumping.
In order to find the interaction times it is necessary
to explicitly construct the kernels in the kinetic
equations.

We iterate the Liouville equation in the interaction
representation twice, trace over the radiation var-
iables to get the equation for p, and trace over the
matter variables to get the equation for R:

discrete variables by integrals over continuous
variables. In the trace over matter variables, the
continuous n is the variable k.v, where v is the
velocity of the atom. In the trace over radiation
variables, the variable o. is the mode frequency Qp
of the radiation. The function f (n) is a function of
the density of states and the interaction matrix
elements. For t sufficiently large, Eq. (3.3) be-
comes

fdnf(n) f 'dt f"dt, e'
0 0

= ted nf (n) m6 (n)

where 5„(n)= 5(n) ai 6' (I/n)

+ZQ 'T
dT8

{3.4)

and asserting that t.=0 is not unique, so that (=0
is replaced by t in B(0), p (0), B (0) and p (0). We
now see that the determination of the interaction
time v'i requires an explicit evaluation of the matrix
elements on the right-hand side of Eqs. (3.1) and
(3. 2) in order to obtain f(n). For definiteness we
calculate the equation of motion for the off-diagonal
excited-state matrix element (m

I p m') .
When we insert the definition of V[Eq. (2. 4)] in

Eq. (3. 1) and take the matrix elements between
states m and m', we obtain

and + is the principal part. A proof of Eq. (3.4)
is given by Prigogine. ' This section of our paper
is based on Chap. 2 of Ref. 5. The condition that
t be sufficiently large means that t»(5n) '-=xi,
where 5n is the width of the function f(n). This con-
dition is equivalent to the condition for obtaining the
energy conservation 6 function in Fermi's golden
rule.

We obtain a special case of Eqs. (2. 18) and (2. 19)
by setting

t-'[p(t) - p(o)] =p(0),

and t '[8 (t) —ff (0)] =A(0)

where

A =—v '
1

p, m, k, k', i, i'

4

i=1

[Tra.(k)a. , (k')R]e" ' &ml'{k;DI »& p I' (k')'Dlm)(m

(3. 5)

p, , m, k, k', i, i'
[Tr (k)g,~(k')p] ("-k')'"&m

I p lm) &ml'0 ) ~l »& p I'.(k') &lm'&f «). {3'6»
g g'

= -1
A =—v

3
p, , m, k, k', i, i'

Tr[&.{k)&. (k')~]e &ml&. (k) DI»&&lplv&&vie. , (k') ~ ~1m'&f3(t) ' (3.6c)
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1
A

4
p, , m, k, k', i, i'

&m l
e. (k) ' &l P) & u l p l ~)( v

l e, , (k') ~lm')f4(t); (3.I)

and where f (t) = J dt J dt er, (o tl —pft )

p 1 p 2

The frequencies of and pf are

(3. 7)

~1
n =—0, +k.v —0

1 k' Pl,

u —= Q, +k'v —0

P
—= 0 +k v —Q, or —=-0 —k v+0, P =——0, —k v+0

1 k nz p,
' m p,

'
2 k' teal P,

~I
P =0 +k v —Q, o. —= —0 —k v+0, P —= —Q, -k'v+0

k nz p.
' 4 k my, ' 4 k' 52 V.

(3. 8)

Frequencies with two subscripts are defined as

0 —=E —E
rnv m v

(3. 9)

v 'Q ( ~ ~ ~ )-(2rr) ' Jdk( ~ ~ )k

=(2rr) ' fdic(''') (3. 10)

where the equality follows from our units with c
=1. In the remainder of the paper we use both the
summation and integration symbols although it is
understood that we have a continuous density of
photon states.

For k=k', the integral over k of &ay~(k)a& (k)) is
the number of photons of polarization j, where
& ( ~ )) is Tr( ~ ~ ~ )R. Consequently, the interaction
time 'Ti is the inverse linewidth of the photon dis-
tribution. For the terms &a&(k)a&~(k)), which rep-
resent spontaneous emission, the interaction time
is given by the signer-Weisskopf treatment as
approximately ~p ', where vp ls the frequency
difference between the ground and excited states.

The time integrals ft in Eq. (3. 7) do not, in
general, approach trrtr+(Pt), when nt is not equal
to Pt. However, for times t such that (nt —Pt)t
is much less than unity, the time integral ft does
approach trr5+(Pt). Since the maximum time in-
volved in A, and A, is the lifetime of the excited

We take the eigenfunctions of the cavity 1'k (X) to
be plane waves; r~(X) =v-'r'exp[tk X], where v

is the volume of the system. If k =k', the space
dependence drops out. For k ck', we have terms
proportional to exp[i(k —k')'R]. In most caser
the wave numbers satisfy the inequality lb —k'

l

«L ', where L is the length of the sample and we
may neglect the space dependence. For convenience
we drop the space-dependent term e (~ ~ ) X. We
discuss spatial dependence in Sec. VII.

To determine 7'i we must convert the summations
over k and k'into integrals over frequency by using
the following relation:

( lp(t)l ') -&

=--,'[r (m)+r (m )]t&mlp(0)lm)

—y '(A3 +A4), (3.11)

where 1' (m) =(2') 2rry'Z J l&ml'(k). D
I p& I'

8 p,

state I'e ', our condition becomes (crt —pt) «rs
for A, and A, . For A, and A„ the maximum time
involved is the lifetime of the ground state I'&-',
so our condition for A, and A~ is (o.t —P g ) «r&.
We use the notation he(n~. —

Pg ) for the condition
(o.t —Pt) «I'e, and +(n —P ) for the condition
(o.t —Pt) «rg. The 4 condition is essentiallyequiv-
alent to the secular approximation of Cohen-
Tannoudji. ' In Sec. IV, we show that we can drop
the 4 condition completely. The exact theory of
Sec. IV differs from the approximate theory of this
section only in the fact that there is sometimes a
small contribution from the region where (o.t —Pt )-r in the exact theory. (The importance of being
able to drop the ~ conditions is not quantitative or
qualitative, but is in the convenience of being able
to ignore the conditions in the sum over states. )

The right-hand side of Eq. (3. 5) with the 6 con-
ditions imposed is proportional to t, and hence we
have a kinetic equation for (m

l p l
m') . We first

simplify the individual terms Ai. The terms A, and
A, correspond to spontaneous emission, because
Tr[a(k)a~(k')R] is equal to [1—&a~(k)a(k)) ] for k
=k and is equal to &af(k )a(k)) for k ck . Since
the number of photons per mode is very small com-
pared with 1 and since &a t(k')a(k)) is less than or
equal to the number of photons per mode, the dom-
inant contribution to the A, and A, terms comes
from the one in the k =k'term. This result is an-
other way of stating that induced emission is negli-
gible compared with spontaneous emission in optical
pumping. When we set k equal to k'and perform
the integrations over the wave vector k, we obtain
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x6(A +k.v —Q )dk .k mp,

When QmmI is less than —,
' [ I'e(m) + I'e(m')] we can

drop the dependence of the lifetime on the excited
state and replace —,[I'e(m)+I'e(m')] by le indepen-
dent of m. We observe that the 4 condition does
not appear in the spontaneous emission term. The
terms A, and A4 give the ground-state contribution
to the excited-state density matrix (m I p m') .
When we substitute the limiting form of f, and f, in
Eqs. (3.6c) and (3.6d), we obtain

—y2(A +A4)=y Ar Z (a., (k')a. (k))

and where

(i' Illli& -=&a. , (k)a.(k)) [n(k)]

is the polarization matrix of classical optics' nor-
malized to one. The number of photons in mode
k is n(k). Equation (3. 13) is equivalent to the con-
tribution of the ground state to the excited state in
the secular approximation of Ref. I, The inverse
lifetime I& is equivalent to TI, of Cohen-Tannoudji.
Combining Eqs. (3.5), (3.11), and (3.13), , we ob-
tain for the no-modulation problem

x(m I
e (k)'.D»(p I p I v&& v ~ (k'). Dlm'&

x 6+(Qf + k ' v —Q, ) + 6mv k mp

&mlp(p)lm'& =f '[ &mIP (f)lm'& —&mlp«)lm'&]

=-1,&ml p lm') +I ~'&i'lllli&&mls, 5I»
PV

xh (Q, - Q +Q —Q, +k' v-k'v)
g k' k m p. m'v x( p, I p v)( v e, 5 m') (3. 14)

=2y ~f Z (a. (k')a. (k)& (mP. (k) 5lp&
kk

x&plplv&& I'. (k') 5lm'&5(A +k v-Q )i' k mp,

x b (Q, —Q +Q —Q, ).g k' (3. 12)

x(vlt. , Dlm') ~ (A —Q ~)

where the ground-state inverse lifetime is

=y2f n(k)5(Q —k'v —Q )dk
k mp

(3. 13)

As a result of the ~& conditions the imaginary,
principal part integrals cancel. For convenience
we drop the usually negligible difference between
k v and k'v. To render Eq. (3. 12) more trans-
parent, we consider the case of no modulation, which
corresponds to setting k = k ' in Eq. (3. 12)

y'(&3 +& ) = fl' ~ & "I 11 Ii& & m I s, 5I p && p I p I v&

P. V

where the prime on the sum indicates the sum over
states is subject to the + condition. Equation
(3. 14) is the equation for p in the secular approx-
imation of Cohen- Tannoudji.

When we repeat the above arguments-for the
ground-state matrix elements ( p, I p v&, we again
find the Cohen- Tannoudji equation in the secular
approximation with the single-interaction time Tz

proportional to the inverse linewidth of the radiation.
Thus, we find two interaction times for the matter
density matrix. The requirement that T~» Tz for
spontaneous emission is identical to the Wigner-
Weisskopf requirement that coo»I') The induced
absorption and emission interaction time Tz is the
inverse linewidth 5-' of the radiation and the con-
dition Tz «Tzbecomes 5»Ig.

We obtain the interaction time for Tj for the ra-
diation density matrix R in the same manner used
to obtain the interaction times Tz. for p. We can
write the full operator equations for R without re-
sorting to matrix elements of the radiation opera-
tors. The result for B is

R(p)-f-~[R(f) R(p)] y sly g Q fdxdv(a ,(k')Ra (k)b .(Q, —A.~+Q„„)(glplv)
p, , m, m' k, k', i, i'

x&vle. (k)'5Im&&mls «) 5I»[5 (A ~ +k 'v-Q )+5-«+k'v-A
Z Z' + k' mp. k mv

x &m l~'( ')'Dly&&yl p I» +g(Ay Ay+Aye) [a. (k)a. , (k')R5 (A~, +k'v —Q )+Ra. (k)a. ,(k')6~

x (Ap+k v —Q )]+a. (k)Ra. ,(k')&p Is; (k)'5lm&&mlp lm'&&m'Is. ,(k')'5I»
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xb, (Q —
Q&,

—Q, )[6 (Q, +k'v —Q, )+6+(Q&+k v —Q )]e a a' ~~' - u' m'p. + k m p.

-&p le; (k)'Dlm&&mlp lm'&&m'le; (")'Dl» ~,(Q~- Q~. —Q

x [a., (k ')a. (k)A6+(Q&, +k'v —Q, )+Ra. ,(k')a. (k)6(Q + k'v —Q )]),+ u' Pl P my.
(3. iS)

where the first four terms are the contribution from
the atomic excited states. The matter density ma-
trix is a function of the c.m. position and velocity.
The interaction time 7j for the 8 equation is the
shortest time associated with the matter variables.
When collisions are negligible, then 7'z =cod ', where
~d is the Doppler frequency. When collisions are
more important than the Doppler motion, then Tj
= 7~, where 7'~ is the collision frequency.

We have written our equations so as to include
correlations between c.m. variables and interval
degrees of freedom, i. e. , & p l p(x, v, t)

l
v) . Such

correlations are important, for example, when col-
lision cross sections depend strongly on velocity
and the state of excitation of the atom. In lasers,
the c.m. -internal-degrees-of-freedom correla-
tions are responsible for hole burning. When the
c.m. -internal-degrees-of-freedom correlations
are unimportant, we can replace p(x, v, t) by p(t)
6:(x,v, t), where 6'(x, v, t) is the c.m. distribution
function, which is usually Maxwellian. Alternatively,
when spatial dependence is important and the ve-
locity dependence is Maxwellian, we can replace
p(x, v, t) by p(x, t)F(v), where F(v) is the velocity
distribution. When c.m. -internal-degrees-of-f ree-
dom correlations are negligible, we can perform
the c.m. integrations over the known c.m. distri-
bution function and reduce the number of indepen-
dent variables that p depends upon to just the time
variable.

We conclude this section with a few remarks
concerning the rigorous derivation of Eqs. (2. 18)
and (2. 19). The rigorous derivation extends the
range of validity of Eqs. (2. 18) and (2. 19) to all
times and justifies dispensing with the ~ conditions
of this section. Rigorous methods of deriving ki-
netic equations'~ ' ' obtain expressions for the
solution of the Liouville equation for long times,
and then they obtain a differential equation which
the solution satisfies to some order in the expan-
sion parameter. Equations (2. 18) and (2. 19) were
obtained when the diagram technique of Ref. 5 was
used and took the y't limit. The y't limit is the
limit that y' 0 and t- ~ such that y t is finite.
That t- ~ limit allows us to evaluate time integrals
such as Eq. (3.4). asymptotically, and the limit y'

-0 picks out the lowest-order diagram in y' for
each power of t. Only one novel point arises in the
derivation, namely, the order of taking the y'-0
and t- ~ limits is important. If the y -0 limit is
taken before the t; ~ limit, then the ~ conditions
are not required. If the limits are taken in the
reverse order, then the ~ conditions must be im-
posed. We can express the y t limit in a more trans-
parent fashion by requiring that there exists a t
such that vz «t « 7z- y '; thus the y t limit is
equivalent to the limit (rt/7&)-0. In Sec. IV, we
commence our study of the consequences of our
fundamental equations.

IV. EQUATION FOR THE DENSITY MATRIX OF
THE GROUND STATES

When we examine Eq. (2. 17) for the off-diagonal
matrix elements connecting the ground and excited
states, i. e. , & p l p lm), we find the equations of
motion are linear and homogeneous in matrix ele-
ments of the form &y, lp lm) . Consequently, if the
matrix elements connecting the ground and excited
states are zero initially, they remain zero. If
they are nonzero initially, they decay in times that
are of the order of the lifetime of the excited state.
Therefore, we can take the matrix elements of the
form & p

l
p lm) equal to zero, and then the matter

density matrix p reduces to the sum p = p&+ pe,
where p& has matrix elements between ground
states only, and pe has matrix elements between
excited states only. The reduction of p is possible
when the pumping light is ther mal, i.e. , noncoherent.
If the pumping light were coherent, there would be
matrix elements of the form & p,

l
p m) . However,

more importantly, our Eqs. (2. 16) and (2. 17)
would no longer be valid because the interaction
time which is proportional to the inverse linewidth
would no longer be small compared with a relax-
ation time, and it would be necessary to include
radiation-matter correlations and higher-order
terms.

When we take the matrix elements of Eq. (2. 17)
between ground states, we obtain the following
equation of motion for the ground-state density
matrix:
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2(a, (k')a (p))(p, je. (k) Djm)(m jp jm')(m' je.,(k') Djv) 6(&&, +k'v — ) (4. 1)

When the linewidth of the radiation 5 is large
compared with the level spacing of the excited and
ground states +e and erg, respectively, we can
replace the various arguments of the 5 functions
6~ by the same argument, namely, ~y —vo —k.v,
where v, is the unperturbed frequency difference
between atomic excited and ground states. The
assumption, 6»~e, cog, is not required for the
existence of our kinetic Eqs. (2. 16) and (2. 17), but
the assumption allows us to appreciably simplify
Eq. (4.1):

=-&Vj[4,p ],jv)

+ Z 2 (mjp jm') (4.2)

where $ =—g + ig
R . I

x(a. (k)a. , (k')) m5+(0& -
u&0

—k'v)

x c (F,m', m'-v, v)
11 (4. 3)

where the c» are the appropriate Clebsch-Gordan
coefficients for the problem . For definiteness we
use the hyperfine coupling coefficients.

The atomic operator $ is the trace over radiation
variables of the product of the following two opera-
tors:

and where the + subscript denotes the anticommuta-
tor. The superscripts R and I denote the real and
imaginary parts, respectively. The operator
g SZ82

p, v

c (E,m, m-p, , p)
pv e m-p, , m'-v &&

x r, (X)m5 (0, —&u +k' v)

= f p.*(k,0)P p. , (k', —r)e d7 . (4. 6)

The component of the atomic dipole moment in the
direction of 7~4(k) is pi (k) =—yrI, (X)Kit(k)'D. The
equality in Eq. (4. 6) is a consequenceof the integral
representation of the ~+ function. The matrix ele-
ments of II are the generalized second moments of
the radiation density matrix R. In Sec. V, we show
that the coupled equations for pg and R reduce with-
out approximation to coupled equations for pg and
II. For k =k', the generalized polarization matrix
(ki jII ji'k) reduces to n(k)(i

j
II ji'), where (i

j
II

j

xi') is the polarization matrix of classical optics.
The matrix elements (ki

j
II ji'k') depend on space

a,nd time through the original dependence of R on
space and time.

The generalized susceptibility K is an operator
in both the radiation and matter variables. The
matrix elements (k'i' jK jik) are the Laplace trans-
forms of the dipole-dipole operator correlations.
The matter operator $ is the average of the gen-
eralized susceptibility E over the radiation density
matrix.

Cohen-Tannoudji' showed that, for the case of
an external beam without modulation, pe in Eq.
(4. 2) could be simply expressed in terms of p& be-
cause pe followed pg adiabatically as a consequence
of the condition (re)»l. This condition in our
variables is I'e»I" . We have already used this
condition to eliminate radiation-matter correlations.
The same condition is sufficient to eliminate pe in
our case of a generalized polarization matrix with
modulation, and the derivation proceeds in an iden-
tical manner. The result of the adiabatic elimina-
tion of pe is the following linear equation for pg.

f' +i[&,p ]+i[&,p ]=-[(,p ] + P, (4. 7)
I R

g + g

whe~e &p, j(ap jp, ') =r r Zgegrl
P ~P

$ =- Tr .KII,
k, z

where (ki
j

II ji'k) =—(a. (k)a. ,(k'))

and where

(4.4)

(4. 6)

I
(v" jp ju"')

if i.i (4. 6)r +i[(p —p )(o —(p. —p )cu ]+in
e e g kk

and where

(k'&' jf~jik) =-y'r~ (X)e. (k)'DP D'e. ,(k') r rB „;„, —= (2my )
p. p, 2 2

e g p ll~ll 1
sz

p
pB p z j z
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x&p, "'(Z., (k') D(m'& c (I', m, m —p. , p, )2'

xc„(E,m', m' - p, ', p ) (4. 9)

(m (p (m'&

Cm1n'

/l ll /

&p" (p j
p"'»(I~I-~ 0- kv)

+z(~ I fl II 111)+zft I re mm p, p.

Equation (4. 7) follows directly from the stationary
solution of Eq. (2. 17) for pc:

Q. In Sec. V, we obtain the equations of motion
for II.

V. EQUATION OF MOTION FOR II

We have discussed the equation of motion for the
radiation density matrix R without specifying the
rate of change of R due to the pumping beam (5R/
x5t)p„mp. The easiest way to specify the pumping
beam while maintaining R as a density matrix and
maintaining the commutation relations is to require
R to satisfy the following equation in the absence
of the radiation-matter interaction:

(B-B )+z[H, (R R)]+-n V(R-R )
P ~ P p

+ v(R-R )= 0,
p

(5. 1)

// ill
where C, —= 2my &k'i'

(
11(zw&mm'

x&m et(k) D(p"&&p, '" e, , (k')'Dlm'&

and where we use Eq. (4. 3).
Our Eq. (5. 7) reduces to the fundamental equation

(Ill Dl) of Ref 1, if .we (i) assume that p&(xvt) is
a product p&(x, t) P(v), where 5:(v) is Maxwellian
and integrate over v; (ii) if we set (k'i '

(
lI ik&

=bkki &n(tz)&&i'
l II(z) and (iii) if we take II to be

IIP the polarization matrix of the external pumping
beam. With the above approximations Eq. (4. 7)
becomes

p +z [Iz, p ]+z~E'[g, p ]g

where n is the unit vector in the direction of
propagation with magnitude I in our units but
with magnitude c in ordinary units. The relaxa-
tion time v depends on geometry, but it is of order
I ' where L is the dimension of the cavity and of
magnitude cr. ' in ordinary units. The spatial
dependence of R results ultimately from the spa-
tial dependence of p&. The density matrix of the
pumping beam Bp is Hermitian, positive definite,
and has trace unity. Equation (5. 1) states that in
absence of interaction with matter 8 approaches
the radiation density matrix Ap of the pumping
beam in v ' sec.

Equation (2. 16) for R with (5R/5t)pump is
given by Eq. (5. 1) and assuming 5»~e, &ug is

(R —R )+i[H, (R —R )] +n ' V(B —R )+ v(R —R )
P f' p p p

=-(z7' ')[&,p ]+ 6zp
P

& tzz'(zt (zv&

&p, (e. (k) D(m)(m (e.,(k') D(v&

(4. 11)

(4. 12)

—i[a. (k)a. ,(k'), B]y, (k', k)

—([a. (k)a. ,(k '), B] —2a. (k') Ra. (k) )

x y, , (k', k) +2 [a., (k')a. (k), B]

,' r '+ ztz. Z ' = (2v—-) 'y'( .' pm-)'~'-- XS.. (k, k ) —2 ([a (k )a (k) R]

x fdkdv exp(- —,
'

pv')&n(tz)& [zz5(A —~ —k v)
P k 0 -2a. (k)Ra. , (k')) S, (kk'), (5. 2)

+i 5'(0 —0 —& v)]
u 0 (4. iS) where

where p is (tzRT)-' with kR the Boltzmann constant
and 7' the temperature. Equation (4. 11) is Eq.
(III D. 1) of Itef. 1. Our equation for p& depends on
R only through the second moments of R, namely,

x & p Ie,- ~(k) D(m& &m (p (m '& 5 (n

(5. 3)
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is the source of radiation from excited atoms.
The operator X is the electric susceptibility

operator, whose definition is

X =-KTr Ep,matter g' (5.4)

where A is the same operator that appears in the
definition of $ and whose definition is given by Eq.
(4. 6). The matrix elements of y are

In Eq. (5. 7), the contribution from the commutator
vanishes, and the imaginary part of the spontane-
ous-emission term vanishes, i. e. , S vanishes,
when we neglect (at (k)a(k)& compared with 1.

It is worthwhile to see how the order of opera-
tors in Eq. (5. 2) is responsible for spontaneous
emission and also to illustrate how Eq. (5. 7)
follows fro~m Eq. (5.2). The trace of the product
ajIt(k')aj(k) with the last term of Eq. (5.2) is

x Jdv(p, lZ. (k) ~ DP D e.(k')p p&

x 6 (n —(o +k ~ v).
(5. 5)

An alternative useful form of y is

&k'f'lqlfk&=J" e~(-fn-, v)

QS, (kk') Tr[a. , (k')a. (k)a. ,(k')a. (k)n' j' j i' i

+a.,(k')a. (k)a. , (k')a. (&)—2a.,(k')a. , (k')i' i j' j i' j

x a.(k)a. (k)R]=2 gS, (k, k')[(a.(k)a. (k))j z zz' ' j i

x [Tr p, . (k, 0)P p. ,(k', —7)p ]dr, (5. 6)
matter i ' e i' ' g

x 5, ,6=, ,+(a., (k')a. , (k'))6 ..6 —
1

(I'I —ii )+n' V(11 —11 )+ v(ll —11 )
p p p

I R B= —i[ii, y 1- [Ii, y ] +S (5. 7)

where the definition of p, f(k, 0) appears in Eq. (4.6).
If the radiation were purely external and pg were
the equilibrium distribution of the matter, then
Eq. (5. 5) would be an example of Kubo's" fluc-
tuation-dissipation theorem relating the suscep-
tibility to equilibrium fluctuations. We can inter-
pret both g and y as generalized susceptibilities
which are related to Laplace transforms of corre-
lation functions; these susceptibilities may be
time-dependent if II and pg are time-dependent.

We obtain the equation of motion for the polariza-
tion operator II with matrix elements (k j '[ lI [jk)
by multiplying Eq. (5. 2) by aj I t(k')aj(k) and tracing
over radiation variables. The resultant equation
of motion for the matrix II is

=2 QS, (k, k')[6, ,5» —,5. , 6—»

(5.8)

The approximate equality in Eq. (5.8) results from
neglecting (aT(k)a(k)& with respect to 1. Conse-
quently, we see the order of the noncommuting
operations, a~ and a, is responsible for emission
consisting of two pieces, induced emission and
spontaneous emission. In optical pumping we can
neglect induced emission relative to spontaneous
emission because the number of photons per mode
is much less than one. Equation (5. 7) depends on

pg through y and on pe through SR. We use Eq.
(4. 10) to eliminate pe from Sf~ and thus we express
SR as a linear operator:

(fklfilli'kg=&kfls If'k'&=2r'»&&p Ie; (k')'Dlm&&ml ( )'DI p'&&&'Ip
I
p"&&p "le;. (k') Dlm &

x&~'I'(k) Dlp&6 (fl -~ +k v)(1'+~" -~" ~ -+if~ .) '&kf IIII''k & .i + k 0 mm pp, kk (5.9)

When we substitute Eq. (5.9) in Eq. (5.7), we ob-
tain P fop ]+f'[&, lP=- [4,P ] +@P, (4 7)

I R
g g g g+

(11 11 )+n v(II 11 )+v(11 —11 )
p p p

=- [II, X]-[II,X 1, «.I R

Equation (5.10) together with Eq. (4.7),

(5.10)

form a closed complete nonlinear set of equations
for p and II.

The surprising and important result is that Eq.
(5.10) for Il depends on no higher moment of R
than the second. If the equation for II depended
on higher moments, for example, the fourth mo-
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11(t)—11 = —61(2T ) '[a(t), Il ]
P P P +

isI~Z'[a(t), 11 ], (5.11)

where B(t) =- Trp&@, where @, Tp ', and 4' are de-
fined in Eqs. (4. 12) and (4. 13). The Eq. (5. 11)
is Eq. (III.5) of Ref. 2 averaged over space. Con-
sequently, the appropriate linearizations and re-
ductions of our nonlinear equations yield the pres-
ent theories of optical pumping. In Sec. VI, we
show that, even in the linearized theory for II, off-
diagonal matrix elements (kil 111 i'k'& contain in-
formation not contained in present linear theories
which treat radiation as off-diagonal only in the
polarization variables.

ment (aj aalu a), then we would have been forced to
find the full B and the equations for II and p would

not have been closed. The reason that the equation
of motion for 0 depends on no other moments of A
than the second is that we assume radiation and
matter are uncorrelated, i.e. , E,=Bp. If we did
not assume that E, was a product Bp, then the
equation for II would have depended on all the mo-
ments of B. The assumption that justifies the
product ansatz Fe» I"g is that induced emission is
negligible compared with spontaneous emission.
This is just the inverse of the requirement for la-
ser action.

In Sec. IV, we showed that the linearization of
Eq. (4.7) by taking II to be II leads to the funda-
mental equations of Cohen- annoudji for the matter
density matrix. When we (i) linearized Eq. (5. 10)
by taking p as given, (ii) set I.II equal to zero,
(iii) set (II —II ) equal to zero, (iv) replace II by
II on the righ -hand side of Eq. (5.10), and (v)
average over space, we obtain

tion term to the transverse relaxation time T, and
to the pumping term in a Bloch equation for the
spin polarization. We find a different explanation
by solving the equation for pg to first order in y'.
We also show that the Bell-Bloom experiment like
most linear phenomena in optical pumping can be
explained by solving the equations of motion for
II, directly.

For definiteness, we assume our atom has two
Zeeman levels in the ground state, which we label
+ and —,wheretheplus represents g = (—', ) and the
minus represents p, = —(—,'). We first solve Eq.
(4.7) to lowest order in p '

by replacing Il by II~.
The polarization matrix of the pumping beam con--
sists of modulated and unmodulated parts as fol-
lows:

'&~ lll li'k'& = 6k k&~(t)&&till li''&+6-. --
P k', k+~

x (ki
I
11 (e)

I

i'k + 7c& exp(- iM ), (6.1)

I[(' ( ), p] I-&-&+II: t'"( ), p ]g g +

+& + l(a(~)p I-&. (6.2)

where ~= tc is the modulation frequency and the
wave number of the modulation. We assume the
modulated beam has the same polarization as the
unmodulated beam. When we substitute Eq. (6. 1)
in Eq. (4. 7) for p& we obtain the following equation
fo (+ Ipgl

&+lp I-&+i(~+~)&+lp I-&+7' &+lp I-&
-1

VI. LIGHT MODULATION AND THE
BELL-BLOOM EXPERIMENT

We now illustrate the microscopic role played
by modulation in the polarization matrix by pro-
viding a nonphenomenological explanation of the
Bell-Bloom' experiment. These authors modulated
the pumping beam at frequencies close to the
Larmor frequency and observed a spin polarization
induced by the modulated light. Their experiment
was the first time an rf resonance effect was pro-
duced by means that did not involve variation of a
field directly coupling the rf separated energy
levels. The Bell-Bloom experiment consists of a
static field in the z direction and a circularly
polarized optical beam traveling in the x direction.
The circularly polarized beam in the x direction
is modulated at a frequency ~ which is approxi-
mately equal to the ground-state Zeeman frequency
co . Bell-Bloom gave a phenomenological ex-
p anation of their experiment by adding a modula-

The terms on the left-hand side of Eq. (6. 2) arise
from the unmodulated part of IIp, while the terms
on the right-hand side are linear and homogeneous
in the modulated part of Ilp, . The left-hand side of
Eq. (6.2) is linear and homogeneous in (+

I pg I

—
&

because ~g» I"g. Unmodulated terms connecting
off-diagonal and diagonal matrix elements pg are
of order (r&/~&) and thus are negligible. The in-
equality Ng)) rg is the secular approximation of
Cohen-Tannoudji. In the absence of modulation
the right-hand side of Eq. (6. 2) vanishes and the
off-diagonal matrix elements of pg, which are pro-
portional to the spin polarization, decay to zero
with time constant T,.

The expression for & and T, which come from the
unmodulated part of IIP are identical to Eq. (III D.
9a) and (IIID. 9b) of Ref. 1, which are

e =- ~E [&+ I~ I+& —&- I& I-&] + r a+ rg g +- e

&& ((o —(u )[ r +((o —(o ) ], (6. 3a)
2 2 -1

e g e e g
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T, '=-r [2 (& I~l &.&-I~l-&)

—B r [r +(u) —(o ) ]
+- 2 2 2 -1
+- e e e g

(6.3b)

expression d(ki'I lip I
i k & in Eq. (6.5), we obtain

& +14(~)l-& =d[(-,'r )+i~a ]g

where ~e and (dg are the energy-level separations
of ground and excited states, respectively. The
A and 8 coefficients are defined in Sec. V and are
identical to those of Ref. 1. When we substitute
the definition of $ [Eq. (6. 2)J and the definition of
(8 [Eq. (4.8)] in Eq. (6.2), we obtain

x &+ I' (» Dim&&ml~, , (k) DI-),

=d[( r ) +i» ]&+ l&l-&exp{-i~t).
g (6. 7)

In the steady state (+ l p l
—

& and ( —
I pl —) are

constants which for convenience we take to be 2.
The solution of Eq. (6.4) is

(p Ip I

—&+[T +i (co + e)](+ lpg 2 g

=&+ lpl+&[~,', ( )-&+I& ( ) -&]

(6.4)

(+
I p (t)

I

—
& =(+

I p (u&)
I

—
& exp(- i&et),

g

&pl p ((u)l —
& =C[r '+i((u —(u+ e)]

g 2 g
whel e

c-=2-'r r (B' +B )-&+I( (~)l-&

(6. 8)

where (+ l((~)
I

-& = y ~ &+
I

e'(k) Dlm)
k, m, i, i' 2 -rd-Z &i'Ill

I
&/&. l-. . (k) DI

p

x&m Ie. , (k') Dl-& & k+«'Ill (~)lik&

x(mls�.

, (k) Dl —) —r [r +i(&u+~ )] 'c
Z' e e e 11

x exp(-ia. t)J'dv6 (fI — k v), {6.5)
+ k 0

x(m, m —,
'

—,')c»(m- 1, m--.', --.')((mls. (k) Dl-,'&

and where x(-.' Ie., (k) Dlm-1&+(ment. (k) D~

e+ ((u) =- r r B+ [r + i((u + (u)] ' .
++ 8 g++ e e

(6. 6) x(--.'ie. , (k) Dtm-l&)].2' (6 '9)

The definitions of B++ and B appear in Eq. (4.9).
The result of modulating the beam is to replace
&k+ ~~'I lip(~) lik& by d(»'I llpl ik&, where d is the
depth of the modulation, When we substitute the

We make the expression for the constant C more
transparent by considering the special case where
the excited states m take on only the two values
m = + (—,). The result for C when m =+ (—,') is

C= —2 ' d Q (i'I II It& [(—', I e. {k) D)1/2&(1/2l e.,(k) 'Dl ——,') +(I/2)Z. (k) ~ D) ——)(- —,'I e.,(k) Dl ——
& ]

2'
p

x[1 —r lr + i((o+(o )j ']cll(-,', 0, —,')cll(--,', 0, —-', ) . (6. 10)

The general expression for the constant C in-
dicates that as a result of the optical modulation
there are two contributions to the spin modulation.
The first contribution to (+ I p&l —

& comes from
(+ l $ I

—
& during the process of optical absorption.

The second contribution which is proportional to
(B+++B+ ) arises as a result of optical absorption
followed by emission and in many cases tends to
cancel the spin polarization created by the direct
absorption. The second contribution is smaller

than the first contribution and is negligible com-
pared with the direct absorption if ~e or ~ is
much greater than I e. The spin-polarization term
produced by absorption alone, the (+ I PI —

& term,
behaves as though the atom absorbs the "modulation
photon" directly or, more precisely, the correla-
tion between optical photons transfers the coherence
of the optical modulator at frequency co directly
to the atom. This process is very similar to the
way in which polarization correlations (ail(k)ai&(k)&
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are transferred to the atom on absorption.
It is worthwhile to look at the Bell-Bloom ex-

periment from the point of view of the polarization
matrix II. To zeroth order p& is diagonal and
II is given by the external pump polarization ma-
trix II@. Earlier in this section we computed p&
to first order in y'. We now calculate II to first
order in y'. Equation (5. 10) to first order in y'

is

en+ ven=- i[n, x ]- [n, x ] +s, (e.ii)I A

P P +

where 5II = II —II . The density matrix IIP is given
by Eq. (6.1). e find 5 n(~) by setting the coef-
ficient of exp(- i&et) in Eq. (6.11) equal to zero,
which yields

(icu+ v)(kil 5n(&u)li'k+K) = 2 ((- i)[(kiln lik&&» Ix Ii'k+~& -&kilx lik&&k~ n li'k+~&]
k, i p p

I
i k&&k~i

I x Ii'k+li& &kilx
p

x(kiln li'I+~&] (kils(~)li'k ~&, (6.12)

where (kil s(&)l i'k+&& —= 2«y' ~ fdve(~ —& +k ' v)
u 0

p, m, m

x(1
I
' (k+~). DI m&&ml p, (~)l m'&&m'I '(» DI »

and where &m
I p (~)

I
m '& = 2 &m

I
+ (k) D

I
v) & v

I
p I

v& & v
I
e.,(k') ' D

I
m')

(6.12)

x(kjl II (+)Ij'k+~& [I" +i(Q, +&u)] '.
p e mm

(6.14)

The subscript v denotes the Fourier transform of
the square bracket with respect to time. Since y
is proportional to y 2p, we must take only the
zeroth order in y ofp, which means that the p& in
x in Eq. (6.12) is diagonal. Equation (6.12) is a,

complete solution for the modulated part of the
optical radiation because np(&u) and p& are given.
The "off-diagonality" in wave number of 5n(e) is
due to correlations between optical photons dif-
fering by wave number z, (ait(k)ai (2+ Ii)&, in

exactly the same way as "off-diagonality" in
polarization, (aif(k)aj (k)) is due to correla-
tions between photons of the same wave number
but different polarizations or spin states.

We can simplify Eq. (6.12) for 5n(&u) by taking
the representation where the polarization state i is
a right circular polarized photon which we denote
by i=+. The expression for 5n(&u) in this spin
representation is

&k+
I
en(~)I+, k+Pc& = (i~+ v)-i[-&k+

I

n (~)l+, k+1~&

x((k+k, +Ix l, k ~& &k Ix"I+k&) &k+Is(~)l, k+~&l,

where (k+ Is(~)l+ k+7&= ~ Jdv6(fl& —&0+k v)
m, p

(6.16)

x[&~I; (k+-,).Dlm&&ml p, (~)lm&&ml ~,(» Dl»], (6.16)

&mlp (~)lm)= ~ &ml~ (» ~lv&&vip Iv&&vl ~ (k) Dlm&e
v, 4

+ g +

x(k
I

II ((u)l+, k+Yl&[I' +i(II', +&a)] '
p e mm' (e.iv)
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The imaginary term in Eq. (6.15) vanished because the difference between (k+ ( y ( +k) and (4+ 2, + (yf [

+, k+~) vanishes. The solution of (6.11)for the unmodulated part of the beam 5n(~ =0) is

for the unmodulated part of the beam 5n(&u = 0) is

~&»l «{0&I«'» = ~ (-«[&k«l «»I «k&&k«
I

}I'(0)l «'»-&k« I}i {»I«k&&» Ix'{0)l «'k)]
k, i

&k«fn (0)f«k)&k«fq"(0)f«'k& &k«fp(0)f«k)&k«fn (0}f«'k)+(k«fs(0)l«'k&, (6.18)
p p

where the variable 0 refers to co=0.
In the representation where i=+ represents a right circularly pola, rized photon, Eq. (6.18) becomes

&k+I5n{0)l+»=~ I:-2&k+In {0)l+k&&k+lx «&I+»+&k+Is{0)l+k&]
p

(6.19)

Equations (6. 12) and (6. 18) or (6.15) and {6.19) depend on only the zeroth-order expressions for II and p&
and constitute a complete solution of the problem to order y'. They contain the same information as the
solution of p to order y« in Eq. (6. 8). Thus, to order y' we can solve for either 5 IIor p, the choice
being a matter of convenience. Higher-order solutions require knowing both p and II and require joint so-
lutions of the coupled Eqs. (5. 10) and (4. 17).

The total change in intensity of the beam to order y is

—&kin {~)lk+~&+&k I
n(~)lk+ ~&-&k In {~)lk+~&)],

p p
(6.20)

where cD, (ki II(0) I k), etc. , are two-by-two operators in spin space. When we substitute Eqs. (6.12) and
(6, 18) in (6.20), we obtain

k&+&kls{0)lk&- I&kin (~)lk+~&&k+~lx Ik+K&
p p

+&kin {~)fk+~ &&k+ ~lx Ik+ ~&]+2 [&kls(~)lk+~&+&kls{~)lk+~&]&
p

f(0)+I (0)--I (~)+I (~),a e a e (6.21)

where Iz(0) is light absorbed at zero frequency modulation, I (0) is light emitted at zero frequency modu-
lation, j~(&o) is light absorbed at frequency modulation m, Ie(es is light emitted at frequency modulation &o.

The symbols (kl y Rl k) and the various I's are
two-by-two operators in the spin space. The ex-
pression for Eq. (2.1) in the time domain is

~I(t) = —I (0)(1+dcos&ut)+I (0)(l+dcosurt),a e

where we use np{&u) =dllp(0). Both the absorbed
and emitted light are modulated at frequency v.
We would obtain the same result for hl(t) if we
applied an rf magnetic field to the system. How-
ever, the two cases differ in that a magnetic field
the &u dependence comes from y'r(&o) while in the
Bell-Bloom effect the (d dependence comes from
the np(u&).

VII. SPATIAL DEPENDENCE OF II

The dominant spatial dependence of 0 is a con-
sequence of the spatial variation of p(x, t). If the
spatial variation of p(x, t) over the modulation
wavelength ~ ' is small or if the time variation
over the time (L/C) is small, then we can neglect
retardation effects within the sample. We express
the polarization matrix at a detection point outside
the sample in terms of the free space Green's
function appropriate to the geometry as follows:

n(xt) —n (x, t)
p
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=
JA f G, [x —x', f —t']Q(x't') dt'dA', (7.1)

where Q(x, t) = —i [ll(x, f), $ (x, f)]

—[ll(x, f), & (x, f)] + I (x, f),

and where the x' integration is over the surface
of the system that emits light to the detector. In
a one-dimensional geometry where the light beam
is along the x axis and the sample is contained be-
tween x = 0 and x= L, the Green's function is

&&6[x —x'- c(t —f')], for f&t'

(7.2)

=0, for t& t'.

In this section, we return to dimensional variables.
When we substitute Eq. (7.2) in (7. 1), we obtain

(7.3)

The problem of retardation effects within iae
sample is more complicated. The solution of Eq.
(5.10) for the point x within the sample is

= J' exp[- v(f —t')] Q[x —cn(t —f'), t']dt'
0

= f d'x'exp[- v(t n ~ (x —x')c '-)]

xQ[x', f n(x- x')c ']-, (7.4)

where n is a unit vector in the direction of propa-
gation and v is the volume of the sample.

If p(x, f) varies over distance of the order of z-',
then it is necessary to retain the spatially depen-
dent terms exp[i(k —k ') x] in the equations of mo-

tion for II and p. Consequently, we can neglect
spatial variation if ) I(:IL —= ]k- k'IL«1. The in-
clusion of spatial variation is straightforward.
When spatial effects are important we must in-
clude a v ~ g term in the equation of motion for p.

VIII. DISCUSSION

We made five approximations in this paper, four
of which are essential and a fifth, which is
for algebraic convenience. The five approxima-
tions are represented by five dimensionless pa-
rameters which must be small compared with 1.
The first approximation is that the lifetime of the
ground state is long compared with the lifetime

ll(x, f) —II (x, f) = J exp(- (f- f')(v+ cn ~ v)] Q(x, f ') dt'

of the excited state and it is represented by the
inequa. lity (I'&/I"e) «1. This approximation al-
lows us to neglect particle-particle and particle-
field correlations. The same approximation justi-
fies the adiabatic solution for the excited-state ma-
trix elements (ml pal m') in terms of the ground-
state matrix elements (p, I p&l v). The second ap-
proximation is that the width of the radiation is
much greater than the inverse lifetime of the
ground state and it is represented by the inequality
(I&/6) «1. This approximation justifies treating
the absorption process by the atom perturbatively.
The third approximation is the Wigner-Weisskopf
approximation, which justifies treating spontaneous
emission perturbatively and it is represented by
the inequality (I'e/&u0) «1. The fourth approxima-
tion, 5» ~e, v&, is made for convenience because
it allows us to replace the various arguments of
the 6q functions by the same argument (Qy —(00
—k ~ v). Our general equations for p and R, Eqs.
(2. 16) and (2. 17), are va.lid even if 6 «&ue, +g.
We need a fifth approximation to play the role
for photons that the approximation 5»lg plays for
atoms. At first glance the appropriate approxima-
tion would seem to be (dD»y'%~~ ' because ~D '
is the interaction time for a photon and y'~(dD-' is
the photon-relaxation time. The approximation
coD»y'9t~D ' is sufficient to justify the use of the
first-order perturbation theory in the equation of
motion for II. However, experimentally the val-
ues of are often sufficiently large that the in-
equality is reversed. Consequently, we must
either justify a weaker condition or use higher-
order perturbation theory for the photons than we
used for the atoms. The answer is that the weaker
assumption +D»y 'Ot&uD '(I" /I"e) is valid experi-
mentally and justified theoretically. The need for
an inequality comes from the requirement that
there exists a time t long compared with the in-
teraction time &z in order to obtain the energy con-
servation 5 function and short compared with a re-
laxation time &~ in order not to have to go to high-
er-order perturbation theory. A rough estimate
of the second-order relaxation time is y'
x (y 'VI&oD '), which can be written in the form
y'X~D '(ri/r~) Conseque. ntly, when vi is no
longer negligible compared with 7 we must in-
clude higher-order irreducible diagrams. A more
careful analysis of the second-order irreducible
diagrams involving two different atoms, the y4
terms, show that one of the two atoms has to be
excited to get a nonvanishing contribution. The
second-order correction factor is not (y X&uD '),
but (y 'Xe urIl 2), where K e = (I'&/I'e) Ot is the num-
ber of excited atoms. Consequently, our approxi-
mation that t be sufficiently short so higher-order
processes are justifiably negligible is not
f«y'OuoD ' but t«y'X~D '(I" /I" ). The factor
(I'&/I"e) is less than 10 ' in optical pumping ex-
periments and justifies the first-order kinetic
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equations for the densities used in experiments.
The usual theoretical treatment of optical pump-

ing for linear problems is to take as zeroth order
the given external beam and some initial density
matrix, then to solve for p to first order in y '.
We showed that the same physics is contained in
the first-order solution of the radiation polariza-
tion matrix (kf( III i'k'). In a future publication,
we plan to show that the experiments"~' with elec-
tromagnetic fields approximately resonant with
either excited- or ground- state level separation
can also be completely described by the appropri-
ate radiation polarization matrix. In the rf field
experiments, the coherence comes from the gen-
erator of the rf signal instead of from the light
modulator. However, the net result is the same,
i. e. , the modulation of the signal on absorption
or emission is a result of nonvanishing correla-
tions between optical photons differing in frequency
by the rf frequency.

As the intensity of the external optical beam is
increased so that (y'sI/&ugv) becomes of the order
or greater than 1, then multiple scattering becomes
important and the coupled nonlinear equations must
be used. The condition (p 'X/u&& v) ~ 1 is equivalent
to kg ~ 1, where 0, is the absorption per unit
length at line center and I is the thickness of the
sample. Some years ago, Holstein" obtained an
expression for the linewidth of resonant radia-
tion imprisoned in gases. In a future publication,
we will show Holstein's equations correspond to
the diagonal matrix elements of our equations for
p and II. Equations (5. 7) and (6. 10) also explain

the resonant narrowing when coherence, "i.e. ,
offdiagonality, is present in the atomic system.
Furthermore, our equations show that the line
narrowing is due to separate absorption and emis-
sion processes described by the first-order Born
approximation without any two-atom atom-field
correlation.

Two recent papers"" with quite different ap-
proaches use derivations in which the treatment
of the electromagnetic radiation is its interaction
involving the use of ensembles for which the electro-
magnetic field is nonvanishing. The resultant
equations of Ref. 2 are equivalent to the lineariza-
tion of our equations for II without the emission
term LD. The resultant equations of Ref. 15 are
equivalent to the linearization of our equations for
p without the mission term Bp. The use of en-
sembles with nonvanishing electric fields for
"thermal-like" beams require the answering of
some subtle questions. However, one of the re-
sults of the present paper is to show that the re-
sults of Ref s. 2 and 15, which depend on y and $,
respectively, are independent of any assumptions
about the existence of electromagnetic fields.
Our equations, which contain the results of Refs.
2 and 15 as limits, depend only on first-order
perturbation theory and the second moments of
radiation density matrix (af ~(k)a (k')). A further
advantage of the present work is that the terms
(a&(k')af ~(k)) gives rise to the spontaneous emis-
sion terms LIT and Bp which are absent in both
papers.
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