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The magnitude of the atom-wall collision frequency shift in the hydrogen maser has been re-
duced tenfold by confining the hydrogen atoms in a Teflon-coated cylindrical vessel that is 5

ft long and 5 ft in diam. The wall shift of this large maser was measured to be —(2.3 +0.8) && 10
Hz at 27 C. Oscillation is achieved by a prestimulation method in which radiant atoms that
have been prestimulated in the high rf field of one microwave cavity maintain a maser oscil-
lation in a second cavity. A signal is extracted from the low-level cavity, amplified to a suit-
able value, and coupled into the high-level cavity to maintain the rf field there. A detailed the-
ory of a multiple-region maser system is presented.

I. INTRODUCTION

The central feature of the hydrogen maser is the
storage technique in which atoms are confined for
up to a second in a region of constant rf phase in
a resonant cavity and are thereby induced to ra-

diate. ' ' Unavoidably, the atoms must undergo
many collisions with the surface walls of the con-
taining vessel. Forces present on the atom during
a wall collision perturb the energy levels of the
atom and produce a phase change in the oscillating
superposition state. The rate at which this phase
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shift accumulates determines the departure of the
maser output from the free-space hyperfine tran-
sition frequency. This wall effect has been the
principal limitation of the hydrogen maser oscil-
lator in absolute time and frequency measure-
ments. 4

The goal of the experiment described in this pa-
per was to reduce the frequency shift associated
with atom-wall collisions in the hydrogen maser.
The diminution of the wall effect was obtained by
a tenfold increase in the linear dimensions of the
hydrogen storage vessel and thereby a corre-
sponding decrease in the wall collision rate. Al-
though the approach to the problem was a direct
one, its implementation required a novel atom
prestimulation technique for achieving maser os-
cillation. With this technique, oscillation is main-
tained in one microwave cavity by radiant atoms
that are prestimulated in a second cavity. More
generally, the prestimulation method, so central
in this experiment, may be useful in other in-
stances of a very small filling factor.

The frequency stability of one hydrogen maser
compared to another has been as high as 7 parts
in 10" (for 1000 sec averaging times). ' How-
ever, the absolute frequency of a hydrogen maser
is determined with far less precision due to un-
certainties of the wall effect. In some measure-
ments, ' ' the absolute frequency was uncertain
by 5 parts in 10", and in others' by 3 parts in
10' . Higher accuracies are difficult to achieve
because of variations in wall-coating material
from bulb to bulb. Thus, to achieve the full po-
tential of the hydrogen maser in absolute time and
frequency measurements, it is imperative that the
wall effect on the maser output frequency be re-
duced.

One possible approach is to improve on the cur-
rent wall material, FEP Teflon. But a reduction
can be obtained straightaway by confining the atoms
in a large Teflon-coated vessel and reducing their
wall collision rate. If a superior wall surface were
to be found, it could be used in this system as well
to give still a further enhancement. In this exper-
iment, radiating hydrogen atoms are stored in a
cylinder 5 ft in diam and 5 ft long which gives
a tenfold reduction in the wall collision rate over
a 6-in. -diam storage bulb used in the conventional
hydrogen maser.

Despite the reduction in the wall shift the prob-
lem of accurate measurement remains. Present-
ly, experiments to measure the absolute wall effect
involve comparing hydrogen masers with different
bulb sizes. This method is limited in accuracy
because of difficulties in obtaining reproducible
surfaces and variations of surface quality from
bulb to bulb. ' Of course, the use of large bulbs, as
in this work, should still yield higher accuracies of
the wall effect. However, the 5-ft storage bulbs
are unwieldy objects, difficult to coat and difficult

to handle. A more promising technique involves
the use of a flexible geometry which would allow
a change of the atom mean free path between wall
collisions without the necessity of changing bulbs
of different size and possibly differing surface com-
position. "

The hydrogen- maser storage bulbs previously
have been limited to about 6 in. diam in order
that they occupy a region of constant phase in
a microwave cavity determined in size by the re-
quirement that it resonates in a TEpyy mode at the
hydrogen hyperfine transition frequency (1420 MHz).
By placing most of the atom-containing volume out-
side the cavity, this restriction of size can be over-
come, but not without a severe reduction in the fill-
ing factor. " Since this represents, equivalently,
a severe reduction in the induced emission rate for
the same given rf energy stored in the cavity, oscil-
lation would be possible in such a system only if the
cavity Q factor was inordinately high or if the hy-
drogen flux was prohibitively large. The former
is experimentally unattractive, and the latter is
not possible due to hydrogen-hydrogen collision ef-
fects. '~ "

However, both of the above problems can be avoid-
ed through the method of prestimulation in a second
cavity. In the large storage-box maser, two reso-
nant cavities, each of which contains a conventional
quartz storage bulb attached to the large chamber
allowing atoms to flow freely in and out, are coupled
together with an amplifier. Thus, a much higher
oscillation level is maintained in one cavity than in
the other. The strong field induces atoms into a
radiant state, and, as a result, such radiant atoms
are able, at a later time in their confinement his-
tory, to emit at an enhanced rate in the low-level
cavity.

Prestimulation of the atoms by the strong field of
the driving cavity is the central feature of this ex-
periment, because the resulting increased emission
rate in the low-level cavity allows self-excited os-
cillation at normal hydrogen fluxes and at normal
cavity Q values. Hj.gh-frequency stability can be
obtained provided that the phase changes of the
coupling line and amplifier are made small by ap-
propriate means.

Earlier reports" of this work described the op-
erating parameters of the large maser and gave
some preliminary experimental results. In this
paper, the multiple-region maser system is ex-
amined in detail and, in particular, the effects of
interchamber flow are described. Section II con-
tains a general description of the experiment and
a restatement of the parameters derived in the
earlier reports. In Sec. III, the problem is treat-
ed more generally, and the consequences of re-
stricted flow are displayed. A description of the
more important apparatus details appears in Sec.
IV, and the results and discussion appear in Sec.
V.
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II. PRELIMiNARY CONSIDERATIONS

A. Description of Experiment

The main features of the experiment are shown
in Fig. 1. Although similar in many ways to the
conventional hydrogen maser, the large maser
differs fundamentally in that it utilizes prestimu-
lation of atoms in the high rf field of one cavity to
maintain an oscillation in the other. Of course, the
large storage vessel in which the atoms spend
most of their time and which provides a reduction
in the wall collision rate is the other difference
from the normal case. No significant departures
of maser performance result in this system if the
volume exchange rate is high. However, when the
interchamber flow is restricted, certain new ef-
fects appear, which will be described in Sec. III.

Atomic hydrogen is produced by an rf discharge
source, is state-selected by a hexapole magnet,
and is confined for about 10 sec in the three inter-
connected chambers. The large chamber is a TFE
Teflon-coated aluminum cylinder approximately
60 in. in diam and 60 in. in length. Two res-
onant cavities containing the small storage bulbs
are coupled together through a high-gain rf am-
plifier (usually at about 90 db when oscillating). A
signal at the hyperfine transition frequency is then
extracted from the low-level cavity, amplified, and
sent into the high-level cavity to maintain the field
there. To minimize leakage through the junction
points of the different storage vessels, the cavities,
as well as the large chamber, are placed in a high
vacuum of better than 10 6 Torr maintained by a
pump that also removes the unfocused hydrogen
released by the atom source. A separate pump,
maintains a background pressure of about 2 x10-'
Torr in the storage volumes themselves. The
entire vacuum vessel, with the exception of the
pumps and source assembly, is placed in a three-
layer magnetic shield enclosure so that magnetic

relaxations due to gradients in the field would not
be significant in a 10-sec storage time.

B. Effect of Prestimulation

Either the weak or the strong oscillating field
induces the atoms to radiate and puts them in an
energy-superposition state that oscillates in phase
with the stimulating field. The random nature of
flow of the atoms into the large zero-field chamber
is not important as long as the phase memory is
preserved. This is the case, since the T, relaxa-
tions are considered to bt. sufficiently long, so
that the intermittent nature of the oscillatory field
experienced by the atom in its confinement intro-
duces no difficulties in the stimulated emission
process. In this case, however, what is important
at a particular time for the probability of emission
by an atom is its prestimulation. An atom that has
experienced only the weak-field region will radiate
at a later time at a smaller rate than an atom that
has also experienced the strong field. Thus, until
the atoms experience the strong field, their con-
tribution to the oscillation is negligible.

The effect of prestimulation can be readily dem-
onstrated by an appeal to the classical vector model
of a magnetic moment in an oscillatory field, as in
magnetic resonance. The magnetic moment asso-
ciated with the atomic spin is initially parallel to
the static field H„and an oscillatory field is then
applied that is perpendicular to H, . In a rotating
coordinate system, "the static field disappears at
resonance and the moment precesses around the
suitable stationary component of the oscillating
field. In the usual approximation, the oppositely
rotating-field component that makes up the os-
cillatory field is neglected because it is far off
resonance. The rate of energy extraction from the
spin system for M = - ykJ is then given by

d8P=y5 JH sin6)—
dt
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which, for a given rate of precession, is far great-
er when the spin is nearly perpendicular to H, than
when it is nearly aligned with II,. This enhance-
ment is the prestimulation effect.

C. Oscillation Conditions

The degree of enhancement provided by the ampli-
fication in the two-cavity system is best described
by deducing the conditions for oscillation. It is
clear that the amplification will reduce the flux
requirements, since part of the work of maintaining
a suitable stimulating field is taken over by the
amplifier. It is also not difficult to see that for
this system the ratio of emitted power in the two
cavities is proportional to the ratio of the field
amplitudes, not only in the case of 90' prestimula-
tion, but also at low-oscillation levels as well.
The basis for this argument is that it is the strong
field that determines the equilibrium oscillating
magnetization and that the extraction of power
from this magnetization is proportional to the am-
plitude of the stimulating rf field. "

A satisfactory description of the large storage-
box maser can now be obtained by assuming a
simplified model in which the atoms are allowed to
enter each of the cavity regions many times. " An
average rf field amplitude (in frequency units, i. e. ,
x= p, H/h) can be defined a.s

x=x V /V +x V /V

where VT is the total volume of the three storage
regions and is very nearly equal to Vg, the volume
of the large storage chamber alone, VD is the
driving-bulb volume, and VL is the low-level bulb
volume. Since we assume x~ » xL and VL —-VD,
we neglect the low-level field contribution. This
average field can be viewed as being applied con-
tinuously, and the analysis of the normal maser
can be taken as a whole to deduce the total emitted
power. '~ ' Of this total, most is radiated in the
driving cavity, but a fraction, given by the field
amplitude ratio, is radiated in the low-level cavity
where the self-excited oscillation is maintained.
The underlying assumption in this case is that
because of the high amplification it is predominant-
ly the driving field alone which determines the
equilibrium value of the oscillating atomic mag-

netizationn.

Hence, the radiated power in the low-level cavity
18

X2

&l&2+x'+4'l/r )(~ —~ )' '
0

where R =xD/x~, I is the total hydrogen flux, and

y, and y, are the usual relaxation rates (y, = T, '

and y, = T, '). As will be shown by the detailed
treatment in a later section, this result holds as
long as flow-constriction effects are negligible
(i. e. , volume interchange rate much higher than
the relaxation rates).

In ref. 13, the threshold flux for oscillation and
the oscillator quality parameter q are derived in a
straightforward calculation once the radiated power
in the low-level cavity is established. The thresh-
old flux is given by

2 C
V V

th R V p, 22gg qL L t

where the subscript L refers to the low-level
cavity, subscripts B and D to the zero-field and
driving-field regions, respectively, Tt' = 7] &2,
the relaxation times when spin-exchange relaxa-
tion is zero, QI„VI. , and pl, are the low-level
cavity quality factor, cavity volume, and bulb-
filling factor.

Except for the parentheses, the expression is
identical to the result for the normal case. It
indicates that, if the lifetimes are increased by
the same factor of 10 as the linear dimensions of
the storage box, and if the amplifier gain is such
that R = Vll/VD, then despite the great loss in
over-all filling factor the threshold flux is in-
creased only by a factor of 10.

Also in Ref. 13, spin-exchange effects are con-
sidered and an oscillator quality parameter is
derived that differs from the small maser case by
the parentheses term,

1V V ITQPI
'y

Here I22 is the flux in the E = 1, M~ —-0 state, 0 is
the spin-exchange cross section, Ty is the mean
time the atom is in the system before escaping,
and v~ is the average relative atom velocity. Be-
cause the quality parameter must be less than
0. 172 for oscillation to occur, ' the parentheses
term must be unity or less indicating that the min-
imum required gain is of the order of V&'/VD'.
In the specific instance of this large maser the
minimum gain is approximately 70 dB. However,
in practice, the required gain for oscillation was
above 80 dB because the other parameters in Eqs.
(5) and (4) were not entirely equivalent to the usual
achieved values of the small masers.

D. Wall Shift

A hydrogen atom colliding with a wall surface
can undergo one of several interactions: (a.) lt
can engage in a chemical reaction with the surface
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molecules'; (b) it can exchange spins with an
unpaired electron spin on a particular wall site";
(c) it can be absorbed and suffer magnetic relaxa-
tion from the nonuniform magnetic fields of the
nuclear spins on the surface", or (d) it can sim-
ply'experience a slight perturbation of the hyper-
fine constant as a result of the electron-cloud dis-
tortions induced by the van der Waals forces' and
the Pauli exclusion principle. The first two pro-
cesses contribute to the linewidth but not to fre-
quency errors"; however, the last two interactions
can produce frequency offsets and their effects
must be measured.

As far as frequency shifts are concerned, a par-
ticular surface can be characterized by a phase
shift per collision, 4, that produces a frequency
departure from the case of zero collisions given by

5 v = v 4/2 md,5'

where v is the average atom velocity and d is the
mean free path between wall collisions.

The quantity d can be calculated simply from the
geometry. " Thus, the quantity 4' characterizing
the surface can be deduced by measurement of the
frequency offset of two masers with two different
diameter bulbs. Internal consistency in a series
of measurements determines whether the assump-
tion about the equivalence of the coatings is valid
or not. Alternatively, as stated above, a single
bulb can be used if its geometry can be changed to
vary the mean free path.

The large maser has a calculated mean free path
of 38.3 in. , whereas the typical bulb of 6 in. diam
has a 4-in. mean free path.

E. Maser Tuning

The effects of cavity tuning are derived in Ref.
13 from the requirement of stability and self-con-
sistency for the phase of the oscillating field. The
result is identical to the one derived here in Sec.
III through a circuit analog calculation of the two-
cavity system. The tuning of either cavity can be
varied, or the phase length of the amplifier loop
can be changed to find a density-independent fre-
quency. In the normal maser, this frequency after
corrections for the magnetic field offset, second-
order Doppler shift, and wall shift is the undis-
turbed hydrogen hyperfine frequency. At the den-
sity-independent tuning, the cavity is mistuned by
just the amount needed to cancel the spin-exchange
shift" since the spin-exchange shift is proportion-
al to T2 '. In Sec. III, we show that for the large
maser the spin-exchange shift can average in a
different way so that a density-independent fre-
quency no longer corresponds exactly to the true
hyperfine valve but has certain small additional
offsets. Those, however, can be measured and

the frequency can be corrected with sufficient
accuracy to the true unperturbed value.

III. THEORY OF MULTIPLE-REGION MASER

A. Introduction

Pll P12 PlS

1, 0

0, 0

P21 P22

Psl Ps2

P41 P42

P2S P24

Pss Ps4

P4s P44

The rate of change of this matrix is the sum of
the rate of flow, rate of spin-exchange, rate of
r~laxatio~ and therate of radiati. on 1'~" Thyrse
can be specified for each chamber of the large
maser. Moreover, since the radiation field con-
nects only one pair of states, there is only one set
of nonzero skew elements, and it is sufficient to
solve for p» —p44 and p4, in each region. However,
in the most general case, the rate of change of
these two quantities is not independent of the other
density- matrix elements. Both spin-exchange re-
laxation and magnetic relaxation contribute small
terms which depend on the equilibrium value of p. "
Since these terms are small and since they alter
slightly quantities which need not be known pre-
cisely (power, threshold flux, quality parameter),
it will be assumed for the great algebraic simpli-
fication which results that no coupling occurs to
the two diagonal elements p» and p». The very
precise description of the maser oscillator fre-
quency does not suffer in this approximation be-
cause the nonunique terms of the complete density-
matrix solution disappear in the determination of
a density-independent frequency. " Moreover, in
the case of low hydrogen density and negligible
magnetic relaxation, the troublesome terms van-
ish. This in practice can be approached in the

In order to describe the effect of the separate re-
gions and the interchamber flow in the large two-
cavity hydrogen maser, it is necessary to formu-
late the problem in terms of the density-matrix
technique. ' " The hydrogen-atom density- matrix
equations of motion and their solutions have been
obtained for the case of the conventional one-cavity
and one-bulb maser. "'" At the price of more cum-
bersome algebra, this treatment can be extended
to the large-maser case since in each of the re-
gions the equations of motion of the density matrix
can be specified and the equations can be coupled
through the atom interchamber flow rates.

The spin-space density matrix for the ground
state of hydrogen is defined as
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large maser due to its large volume and due to
the option of operating at a higher static field,
which has the effect of reducing the relaxation due
to field gradients ~

We define

j (
spin) spin space

'mm' j 'mm' jj
B. Joint Density Matrix For the expectation value of a spin operator, we

have
The two different characteristics of a particle of

interest here are its spin state and its location in
space (only to the extent of knowing which chamber
the particle occupies). A description of two sepa, —

rate characteristics, a and 5, is given by a joint
state and a joint density matrix" p(' ). Two sets
of orthonormal functions are used to define p(").
Each column and row index corresponds to two in-
dices (m, n) of the eigenstates u- and en. The
mean value of an operator of the (a) system, (Qu),
is obtained by multiplying Qu by the unit operator
of (b). Thus, wehave

,b,(.~)

( spin) ~ ( )
space

j spin jj

spill

j spin

The properties that this joint operator p =

psPinpsPace must obey are

p=p

Trp=p. Tr . p~=Q. p. . P
j spin j jj
spin space j

'mm jj 'mm

(isa)

(iab)

(i3c)

It is a straightforward matter, by application of
the Schrodinger equation, to show that

where

an
=Tl'()Q p —„p ='[p, ~l

8 j g (i4)

a ~ (ab)
( (ab)) ()p = p =T(~)p

It is evident that pmm I represents the informa-
tion on (a) alone.

If the states of the joint system are uncorrelated,
that is, (Q Q )=(Q~)(Q') for all pairs of Q, then
the joint density matrix becomes a product,

(~h) (~) (~)
p =p p

where Hj is the spin Hamiltonian of the jth volume.

C. Equations of Motion

We can now write the rate equations for each of
the three pj operators, just as in the single-volume
case. In each region, the time rate of change of
pj will include the flow of atoms into and out of
that region, the effects of relaxation, the effects of
hydrogen-hydrogen collisions, and the effects of
the rf field.

The states of concern in the large-maser de-
scription are the space and the spin states. The
joint matrix wi].]. be a product of psPace and p P

because we shall assume that the random motion
of atoms in the chambers is uncorrelated (in the
above sense) with the spin states. The space part
of the joint matrix pspace wi].1 be a diagonal 3x 3
matrix, the diagonal terms of which, p "~Pace,
will represent the probability of being zn the jth
chamber. (Herej =B, L, andD, where Bis the
large zero-field chamber, L is the weak-field
chamber, and D is the driving-field chamber. )
The off-diagonal elements vanish because we as-
sume that interference terms go to zero when the
deBroglie wavelength of the particle is much
smaller than the macroscopic dimensions of the
chambers.

dt 0 " ' ' dt se dt relax dt flow

We assume the relaxations are the same in all
regions and that they can be separated into T,—

and T,-type components. In the absence of off-
diagonal elements other than the two connected by
the hyperfine transition, we can solve for the
equilibrium values of the population difference
p,g —p~' and each of the oscillating off-diagonal
elements p4, j = p*~4j in each region. We designate

D D L I
22 44 D' 22 44 L'

B B
p22 p44 DB, p42 -L42



MULTIPLE- REGION H MASER 435

D 8
p42 = D42' and p42

——842

In the large zero-radiation field chamber we have
for the population difference

I
where we identify the new terms as y~L =y~ +y~
+yLB»dy2L=y2+ yII+yLB

In the driving field region D, we have

D—=y D —y' D —2x Im(D e ), (22)

d
dt 4'

=- '2a-"O-"/"'a'a '42

'yLBL42' DBD42 (is)

I
where y2B =ye +y2 + 2 y~+ yBL+yBD. Here the
relaxation terms designated by the subscript 2
are, of course, the transverse relaxations, and
the flow terms are as defined above. The imagi-
nary part of the equation contains the spin-ex-
change frequency shift"~~

(u' = &u —(X/4v)y D' (i9)

where DB is the spin-space population differenceI
alone, DB=DBpB P . Later we will also use
the relationship &B = v —coB. The rf field is zero
in the large chamber B, so there is no character-
istic field term in Eq. (is).

In the weak-field region L, we have the two
equations

d —i((et+ e)dt'i=yaFa-yii'i-'"i' "42'
(2o)

where y is the escape rate out of the large cham-
ber and thus out of the storage regions, and yLB
and yDB are the flow rates from the low-level cav-
ity into B and from the driving cavity into B, re-
spectively. The remaining term is y~B =y1+y&
+yBL+y BD+ye. Here y~ is the spin-exchange
relaxation rate, "y,

' is the sum of the longitudinal
relaxation rates excluding the escape rate and the
exchange relaxation rate, yBL is the flow of atoms
from B into L, and yBD is the flow of atoms from
B into D. As a matter of convenience, we express
all rates as y's rather than as the inverse of the
characteristic times.

For the rate of change of the off-diagonal term
in B, we have

and

d I
d, 42=ygDD42- &y2D- '~~o —(~/4o)y„DDj& 42

2' t
+ —2x e D (22)

D. Solutions

I P
her yiD= & ya+yDBa d y2D=y2+»a+yDB'

The rf fields in L and D are oscillating at the same
angular frequency ~, which is required by the con-
dition of stationary oscillation; however, we allow
a phase difference 8 between the oscillating fields.
The phase difference willbe solved for in Sec. III F.

In the usual method of quasistationary solution
DL =DD =DB =0, and the off-diagonal elements are
p42& =(n +ip&)e'~ . These equations reduce to

2
nine coupled nonlinear algebraic equations. The
solution of these equations is greatly simplified by
keeping only first-order terms in the frequency
deviation from resonance. The oscillation is as-
sumed nearly at resonance. If exact resonance is
assumed, the nine rate equations would reduce to
six since the three equations representing the real
part of the off-diagonal elements which are linearly
dependent on (v —u&')T, would disappea, r. This,
however, would provide insufficient information
to describe cavity pulling or spin-exchange shift
effects. The procedure" is to solve for the popu-
lation difference and the imaginary part of the off-
diagonal element in each region at resonance.
Then, the remaining terms, the real part of the
off-diagonal elements, are obtained by keeping
(v —~')T, to first order and using the resonance
values of the other density-matrix terms which de-
pend on 4 —~')T, only in second order and thus re-
main sufficiently accurate. A great simplification
is also afforded in the equations by the fact that the
atoms leave the smaller chambers at a much faster
rate than any relaxation rate. That is to say, yL&
= yDB»y1, y2 even when the flow rate from B into
L or D is comparable to y, or y, . The ratio of the
flow rates in the reverse directions is yL&/y&&
= U~/Ul. = x, the volume ratio, which is about a
factor of 103. Furthermore, it is very helpful
also to realize that xD» xL, which is ensured by
the high gain of the amplifier.

d 1

dt 42=y~1.~42 &y21. -~ o
—('/ -)ylf g~&f42

t(art+ 8)
+ 22X e D

If the off-diagonal element is represented as p4, ~

=(n +iP&)et&t, and if we define x'/y~D'=$, and
if we also introduce an interchamber flow param-
eter
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~ =(1+rlr~D ')(1+r2r~D '),

then the results are expressed as

SMt
y x(& y +i)e

p42+ 42 4+(yy+x2+)

y x[& y +f(1+y y )]eD e
4~(y,y, + x'~)

(24)

(26)

E. Radiated Power and Oscillation Conditions

We must estimate the radiated power in the low-
level cavity in order to deduce the oscillation con-
ditions for the larger maser. In doing so we shall
derive the important quality parameters to judge
the condition of the maser oscillator and its range
of oscillation.

In general the power released by the oscillating
atomic magnetization will be given by

r,r2(1.&).r,rD&e 2
L r 8 2r(y, y, + x'v)

P=( 1 M ~ dx'), (26)

e 2
D 2~(y,y, + x'~)

Here we have set the volumes of the two cavity
bulbs equal since, in practice, it is advantageous
to keep both near an optimum size. If the volumes
differ, then a corrective factor, the ratio VI/VD,
multiplies the solutions for the low-level region.

The main features of the density-matrix solu-
tions are: (a) the space part of the joint density
matrix is represented by the volume ratio factor
r; (b) the limitations imposed by flow constriction
from the large chamber into the driving chamber
are represented by the ~ term directly and by the $
term indirectly; (c) the flow constriction into I.,
within certain limits, is not critical and is not a
limiting factor; and (d) the resonant frequency of
the system is determined by the average value in
8, a fact which is represented by the dependence
of the n's only on 4p. All these features, with
the exception, perhaps, of the flow-constriction
limitations, are reasonable. The theory of the
separated oscillatory-field resonances for molecu-
lar beams indicates that it is the average energy
spacings, including the region of no oscillating
field, which determine the resonant frequency. "
The probability of an atom being located in a cer-
tain chamber is on the average in the case of ran-
dom motion, the ratio of the volume of that cham-
ber to the total volume of the containing system.
The flow into the weak-field region does not ap-
pear as a limitation because, whereas it is the
driving-field cavity which determines the equilibri-
um values of the density matrix, those values are
reflected in I. as long as y&& is greater than y&
or y„a condition easily met even if y~~ is less
than the relaxation rates. The term v becomes
nonunity when the flow rate into D becomes of the
same order as the relaxation rates y, and y2.

The solutions are, of course, approximate—
mainly because they were obtained only near reso-
nance. However, they will be of sufficient accur-
acy to allow the important predictions about the
maser to be made.

where a time average of the power is taken.
In general, the magnetization can be written as

M=(IT /V)g p, TrpJ .

Thus, for the low-level cavity, we have

M =(IT /2V )g p, p

(27)

(26)

By the dagger notation we mean an oscillating
quantity A is separated as A =Aje»t+Aj' e-»f.
This notation will be used in several places below.

When this result is used in Eq. (26), the radi-
ated power can finally be written as

P =(Ie~/4')x'/(y, y +x2~) . (29)

The effects of the flow constriction into the re-
gion of prestimulation are clearly evident in the ~

term, which departs from unity when the rate of
flow into the driving cavity becomes as small as
the relaxation rates. In fact, the maxi. mum radia-
tion is reduced directly by ~ because the field-
amplitude terms in that case cancel. If n is the
number of entries on the average into the strong
field, then when that number is very small, the
maximum radiation rate goes as

P = (N&u/4B)n' .

This is reasonable, since most of the atoms in
that case decay before contributing to the oscil-
lating field. A degradation at low oscillation levels
also takes place; however, it is not explicitly vis-
ible in the expressions above. To exhibit more
clearly this flow-constriction effect, it is neces-
sary to derive the oscillation conditions and the os-
cillator quality paramete r.

As in the usual case, the radiated power is set
equal to the power losses in the low-level cavity
for oscillation to occur. We should note, however,
that Eq. (29) is not entirely correct if there is a
phase difference between the magnetization and the
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where QI. is the loaded cavity Q factor for the I.l.
cavity, and WZ is the stored energy.

We define

P =I 8(u/4R, (32)

where Ith is the threshold flux defined in Eq. (4).
This is the maximum radiation in the weak field
possible from Ith flux of atoms into the large-
maser system.

Equation (31) can be factored for terms depen-
dent on flux, i.e., spin-exchange relaxation terms,
and the flux dependence can be displayed:

field. This situation can arise in the large maser.
because of the presence of two cavities and the
amplifier loop; it is discussed in detail in the sec-
tion on cavity tuning below. If the phase difference
is small, a case of most interest in practice, then
the error is entirely negligible and we obtain from
the oscillation requirement

((dk/Q x ) =(Ih(u/4R)x /W —(v/Q )y y, (31)
l 2 2

the oscillation level as the flux is varied. However,
the expression as it stands will be of sufficient
detail for our purposes here.

F. Cavity Tumng

The effects of cavity pulling of the oscillation
frequency have been described in Ref. 13 using
the requirement of phase constancy. That result
can be obtained by a rather direct approach in
which we treat the resonant cavities as LCR series
circuits. ' An alternative and equivalent approach '
is to describe each of the two cavities by an equa-
tion derived by Slater for a resonant cavity with a
microwave circuit. " However, since in that analy-
sis the explicit modification which allows the cou-
pling of the two equations and the unique determi-
nation of the oscillation frequency of the large
maser does not appear as clearly as in the discus-
sion that follows, it will not be given here.

In the inductor of the LCR series circuit we as-
sume a magnetization due to the oscillating atoms.
The voltage across the inductor will be given by"

v~ = i~z(H~+4~'M~), (37)

+ 'yH ](~/Q-~ )&~/~ .2 l 2
(33)

Here I'„ I', are the usual relaxation rates when
the spin-exchange relaxation is zero. Identifying
the constant c,

where Z contains all the units and geometrical fac-
tors, g' is the filling factor multiplied by the ratio
of bulb-to-cavity volume, and II~ and M~ are the z
components and are averaged over the bulb volume.

The voltage drop around the entire LCR circuit
loop must be zero. Thus, using several circuit
identifications, in particular that Hj = K'I' (I' is
the current), we obtain

c = 2(-,'r, + r,)(r,r, )-'~2, (34) zQ4~'M +H (1+P'+iQ[(v/v ) —(v /v)]] =P. (38)

and the important quality parameter q given in Eq.
(5), we finally obtain the expression that displays
the important flux dependence:

P /P = (1/~)[-2q'(I/I, „)' (cZ-1)I/-I,„l], (S5)-
where we have also used

x~ /lv =(pp /e )(8~/v )q (s8)

The effect of constriction, represented by K, is
now explicit for all flux levels: Radiated power is
directly reduced by the ~ factor. The oscillation
range defined by q remains insensitive to flow ef-
fects. Since this range is defined by zero-power
points, the insensitivity is not surprising. In prac-
tice, the levels are reduced by ~; in order to
achieve some minimum oscillation level, a higher
flux level is more necessary than in the case of
negligible constriction. Moreover, if desired, the
v factor can be expanded into a second-order poly-
nomial influx, I, to give a complete description of

Here P' is the coupling coefficient for the power
coupled out of the cavity. The second term is a
familiar one describing a damped circuit, and the
first term indicates the effects of the magnetiza-
tion. On multiplying and dividing by the appro-
priate factors, we remove g' and are left with an
expression identical to one used for. the conven-
tional ma, ser case involving a complex Qm fa.ctor. "

For the single-cavity maser, Eq. (38) is suf-
ficient to determine the oscillation frequency.
However, in the case of the two-cavity system of
Fig. 1, we must account for the effect of the sec-
ond cavity and the amplifier as well. In this situ-
ation, the phase of the two rf fields need not be
the same and must not be assumed a priori.
Through the use of a second expression similar to
Eq. (37), it is possible to eliminate the unknown
phase (this was done implicitly in the pha. se-
constancy argument of Ref. 13), and to display a
unique expression for the oscillation frequency.

%'e can take account of the unknown phase 8 by
specifying that HD1 = (5/pp) —',x~ and HI, 1 = (h/
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i4m + +z
&H'H'*& V

' QD LB D

K' 'A
D D 0 i(y+e)

K' Q R (39)

Here the n terms in the square bracket refer to
the coupling of the cavities, i.e., n'= p'when the

p0)2xge~ . Then for the driving cavity we add on
an extra term on the left-hand side of Eq. (38) to
represent the power input from the amplifier.
After some manipulation we obtain

resistive impedance of the cavity equals the char-
acteristic impedance of the transmission lines.
The terms E' refer to the proportionality between
the current in the analog circuit and the rf field
amplitude. If the two cavities are similar, then
the bracket term will be unity. (Note that the P'
refers to cavity coupling as opposed to the un-
primed P which refers to a density-matrix com-
ponent. ) The term H 1 Ht* is a.veraged over the
whole cavity volume t/'D . The voltage gain is Ap,
and R is as defined in Eq. (3). The phase shift of
the amplifier and transmission lines is explicitly
represented by Q.

By using Eq. (38) and by noting that all quantities
refer now to the L cavity and L bulb, we can
eliminate 0 from Eq. (39):

4' H V
+ +2

(H H & V Q DD D D

I I
P .

~ Q 2' hx V
1+i e

QD p (H 'H & V 1+iQ ((u/(o —(u /(o)
=0. (40)

Here f stands for nI K~0/nDKIR, and Q is the
loaded-cavity Q factor.

To simplify this expression further, we need to
evaluate the terms involving the magnetization.
From Eq. (28), we recognize that P /vW =Q' /fQ Q

l l
(44)

Ities are neglected. Here QD represents the out-
put Q factor.

The real part of this equation yields

(41) This, together with Eq. (29) when & is small, in-
dicates that

Using the results of the density-matrix calculation
we obtain the relation f= Q~/QD (46)

(m/p )-.'x V
(s T +i).

(H~ H~
& V

'
L I

(42)

A similar term involving the driving cavity D can
be obtained by replacing the L subscripts with D
subscripts. However, since PD/~WD = (I/R)PI /
&OWL, and R is of order 10' or higher (Sec. II),
this term will be neglected in Eq. (40).

For the case when Q, &BT2, and Ql (&u/~1.
—~L,/~) are small compared to unity, a situation
of most practical interest, Eq. (40) becomes

Thus, for the case of critical coupling and identi-
cal cavity parameters, the voltage gain A, and the
field amplitude ratio are related by A, =28.

The imaginary part of Eq. (43) yields the de-
sired tuning expression

((d —(d )T = Q ((0/(d —(d /(d) + Q ((d/(d
l l

—(u /(u) —yL (46)

The oscillation frequency is determined from this
expression since co on the right-hand side can be
replaced with co, with negligible error. There re-
mains the important task of considering the de-
parture of v~ from cop, due to spin-exchange col-
lisions.

l (d
&& & T2+i+ Q

L -~ =0, (43) G. Spin-Exchange Frequency Shift

where terms of second order in the small quanti-
Equation (46) describes not only the pulling of

the oscillator frequency by the cavities and the
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amplifier, but also contains the effects of hydro-
gen-hydrogen collisions in the departure of the
resonant frequency from ~,. The frequency ~, is,
of course, offset from the zero-magnetic-field
hyperfine frequency by the shift of the energy
levels due to magnetic field, the second-order
Doppler effect, and the effect of wall collisions.
These must be accounted for separately as de-
scribed in several works. ' ' However, the spin-
exchange shift can be evaluated explicitly in terms
of the density-matrix solutions and the collision
parameters X and cr as indicated by Eq. (19). The
result after some rewriting is

(u' —(o = —(X/16o)m '[(1 + $ }/T + g/7 ], (47)

where TD=yD ', and

m'=[(1/R)(V /V )]V hy /mq p Q V . (48)

The factor m' is related to the quality parameter
q by q = m' 8(I/I22)Ty—/Tf, and it also appears in
the requirement for oscillation to occur,

(yly2+x'~) '= ,'r T m'.- (49}

This latter result can, if desired, be used further
to eliminate $ in Eq. (47}. However, it is just as
instructive for this discussion to continue to dis-
play the power-dependent terms.

Thus, the output frequency of the large maser is
determined by

1 Xm'g Xm'$
( 0)16' T2 16gT2 16crT

We have remarked earlier on the significance of
the ( terms in the density-matrix solutions. The
terms evidently arise from flow-constriction ef-
fects which produce an equilibrium population dif-
ference in the zero-radiation field chamber that is
different from the case of a continuous application
of an rf field. An alternative statement is that a
significant fraction of the incoming atoms never
radiates if the flow rate into the stimulating field is
of the same order as the relaxation rates.

In the conventional single-bulb maser, the last
two terms of Eq. (50) are absent and the cavity
tuning is varied until a density-independent fre-
quency corresponding to cu, is achieved. Un-
fortunately, because of the presence of the power-
dependent terms such a simple tuning procedure is
no longer adequate here if absolute frequency of

higher accuracy than several parts in 10' is de-
sired. For sizable constriction effects and high
oscillation levels the term $:can become of the
order of unity, and an experimental measurement
of the last two terms must be made. Under the
achieved operating conditions of the large maser
it is estimated that the neglect of the power terms
produces an error of 1~ 10 ' on the determination
of the hydrogen hyperfine frequency. Thus, a 50%
measurement of this effect in this case would re-
duce the frequency uncertainty to a value of 5
x10 '~ and well below the errors associated with
the other shifts of the hyperfine frequency.

Of course, another approach for the future is to
increase the flow rate into driving field relative to
the relaxation rates. The principal reason for the
appearance of the constriction limit in the present
work is due to not achieving the desired lifetime of
10 sec. A threefold longer lifetime would reduce
the power terms from the present worst case by a
factor of 10 and would make them negligibly small
in frequency tuning. In addition, the coupling
geometry of the driving bulb to the large chamber
could be improved to give a flow enhancement over
the present case. Either of these should give,
therefore, an improvement on the effects of flow
constriction and their limitation in frequency
accuracy.

IV. APPARATUS

We concern ourselves here with some of the
unique aspects of the large-maser apparatus.
The state-selector magnet and the discharge
source of atomic hydrogen are similar to previous
descriptions' and will not be given here.

The central parts of the system shown schemat-
ically in Fig. 1 are the storage chambers and
the two coupled microwave cavities. Both of the
small storage bulbs are 6-in. -diam spherical
quartz bulbs (made byU. S. Fused Quartz Co. ).
The driving cavity bulb has a 3-in. -diam neck by
which it is connected to the large chamber as de-
picted in Fig. 2. Since the flow rate into the low-
level region is far less critical and since rf leak-
age from one cavity to the other is a serious ex-
perimental problem, the other bulb has only a
2-in. neck opening. All surfaces, including the
neck flange by which a butt seal to the large cham-
ber is accomplished, are coated with FEP Teflon
(Du Pont 120) in the usual way. '

The large chamber is an aluminum cylinder with
8-in. -thick wall and 56 in. diam with a dished head
on one end and a flat 4-in. -thick plate on the other
end. The extreme length dimension is 60 in.
Three small ports and a manhole are located on the
flat end plate. A 4-in. -diam pipe which mates to
the pumpout pipe section is attached to the center
port and serves to separate the storage chambers
from the outer vessel. The geometrical lifetime
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of the atoms in the confinement regions is defined
by an aperture of suitable size placed on this 4-in.
pipe after it has sealed to the lower pump section
shown schematically in Fig. 3. Finally, in order
to allow access into the interior for Teflon coating,
a manhole is provided with a cover plate.

All storage-chamber seals are gasketless in or-
der to avoid outgassing problems of Teflon gaskets,

which are the only acceptable kind in regions open
to hydrogen atoms. Because of the high vacuum
in the vessel itself, moreover, some degree of
leakage is tolerable as long as it is not excessive
and as long as it does not significantly shorten
the geometrical lifetime of the atoms. This ap-
pears to be the case in practice, since a pressure
differential of nearly 2 orders of magnitude is
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FIG. 3. Schematic view of the vacuum system.
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maintained when the maser is operating.
The Teflon coating was done commercially (by

Precision Coating Co. , Dedham, Mass. ). TFE
Teflon was sprayed and then fused by baking for
an appropriate time at 350'C. The film thickness
was built up to about 2 mils by repeating the coat-
ing process four times. The vessel was then given
a visual inspection and a water drop test over sev-
eral arbitrary interior areas before being washed
with a Freon solvent and given one final cleaning
bake.

The cavities are basically similar to ones used
in earlier experiments, ' but there are some dif-
ferences: A large hole is necessary in the fixed
end plate of the cavity to allow the bulb neck to
pass through and attach to the large storage box;
fine tuning is accomplished entirely by a varactor
diode tuner device.

The cavity is provided with a split collar device
which clamps around the bulb neck and extends
from the cavity end plate where it is attached to
the rear of the bulb neck flange. It reduces the
4. 5-in. -diam hole in the plate, which is neces-
sary to allow the bulb flange to pass through, to
nearly the neck size of the bulb. This partial hole
covering and the extension of the collar to the rear
of the bulb flange as a wave guide beyond cutoff
serves to retain the stored energy of the cavity.
The collar thus helps meet two important experi-
mental needs. It raises the cavity Q factor and it
increases the isolation between the cavities. At
critical coupling, Q factors of about 25 000 and at
an isolation of 105 dB were achieved with this ar-
rangement.

A varactor diode tuning method is used to provide
fine cavity tuning while the system is under vacuum.
The simplicity of this arrangement, opposed to a
complicated vacuum linkage scheme necessary for
a mechanical tuner, is quite desirable; however,
the penalty for this simplicity is a reduced tuning
range. It is convenient to have a wide tuning ra,nge
mainly to accommodate the shift in the resonant
frequency of the cavity as it is evacuated. With a
narrow range, it becomes necessary to calibrate
carefully the vacuum shift for each different bulb
and then to tune carefully to a position which off-
sets this shift of the resonant frequency. The
limitation in range is due to limited varactor diode
capacitance range on the one hand, and cavity-Q
spoilage on the other. A range of about 80 kHz has
been achieved without significant Q reduction.

The principle of varactor tuning is quite straight-
forward. In the tank circuit approximation of a
resonant cavity, a varactor diode, when properly
coupled, will introduce an extra capacitance in
parallel with the cavity capacitance. As this added
contribution varies, the cavity resonant frequency
will vary also. The coupling is accomplished by a
loop that is completed by the diode. Part of the
stored energy in the cavity is stored in the diode by

the induced emf around the loop, and it is this frac-
tion which determines the tuning range. However,
the diode portion cannot become overly large be-
cause then self-resonance effects in the diode loop
will spoil the cavity Q. The self-resonance will
appear either when the diode capacitance is large
or when the loop is very large in area.

This simple model, although illustrating the
principle, does not reproduce quantitative results
exactly. Apparently there is, in addition, a famil-
iar coupled circuit-pulling effect when the diode
loop is near self-resonance.

The varactor diode-loop arrangement is shown
in the cavity assembly view of Fig. 2. Of the var-
ious designs tested, the one shown seems to meet
best the twin requirements of wide tuning range
and high Q. The diode loop is placed 2.5 in. from
the center on the movable end plate with an orien-
tation which intercepts the maximum number of
flux lines of the cavity TEpyy mode. The varactors
are unencapsulated and nonmagnetic (VAS 64 XV,
Varian Associates, Bomac Div. ).

The components described above are placed in-
side a vacuum vessel so that (a) a differential
vacuum could be maintained in the high-vacuum
storage chambers, (b) the problem of bulb and
chamber connection would be less acute, and (c)
the large storage chamber could be lightweight and
easily handled for Teflon coating. The vessel it-
self was constructed from —,'-in. -thick aluminum
(Al 6061-T6) with standard vacuum techniques for
fabrication. It is 94 in. long at the extreme points,
66 in. o.d. at the main cylindrical body, and 73.5
in. o.d. at the large end cap flange. One end is
flanged and made removable to accommodate the
inner storage box. The other end contains nu-
merous ports andis connectedbytwo vacuum pipes
to the pump and source assembly outside the
shields. A manhole is provided to allow entrance
into the critical region where the resonant cavities
are placed and where the storage chambers are in-
terconnected. Two large ports allow rough tuning
of the cavities, a necessary and frequent proce-
dure. Smaller ports are provided for a variety of
reasons, but mainly to make the vessel versatile
and adaptable to future needs. Two side ports pro-
vide an additional working angle into the cavity and
storage-bulb regions. To allow easy movement,
both the tank itself and its movable end cap are
placed on casters, which are guided by a, set of
rails. The end cap is sealed with a —,'-in. -thick
Viton 0 ring which was spliced to the correct
groove diameter, and the remainder of the ports
is sealed by compression of Pb-In wires of vari-
ous sizes (indium alloy No. 10, 90% Pb, 10% In,
Indium Corporation of America).

Two high- vacuum ion- sublimation pumps evac-
uate the vessel and the hydrogen storage chambers.
One pump (Orb-Ion, Model No. 206, Norton Vac-
uum Corp. ) evacuates the storage-chamber regions
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through an aperture defining an appropriate geo-
metrical lifetime of hydrogen atoms, and another
pump of the same type evacuates the outer vessel
and source chamber. Two 6-in. -diam aluminum
pipes connect the pumps through the shields to
the vacuum vessel as shown schematically in Fig.
3. Normally, when the source is not running, a
pressure of about 2&&10 ' Torr is maintained in the
storage regions and 3 &10 ' Torr in the outer ves-
sel.

The 6-in. -diam orb-ion pump is rated at 800
liters/sec for air and about twice that high for hy-
drogen when the pressure is below 10 ' Torr, al-
though the speed begins to drop rapidly at pres-
sures of 10 ' Torr and higher. Such high pump-
ing speeds are quite necessary because of the
large volume of the system and because of antic-
ipated heavy hydrogen fluxes.

Two major pump difficulties emerged: The
pumps became saturated under heavy loads of hy-
drogen flux; and the pump walls began peeling off
layers of adhered gas and titanium much sooner
than expected. The first problem occurred typical-
ly after hydrogen was pumped for about 5—8 h at
pressures of above 10 ' Torr. The pressure would
then begin to rise. Evidently, in this situation,
sublimation rates are not fast enough, After a
period of time, more loosely bound hydrogen is
released from the pump surface than is pumped
away. Once this condition develops, a prolonged
high-temperature pump bakeout is necessary.
This is accomplished by turning off the cooling
water to the pump walls and wrapping them in
glass fiber insulation while the pump is running.
Fortunately, the saturation can be avoided by
limiting the hydrogen fluxes so that the source
chamber pressure is below about 8&&10 ' Tprr.
The second problem, that of wall layer peeling,
cannot be avoided, however, and it is serious for
one particular case. If in the vertical configura-
tion the closed end of the pump is below the open
end, the flakes of peeling wall material will in-
evitably cause a short circuit between the anode
and the grounded body as they fall down into the
high-voltage feedthrough assembly. The pump
then must be reconditioned (manufacturer's con-
fidential process). Under heavy usage and fre-
quent pressure cycling the peeling phenomena can
start in as little as 2-3 mos.

The amplification of the signal from the low-
level cavity is accomplished by two amplifiers.
The first is a tunnel-diode amplifier (6 stages,
80 dB gain at 1420 MHz, 5 dB noise figure, and
manufactured by the International Microwave Cor-
poration, Cos Cob, Conn. ). During the course
of the experiment it was necessary to increase the
gain and a second amplifier was added. This was
a transistor amplifier of 20-dB gain (same com-
pany).

Magnetic shielding has been the most successful

approach for eliminating field gradients which
cause relaxation of the stored atoms and for allow-
ing operation of the hydrogen maser at a low static
field where variations of the field do not cause
sizable changes of the quadratically field-dependent
transition frequency. ' For the large maser also,
this approach has been duplicated and a cubical
structure to enclose the vacuum vessel magnetical-
ly was constructed. Externally the structure mea-
sures 10 ft wide &&9.5 ft high &11.5 ft long. Three
complete layers of Moly-Permalloy spaced 6 in.
apart provide the shielding. When properly de-
magnetized, the residual magnetic field inside the
enclosure is about a thousand times smaller than
the ambient field outside and the gradients in the
central volume are less than 2 &&10 ' Oe per ft.
Satisfactory demagnetization is achieved by pass-
ing ac current directly through the vacuum vessel
along the azimuthal direction. A transformer ar-
rangement provides currents of 1000 A when the
inductive impedance of the shields is canceled
appropriately.

V. RESULTS AND INTERPRETATION

Transient operation of the maser is a useful
means for extracting information regarding the
relaxation processes in the maser system. The
measurement of T, is possible through the obser-
vation of the decay of the stored energy in a cavity
after an external pulse has been applied to place
the atoms into a radiant state and while the maser
is far below threshold for oscillation. In this sit-
uation the decay-time constant is equal to T, and
the initial-signal amplitude is related to Ty. "

The procedures for generating the rf pulse and
for detecting the signal decay in the studies of the
large maser are quite similar to those described
by Berg. " There are two essential differences:
(a) the decay signal is observed on one cavity
while the pulse is applied to the other cavity;
and (b) the pulse is applied for several seconds to
allow a sizable fraction of the stored atoms to be
stimulated. Of course, to ensure that threshold
conditions do not exist, the amplifier coupling the
cavities is removed. In the interpretation of the
signals, particularly if amplitude data is used,
care has to be taken to account for the fact that the
atoms are stimulated only in one region of the
system. '

Figure 4 shows typical results for the large
maser. The confinement time in the system is
calculated to be 10 sec. At the low flux position,
T, is about 3 sec; this is degraded by spin-ex-
change broadening to 1.5 See. at high flux. These
data together with the relative signal amplitudes
at the two flux positions indicate that at high flux
there are 10'4 atoms/sec entering the storage
chambers and that, of this total, nearly —,

' are in
the E= 1, My = 0 state. This represents the high-
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FIG. 4. Decay of pulse-induced emission. The time
scale is 1 sec per division. (a) Decay at low flux. (b)

Decay at high flux.

est flux levels achieved with the source arrange-
ment used. It was not always possible to obtain
such good performance. There seemed to be evi-
dence that the Pyrex walls of the discharge bulb
would deteriorate with running time and the maxi-
mum flux levels would decrease as a result.

The limitation of the radiation lifetime to 3 sec
is a serious handicap for the larger maser. Flow
constriction effects emerge at this point since the
rate of flow into the driving cavity is about 0.5
sec '. The factor v is about 3.5 rather than 1.5
in the case T, = 10 sec, and $, at saturation levels,
is of the order of unity rather thanof 0.1. The above
data indicate that the magnitude of the relaxation
rate that is in excess of the sum of spin-exchange
and escape rate is about 0.2 sec '.

Magnetic field gradients are not the cause of the
high relaxation rate because as the Larmor fre-
quency increases and becomes greater than the
frequency of wall collisions, magnetic relaxation
decreases rapidly. ' The field magnitude for which
the Larmor frequency matches the frequency of
wall collisions (2.5 x10' sec ') is approximately
2 mOe. And, indeed, the signals are quite small
at such a field, but they increase steadily and are
quite strong at 10 mOe, and do not improve in
amplitude or lifetime at 30, 60, or 100 mOe. In
fact, the small signal amplitudes at the fields
much below 10 mOe are due to the misorientation

of the static field from the z direction caused by
the residual —,

' mOe of the earth's field. Thus,
since the above pulse data were taken at a field of
60 mOe, no significant line broadening comes from
magnetic relaxations.

The most likely cause of the short lifetimes is
the nonadiabatic relaxation of the hydrogen atoms
on the wall surfaces generally or perhaps on dis-
crete imperfections on the surfaces. The role
that this relaxation mechanism plays in the hydro-
gen maser is not unambiguously determined. Some
workers' find that wall relaxation is minor and that
the probability for relaxation upon a single bounce
is as low as 1&10 ', while others, ' on the other
hand, find a value that is 10 times higher. This
particular work seems to indicate that for TFE Tef-
lon, such as used here, the relaxation probability
is as high as 10 4. Measurements on a smaller
bulb with an identical surface seem to indicate
also a figure of that magnitude, although in that
case complications associated with the equipment
make the interpretation of the relaxation data
somewhat difficult.

Specific instances during the course of this ex-
periment of even further degradation of lifetimes
were caused by vacuum difficulties. Slight leaks
were detected by their effect on the pulse signals.
It may be that the residual 02-spin exchange, "
even under the best vacuum conditions achieved
here, is causing the excess observed relaxation.
However, the improvement has always leveled out
even after better base pressures were attained and
even after several months of pumping and after the
particular leak problems were alleviated. A re-
sidual-gas analysis would probably settle the mat-
ter, but for lack of appropriate equipment it has
not been carried out.

Electromagnetic isolation between the cavities
was a serious difficulty with the large-maser sys-
tem. Initially, only 80 dB of isolation was
achieved. Improvement was obtained only when
a thicker silver coating was used on the quartz
walls of the cavities and when the bulb-neck diam-
eter was reduced from 3 to 2 in. on the uncritical
low-level cavity. Further improvement resulted
when the rear of each cavity, shown in Fig. 2, was
covered with a metal plate after the tuning adjust-
ments were completed. It was helpful also to use
only spherical bulbs since the cylindrical variety
apparently perturbed the cavity modes in such a
way as to couple out more power. With these
changes a satisfactory isolation of 105 dB was at-
tained.

Frequency measurements were performed by
comparing the signal from the large maser to a
reference hydrogen maser signal which was off-
set in frequency by about 1 Hz through a higher
static magnetic field. The period of the slow de-
tected beat frequency was counted on an electronic
counter. When the necessary off set corrections
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for the second-order Doppler shift and the mag-
netic field are applied to the period data, and when
it is assumed that both masers are tuned for no
cavity or spin-exchange frequency pulling, the re-
sulting difference in frequency will be due solely
to the difference in the wall collision shifts.

The radiated power in the low-level cavity is
estimated to be 4& 10 "ergs jsec at low flux and
25 times that at high flux. At a power level of
10-"ergs jsec, the measured frequency instability
of the large maser relative to a small reference
maser was about 6 parts in 10"for 10-sec averag-
ing times. This result is in agreement with the
theory of additive noise contribution to maser fre-
quency instability derived by Cutler and Searle. "
For 100-sec averaging times, the frequency fluc-
tuations were about 1 part in 10". In this case,
however, it is difficult to compare with theoretical
predictions because the laboratory conditions were
such that over such long times, environmental per-
turbations of the reference maser were significant
contributors to the observed frequency variations.
The principal perturbation appeared to be due to
magnetic field variation and caused most of the ob-
served slow-frequency changes. On the other hand,
the phase stability of the amplifier loop of the large
maser was high enough so that it did not appear to
contribute to any sizable frequency drifting and was
not a limiting factor.

The requirement of good phase stability for the
amplifier loop is clearly exhibited in Eq. (46) by
the Q term. For a fractional frequency stability
of 1&&10 ", for example, g must remain constant
within 0.1 . Observations of the frequency tuning
of the large maser indicate that this sort of phase
stability was achieved in the experiment. In addi-
tion, there is also the requirement that the noise
figure of the amplifier be low as the perturbing
noise power in the large-maser case is increased
directly by the noise figure factor F of the ampli-
fier. Thus the usual description of thermally in-
duced frequency fluctuations ' in the hydrogen
maser can be applied to this case provided AT is
replaced by FAT.

The oscillator frequency can still be displaced
from (d„ the density-independent frequency, in
the case of the large maser by the power terms
which appear in Eq. (50). From a knowledge of the os-
cillation level, cavity Q factors, amplifier gain, and

other factors, it is possible to evaluate the term (.
This yields for the maximum oscillation level used
in the experiment the result that tm~ =0.3: and
the displacement of the frequency from vo due to
these terms when there is no variation of frequency
with flux is less than 1 part in 10". Thus, the
power-pulling terms associated with spin-exchange
are not detectable in the present measurements.
Ultimately, for the full potential accuracies of the
large maser, these terms must be measured or
their magnitude reduced. For example, a 10/o

measurement would give the ultimate accuracy
of the absolute frequency as 1~10 ". If improve-
ments can be made so that the constriction of flow
is less severe, that accuracy could be obtained
with even a poorer determination of the $ terms
in Eq. (50). Either approach, direct measure-
ment or the reduction of constriction, can thus be
used to remove this new spin-exchange effect from
limiting the absolute accuracy of the large maser
frequency.

Of great importance to frequency measurements
is the amount of broadening that can be introduced
by spin-exchange relaxation as the flux is varied
to a high position. The greater the broadening,
the more pulling there will be at the high flux posi-
tion and the easier it will be to determine the
density-independent frequency +,. By using the
tuning relationship it can be shown that if the tun-
ing factor T is the ratio of linewidths betv een high
and low flux, and if in the approximately tuned po-
sition there is a frequency change & when the flux
is increased to the high position, then the frequency
of the maser oscillator is different from the
density-independent frequency by

5m=&/(T —1) . (51)

If the amount of broadening is small and T is close
to unity, one can see that it becomes extremely
difficult to determine a tuned position. Also, for
a given magnitude of random fluctuations one can
set a limit of accuracy of the tuned position from
the above relation.

Typically for the small masers the tuning factor
T is larger than 2. For the large maser there
are two problems. First, the maximum available
flux is limited by the discharge source and is be-
low the value of maximum flux allowed for oscilla-
tion. Secondly, because of excessive relaxations
as noted in the T, measurements, the amount of
relative broadening is less than it otherwise would
be for the same flux range. Under the best con-
ditions heretofore achieved with the large maser,
the tuning factor was about 1.7 and was quite ade-
quate. However, during the course of the work the
source operation deteriorated somewhat, and in the
later measurements a tuning factor of only 1.2 was
obtained. Such a low tuning factor was quite trou-
blesome and clearly limited the accuracy of wall
measurements.

Three sets of measurements of the large-maser
wall shift were obtained. The first set was with
the tuning factor of 1.7, and the last two with a
tuning factor of 1.2 only. The size of the uncer-
tainties of the latter two determinations indicates
the unsatisfactory flux broadening performance,

Under the most favorable conditions achieved dur-
ing the experiment, the wall shift was found to be
smaller than for a small-reference maser bulb by
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(21.1+0.45)x10-3 Hz,

where the uncertainty in the relative measurement
is a standard deviation of the random errors.
These errors reflect mainly the uncertainty of the
large-maser tuning with the contributing power
terms and the inability to measure the magnetic
field offset with a negligible error. However, with
more statistics and improvements in magnetic field
offset determination (the signal to noise of the de-
tected oscillation is presently too low for a suffi-
ciently accurate application of the double resonance
technique), a, fractional accuracy of 1x10 " should
be achievable without difficulty.

It was necessary to carry out a separate series
of measurements to determine the absolute value
of the reference-maser wall shift, as it appeared im-
mediately that the accepted Teflon values did not
seem to agree with the observed data. The results
of this study, ' which included also some tempera-
ture dependence observations, give for the refer-
ence maser a wall shift (for 31.5 'C) of

(22.5 +0.5)x10-' Hz .

These data, together with temperature corrections
and the above determination of the relative wall ef-
fects, give for the large maser an absolute wall col-
lision shift (for 26.9 'C) of

—(2.3+0.8)x10-' Hz .

Another series of large-maser measurements
was also done, but with a much poorer tuning
capability. A tuning factor of only 1.2 was
achieved later due to the degradation in the source
performance. The average of these results gives
—(2.4+1)x10 ' Hz for the large-maser wall shift.
The extrapolation of the Teflon data of the small
bulbs to the large-maser case indicates a shift of
—2.8~10 ' Hz should be expected. Thus the re-
sults overlap the expected value. Full agreement,
however, should not be expected as the Teflon sur-
faces are not of the same type. The small bulbs

are FEP Teflon, and the large chamber is coated
with TFE Teflon.

This work has demonstrated the feasibility of
atomic prestimulation as a method for achieving
maser oscillation in a very low filling-factor sys-
tem. In this case, the system offers the potential
of increased absolute accuracy at the expense of a
decrease in stability against noise perturbations
over short averaging times. Moreover, at longer
averaging times of the maser signal the narrower
atomic linewidth may prove to be an advantage
against flicker noise introduced by cavity tuning
drifts.

The effects of wall collisions on the maser fre-
quency have been reduced in this system by the
desired order of magnitude. If the wall measure-
ment procedures of conventional masers are car-
ried over to this system, an increase in the ac-
curacy can be expected. A most promising method,
particularly suitable for the large maser, is one
in which the geometry of the storage box can be
changed while maintaining the same identical sur-
face area. The resulting variation in the collision
rate could determine the wall effect of the large
maser independently of the limiting wall errors
associated with the small storage bulbs of the con-
ventional hydrogen masers.

The apparatus developed here can be readily
adapted to achieve a deuterium maser oscillator.
The system is large enough to accept the larger
deuterium resonance cavity and a measurement of
the deuterium hyperfine frequency via the maser
method is being done in this laboratory.
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A description of the parametric amplifier and frequency converter is presented without in-
troducing the classical (i.e. , parametric) approximation for the pumping field. Constants of
the motion are found which reduce the solution of the Schrodinger equation to the diagonalization
of a matrix. This diagonalization is accomplished numerically, and the eigenvalues and eigen-
functions of a. system with fixed energy are calculated. The time-dependent behavior of the
mean number of photons in the amplified or frequency up-converted field is presented. The
time evolution of the probability distributions is illustrated. The technique is extended to the
proble~ of coherent spontaneous emission from a system of N two-level atoms interacting
with the radiation field where both the atomic system and the radiation field are quantized.

1. INTRODUCTION

Recently, there have been great advances made
in the construction of light amplifiers and frequency

converters. These devices are based on the cou-
pling of light waves in nonlinear dielectric crystals
such as Liwb03. '~ A photon from an intense
monochromatic laser beam, the pump, couples


