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Frequency Modulation in the Spectroscopy of an Inhomogeneously Broadened Line
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The effect of frequency modulation on an inhomogeneously broadened line is studied when the
modulation frequency or amplitude is larger than the homogeneous width but less than the in-
homogeneous width. It is shown that the deviation from the instantaneous response for the po-
larization disappears as a result of the averaging effect when the field intensity is weak.

Frequency modulation in microwave spectros-
copy was theoretically studied by Karplus. ' Fur-
ther theoretical and experimental studies were
done mainly for magnetic resonance, including the
case of a strong rf field. ' ' Recently, frequency
modulation was used in the infrared region for
Stark spectroscopy by lasers. ' The same tech-
nique was applied for the modulation of the laser
beam itself. In this paper, we discuss the effect
of frequency modulation on an inhomogeneously
broadened line, which is the case in infrared or
optical spectroscopy at low pressure.

The response of an ensemble of molecules which
have the same resonant frequency is obtained by
solving the equation for the density matrix of the
mole cules,

dt

where p" is the equilibrium value of p in the ab-
sence of the optical field. Restricting to two lev-
els which are near resonance with the optical field
and neglecting off-resonant terms, we assume for
the Hamiltonian the following form:

(2)

where p. is the dipole matrix element, Ee '"'
+ E*e'"' is the optical field and (i) + ~„(t) is the
resonant frequency of the molecule, in which zest)
is the modulating part. In case of the Doppler
broadening we take ~, = e/a+ ver/c, where e is the
energy difference of the two levels and z is the
longitudinal velocity of the molecule along the
propagation direction of the optical field. The
polarization from all molecules which is responsi-
ble for the absorption of the optical field is ob-
tained by integrating the solution of Eq. (I) over

Vfhen the homogeneous width y is much nar-
rower than the inhomogeneous width, we can ex-
pand the distribution function of the resonant fre-
quency W(zo) around & —z (t) = wo-Az. Then the
polarization P is in the first order of this expan-
sion,

I'= np. f [W(&u —(o„(t))+W'((o —(o„(t) )&(u]p, (Ao~ i

(3)

where m is the density of the molecule and p, ~ is
the off-diagonal element of the density matrix, a
and b representing the upper and lower levels, re-
spectively. If E is weak, pE/tt «y, the solution
of Eq. (I) with (2) is'

p b ~
@ (pb() p ) exp( t~t)

p,E
exg(-i(~, —~)i, yi, if (o (i')e'] r-ri, -„

0

Rewriting as

f~„(t') dt'= (u„(t)t()+ f [~„(t') —(o„(t)]dt',

and repeating the partial integration, p„ is rewritten

(P
I)(

P ei() &
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It is easy to prove by repeating the partial integra-
tion again that the integration in Eq. (3) for the
second term in the above expression is zero.
Since the first term does not converge in the inte-
gration, retaining the original form W(~ ), the
polarization is

ways large for large V. The imaginary part of the
second term in Eq. (6), which causes the distor-
tion in the absorption coefficient, drops off faster
than the equilibrium term for larger V.

For the sinusoidal modulation ~„(t)=+„cosQt,
the response can be calculated numerically by ex-
panding p in the Fourier series of 0,

P = n
@
—=(pt, b

—p,",) & . d&uo.
~CO —iP

(4) p(k)e'""' .
k=-~

This is the same form as the solution which is ob-
tained assuming ~„(t) is time independent. There-
fore, the polarization changes as if all molecules
are in the equilibrium state for the instantaneous
value of &o„(t), although the individual molecule
behaves in a completely different way when
tzE/k & y. Equation (4) is valid if the spectral width
of the individual molecule is much less than the
inhomogeneous width.

This situation does not hold when the optical
field is larger. If w„(t) is slowly varying, the ef-
fect of the optical field intensity can be studied
from the perturbation solution of Eq. (1) by treat-
ing the time derivatives of &g„(t) as a perturbation.
The solution in the first-order approximation is'

+Q) + ZP eq eqp, b= ~ z z V(P»b Paa)
~co +P

SkPk Pk+ 1+ Pk -1+ ( /~m)(paa pbb) 6»0

P.»(k)
)

where P, =
~

( P„(k))

2lvl'
ikQ+ y

2lvlz—zkQ+i(ca -(g) —.ikA+ y

zkQ+ i(~, —~)+ . + yikA+ y2i
Sk

v
~ ikQ+ y

(8)

Inserting Eq. (7) into Eq. (1) and after eliminating
diagonal components of p, we obtain a series of
coupled equations for p„(k) and p„,(k). These
equations can be rewritten in the form which does
not depend on the phase of V by introducing new
variables P,b(k) = p, b(k) V ' and Pb, = p„,(k) P' '.
The resultant equations for P,„(k) and Pb, (k) are in
a 2 x 2 matrix form,

46(gy (h(g)+ iy) i&(oy+ y,
~ ~

(Z+ +y ) y(n, + +y ) ) bb Paa)
The matrices Uk which connect Pk and P„,by P„„
= U»P» satisfy the equations

U, , = (S, —U, ) ',

where V=(PE/h)e '"' andy, =(y +4lvl ) The
second-order terms are rather lengthy and are
proportional either to d v„/dt or to (d+ /dt) .
This approach is a good approximation only when
the modulation is relatively slow, therefore, the
deviation from the equilibrium behavior is small,
but it is valid for the arbitrary field intensity.
The polarization (3) is then integrated as

J'= nP, V(pbb p, ) W(& )» d~o —»nteq eq +(0+ ZJ
&co +ys

&&V, W(u —v„)+iy W' (u& —&u~) (6)
dc@

l vl
dt XXs

Therefore the evaluation of p„can be done in a
similar way to evaluating a fractional series.
First set U&=0 for sufficiently large N, then all
Uk for 0~ k &N are successively calculated from
(9). The term P is obtained from Eq. (8) for k= 1

by using Uo and the relations P„(k)= P»b', (- k) and:
Pt (k) = P,*,(-k). Finally P» are calculated back
from Pk= U„,P„,. Assuming that &o is less than
the inhomogeneous width, we can expand the dis-
tribution function as W (ufo) = W (~) + W '(~) (&o —~).
The imaginary part of P/V, which is proportional
to the absorption coefficient, is then written using
the solution of Eq. (8) in the Fourier series of Q

The first term corresponds to Eq. (4) for the ar-
bitrary field intensity. The deviation from the
equilibrium behavior grows as V approaches y.
But the relative amount of the deviation is not al-

Im(P/ V) = niz J W(&oo) ImP, » (0) dug —
k zznZz

x(p t-pa", ) (W(~) Z M, (k) sin[kQt+P (k)]
k=1 Q
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+or„W'(&g) Z M, (k) sin[kAt+ P, (k)]), O.fI

where M, (k) a.nd P, (k) are the magnitude and the
argument of the complex number

0.3

2

(
eq eq) [p.g(k) —pp. (k)] d~o,

(de 0.2

where i is zero or one. A similar expression
can be obtained for the real part of P/V. We de-
fine Mo(0) as half the value of the above expres-
sion. The +(k) represents the relative magnitude
of the harmonic components in the absorption co-
efficient, in which the constant part of the absorp-
tion coefficient is normalized to one, when W
= const and V -0. Since P„(k) —P„(k) is an odd
function of ~ —~ for odd k and an even function
for even k, M, (k) is nonzero only when ik is even.
Figure 1 shows an example of the variation of
M~(k) and ~(k) with the optical field intensity.
They are calculated for the parameters 0/&u„
=0. I and y /&u = 0. 025.

For the inhomogeneously broadened line the ab-
sorbed power increases linearly with E even in the
saturated region, although the absorption coeffi-
cient decreases. Therefore, the higher intensity
can improve the S/N ratio of the spectrum in the
case when the noise of the spectrometer is deter-
mined by some source other than the intrinsic
noise of the optical field. The above discussions
show that the polarization P behaves in the normal
way if d~ /dt&y' or V &y. This restriction is
weaker than for the homogeneously broadened line,
but for strong E the modulation speed must be
slow. The distortion of I' does not necessarily
mean the distortion of the observed line shape in
the spectrum. If ~ is much less than the in-
homogeneous width, the absorption coefficient al-
ways has the form

w(f) w(&)+a(f) w'(~),

where A and J3 are periodic functions of the modu-

lation frequency. For sinusoidal modulation, the
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FIG. 1. Relative intensities of the harmonic compo-
nents of the absorption coefficient. Note that the Mp(k)

are zero for odd k and that the M&(k) are zero for even

k. The even harmonics (upper figure) are proportional
to W(co) and the odd harmonics (lower figure) are pro-
portional to W (v). Other parameters are 0/cu =0.1

and yj+~=0. 025.

first term A has only the even harmonics. There-
fore, if the phase-sensitive detector is perfectly
symmetric, this term has no effect on the output
of the spectrometer.
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Atomic form factors and incoherent scattering functions for the helium isoelectronic se-
quence through Z=10 have been calculated with correlated ground-state wave functions. The
wave functions are 120-term configuration-interaction expansions which give total ground-
state energies differing from the most accurate available values by 0.02% for Hex and 0.0007%
for Ne zx. Comparison with published accurate calculations for helium indicates that the scat-
tering factors, both coherent and incoherent, for the other members of the isoelectronic se-
quence, should be correct to at least three, and probably four, significant figures.

I. INTRODUCTION

The dependence on wave function of the cross
sections for coherent and incoherent scattering of
a photon by an N-electron atom or atomic ion is
contained in the form factor, or atomic scattering
factor,

and the incoherent scattering function

where I; is the Klein-Nishina cross section, which
for small values of E may be replaced by the
Thomson cross section.

There are now available quite accurate corre-
lated ground-state wave functions for many low-Z
atoms and it is no longer necessary to use approxi-
mations such as the Hartree-Fock or Thomas-
Fermi methods in these cases. This paper de-
scribes the results of calculation of form factors
and incoherent scattering functions for helium and
two-electron atomic ions through Z = 10.

II. WAVE FUNCTIONS

The two-electron ground-state wave functions
used in the present work are 120-term configura-
tion-interaction expansions

respectively. In E(Is. (I) and (2), the momentum
transfer is denoted by O'K, )t)0 is the ground-state
wave function, and r; is the radius vector from the
nucleus to the jth electron. The momentum trans-
fer is given by K =47) (sin —,

' e)/X, where X is the
wavelength of the incident photon, and 8 the angle
between incident and scattered photon directions.
The coherent-scattering cross section is

do, =I, I F(K) i dQ,

n1 n2-1

Z Z Z c(n„n2, l) 4, (ni, n2, l), (6)n1=1 n&=1 l =0 S

in which each configuration 4» is the linear com-
bination of Slater determinants

C„=ZC(ll O; m, -m)

where I, is the Thomson cross section. The total
incoherent-scattering cross section is

&&[I y„,$„(rg)o'p„,$ „(r2)P I

do;=I;NS(K) dQ, (6)


