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The Glauber approximation has been applied to excitation of the 2s, 2p, 3s, and 3p levels
of the hydrogen atom by electron impact. The differential and integrated excitation cross sec-
tions predicted by the Glauber theory have been compared with experiment and with other cal-
culations. The Glauber approximation is a considerable improvement over the Born approxi-
mation at energies <~ 100 eV. At energies >~ 100 eV, the Glauber total excitation cross sec-
tions approach the Born approximation, even though at large scattering angles (>40°) the
Glauber differential cross sections may be very different from the Born approximation. At
intermediate energies (~30-100 eV), the Glauber predictions are surprisingly good; at en-
ergies <~ 20 eV, the Glauber integrated cross sections are smaller than those observed

experimentally.

I. INTRODUCTION

In the past, the Glauber! approximation for scat-
tering amplitudes was applied to many problems
in particle physics and in nuclear physics.? More
recently, the Glauber approximation was employed
in the elastic scattering of electrons by hydrogen
atoms.** In these latter calculations — for angu-
lar distributions as well as for total elastic cross
sections — the Glauber theory agrees surprisingly
well with experiment, even at comparatively low
electron energies (<~100 eV), where Glauber’s
formulation might be expected to break down. As
a matter of fact, Glauber’s theory is essentially
a diffraction approximation® wherein it is assumed
that the incident plane wave sweeps virtually un-
deviated through the region of interaction and
emerges suffering only a position-dependent change
of phase and amplitude; obviously this assumption
is likely to be invalid at low energies. On the
other hand, the Glauber theory has the virtue — to
which its aforementioned success in e-H elastic
scattering perhaps can be ascribed - that it takes
account of the interactions of the incident electron
with both the target electron and the target proton;
for excitation processes, in most other easily
computed approximations, the interaction between
the incident electron and the proton either pro-
duces identically zero scattering [first Born ap-
proximation (FBA)], or else is assumed to produce
negligible scattering (impulse approximation, ®
Vainshtein approximation”).

In view of the preceding, it seems reasonable to
examine the utility of Glauber theory in the inelas-
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tic scattering of atomic hydrogen by electrons,
especially at energies <100 eV, where the FBA is
known to be very poor (see Sec. IV). The specific
reactions examined by us include excitation of
H(ls) to the 2s, 2p, 3s, and 3p levels. The deri-
vations of the theoretical formulas employed are
given in Secs. II and III. Sections IV and V dis-
cuss the results obtained, including their com-
parison with experiment.

II. BASIC FORMULAS

In what follows we suppose the target proton to
be infinitely heavy. Also, we neglect exchange
scattering, which is not readily estimated in a
diffraction theory like Glauber’s; the possible
significance of this neglect will be discussed in
Sec. V. Let #K;, iK;=m¥;, m¥; be, respectively,
the momentum vectors of the incident electron be-
fore and after the collision, and define

d=K;-K,.
We place the origin of coordinates at the proton,
with the z axis (also the polar axis) along K;. Let
T, T’ denote, respectively, the position vectors of
the target and incident electrons, and write T
=5+2, ¥ =b+Z, where (see Fig. 1) 5 is the pro-
jection of T onto the x, y plane; correspondingly,
the impact parameter vector b lies in the x, y plane
and is the perpendicular from the origin to the
incident particle’s initial trajectory.

With these definitions, the amplitude Ffi(ci) for
collisions in which the atom undergoes a transition
from an initial state 7 with wave function u; to a
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FIG. 1. Projection of the col-
lision on the x,y plane. The x,y
plane is the plane of the paper;
the initial velocity of the incident
electron coincides with the di-
rection of positive z, which is
into the paper. The vectors
b, §, and § lie in the x,y plane,
and have azimuth angles ¢, ¢,
¢4, respectively, measured
from positive x, as shown.

final state f with wave function u,, and in which the
incident particle imparts a momentum 7g to the
target is given by!

@=L OTE D@ S aE, )

where it has been assumed that the vector § is
perpendicular to ﬁ,-, i.e., that g also lies in the
%,y plane (Fig. 1). This assumption is specifical-
ly employed in the reduction of Eq. (1) to usable
form (see Sec. III); its significance is discussed
below, mainly in Sec. IV. Moreover, in Eq. (1)

P(f), F)=1- X5 , (2)

where the phase-shift function
x(b,3)=- (1/7) [V, T, ) at

is the integral -~ along the trajectory of the in-
cident electron — of the instantaneous:potential be-
tween the incident particle and the target. For
electrons incident on atomic hydrogen, we find
readily®

x(®, §) =2n1n(|5-3|/5) , 3)

where n=¢?/fv, .

When the exponential in (2) is expanded in pow-
ers of y, the first nonvanishing term in (1) is
linear in y, and can be seen to be identical with
the FBA. Retention of only the linear terms in x
should be valid at large v;. Thus, one might in-
fer that the Glauber predictions for Fy;(q) should
merge with the FBA at sufficiently high incident
energies. This inference is not really justified,
however, for reasons which will be discussed in
Sec. IV below. In particular, for the inelastic
cross sections examined in this paper, the Glauber
and the FBA predictions at large scattering angles
(~60°, for instance) apparently do not approach
each other as the incident energy is increased.
However, at high energies, large-angle scattering
generally makes a relatively inconsequential con-
tribution to integrated cross sections, whether
elastic or inelastic. Therefore we do expect that
the Glauber total (i.e., integrated over angle)

inelastic cross sections will approach the FBA at
sufficiently high energies. For the excitation
processes examined in this paper, the Glauber
total cross sections become essentially indistin-
guishable from the FBA at incident energies E;
>200 eV.

In excitation from state ¢ to state f, the differen-
tial cross section is

%:%,Fﬂ(‘d)lz, (4)

and the total cross section is
ops= [ (Kp/K )| Fpi(@) |2 sin6 a6 do (5)

where 0, ¢ are the angles in spherical coordinates
specifying the direction of I-Ef relative to ﬁ,. Even
in e~ H (1s) collisions, the quantity F;;(q) need
not be independent of ¢, i.e., need not be axially
symmetric about the z axis when u; denotes a
final state of specified magnetic quantum number,
e.g., in the 1s-2p excitation of hydrogen; of
course, the differential cross section summed
over final magnetic quantum numbers is indepen-
dent of ¢.

The quantity K, is fixed by

(h’z/Zm)K§+€f=(7’iz/2m)K§+€i , (6a)
where €;, €, are the energies of the initial and
final atomic states (with €,=~13.6 eV in the re-
actions we discuss). Thus from

¢ =K3+K:~2K,K, cosh, qdq=KK,;sin0d6, (6b)

we can recast Eq. (5) into the form

Kj+K 2r 2
on=/KD[ " Tagq [ aolFa@1.

1II. CROSS-SECTION EXPRESSIONS

The desired expressions for inelastic 1s-2s,
1s-2p, 1s-3s, and 1s-3p excitation of atomic hy-
drogen by electrons now can be obtained from
Egs. (1), (4), and (7), along with the appropriate
initial and final wave functions. Section III A details
the reduction of the integral [(1)] to usable form in
the 1s-2s case. As will be seen, the analysis
closely parallels the previously reported® reduc-
tion of (1) in elastic e-H scattering.

A. 1s-2s Excitation

Introducing atomic units, for the 1s-2s excita-

tion
T _zi\ein
oy @-nefi- (P53

x e 8(bdb do,)(sds de,dz), (8)

o Ky
Fﬂ(Q) o
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where, because § is assumed to lie in the x, y
plane containing b and § (see Fig. 1),

q- b= quOS(¢b‘¢)¢) )

. 9
[b-3| = [0*+s? - 2bs cos(d, - ¢,)]"2 ©

and of course 7= (s?+2%)!/2, Moreover, for a given

-Kf, i.e., for a given direction of scattering spec-
ified by given 6, ¢ in Eq. (5), then as we have de-
fined g, we obtain ¢,=¢ +7. Expression (8) can
be rewritten in the form

Fu@ = [(2+'8—8X)Il(ﬁ,)\)] (10)
r=3/2
. T w2in
nan - gty [ f- (53]
X e'8°8 (bdb d ) (sds dbydz) . (11)

Using (9) and Y =2bs/(b? +s?), we obtain

iK - 2 inf 2r
I= m/e 7"'I:Z'rr —(‘b—;)[ d¢s(1—YCOS¢s)i"].

X e B(pap do,)(sds dz) , (12)

=_i.I_{_L_ ® © ® ~r(s2422)1/2
I, 41n/§_[0 d% ds/-; dzbse Jo(gb)

X [2w—(iiy>izz,d¢:s(1 - Ycos¢s)‘"] , (13)

- Ky (5[5 2
Il zﬂﬁld?[dss bKl(AS)Jg(qb)

/25 \in[
x[21r —<5~17) . dog(1-~ Ycos¢s)‘"] . (19)

The result (14) is obtained from (13), e.g., by
introducing the new integration variable T instead
of z via 2=ssinh7, and then employing a standard
formula® for X,, the modified Bessel function of
the third kind.

The integral (14) is further reduced by trans-
forming to polar coordinates in the b, s plane,

s=Rsin#’, b=Rcosb’

This transformation makes ¥ and s/bY in (14) in-
dependent of R,_ so that we can use®

J,"dR R*K,(\R sin6’)Jo(gR cos6’)
=[2*/(xsind’)"] ,F,(3, 2; 1; - (¢?/2%) cot?d’). (15)

Furthermore, 1°

Fil3, 25 1; - (¢2/3%) cot?e']
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=[1+(g?/2A?) cot?0’' " ,F [-2, ~1; 1; =(¢%/7?) cot?6’]
= [1+(g%/2%) cot?0’]™[1-(2¢%/2%) cot?8’].  (16)
Therefore,

166K, ("% a6’ sin®¢’ cost’
V2 A (A sing’)®
2 -4 2
X (1 + %‘_ cotae) (1 - ?‘;i— cot29'>

1 1 \einf2r ) , in]
X [1 - é—’,; . c—Q—g—g—;) [ d¢s(1— sin26 COS¢S) .

(17)
From Egs. (10) and (17), after setting A=3, we

I=

.obtain

210K, f e sin®6’ cos6’
Fru@= 3%v2J, a8 (sin®6’ +# g% cos?6’)®

X{ [—2sin®6’ +38 4% cos?6’ sin®6’ —328 ¢* cos*6’]

% 1_,1_ (_L_)Zi'fz"do;) (1—sin26’ cos¢ )"ﬂ
27 \cosé’, o s =)

(18)

Equation (18) shows that F,(q) is independent of the
scattering azimuth angle ¢, as it should be in the
present case of 1s = 2s excitation. We have eval-
uated Fy,;(q) numerically from Eq. (18) by two in-
dependent methods which have yielded essentially
identical results. Our first method involved com-
puting the integral over ¢, numerically, and after-
wards performing the second numerical integration
over 6’ (but, for convenience, first replacing 6’ by
the new integration variable ¢ via #=sin6’). In our
second method we evaluated the integral over ¢,

in (18) from the previously used® formula

(1/2m)J; " dp (1-sin26’ cose )"
= | cos26’ |21, (3n+1, Lin+ 1; 1; sin®26"). (19)

Equation (19) can be derived, e.g., by writing
[when, as in (18), 0<6’ <37]

1 - sin26’ cosd,, = | cos26” | (| sec26’| - |tan26’|cose,)

and then using a known integral representation®!
for the Legendre function, which is expressible!?
in terms of the hypergeometric function ,F;.

To convert to cgs units, we replace K; and q in
(18) by a¢K;’ and agq’, where the primed quantities
are in cgs units (i.e., K,/ =mv;/% in cgs units),
and multiply the right-hand side of (18) by an extrafac-
tor a,, consistent with Fy; having the dimensions
of length.
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B. 1s5-3s Excitation

In atomic units, after we have introduced the
1s and 3s wave functions, Eq. (1) becomes

o iK1 2 i)
Frul@= wa 8177V 3 (27+183x+ 2%

b =1\2in -
) e'"'[l '(Ib b Sl) ] e @> (bdb do,)(sds de,dz)
(20)

evaluated at X =%. Using Eqgs. (11) and (17), we

reduce Eq. (20) to

81 iK, [/°

- sin6’ cos6’
Frul@=564 73
0

!
a8 (sin?6’ + %% cos?6’)®
16

x {[ - sin®6’ - ¥ ¢%sin*6’ cos®6’
+ (3"/2%)¢*sin® 6’ cos*¢’ ~ (37/21%) ¢® cos®e’]
X [1 =(27)"1(1/cosb’)?"

X f:wd(z)s(l— sin26’ cosg,) "]} . (21)

C. 1s-2p Excitation

The observed 1s-2p excitation cross section is
the sum of the cross sections for excitation to
each of the 2p magnetic substates. For our pres-
ent purposes, the electron spin, 2p,,-2ps/, split-
ting, and hyperfine effects all are inconsequential,
so that the electrons can be considered spinless
in effect, and the 2p magnetic substates can be
labeled merely by the orbital magnetic quantum
numbers m =0, £1. Let the direction of K; (the
z axis employed in Sec. II) be the axis of quanti-
zation for the atomic wave functions. Then for
excitation to m =0, Eq. (1) yields
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b

. % _Z1\2in -
Fu(@ = 35—; / 51; re ™" sin@se“’S[l - ('—b—sl) ]e‘“"‘(bdb de,)(sds dogdz)

1
oY S T _(1b-3] ”"]
Fu@=57] 75 7e "coses[l ( 5
X " T¥(bdb de,)(sds do, dz), (22)

where z=7cosf, and A= 3. Thus F;(q) from (22)
vanishes, since it is integrated from z=— to +%
and the integrand is an odd function of z. It can
be seen that this result — namely that F,(q) van-
ishes for excitation to the 2p m =0 state — is a
consequence of the Glauber -theory assumption
that § is perpendicular to K;. In FBA, where one
does not assume E.LK,., the 1s-2pm =0 excitation
amplitude is not identically zero. However, ex-
amination of the quite complicated closed-form
FBA expressions!® for the 1s-2p m=0, +1 am-
plitudes indicates that (for those scattering angles
making the predominant contribution to the excita-
tion cross sections) the m =0 amplitude becomes
negligible compared to the m =+1 amplitudes in
the limit E;~. This conclusion concerning the
high-energy behavior of the FBA 1s-2p m =0, 1
amplitudes is supported by numerical calcula-
tions'* which show that the FBA 1s-2p m =0 inte-
grated cross section decreases much more rapid-
ly than the FBA 1s-2pm =+1 integrated cross sec-
tions as the energy increases from 13t0 200 eV. Thus,
the Glauber result that the 1s-2p m =0 amplitude
vanishes is not inconsistent with the expectation
(explained in Sec. II) that the Glauber total cross-
section predictions should merge with the FBA at
large E;. We stress that the preceding sentence
pertains to quantization along I-Ei only. In FBA it
is more usual and more convenient to quantize
along §, in which event the FBA 1s-2p m=+1 am-
plitudes vanish, and the dominant FBA amplitude
is the 1s-2p m =0.

For 1s-2p excitation to m =1,

(23)

with X again = %; but since 7 sinf =s, (23) can be rewritten

Ffi(fi)= (iK‘/16ﬂ2)fds db dz bs® e-).(sZ-l-zZ)l/Zeioqfd¢bei(ob-oq) eﬁ"ffdcps e'(®s = #3)[1 —(IB—El/b)“"].

Recalling (9), in (24), we obtain

2 B -31\ein in (2
dqbse“%—%’[l - (l—b—ﬂ> ].—. - (—2-8—> dogcosg(l - Ycospy)™ ,
A b vY) ),

where Y is as in Eq. (12). Thus,

Fiu@) = (K;e'®4/8m) [ ds db dz bs?e™ *# V2 (qb)(25/bY)" fo * cosgs(1 — Yeosd,)inde, ,

F;@) = (Kie'®e/an) [dsdb bs®K (\s)J 1(gb)(2s/bY)in fo ¥ 4o, cosd,(1 — ¥ cosg,)™ .

(24)

(25)

(286)

27)

As in Sec. III A, introducing polar coordinates in the b, s plane, reduces Eq. (27) to
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12 ] 207 cindpl(ain2p! _ 4 2! Zin"r
Ff{(a)zz:s]:!qewj/r/z do’ cos®6’ sin*0’(sin®6 ngcose)( 1 \/dtbscosrbs(l—Ycosqﬁs)'", (28)

(sin%6’ +% g% cos®6')®

0

9'
cosb’/ .

where Y =sin26’. We have computed Fy;(q) numerically from (28), after having introduced the new inte-
gration variable ¢=sing’. Note that,Ffi(a) now depends on the scattering azimuth angle ¢ =¢_,— 7, as fore-
shadowed in Sec. II. However, |F;;(q)|? remains independent of ¢. The quantity |F;,(§)1% for 1s-2p m

=~ 1 obviously is the same as for m =1.

In (28), the integral over ¢, also can be expressed as a hypergeometric function. Using (19) and the

properties®® of the derivative of ,F,, we obtain

T :
/ dos cosgy(1 - Y cosep,)™ o7
0
T 9

T in+19Y

2r
- 3(in+1)7? _a_/ do(1 - Y cosgg)"*?
0
— [(1 - Y3)"*3/2 F (3in+1, 3in+ 3 1; Y]

~3innY (1 - Y2)"* V2 P (Lin+1, Lin +3; 2; ¥?) .

D. 1s-3p Excitation

As in Sec. IIIC, the 1s-3p m=0 amplitude vanishes; also, the values of |F;,(§)1? for m=x1 are equal

and independent of ¢. For 1s-3p m =1, we find

Fu@) = 2°K,qe'%e [ "% a6’ cos?6’ sin'’
il 27 (A2 sin6’+4? cos?0’

E {[2%(6x - 7) sin%8’ + 12x%¢? sin%6’ cos?6’ — (6X + 1)g* cos?d’]

X [1/(cosze')*"]foﬂ descospy(1 — sin26’ cosg,) '} (29)

evaluated at x = £,

IV. RESULTS AND DISCUSSION

In Sec. IVA we concentrate on the total cross
section for 1s-2s excitation. Subsequent subsec-
tions discuss 0y,,1,, Present the computed oy,
and 03,5, and examine the predicted differential
cross sections. Conclusions concerning the valid-
ity and utility of Glauber theory for computing ex-
citation cross sections in electron-atom collisions,
as evidenced by the results of this paper, are
summarized in Sec. IVE.

A. Total 1s-2s Cross Section

Figure 2 compares our Glauber total 1s-2s ex-
citation cross sections with a variety of previous
theoretical estimates of 0,,,1,. Specifically, Fig.
2 plots oy,,,, versus E; as computed via FBA'®
(curve 1); the second Born approximation, ! in
which, however, contributions from coupling to
highly excited (principal quantum number #>5)
intermediate states have been estimated only ap-
proximately, using closure (curve 6); the dis-
torted-wave approximation!® (curve 7); als-2s-2p
close-coupling calculation, including exchange!®
(curve 5); FBA combined with the Ochkur approx-
imation?® for the exchange amplitude (curve 2);

r

the so-called Vainshtein approximation” (curve 3);
and finally the Glauber approximation (curve 4).

It is seen that all methods give essentially the
same results above 200 eV and that significant
differences between the various approximations do
not set in until the incident energy is decreased
below 100 eV. We note that the Glauber predic-
tions tend to lie below the others, especially at
energies <30eV. In particular, the Glauber oy,
is well below the FBA at energies <100 eV; this
behavior of the Glauber excitation cross section
02,15 CONtrasts with the behavior of the Glauber
elastic 0,,;5, Which exceeds the FBA o0, ;5 at all
energies. ?

Figure 3 compares the experimentally observed
1s-2s excitation cross sections with the Glauber
predictions (solid curve). The solid circle data
points are from the very recent measurements of
Kauppila, Ott, and Fite (KOF).2! The agreement
between these observations and the Glauber theo-
retical values is quite good in the energy range
above 30 eV. Referring to Fig. 2, it can be seen
that except for the Vainshtein approximation the
Glauber approximation is the only theoretical es-
timate which will be reasonably close to the data
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b 0.12 close-coupling calculation,
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FIG. 3. Comparison of theoretical and experimental effective 1s-2s excitation cross sections in units of mad. Solid
circles are data points of Ref. 21, normalized to FBA at 200 eV; crosses, the data points of Ref. 24, normalized to
FBA at 500 eV. Solid curve, the Glauber predictions; dashed curve, the first Born approximation. As explained in the
text, in order that comparison with the data be meaningful, the theoretical curves must plot oy 15+ Y03, 15, Where ¥ has
been estimated to equal 0.23.
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of Kauppila et al. in the energy range 30-100 eV;
all other theories predict oy, cross sections
which are much too high, e.g., the FBA (dashed
curve in Fig. 3). Moreover, it is fair to say that
the Vainshtein approximation rests on a very un-
certain theoretical foundation, # in that calcula-
tions via this method incorporate subsidiary phys-
ically unjustified mathematical simplifications
(e.g., a so-called peaking approximation) intro-
duced solely for the purpose of making integrals
tractable.

We also remark that although the magnitudes of
the experimental cross sections have been in dis-
pute for some years, 2% it seems unlikely that
future experiments will yield observed oy, 5
much larger than observed by Kauppila et al. , %
i.e., it seems unlikely that future experiments
will cause the Glauber approximation to look poor-
erthan, e.g., the 1s-2s-2p close coupling (curve 5
of Fig. 2)in 30 eV<E;<100 eV. The very care-
ful experiments of KOF assume that oy, 1, is cor-
rectly given by FBA at 200 eV, which is a perfect-
ly reasonable assumption, judging by Fig. 4 below.
Actually their results show that Kauppila e? al.
equally well could have normalized their inferred
03s,1s t0 the Born approximation 0,4, at 200 eV,
which energy should be high enough for the FBA
025,15 t0 be reliable, judging now by Fig. 2.
Moreover, the KOF results lie above those re-
ported by Hils, Kleinpoppen, and Koschmieder, 2*
who normalized to FBA at the even higher energy
of 500 eV. At very low energies, E;<40 eV, there
are 0y, data by Lichten and Schulz, 2% which orig-
inally were reported to lie considerably higher
than the KOF points of Fig. 3, but which were
based on normalization to FBA at 40 eV, which
clearly is too low an energy to rely on FBA.
When the Lichten and Schulz data at 25 eV are re-
normalized so thatthey coincide with KOF at 25 eV
(which in effect renormalizes the Lichten and
Schulz data to FBA at 200 eV), the Lichten-Schulz
and KOF cross sections are in quite good agree-
ment?! over the entire energy range E; <40 eV,
where the two experiments overlap.

Another remark worth making is that in the very
low energy range 10.2 eV<E;<13 eV, six-state
1s-2s-2p-3s-3p-3d close-coupling calculations
(including exchange) have been carried out, 2
whose results are quite close?! to the Lichten and
Schulz data rerormalized as described in the pre-
ceding paragraph. Furthermore, this inclusion
of coupling to n=3 states significantly decreases®®
the predicted oy, 15 from their three-state 1s-2s-2p
close-coupling values (curve 5 of Fig. 2). Itis
Jossible, therefore, that a six-state close-cou-

ling calculation would satisfactorily agree with
he KOF data points of Fig. 3, perhaps even over

the entire range 10.2 eV<E;<200 eV. At the
present time this possibility cannot be verified
however; because the computations are so tedious,
no six-state close-coupling calculations of 0y 44
at energies E;>13 eV have been carried out.
Thus, for close-coupling predictions at E;>13 eV,
one is forced to fall back on the obviously inade-
quate (for energies 13eV <E, <100 eV)three-state
1s-2s-2p results.'® Actually, the success of the
Glauber approximation in Fig. 2, if not fortuitous,
suggests that the close-coupling method is much
more elaborate than necessary, for predicting
025,15 iD the energy range E;>30 eV at any rate;
certainly the Glauber diffraction approximation
ignores the interchannel coupling (supposedly
capable of causing many successive excitations
and deexcitations during the incident electron’s
transit of the target hydrogen atom) whose inclu-
sion so greatly complicates the close-coupling
computations.

As explained in Sec. II, the Glauber curve of
Fig. 3 perforce neglects electron exchange.
Therefore, the Glauber theory’s apparent success
for 0y, €xcitation indeed would be fortuitous if
neglect of exchange were unjustified above 30 eV.
Various theoretical calculations?” indicate that ex-
change should be quite negligible at incident en-
ergies E;>100 eV, but may become fairly impor-
tant at E; <50 eV. Unfortunately, there are no
very reliable means of quantitatively determining
exchange contributions to cross sections at those
low energies where exchange is likely to be non-
negligible. However, we have employed the Born-
Oppenheimer (BO) approximation®’ to estimate the
exchange amplitude in 1s-2s excitation. In this
1s-2s case, including the BO exchange amplitude
along with the Glauber direct amplitude alters the
solely Glauber predictions by only a few percent
for 40 eV <E; <70 eV and all consequential scat-
tering angles (angles making nonnegligible con-
tributions to the integrated cross section); above
100 eV the exchange contribution estimated in BO
is utterly negligible, as far as the integrated cross
section is concerned. Similar comments pertain
to use of the Ochkur approximation for the ex-
change amplitude.?® Below 40 eV, the BO exchange
amplitude becomes more important compared to
the Glauber direct amplitude, but in this energy
range the BO amplitude tends to overestimate the
exchange contribution, as is well known.?’ We
conclude that neglect of exchange in the Glauber
curve of Fig. 3 is justified in the energy range
E;> 30 eV, where the Glauber approximation fits
the KOF data. Neglect of exchange may be a
reason, though not the sole possible reason (see
Sec. IVE), for the apparent failure of the Glauber
theory at E; <30eV in Fig. 3.
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The measurements plotted in Fig. 3 do not dis-
tinguish between H(2s) atoms created by 1s-2s ex-
citation and those produced by radiative cascading
to H(2s) after excitation to higher levels, e.g.,
H(4p). Therefore the effective oy, ¢, Observed in
the experiments quoted in Fig. 3 must be

O5ets = O2g,15+22 ; P(5~28) 04,44 (30)

summed over all energetically accessible levels

j lying above H(2s), with P(j-2s) the probability
of cascading to H(2s) after initial excitation to
H(j). The predominant cascade mechanism to
H(2s) is via excitation to H(3p), i.e., the largest
term in the above sum corresponds to j=3p. Thus
it is customary to rewrite (30) in the more con-
venient form

(31)

eff —
O2s,1s = 025,151 Y03, 15 »

where y is computable from known transition
probabilities®® combined with estimates of the
ratios o, ,,/03,,1,- It Seems to be generally
agreed, 2% on the basis of Hummer and Seaton’s?°
FBA estimates of these ratios, that y=0.23 over
a broad range of energies. Consequently the theo-
retical curves in Fig. 3 are plots of the right-
hand side of (31), using ¥=0.23. To be quite
specific, in the dashed curve of Fig. 3 we use the
FBA values of 0y, 15 and 03, 15; in the solid Glauber
curve we use 0,4 15 from Fig. 2 and the Glauber
O3p,1s irom Fig. 6 below.

Actually, we have recomputed 7, using a some-
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sections than was available to Hummer and
Seaton.?® We find y indeed is very nearly constant
over the energy range of interest in Fig. 3, but
that y=0.19 rather than 0.23. Use of this smaller
value of ¥ makes the agreement between the Glaub-
er theory and the KOF data even better than is
shown in Fig. 3; however, because we have no
prior assurance that the Glauber-predicted oy, 4
and 03, 1, are very accurate at E; > 30 eV,

we do not wish to conclude that y=0. 19 is nearer
the truth than v =0. 23 when the exact o, 1, and
035,15 are used in Eq. (31). We add that if (as we
claim) Glauber theory really is much superior to
FBA, then the ratios o, / 035,15 Used to compute y
should be estimated from Glauber calculations, not
from FBA. After j=3p, the most important con-
tributors (in FBA)to the sum in (30) are thej=mnp
terms, #>3. We have not computed the Glauber
Opp, 15 for n>3, so that we cannot immediately test
the validity of the FBA-estimated o,,, 1,/ 03,15 fOT
n>3. However, our computations do enable us to
compare the FBA and Glauber ratios o, 15/0z, 15
We find that these ratios are very nearly equal at
energies E; >30 eV. Therefore, for energies ex-
ceeding 30 eV at any rate, estimates of v in (31)
from the FBA ratios 0;;,/03,1, Should be quite
accurate.

B. Total 1s-2p Cross Sections

In Fig. 4 we compare theoretical and experimen-
tal values of the total 1s-2p excitation cross sec-

what more extensive set!® of computed FBA cross tion. The sources and descriptions of the theoret-
',4 T T T T T T T 1 71 T T T
1 FBA
2 Ochkur
.2 — 3 Vamshtein
4 Glauber
5 C.C. (1s,28,2p) -
6 Second Born Approx. FIG. 4. 1s-2p excitation
1.0~ 7 Distorted Wave cross section in units of maf.
A Long,Cox and Smith The triangles are the data

0.2+

11

0.0 ] | 1 |1

points of Ref. 30. The curves
show various theoretical esti-
mates of 1s-2p excitation,
computed via the Glauber and
various other approximations
discussed in the text. The
sources for the theoretical
curves are as in Fig. 2, e.g.,
curve 5 is the 1s-2s-2p close-
coupling calculation, including
exchange, from Ref. 19.
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jcal curves in Fig. 4 are the same as those cited
in connection with Fig. 2 above, e.g., curve 6 in
Fig. 4 is the Holt and Moiseiwitsch!” second Born
approximation for oy, 15, in which, however, con-
tributions to highly excited (» >5) intermediate
states have been estimated only approximately,
using closure. As in the 1s-2s case, all theories
are fairly close for E;>100 eV; for E; <100 eV
the Glauber approximation tends to be significant-
ly lower than other theoretical calculations, ex-
cepting the Vainshtein approximation (curve 3).
The triangles in Fig. 4 are the experimental data
points of Long, Cox, and Smith (LCS), 3° which are
the most recent measurements of 0y, ;, and which
are in good agreement with older experiments.3!%
Because cascading is estimated®® to make only a
2% contribution to the observed 025,15 » in Fig. 4
it is legitimate to compare the observed data
points with theoretical curves uncorrected for
cascading (as would not have been legitimate in
Fig. 2). Again we see that the Glauber theory is
in good agreement with experiment at energies
E;>30 eV, but is rather lower than observed for
E;<30 eV. In particular, at energies 30 eV<E;
<100 eV, the Glauber approximation is distinctly
superior to all other theoretical calculations shown
in Fig. 4, excluding the not-well-founded Vainsh-
tein approximation.

Actually, the data points shown in Fig. 4 have
had to be computed from the values reported by
LCS, * because those observers, as well as pre-
vious workers, 3% only measure Q,, defined as 47
times the number of Lyman-« photons per unit
solid angle emitted in a direction perpendicular to
the direction of the incident electron beam, nor-
malized at 200 eV to the number expected from
FBA. The total cross section ¢ to be plotted in
Fig. 4 is given in terms of @, by*

c=(1-3P)Q,, (32)

where the polarization fraction P has its custom-
ary definition

P=(I,-1,)/1,+1,) (33)

in terms of the intensities, observed at 90° to the
electron beam axis, of the Lyman-a components
having electron vectors parallel and perpendicular
to the electron beam axis. Values of P(E;) have
been measured recently by Ott, Kauppila, and
Fite.*® Using these values in (32), together with
the normalized @,(E,) reported by LCS, yields the
data points plotted in Fig. 4.

Recently there has been much interest in the
Gryzinski® classical model for prediction of atom-
ic collision cross sections. The Gryzinski pre-
dictions have the virtue of easy computability,
even easier than the FBA and the Glauber approx-

imation. However, the Gryzinski prescription3*
for computing excitation cross sections yields only
the total cross section for excitation to the n =2
levels of atomic hydrogen; the Gryzinski formu-
lation does not distinguish between excitation to
degenerate (or nearly degenerate) levels of differ-
ent orbital angular momentum. For this reason,
in Fig. 5 we have plotted theoretical and experi-
mental values of the total cross section for ex-
citation to the hydrogen n=2 levels. The solid
curve is the sum of the Glauber curves (curves 4)
in Figs. 2 and 4; the dashed curve is the similar
sum of the FBA curves (curves 1) in Figs. 2 and
4; the dot-dashed curve is the Gryzinski predic-
tion, as computed by Stabler. % The triangles in
Fig. 5 are the data, obtained by adding the solid
circles in Fig. 3 to the triangles in Fig. 4. Evi-
dently the Glauber approximation yields a much
better fit than the Gryzinski model; however, the
trivial Gryzinski computation does correctly pre-
dict the peak-combined cross section (o, 15+ 0zp,15)
to within 50%. We note that in adding the experi-
mental points of Figs. 3 and 4 we are including the
contribution from cascading to H(2s), which con-
tribution is not included in the theoretical curves
of Fig. 5. On the other hand, the experimental
points in Fig. 3 lie much lower than those in Fig.
4, i.e., the experimental (and theoretical) curves
in Fig. 5 are dominated by 0,,,15; consequently,
subtraction of the cascading contribution from the
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FIG. 5. Total cross section for excitation to the =2
levels of hydrogen, in units of 7ra§. The triangles are
the observations, taken from Figs. 3 and 4 as explained
in the text. Solid curve, the Glauber predictions, from
Figs. 3 and 4; dashed curve, the first Born approxima-
tion, from Figs. 3 and 4; dot-dashed curve, the Gryzinski
classical model, as computed in Ref. 35.
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FIG. 6. Theoretical 1s-3s and 1s-3p cross sections
in units of wa%. Solid curves are the Glauber predictions;
short dashed curves, the first Born approximation; long
dashed curves, the distorted-wave approximation; dotted
curve, a 1s-3p close-coupling calculation (Ref. 19).

experimentally observed H(2s) production would
only slightly modify the experimental points of
Fig. 5.

C. Total 1s-3s and 1s-3p Cross Sections

In Fig. 6 are displayed the Glauber predictions
for 044,15 and o3y, 45 (solid curves), together with
FBA!® (short dashes) and distorted-wave!® (long
dashes) calculations; in addition, for 1s-3p ex-
citation alone, there are shown results computed
in a two-state 1s-3p close-coupling approxima-
tion, *° including exchange. There are no reliable

data with which these predictions can be compared.

The relations between the various curves in Fig.
6 are much the same as were found for the corre-
sponding curves of Figs. 2 and 4.

Lad

D. Differential Cross Sections

As yet we have not discussed differential cross-
section predictions; these are shown in Fig. 7,
for excitation to 2s, 2p, 3s, and 3p at an incident
electron energy of 100 eV. In Fig. 7, the solid
curves are the Glauber results; the dashed curves
are FBA differential cross sections, taken from
Mott and Massey.*® The absolute differential
cross sections are plotted in Fig. 7, with the
scale on the left referring to the 1s-2s and 1s-3s
curves, while the scale on the right pertains to
the 1s-2p and 1s-3p curves. The scales in Fig. 7
are much more condensed than those employed in
Figs. 2, 4, and 6, so that, e.g., the differences
between the FBA and Glauber 1s-2p curves in Fig.
7 do account for the roughly 10% difference be-
tween the FBA and Glauber total oy, curves of
Fig. 4 at 100 eV.

As in e-H elastic scattering, >* the Glauber and
FBA curves of Fig. 7 all decrease monotonically
with increasing scattering angle 6. In a number
of other respects, however, the relations between
corresponding Glauber and FBA curves of Fig. 7
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FIG. 7. Theoretical differential cross sections in
units of maf for excitation to 2s, 2p, 3s, and 3p, at 100
eV. Solid curves are the Glauber predictions; dashed
curves, the first Born approximation.
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are rather different from those for elastic scat-
tering. At large angles, 6>~40°, the Glauber
inelastic differential cross sections are signifi-
cantly larger than the FBA; in elastic scattering
at large angles the FBA and the Glauber approxi-
mation were practically indistinguishable, ** but
if anything, the FBA exceeded the Glauber. In
elastic scattering at angles 0° <6<~40°, the
Glauber approximation always exceeded the FBA,
with the difference between the FBA and the
Glauber approximations becoming quite large at
very small angles 6 <~10°; as a result, the
Glauber total elastic cross section oy, 44 exceeded®
the FBA 04,1,. On the other hand, in the 100-eV
differential cross sections of Fig. 7, the Glauber
1s-2s curve only slightly exceeds the FBA 1s-2s
in the angular range 6<10°, while at intermediate
angles 10° <6 <40° the Glauber 1s-2s lies signifi-
cantly below the FBA; consequently, recalling
that in computing the total cross section the dif-
ferential cross section do/dQ is weighted by an
extra factor sin6, it is understandable that the
Glauber total inelastic 0,4 1, turns out to be less
than the FBA 0, s at 100 eV, as was shown in
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FIG. 8. Scattering amplitude squared in units of na%
for 1s-2s excitation, as a function of ¢%= momentum
transfer squared. Solid curves are the Glauber predic-
tions at energies of 50, 100, and 200 eV; dashed curve,
the first Born approximation, which is independent of
incident energy.
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Fig. 2. In the 1s-3s case, the Glauber do/d§ of
Fig. 7 starts out only very slightly above the FBA
at 0° and falls below the FBA at an angle 0 as
small as 2°. The 1s-2p and 1s-3p Glauber curves
of Fig. 7 lie below their corresponding FBA
curves even at 0°.

The features of the foregoing comparisons be-
tween the Glauber approximation and FBA inelas-
tic differential cross sections are quite character-
istic, i.e., these features appear to persist at
essentially all energies 10 eV<E;<200eV. In
general the differences between the Glauber ap-
proximation and the FBA inelastic do/dS2 become
more marked at consequential angles (angles con-
tributing significantly to the integrated cross sec-
tion) as the energy is decreased. To illustrate
this remark, in Fig. 8 we plot |F,, ,,(d)|? from
Eq. (18) as a function of ¢? for incident energies
of 50, 100, and 200 eV (solid curves); for compar-
ison the FBA|Fy,,,(d) | which is independent of
incident energy, also is shown (dashed curve).
For given E;, ¢%) is a monotonically increasing
function of scattering angle 6, but the value of g2
at 0° increases as the incident energy decreases,
e.g., at E;=100 eV, ¢%(0°)=0.02, while at E,
=50 eV, ¢%(0°)=0.04. Moreover, in the range
1071 < g% <~ 3 the Glauber curves lie below the Born,
the more so as E; decreases. Thus the fact that
in Fig. 2 the FBA 0, ,, lies increasingly above
the Glauber oy, ;5 as the energy is decreased from
200 to about 20 eV also can be understood from
Fig. 8, recalling that in computing the total cross
section via Eq. (7) the quantity |F;,(d)!? in the in-
tegrand is weighted by an extra factor ¢, while the
lower integration limit is [ ¢%(0°)]'/2. Below about
20 eV the Glauber approximation and the FBA
025,15 again approach each other in Fig. 2 because
the integration range K,;-K, to K;+K, in Eq. (7)
rapidly diminishes as threshold K,=0 is ap-
proached.

The only angular distribution data with which
our Glauber predictions can be compared are
those of Williams, ¥ who has measured the angu-
lar distribution of those scattered electrons whose
energy loss corresponds to excitation of the =2
levels of atomic hydrogen. Figure 9 shows
Williams’s data points (labeled 1) at an incident
electron energy E;=50€eV, normalized at 20° to
the sum of the cross sections for excitation of
H(2s) and H(2p), as calculated (at 54 eV) by Scott3®
in the 1s-2s-2p close-coupling approximation.
Curves 2 and 3 in Fig. 9 also are taken directly
from Williams. % Curve 2 shows the aforemen-
tioned 1s-2s-2p close-coupling predictions®;
curve 3 shows the (BO) predictions (againat 54 eV),
also normalized at 20° to the observations. As
Williams remarks, at angles 6<~80° the BO curve
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LA A A —l increases beyond 80°, consistent with our discus-
i 1 Dota points of Willioms. sion of Fig. 7. Curve 4 of Fig. 9 displays the
| E 2;:’: gz:z::zi:‘p:mm"m’"'J: Glauber predictions for E;=50 eV normalized (like
o approximation (54 eV). E the other theoretical curves) to the data points at
-“é’ o 4-Glauber (50eV) E 20°. At angles 20° <6 <40° there is not much to
?ﬂ - . choose between the various theories. For 6>40°
I o' 1 the 1s-2s-2p close-coupling gives a quite good fit,
S E 3 while the FBA or BO are clearly bad fits. The
g C ] Glauber approximation is not quite as good as the
.c§3 [ i 1s-2s-2p close coupling at 6 >40°, but the Glauber
N -2 fit certainly is not poor. It will be recalled that
- 10 3 3 the 1s-2s-2p close-coupling calculations, although
e E \j much more arduous than the Glauber approxima-
~ r \ : tion, at 50 eV actually predicted muchless accurate
4 \ - total 0y, 15 and oy, 1, than did the Glauber (Figs.
10F \\ _- - E 2-4),
Fo ., . S== ’/. T Figure 10 compares Williams’s data®” (curves
20 20 60 80 100 120 1) with theoretical angular distributions at inci-

Scattering Angle (degrees)

FIG. 9. Differential cross sections for excitation of
the n=2 levels of atomic hydrogen. Curve 1 fits data
points of Williams, Ref. 37. Curves 2—4 are theoretical
angular distributions, all normalized to the experimental
data points at §=20°. Curve 2, the 1s-2s-2p close-
coupling predictions; curve 3, the Born-Oppenheimer
approximation; curve 4, the Glauber approximation.

is essentially identical with the FBA. At angles
6 >80° the effects of electron exchange cause the
BO curve to turn up; the FBA, which neglects ex-
change, continues to decrease monotonically as 6

dent electron energies of 100 eV [Fig. 10(a)] and
200 eV [Fig. 10(b)]. At these energies since there
are no close-coupling calculations, Williams fitted
his observations to the BO (curves 2) at 21°. As
was the case at 50 eV, these 100- and 200-eV BO
curves are bad fits to the observed points. In
addition, Fig. 10 shows the Glauber predictions
(curves 3), also normalized to Williams’s data
points at 21°. At 100 eV the Glauber approxima-
tion yields an acceptable fit; at 200 eV the Glaub-
er fit is excellent. It is noteworthy that at fixed
large angle (e.g., 6=60°) the deviation between
the Glauber approximation and the FBA increases
with increasing energy in Figs. 9 and 10, con-
trary to the (now seen to be dubious) inference in

E 1 Data points of Williams. _ E
- 2 Born-Oppenheimer o B
-1 opproximctlon -2 \
10 ' I(8) for n=2 excitation.§ 10 E 3
o 3 Glouber : EVy 3
” r ] Eo\g ] FIG. 10. Differential cross
= L ] Lo\ - sections for excitation of the n=2
2 o2k 4 %L 4 levels of atomic hydrogen (a) at
o E E E 200ev 3 100 eV; (b) at 200 eV. Curves 1
€ F - ] fit data points of Ref. 37. Curves
@ I ] L \ 2 % _ 2 and 3 are theoretical angular
g 03 Ry \ B distributions, all normalized to
a 3 3 E w2 3 3 the experimental data points at
" C 3 F \ ] 0=21°. Curve 2 (dashed), the
c i ] i ] Born-Oppenheimer approxima-
ble 15k 1 &L \ | tion; ct‘lrve'3 (solid), the Glauber
olo 3 \ E E 3 approximation.
- \ 3 F \ ]
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Sec. II that the Glauber Fﬂ('ci) should approach the
Born F;(q) at high energies. We add that except-
ing backward angles, where the BO amplitudes ap-
proach the Glauber amplitudes, inclusion of elec-
tron exchange could not significantly modify any of
the Glauber curves in Figs. 9 and 10.

Of course, 200 eV is not really a high enough
energy to justify retaining only the leading term in
the expansion of the exponential in (2); in fact, at
200 eV the expansion parameter 2z in Eqs. (2) and
(3) equals 5. In other words, at 200 eV the en-
ergy is still too low for our confidence in the ar-
gument — via expansion of e™ in (2) — which
seemingly reduces the formula [Eq. (1)] to the
FBA scattering amplitude. Still, 2z is not large
compared to unity at 200 eV; moreover, it is
curious that the Glauber approximation and the
FBA should be so divergent at wide angles in Fig.
10(b), in view of the fact that for elastic scatter-
ing the 200-eV Glauber approximation and FBA
predictions are indistinguishable® for angles ex-
ceeding 30°. We stress that even without normal-
ization to the same value at 6 =21°, the FBA and
Glauber integrated cross sections from Fig. 10(b)
will be practically equal, as we already know from
Figs. 2 and 4 at 200 eV. In other words, the
angles where the FBA and Glauber curves of Fig.
10(b) diverge widely are quite inconsequential for
computing the 200-eV total cross section for ex-
citation to the Hn =2 levels, as can be directly
verified from Fig. 10(b) (and its extrapolation to
6=0°).

For the purposes of Sec. IVE, it is desirable
that we assure ourselves that the divergence at
large scattering angles between the FBA and
Glauber angular distributions of Fig. 10 is con-
sistent with Fig. 8. At E;=200, or 100 eV, the
FBA and Glauber |F|% shown in Fig. 8 lie close
to each other only for g?<~3; at larger ¢Z the
FBA |F|? becomes very small compared to the
Glauber |F|%. Now at 200 eV, ¢2(8), which in-
creases monotonically with 6 at fixed E;, equals
3 at about §=25°. Thus the angular range for
which the FBA and the Glauber approximation pre-
dict very nearly the same 1s-2s differential cross
sections at 200 eV is largely off-scale in Fig. 10(b).
At 100 eV, g%(8)=3 at about 6=40°, so that curves
2 and 3 in Fig. 10(a) do not begin to diverge until
0 exceeds 40°. Actually, it is not possible to
understand Figs. 10(a) and (b) solely from the 1s-
2s curves of Fig. 8, because 1s-2p excitation con-
tributes importantly to Fig. 10. However, the
variation with g2 of the 1s-2p do/dQ is not quali-
tatively dissimilar from the corresponding vari-
ation of the 1s-2s do/dR, as Fig. 7 indicates, so
that concentrating solely on the behavior of the
1s-2s curves of Fig. 8 does yield qualitatively cor-

|-

rect interpretations of Figs. ‘10(a) and (b).

E. Conclusions and. Critique

From the results which have been discussed it is
legitimate to conclude that the Glauber theory is a
useful, fairly accurate means of predicting total
cross sections for excitation of atomic hydrogen by
electrons at energies 30 eV<E; < 200 eV; in fact,
in this energy range, if theories of e — H excitation
are judged on any reasonably weighted combination
of reliability, ready computability, and theoret-
ical soundness, no other theory seems at all com-
petitive with the Glauber theory. Whether sim-
ilar conclusions would hold for other atoms and
other incident projectiles, e.g., e-He and p-H
collisions, is a question well worth investigating.
For instance, in many electron atoms, where
F4(@) from Eq. (1) must be integrated over the
coordinates Ty, Tp, ..., of all the atomic electrons,
it is far from obvious that Fy,;(q) can be reduced to
a readily computable form without subsidiary er-
ror-introducing, simplifying mathematical approx-
imations.

The angular distribution results we have quoted
certainly justify the conclusion that the potential
utility of Glauber theory for predictions of inelas-
tic (as well as elastic) differential cross sections
in electron-atom collisions cannot be lightly dis-
missed. As a matter of fact, judging by Figs. 9
and 10, Glauber predictions of differential cross
sections, for e-H excitation in the same energy
range 30 eV<E;<200 eV, are almost as success-
ful as are the Glauber total cross-section predic-
tions. At first sight, this last assertion is rather
surprising. In Figs. 9 and 10 the main advantage
of the Glauber approximation lies in its ability to
predict the observed angular distributions at wide
scattering angles, where the BO and FBA differ-
ential cross sections are far too low; at smaller
angles, as Figs. 7-10 indicate, normalized (not
absolute) differential cross sections are fitted no
better by the Glauber approximation than by the
even more readily computable FBA. However, as
explained in Sec. II, our calculations specifically
have assumed tha_t the momentum transfer q is
perpendicular to K;; i.e., that § in Egs. (1) or
(8) lies in the x, y plane containing b and §. Wheth-
er or not the incident energy is high, q cannot be
perpendicular to K; at the wide angles where FBA
fails in Figs. 9 and 10. In other words, it ap-
pears that the Glauber predictions are successful
in Figs. 9 and 10 at just those angles where
Glauber theory might be expected to break down.

On the other hand, the foregoing objection to
Glauber theory is specious. In Glauber theory,
the phase distortion of the wave function is ap-
proximated via integration along a straight line
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supposedly representing the undeviated path of the
incident electron; this is how one arrives at the
formula for y [Egs. (2)-(3)]. For wide-angle scat-
tering, as Glauber remarks™?, a poor approxima--
tion results from supgosing that the electron path
is always parallel to K;. A better approximation,
which treats the initial and final directions sym-
metrically, results from the assumption that the
electron’s undeviated straight-line path effectively
is parallel to 2(K,+K,) However, recalling Egs.
(6), we have

i- €,+K) __K3-K2
iT11%, - £ gI%,+ &, |

- 2m(e; — €,)/ 1P
[(K2+K2?- 4KiK Fcos™ e

_ €&—€
[(¢; - €,)2 + 4E,E, sin20]12

(34)

Thus, at large scattering angles (not too near 6
=180°), choosing the z: axis along Z(K, +Kf) auto-
matically implies that § very nearly lies in the

x, 9 plane at not exceedingly low energies. For
example, in 1s-2p excitation at E;=200 eV, the
right-hand side of (34)=~0.05 for §=30°. More-
over, at any given fixed scattering angle it can be
seen that Y | F;,(q, m,) |2 summed over all final
magnetic quantum numbers m,; does not depend on
the direction of quantization of the final bound-
state wave functions u,(mf). Therefore, the
Glauber differential and integrated e — H(1s) cross
sections we have computed are exactly the same
as we would have obtained if, at the very begin-
ning, back in Eq. (1), we had made the (superior
at all not exceedingly low energ1es) supposition
that the z axis lies along 2(K¢ +K,)

The preceding paragraph has made it under-
standable that Glauber theory accurately predicts
differential cross sections at wide angles and not
exceedingly small incident energies. It also is
possible to understand the fact remarked in Sec.
IV D that at wide angles the Glauber and FBA
elastic differential cross sections®* approach each
other with increasing E;, whereas the Glauber and
FBA inelastic do/dQ apparently are increasingly
divergent with increasing E;. At high energies,
large-angle elastic scattering of electrons from
H(ls) results predominantly from close collisions
between the incident electron and the proton; the
atomic electron has too small a mass (alterna-
tively, has too spread out a wave function) to give
large deflections to the incident electron. Sim-
ilarly, one expects that wide-angle inelastic scat-
tering results from interactions of the incident

electron with the proton as well as with the atomic
electron. In FBA, however, the inelastic scatter-
ing produced by the interaction e?/#’ between the
incident electron and the proton vanishes because
the initial and final bound-state wave functions

are orthogonal. Therefore the wide-angle inelas-
tic scattering in FBA results only from the rel-
atively ineffective electron-electron interaction,
which explains why the FBA angular distributions
of Figs. 9 and 10 decrease so much more rapidly
with increasing angle than do the corresponding®*
FBA elastic do/dQ. This artificial and misleading
elimination of the ¢?/#’ interaction does not occur
in the Glauber approximation. Consequently, one
expects, and finds, as comparison of Figs. 9 and
10 with Fig. 1 of Tai et al.* shows, that at any
given energy the Glauber wide-angle inelastic and
elastic do/dS. decrease at about the same rate with
increasing angle; the fact that at a given energy
the experimental elastic and inelastic do/dQ re-
semble each other already has been remarked by
Williams. 3" Returning to the expansion of e®* in
powers of y, it appears from the previously re-
ported calculations®? and from the foregoing dis-
cussion that at E; >200 eV keeping only the linear
term in ¥ is not too bad for wide-angle elastic
scattering. But for inelastic scattering at a fixed
large angle, where the contribution from the elec-
tron-electron interaction decreases so rapidly
with increasing E;, the linear term in x is not
really the leading term in the expansion of e af-
ter removal of the ¢/’ interaction by orthogonal-
ity, and the Glauber approximation does not ap-
proach the FBA as E; increases. It is relevant to
later discussion to note here that when retention
of only the linear term in y is justified, the Eq.
(1) reduces to FBA for each final magnetic sub-
level, whatever the quantization direction of the
atomic bound states, and whether or not the as-
sumption §- K, =0 is valid.

For the inelastic collisions of interest in this
paper, where K, <K;, the assumption that dis
very nearly perpendicular to ﬁ, fails at small
scattering angles as well as at large §. To make
these remarks more specific, we write

6*1=Eu+ﬁl,

where q, lies along K,, and q, is the component of
§ perpendicular to Ki In terms of 6

¢.=K;-K;cos0, q,=K,sinf .

In elastic scattering, where K;=K;, it is evident
that ¢, becomes negligible compared to g, as
6-0, i.e., in elastic scattering the assumption
d- K, =0 is increasingly valid as 60 at fixed E;.
When K, <K;, however, ¢,/q,~0 as 60 at fixed
E;, i.e., the vector q now becomes increasingly
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parallel to ﬁi in this limit. Furthermore, as Eq.
(34) shows, at small angles and moderate to low
energies, failure of the assumptmn d. Ki 0 can-
not be remedied by using Z(K, +Kf) as the z direc-
tion. One can argue that at large K; the angular
range near 6=0, where ¢, < g, fails, is too small
to make a consequential contribution to the inte-
grated inelastic cross section. As K; decreases,
however, ¢,< g, is invalid in an increasing angu-
lar range near 6=0, and eventually this range be-
comes large enough to be consequential in the in-
tegrated cross section. It is probable that this
failure of the fundamental assumption g - K 0
near 0 =0isassociated with the rapid dropoff of fthe
Glauber approximation belowthe data points in Figs.
3and 4 as the energy decreases below ~ 30 eV, At such
low energies, where the whole idea of approxi-
mating the incident electron trajectory by a
straight-line path breaks down, it is not easy to
decide. quantitatively what kinds of errors the
Glauber approximation is producing; but it does
seem that under these circumstances, supposing
that g lies wholly in a single x, y plane perpendic-
ular to the entire incident electron tra]ectory,
whether this plane is supposed 1 to K or to 2(K
+K;), makes the integral (1) an underestimate of
the true Fy,(q). This assertion is based on the
effect of replacing g by g, <q in the expressions
for |F;;1% we have obtained [e.g., in Eq. (18)];
Fig. 8 shows that this replacement increases

|Fy; 12 at every angle. Actually, this unjustified
simple replacement of g by g, is too crude, and
at low energies brings the Glauber predictions
well above the experimental data in Figs. 3 and 4.
Nevertheless, it now seems reasonable that even
if electron exchange is negligible one should ex-
pect the Glauber formula (1) to yield too small
inelastic cross sections at those low energies

for which the assumptions g- Ki = 0 and

q- Z(Kf+ K;) 0 both fail in a nonnegligible range
of angles near §=0. By way of numerical illustra-
tion, we note that for 1s-2p excitation at E;=30eV,
the right-hand side of (34) is about 0.4 at 30°.

It has been pointed outin Sec. ITI C that Fy,;(q) is
identically zero for excitation to the 2p m =0 level.
One easily verifies that this result iviplies the
polarization fraction P [Eq. (33)] of the Lyman-a
radiation following 1s-2p excitation should equal
—1 at all incident electron energies. This result
must be wrong, and indeed is quite at odds with
the observations of Ott ef al., * who find P(E;)
decreases monotonically from about +0.2 to — 0.1
in the energy range 20 eV<E; <700 eV. More-
over, these observations® of P(E;) are fairly well
fitted by FBA calculations in this same energy
range. Because the FBA predictions have not
taken into account fine-structure and hyperfine
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affect complications (which cannot be ignored®?),
and because the observations include the effects
of cascading, it is possible that the agreement be-
tween the FBA and measured P(E;) really is not
as good as it seems. Nevertheless, it is obvious
that the Glauber approximation fails badly for the
purpose of predicting P(E;). Since the Glauber
approximation has otherwise been so successful,
some comments concerning this failure to predict
P(E;) certainly are in order.

Actually the reasons the Glauber approximation
predicts P(E;) so poorly at energies as high as
700 eV are not wholly transparent to us; but it is
clear that use of Ki as the z axis in our calcula-
tions [in Eq. (22), specifically] is the source of
the difficulty. As we have explained, for any given
tixed § our results for J|F,(q, m,)|? summed over
all m, should be valid at not exceedingly low ener-
gies, independent of the axis of quantization of the
final bound-state wave functions. This invariance
does not hold for any given individual |F(q, m,) 13
however. At not exceedingly low energies, there-
fore, it is possible that the ratio of the individual
Glauber partial cross sections oy, 1s(mf) for ex-
citation to 2p m,=0, +1 quantized along K, can be
quite wrong, even though the sum of these partial
cross sections is reasonably accurate at any given
6.

At very high energies, however, where the con-
tribution to the total excitation cross section comes
almost entirely from forward scattering so that
there is essentially no distinction between quantiz-
ing along Ki and quantizing along z(Ki +Kf) the
Glauber approximation prediction of P=~ 1 should
be correct (always neglecting fine structure, hy-
perfine structure, and cascading). In this limit,
moreover, the Glauber approximation and the FBA
predictions of P should coincide. This ultimate
coincidence is implied by the claim in Sec. IIIC
that FBA formulas'® and numerical calculations®?
indicate the probability of 1s-2p m =0 excitation
at high energies is negligible compared to the
probability of 1s-2p m ==+1 excitation, with the
atomic wave functions quantized along I-(.i.

We also can give an independent demonstration
of the equivalence of the FBA and the Glauber ap-
proximation predictions of P(E;) in the limit
E;~, as follows: In FBA, quantizing along g,
only the 2p m =0 level can be excited. When this
state makes a radiative transition to the 1s state,
the angular distribution Q(7) of the emitted radia-
tion is proportional® to sin%), where ¥ is the angle
between § and 7, the direction of the outgoing ra-
diation. So

Q(¥)~1-cos®=1-[cos?§  cos®,

+sin’0, sin®9, cos®(¢, — ¢,)
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+2siné, sind, cosf, cosf, cos(p,— ¢,)], (35)

where the a_tlgles 6, 0,, etc., are being specified
relative to K; as polar axis. Averaging (35) over
the azimuth of §, for fixed 7, we have

(Q@) ~1 - cos®6, cos?d, — 1 sin®6, sin®9 (36)

Now at high energies and small scattering angles,
the predominant contribution to the excitation is

coming from §!K,, as has been explained. So in
this limit (36) reduces to

{(Q@) ~1~1sin®0,=3(1 +cos®0,), (37

v

which is precisely the angular distribution of the
radiation one infers?® for transitions from 2p m

=+1 to 1s, with no original occupation of the state
2p m=0. Because it is known?'3® that the angular
distribution Q(¥) is uniquely relatedto the polariza-
ation fraction P, we now can conclude that for ra-
diation following 1s-2p excitation the FBA and the
Glauber P both equal —1 in the high-energy limit.
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