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which is the exact classical Josephson equation.
Perhaps the most convenient way to interpret
Eqs.(31a) and (31Db) is to write

7 =_7,.AaJ
1

K = Ak,
¢ crossed i—

qut

= rate at which vorticity
is flowing across the
streamlines of ¥ b (32)

We then use our original interpretations, but say
that when ¥, is not uniform over short sections of
vortex core, we must use Eq. (32) for calculating
the rate at which vortex lines (or vorticity) is
crossing the potential current.
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The classical binary-encounter model for the ionization of ions by impact of electrons given
by Thomas and Garcia has been extended to calculate the excitation cross section of ions. The
electron-impact excitation cross sections for the 3s-3p and the 3s-3d transitions in Mg+, the
2s-2p transition in Be®, and the 4s-4p transition in Ca’ have been calculated. The results are
compared with calculations based on the close-coupling and the Coulomb-Born approximations.
Our results agree better with close-coupling calculations than with calculations based on the

Coulomb-Born approximation.

INTRODUCTION

In recent years, considerable effort has been
devoted to the study of the electron-impact exci-
tation of atoms.® Very few attempts, however,
have been made to calculate the excitation cross
section of positive ions because of the difficulty of
including the Coulomb field which acts upon the
incident electronthroughout its trajectory and dis-
torts the linear path. The quantum-mechanical

calculations using the Coulomb-Born and the close-
coupling approximations have been made for a few
ions.?™" The classical binary-encounter model, ®
which provides a simple method of estimating the
ionization and the excitation cross sections of
atoms,®»!° has not yet been used to calculate the
excitation cross section of ions.

Recently, Thomas and Garcia!* have discussed
a model solution of the problem of the ionization
of ions within the framework of the binary-en-
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counter approximation in which they have taken
into consideration the residual field of the ion.
Here, we have extended the same approach to cal-
culate the electron-impact excitation cross sec-
tion of the positive ions Be™, Mg™*, and Ca*. The
transitions studied are: Bet(2s-2p), Mg*(3s-sp
and 3s-3d), and Cat(4s-4p).

THEORY

In the binary-encounter model, the significant
interaction is the energy exchange between the
incident charged particle of velocity ¥, and an
atomic electron in the ith shell of velocity 522"
The excitation cross section from the ground state
to a state » of any atom due to an incident electron
of kinetic energy E,, under classical impulse ap-
proximation, is given by

U
:Enf n+1<7 eff(

0exc i1 Un AE )d(AE)
if E1 > Un+1 (1a)
5 E, eff .
_)_,inifUn OAR (7 1, )d(AE)
if Un<E1< Un+1 (1b)

where Uy, and U, , 1 are the relative energies of
the states # and # +1, oag®H is the cross section
for the exchange of energy AE, and #n; is the num-
ber of electrons in the shell whose energy is Uj.
Equation (1) is to be averaged over the veloc1ty
distribution of the bound electrons.

In the case of ions of effective charge Z’,
Thomas and Garcia assumed that the binary colli-
sion took place at a distance £ from the nucleus
whichresultedinan energy transfer AE. If ioniza-
tion energy is U, then for ionization AE = U, where-
as for excitation U, < AE < U, , 1. The kinetic en-
ergy at the collision radius ¢ is E{=E,+Z'/¢ 2 E,,
so that the total cross section for the energy ex-
change collision is

Un+ 1 eff
’ ’ _/ ->r 3
o xc(El, Un)_O-Un N & d(AE)>

s ’
it B/ >U (2a)

(e

if U <E'<U . (2p)
n 1 n+1

)d(AE>>

Here ( ) denotes the average over the speed dis-
tribution of the bound electron. Following an ap-
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proach analogous to that of Thomas and Garcia,
the expression for the total excitation cross sec-
tion from the ground state to the state n of the ion
is given by

( ' ’
o1 1225 2
Blz 61_61

E&T’ >1/2 ]}1/2 ) 2 ' 3)

E’:UZO'I, BIZEI/U!

( Z'2
- KB{_BJZ—

Here X =U?30,

Bi=E{/U=B,+32"'(z"+1)/[3(z' +1)? + 47],
if3(z'+1)>4
=B, +32'6/342+ [5(2'+ 1)]%}

if $(z/ +1)<A

R*=U

2 _
n+1/U, and M?2=

Un/U .
For excitation, A is given by
A= (B, - M) (B /P - 102 4 1],

The factor to the right of £Z’ in Eq. (3) represents
the magnification due to the curvature of the path
of the incident electron in the field of the ion.

WhenE{ >U, , 1, =’ is given by

'@, R T2 (L 1) (1 _1
2 (ﬁl’BZ’R)_B{[352<M4_R4>+<M2_R2>:|’

it 0<p,<pl-R?

2([311__ R2)3/2
ﬁ21/2R4 ’

7 <ZBZ+3M2 3
351 M "Bz

it pl- R2< g, <p{-M*

27 ((B{_Mz)a/z (B{_Rz)s/z >
M2 - ’

= 351' 821/2 Re
if Bj-M2<p, . (4a)
For the case Uy < EiS Uy 1+ 1, the expression for
z'is
vt gy T (2B,+3M2 3 >
Z (Bly Bz)*33{< M4 31’— Bz ’

it 0< g, pl- M
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~ 21 (B{_M2)3/2
“3pR ME

if Bl-M2<B, . (4b)
Here B,=E,/U, and E, is the kinetic energy of
bound electron. If we use a hydrogenic velocity
distribution function for the bound electrons.
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fe)=(32/mr?/(1+ 1) | (5)
where %2 =8,, we get
&= [ (6l kR (R k. ®)

With the help of Eqs. (4)-(6), if E{> U, , 1, We
can write

J
N . =
+2(%;(01i2§22) (C—1R2)2+41222(—CR—2 )~ o 2) Hanre el M)
i - G (G i) o e (i

(@{—M"’)“"’) (5 gl-C _1_> <
T (C-Mm?F)*\2d pIc *ac?

(BI_ R2)1/2

MCETL o)
(c-Rr??  (Cc-M?*F

5 BI -C 3 1 (B{_Rz)uz (B;_Mz)uz
*(E giC 8C "¢’ C-rR* = C-M?
5 pl-Cc 3 1 1 - -
_ <ﬁ __.__IBI,C + 307 +35° +—@>[tan 1Bl - M?)*? - tan™(B{ - R?)*/2 H <, ()]

where C=p/+1 .

The corresponding expression for the case when Uy, < E < U, , 1 is obtained by replacing R? by p{ in Eq. (7).

RESULTS AND DISCUSSION

The electron-impact excitation cross sections
were calculated on the basis of the above formula-
tion for the ions Mg*, Be*, and Cat. Figures
1(a) and 1(b) are plots of the excitation cross sec-
tion, o against incident energy for the 3s-3p and
3s-3d transitions of Mg+, and Figs. 2(a) and 2(b)
display o for the 2s-2p transition in Be* and the
4s-4p transition in Cat, respectively. The re-
sults are compared with the close-coupling cal-
culations of Burke and Moores? for Ca* and Mg™*.
The results of calculations of Bely et al.® for Be+
and Mg*, and Petrini'? for Ca*, based on Coulomb-
Born approximation are also shown. No experi-
mental data are available for the excitations of
these ions. The energies of various eigenstates in
Ca* and Mg" were taken from the paper of Burke
and Moores. For Be', these energies are from
the compilation by Weise, Smith, and Glennon.'*

For the 3s-3p transition in Mg*t, we observe
that our results are in good agreement with the
calculation of Burke and Moores based on the
close-coupling approximation with exchange. The
Coulomb-Born results of Bely ef al. give a very

high value of the cross section as compared to

our calculation. For the 3s-3d transition in Mg™*
and the 4s-4p transition in Ca*, our results deviate
within a factor of 2 from the close-coupling re-
sults with exchange. The Coulomb-Born results

of Petrini yield a high value of the cross section

at the threshold. For the 2s-2p transition in Be™,
our results agree with the Coulomb-Born results

of Bely et al. beyond the value 12 eV of the inci-
dent electron energy, but at lower energies there
is a marked disagreement between the two calcula-
tions. It can thus be seen that the classical binary-
encounter model gives fair estimates of the elec-
tron-impact excitation cross sections of ions,
especially at higher impact energies. The
quantum-mechanical calculations give a nonzero
value of the excitation cross section at the thresh-
old, whereas our calculations yield a cross sec-
tion which vanishes at threshold.

ACKNOWLEDGMENT

One of the authors (K C M ) acknowledges
financial support from the University Grants Com-
mission, India.



340 TRIPATHI, MATHUR, AND JOSHI 1
3 64—
NG "
\\\\ Mg (3s—3d)
L . (a)
ol T~~ao 48t \
~~. \ +,
e \ Be(25-2°P)
\
\
\
T 32} \.\
\
N
.
.
.
~ ~.
~ 0 L L n . wo 16 S~
~o o = ~—
£ £ -
4
P \\, (@) 8
G 3z} \ Mg'(3s-3p) 9 o ‘ . . )
w \ .0
w y
n \\ 0
S AN g (b)
'5 \. o ~
241 N a8r N
o S cdlas—ap)
. N
~ -
~. )‘ h
16F Tt 32
sl 16
0 . . . N ol ‘ . , .
0 6 12 18 24 30 0 5 12 18 24 30
ENERGY (eV) ENERGY (eV)
FIG. 1. (a) Electron-impact excitation cross section FIG. 2. (a) Electron-impact excitation cross section

of Mg" (3s-3p) transition: dashed line, close-coupling
calculations of Burke et al., dot-dashed line, Coulomb-
Born calculations of Bely et al.; solid line, present cal-;,
culations. (b) Electron-impact excitation cross section
of Mg+ (8s-3d) transition: dashed line, close-coupling
calculations of Burke et al.; solid line, present calcula~
tions.

of Be' (2s-2p) transitions: dot-dashed line Coulomb-
Born calculations of Bely et al.; solid line, present cal-
culations. (b) Electron-impact excitation cross section
of Cat (4s-4p) transition: dashed line, close-coupling
calculations of Burke ef al.; dot-dashed line, Coulomb-
Born calculations of Petrini; solid line, present calcula-
tions.
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