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An exact study is made of the surface thermodynamic properties and grand canonical distri-
bution functions for a one-dimensional gas of classical particles with nearest-neighbor inter-
actions bounded by hard walls. The density profile is expressed in terms of the bulk pair cor-
relation function. We also analyze the interface near a potential step.

I. INTRODUCTION

There are two alternative approaches to the cal-
culation of thermodynamic surface properties of
many-particle systems in thermal equilibrium, !
In the first, one aims at calculating the partition
function for a system of finite size, and one iden-
tifies the surface properties by studying its func-
tional dependence on volume and shape. In the
second approach, one studies the molecular dis-
tribution functions near the surface or interface
and calculates the surface properties as averages
over these functions. The latter approach natur-
ally requires a much more detailed description,
and besides the surface free energy, it also yields
the density profile. Of course, when carried out
exactly for a finite system both approaches give
the same results for the thermodynamic proper -
ties.? Rather than the exact distribution functions,
it is tempting, however, to use distribution func-
tions calculated in the thermodynamic limit by
letting the system become infinite in certain direc-
tions. If the concept of surface free energy per
unit area has a well-defined meaning, this should
make no difference.

We have studied the surface effects for an exact-
ly soluble model of a fluid, namely, a one-dimen-
sional system of classical particles with nearest-
neighbor interactions.® In the finite system, the
particles can move along the interval 0 <x <L and
are reflected by hard walls at x=0and x=L. The
thermodynamic limit is taken by letting L tend to
infinity, and we are then interested in the bound-
ary effects near x=0. The logarithm of the grand
partition function for the finite system may be
calculated exactly to terms of order unity. The
grand canonical one- and two-particle distribution
functions for the infinite system may also be cal-
culated exactly. The thermodynamic surface
properties calculated via both methods are identi-
cal,

The study of the distribution functions near a
hard wall is of interest, since this situation has
often been used as an idealized model of the lig-

uid-gas interface.* Bellemans has derived clus-
ter expansions for the surface properties and dis-
tribution functions near a hard wall. 3

For the case of hard rods, Leff and Cooper-
smith® have investigated the translational invar-
iance properties of the canonical distribution func-
tions for the finite system. They have shown that
there exists a central region, which becomes
smaller as the order of the distribution function
increases, in which the functions have translation-
al invariance. These results were later extended
to forces of finite range.” Flicker® has shown for
hard rods that in its central region the two-parti-
cle correlation function is a constant for large
separation of particles. Millard® has investigated
the grand canonical one-particle distribution for
hard rods, both for the finite system and in the
thermodynamic limit,

In Sec. II, we calculate the grand partition func-
tion to the desired order. In Sec. III we study the
distribution functions. As is well known, in the
present model the Kirkwood superposition approx-
imation is exact and one may calculate all higher
distribution functions from the one- and two-par-
ticle functions. '° It turns out that there is an in-
teresting relation between the density profile and
the bulk pair correlation function given by Eq.
(3.20). In Sec. IV, we study the thermodynamic
surface properties, namely, the particle excess
and the surface energy via both methods.

Owing to the nonzero range of the interaction,
one can not give a unique microscopic definition
of the local pressure, but, for systems with pair
interactions, Irving and Kirkwood*! have shown
that a natural definition may be found which leads
to a local momentum balance equation valid on a
microscopic level. This definition is easily ex~
tended to the case of nearest-neighbor interactions,
and we verify explicitly that the hydrostatic equa-
tion is satisfied microscopically, i.e., the pres-
sure is constant throughout the system. This is
of interest in relation to existing theories of non-
uniform fluids, 1% 3

In Sec. VI, we analyze the case where the sys-
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tem extends to x <0 with a finite potential step at
x=0, In this case, we find the nonuniform distri-
bution functions and the thermodynamic properties
associated with the interface. Again, the density
profile is simply related to the bulk pair correla-
tion functions on both sides of the step. In future
work, we hope to use this method to study the
liquid-gas interface in the one-dimensional many-
body cluster interaction model. **

II. GRAND PARTITION FUNCTIONS

Consider a one-dimensional classical system of
identical particles mass ., on the line segment
(0, L) bounded by hard walls. We assume nearest
neighbor interactions; i.e., the total interaction
potential between N particles is given by

U

N-1
N(rl,...,r )= 4 <p(ri+

i=1

- 7z.) , (2.1)

1

where we have numbered the particles along the
line, 0<7ry<79<, , <7N<L. It is easily
shown that if ¢(#) is bounded below, and if for
some fixed positive R, and w

-(1+¢)

@(r) < wr for » >R, €>0 (2.2)

?
then the interaction satisfies stability and weak
tempering conditions sufficient to ensure that the
system has a proper thermodynamic limit.!® The
above conditions are also sufficient to exclude a
phase transition.® An example of a system with
interaction potential (2. 1) is given by a system
with pairwise interactions

N
UN=‘Z' (Pz(]'ri—rjl) , (2.3)
i<j

with a two-body potential ¢,(), which has a hard
core with diameter a and which vanishes identically
for 7 > 2a.
The grand canonical partition function may be
B

=Gz, 8,1)=[- 557 (8,51 " X [1 40l

=%z, B, L)=[-s.2d (B, s )]-1 es°L[1 +ole” AL
07, s 0
where s,(z, B) is the root with largest real part of
1=2J(8,s) . (2.12)

The subscript ; s in (2. 11) denotes partial differ-
entiation with respect to s at constant 8. Finally,

—)\L)]
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1
written
< N L (L L
E(Z,B,L): z f f?’ ceo
N=0 0 "1 'N_g
X _
exp( BUN)drld'rz, ceeydry (2.4)
where, in standard notation,

B=1/kpT, z =eB“/A, A= (h2/27rkaT) 1/2, (2.5)
and where the first term is unity by convention,
The Laplace transform with respect to L of the
grand partition function

© — gL,
¥(z,8,8)=[ e E(z,B, L)dL (2.6)
)
is found to be given by
2
- o~1 -2
¥(z,B,8)=s"1+s ITZJ?B,—ST , 2.7)
where JB,8)= [T & TR (g
o]

We also consider a slightly modified system in
which the first particle interacts with a particle
fixed at the origin (we shall call this the O system).
The total interaction potential for an O system
with N particles is

4]
Uy (7'1,...,1'N)=UN(71,,.,,r )+q0('rl). (2.9)

The Laplace transform of its grand partition func-
tion = 0(z, B, L) is given by

1
1-2J(B,s) °

Inverting the Laplace transforms (2.7) and (2. 10)
one finds

1

v, B,8)=s" (2.10)

(2.11)

-
A is given by
Az, B)=s,— Res, - € , (2.13)

where € is small and positive and where s,(z, 8) is
the singularity with next largest real part of
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(2.7) and (2.10). If s, is real, one may show'’
that s, =0. From (2. 11), it follows that the grand
potential of the system is given by

q(z,B,L)=1nE(z, B, L)

L

).

=soL - In[- son; S(B, s.)] +ole” A

(2.14)

A similar expression holds for the O system. In
the thermodynamic limit, the first term in (2. 14)
dominates, so that the bulk pressure p(z, B) of the
system is given by

So=8p . (2.15)

The energy per particle e and the particle density
p follow from the thermodynamic relation

ds,=pd(Bp) - pedB
=pdlnz - ple - %kBT)dB . (2.16)

The second term in (2. 14) represents the boundary
effects. We may call

¥ (z,B)=-1In[- sOZJ; S(B, so)] (2.17)

the surface grand potential. 1t is related to the
suvface tension y of a single surface by

¥(z, B)=-2By . (2.18)

III. DISTRIBUTION FUNCTIONS

The probability density for finding the first particle of the system at a distance x from the origin is de-

fined by

e

P,(x;2,8,1)=[5(, 8,1)]* L szOL o fE

N=1 N-1

It is obviously given by (in simplified notation)

P,(x; L) =22°(L - x)/Z(L)

=ML - x)), 3.2)

=see” ¥ [110(e
Henceforth we shall drop the subscript zero in s,.
In the thermodynamic limit L - < one has
P,(x)= lim P,(x;L)=se” °¥
L=

(3.3)

Similarly, the probability density for finding the
first two particles at x, and x,, respectively, is
given by

2 - -
Pl, 2(xy, %55 L) =2"e Aoy xl)EO(L— %,)/E(L)

- SXg— .B(P(xz - xl)[l +O(€_ A(L - xz))]

=zse
(3.4)
In the thermodynamic limit, one finds
Py 506y, %) = Py ()N (v, - 1) (3.5)

where N(7) is the nearest-neighbor distribution

NG =e™ STROD) g 3.6)

and where we have made use of (2.12). Continuing

6(1'1 - x)eXp(—BUN)drl’ L dn (3.1)

)

[

the above procedure one finds for the joint prob-
abllity distribution of the first » particles in the
limit L =

P, n(xl’ cee, xn)

9o ey

=P1(x1)N(x2—x1)"'N(xn-xn__1) . (3.7

Hence the nearest-neighbor distribution serves as
the conditional probability in a Markov chain, 1% 18
Obviously,

Pj . 1(x) = fox N(x - y)Pj(y)dy , (3.8)

where Pj (y) is the probability density of the jth
particle at y. On account of the convolution nature
of this process it is convenient to take Laplace
transforms and to define

B[ E"Pjoc)dx . (3.9)

From (3. 8), it follows that

Pj+1(g)=ﬁ(£)ﬁj(£) . (3.10)
From (3.6), we have explicitly
N(E)=J(B, s+£)/J(B,s)=J[E] /T (3.11)
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where the second equality defines a convenient no-
tation.
The density profile in the thermodynamic limit
is defined by
0
plx)= 2 Pi(x) . (3.12)
i=1

After Laplace transformation, we find from (3. 10)

(3.13)

where we have used (2.12). Fisher and Bokut!®
have evaluated the sum of the first eight terms in
(3. 12) numerically for hard-core square-well pair
interactions. As is evident from (2. 10) the density
profile may be simply expressed in terms of the
partition function of a finite O system.®

The probability distribution P; (x, x+7) for
finding particle ¢ at x and partlcle j at a positive
distance 7 has a Laplace transform

Pl,].(i, 0)

= [Pdx [Tdre” ¥R (v,xev) , (3.14)
0 0 2%

which is easily found to be given by

(& == @D Yedfo])? T L 3.15)

Hence, the pair distribution in the thermodynamic
limit, defined (for »>0) by

po(x|7) = Z Z P, (x,x+7) , (3.16)
2 Y]
i=17=49+1

has the Laplace transform

- s 1 2d o]

02(5,0)—s+£ 1-2JE] 1-2zJl0] 6.17)
Therefore, we may write (for »>0)

ps(x|7) =p(x)pg(¥) , (3.18)

where g(#) is the pair correlation function in the
bulk. From (3.17), we have

zd[o

1= 2J[0] (8.19)

pg (o) =

From (3.13) and (3. 19) it follows that there is a
simple relation between the density profile and the
bulk pair correlation function, namely,

ox)=p+(s=ple” SX. s fx pG(r)e” s(x~ y)dr ’

(3.20)

where G(¥)=g(r)-1 . (3.21)

It should be noted that the microscopic definition
(3. 12) of the density profile gives rise to consid-
erably more structure than is encountered in the
usual semimacroscopic treatments.?® In the latter
theories, the density profile is always given by a
monotonic function. It is clear from (3. 20) that
with our definition the profile will show the oscil-
lations present in the pair correlation function.
Thus in a certain region of the (p, T) plane the pro-
file will be oscillatory even at an asymptotically
large distance from the wall.'” Recent experi-
ments® of light scattering from diffuse interfaces
near the critical point are in excellent agreement
with the semimacroscopic theories. It should be
stressed that in this type of experiment one sees
only the long-wavelength Fourier components of the
density profile, whereas the more detailed struc-
ture, which actually is present, is completely
washed out. In principle it should be possible to
study the finer details with the aid of more subtle
probes.

Besides the pair distribution p,(x|7) we consider
the neighbor pair distribution Nz(x'7’) defined by

o0
Nz(xlaf):i%l Pi,i+1(x,x+r) . (3.22)
From (3. 15), it follows that (for +>0)
Ny(x|7) =p(x)N(z) . (3.23)

Finally we consider the probability density
Palx, y; L) for finding a particle at the point oL +x,
where x <0 and 0< a<1, and its right-hand neigh-
bor at the point aL +y, where y> 0. By the same
method as before we find

P (x,y,L) z e - Boly-x)

xE(aL + x)E(L - oL - y)/E(L). (3. 24)
Substituting (2.11) and taking the thermodynamic
limit L -, we obtain

. (3.25)

Pa(x’ y)=- J; s"exp[s(x— y) = Bo(y - x)]

This is just the neighbor pair distribution in the
bulk of the system, as may be seen by taking the
limit x = in (3. 23) and using (3. 6) and (4. 2).

IV. SURFACE THERMODYNAMICS

In this section, we wish to investigate how the
average properties of the boundary layer in the
thermodynamic limit L -« are related to the high-
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er-order terms in the grand partition function sothat T =l (_a_p\) +% _% . (4.5)
B

(2.14). Firstly, we consider the particle excess 2 \8s

I, defined b
, aetined by This result may be checked by integrating (3. 20)

o . - 21 27 22
- f [p(x)-pldx . (4.1) directly and using the compressibility theorem
0
This is easily obtained from the Laplace transform f mpG(fy)d»y:—;— <?> —% . (4.8)
(3.13). From (2.12) and (2. 16), it follows that the 0 s

bulk densit is given b
nstly p 18 given by Some more care is needed in the definition of the

p==Jf . 4.2) surfa:ce ?nergy. The total energy of the finite sys-
;S tem is given by

H find
ence, we Hn E(z,8,1)=}k,T [Fol; 2, 8, L)ax
o]

. 1 J
r=lim (= L, (L
£=0 <s+§ -2 ‘4 > ’ +3 [Tdx [T dyd|x-y|INy(x, 5,2, 8, L) , @.7)
’ 0 ]
a7 4.3)
r- J + ; SS where N,(x, y; L) is the neighbor distribution for the
sJ 2 J s’ finite system. Subtracting the bulk energy for a
’ ’ system of size L,
4,2 ha
From (4.2), we have Lpe=Lp( kBT+(<P> )
JJ
a .
(%) =— +—J—’%s‘“ , (4.4) =-§-kBT fL p(z, B)dx+dexf°°pN('r)<p('r)d'r ,
s B .S ) 0 W)

(4.8)

one obtains

E(z, B, L)—-Lpe:%kBT fL [p(x; L) - pldx+% dex[ deyfp(lx—y‘ )Nz(x, y;L)-2 meN(Y)Wr)dr] . (4.9)
0 0 (4] o]

With the aid of the identity

%dexdey<p(|x—y|)N(|x—y|)=LfLSD('r)N('r)d'r— fpr('r)N(r)d'r , 4.10)

0

we may rewrite the potential energy term in (4, 9) as

L o
%dex deW([x—yI)[Nz(x,y;L)——pN(|x—-y|)]— f wp(r)pN(r)dr—LfL oN(P)e(¥)dr . (4.11)
V] (4] (o]
|
We define the surface enevgy 8(z, B) for a single pair distribution function near the wall. The last
wall by term represents the loss of interaction energy ow-
ing to the absence of particles on the other side of
1 (=] 0 .
8(z,B)=3 kpTT + [ ax [ <P(1’)[N2(x['r)— oN(#)] the wall. We shall call this term the enewgy defect
o ° 0 A(z, B). From (3.25) and (4.2), it follows that the
-3p [ re)N@)dr . (4.12) interaction energy across a partition in the bulk of
0 the system is given by
Later in this section we shall prove that
0 o
8(:,6)= lim 3[E(8L)-Lpe] ,  (0.13)  J-w®fg @PG-2P ()
L= 0 ©
which shows that a simple-minded limiting proce- =p f_ w % J o We (y - x)N(y - x)
dure in (4. 9) yields the correct expression (4.12) (4.14)

for the surface energy. The first term in (4.12)
represents the kinetic energy of the excess of par-
ticles near the wall. The second term is the change
in interaction energy due to the distortion of the which justifies the above interpretation of the en-

=p f: r@(¥)N(r)dr =24(z, B) ,
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ergy defect. On account of (3.23), the surface en-
ergy may be written

8(z,8)=Te-4A . (4. 15)

In microscopic theories of surface tension in

systems with pair forces, one has often treated the
liquid-gas interface approximately by neglecting
the vapor side altogether and replacing the inter-
face by the profile near a hard wall.* For the sur-
face potential energy one then writes the three-di-
mensional analog of

3 f(;odx f_oooo dro(| 7| )py(x, x+7) - p?2(|7|)]

= [y dx Jy arelpy(x|7) - o2 ()]

-4 [y rewpitlar (4.16)

where we have made use of the symmetry p,(x, y)
=p,(y, x) and of the fact that p,(x, y) vanishes iden-
tically for x or y<0. In the case of pair forces,
Ny(x|#) and N(r) in (4. 12) may be replaced by
pa(x|#) and pg(r), respectively, and in that case,
the expressions for the surface potential energy as
given by (4. 12) and (4. 16) are identical. As a fur-
ther approximation one neglects the distortion of
the pair distribution, i.e., one puts

pa(x| ) =6 (x)6 (x + )% (7) , (4.17)

where 6 (x) is the unit step function defined by
6(x)=1, for x>0 ,

6(x)=0, for x<0 ., (4.18)

As is evident from the right-hand side in (4. 16), the

surface potential energy then becomes equal to
minus the energy defect. Kirkwood and Buff* have
shown that for liquid argon far from the critical
point, this procedure gives reasonably good agree-
ment with the experimental values of surface en-
ergy and surface tension.

We return to the nearest-neighbor interaction
model. It follows from (2.12) and (4. 2) that the
surface grand potential defined in (2. 17) may be
expressed entirely in terms of bulk thermodynamic
properties, namely,

¥(z, B)=1n[zp/s?] (4.19)
It is convenient, however, to regard ¥ as a function
of B and s and to use (2.17) to derive

; Bs 2 J-ss
o 2PS gp (2, 5SS
dyp = J.s dag <S+J‘s>d8 (4.20)
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From the definition of the energy defect, we have

Az, B)=%p fo”rcpmzv(«r)dr:- 9 .o, @21)

’
where we have used (3. 6) and (4.2). Using also
(4.3), we may write

Lay=nadB+ (T /p)ds

=I'dInz- (I{g) - A)dB , (4.22)
where in the last line we have used (2.16). From
(2. 18), it follows that (4. 22) is essentially the
Gibbs adsorption equation for the surface tension
7. On comparing (2.16) and (4. 22), one finds that
the particle excess I' may be found by differentiat-
ing #(z, B) with respect to z at constant 8, in the
same way as the bulk density p may be obtained
from s(z,8). Similarly, the surface potential en-
ergy may be found by differentiating (z, B) with
respect to B at constant z. We note that in the
present case the energy defect & may be found
trom ¥(z, B) by differentiation with respect to s at
constant 8, and may be expressed in terms of bulk
thermodynamic properties via (4.19). Hence, we
find

AG, m:-g-[(fg—gﬂluw |

V. LOCAL PRESSURE

(4.23)

In this section, we will show that a natural mi-
croscopic definition of the local pressure may be
given which has the appealing property that the
pressure is constant throughout the system. First
we derive the virial theorem for the bulk pressure. >
Assuming for generality a hard-core diameter a,
one has by partial integration the identity
f°° e~ SY-Be(n), __ —sa-pea)

a

+ f;r(s+ B Z%) e~ ST B(p(y)d'r . (5.1)

0 9
Hence, s=p+aN(a)p-Bp _[a+ 7 é% N(»)dr, (5.2)

where we have used p~*=v=(#). In the case of
pair forces, N(») may be replaced by pg(r), and
then (5. 2) is the virial theorem in its usual form.
The virial theorem in the form originally derived
by Clausius states that the bulk pressure as given
by (5.2) is equal to the pressure on the walls. Since
the latter is due purely to kinetic momentum trans-
fer we must have

p(0)=s . (5.3)
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9
Equation (3. 20) shows that (5.3) is in fact satisfied. s= [1 -B L:: (r-a) a—(’; N('r)dv] , (5.5)

With the aid of the identity

o
1-pa

© g which clearly isolates the hard-core contribution
N(a)=s+3fa+ Py N(ar (5.4) to the pressure.
We define the local pressure p(x) = s(x)/B as fol-
one may also write lows
B

X~aqa ©0
s(x)=p(x)+fx dy [Nz(y|a)—ﬁf°° 2% Nz(ylvf)d'r]—ﬁe(x—a)fo dy /;c_y %;@ Ny(y|v)dr .  (5.6)
xX—a a+

The first term represents the kinetic momentum
transfer per unit time from the left-hand side to
the right-hand side of x. The term proportional
to N,(y|a) accounts for the average momentum
transfer due to hard collisions between the first
particle on the left-hand side of x and the first
particle on the right. The additional terms rep-
resent the average force between these particles
due to the remainder of the interaction. The ex-
pression (5. 6) corresponds precisely to the def-
inition of the local pressure tensor given by
Irving and Kirkwood for the case of pair forces,
when due account is taken of the hard core. They
have shown that in the nonequilibrium case their
definition leads to a local balance equation for the
momentum density. In particular, it follows that
in thermal equilibrium the equation of hydrostatic
equilibrium is satisfied on the microscopic level.

It is easily shown, by taking the limit x =« in
(5. 6) and using (3.23), that in the bulk s(x) tends
to its bulk value s as given by the virial theorem
(5.2). In order to show that in fact s(x)=s for
all x, we take Laplace transforms in (5. 6). Using
(3.23), (5.4), and the convolution theorem for
Laplace integrals, one finds

e ta

3()-p () [Lrs g—

—Bf dxe” 5"[ 2 Nwarl , 6.7
a ' ¥

where the three terms correspond to the terms in
(5.6). After some partial integrations and use

of (3.13) this yields 3(£) = s/£, which proves our
statement.

We may remark at this point that several au-
thors'? ! have given a rather involved definition
of a local pressure p(x; L), in terms of the den-
sity profile p(x; L), chosen in such a way that it
satisfies

InE(z, B, L) = fL Bb(x; 2, B, L)dx . (5.8)

0

The spatial variation of the local pressure

—

P (x;2,8, L) is such that one precisely recovers the

surface and higher-order terms in (2. 14). The

definition (5. 6) seems more natural; the absence

of pressure gradients is also gratifying from a
hydrodynamic point of view.

An additional argument in favor of the definition
(5. 6) is that the statement s(x) = s may be viewed
as an integrated form of the first equation of the
equilibrium Bogoliubov- Born-Green-Kirkwood-
Yvon (BBGKY) hierarchy. Integrating the Liouville
equation over the coordinates and momenta of all
but the ith particle, multiplying by the momentum
of particle ¢ and integrating over momentum, one
finds in the thermodynamic limit

9P (x)
i w 8¢ (y— %)
ox +B<Jx+a+ ox Pi,i+1(x,y)dy

x—a+ 9p(x—1y) >
+f e Pi_ 1,4 (v, x)dy

0 ox
i (x-a,x)=0 , (5.9)

+P. . 1(x,x+a)—Pi

i, 1+ -1,

where we have adopted the convention Py ,=0.
Summing over 7, one finds

ap(x) o  9p(y—-x)
ax +B(fx+a+ ox Nyl|y - 2y

_ 30 (x—
L [F-a o(x-y)

0 Py Nz(ylx—y)dy>

+Ny(x|a) = Ny(x - ala)=0 . (5.10)

In the case of pair forces, Nz(x\ 7) may be replaced
by p,(x| #) and in that case (5. 10) becomes the
BBGKY equation in its usual form. On differentiat-
ing (5.6) with respect to x and using (3. 23), one
finds that the result is identical with (5.10). Note
that for the above argument it is not essential to
take the thermodynamic limit. We could also have
derived the equivalent form of (5. 10) for the finite
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system and again have viewed the equation as the
statement that the pressure is constant throughout
the system.

Lebowitz and Percus'® have derived a local com-
pressibility theorem, which in the thermodynamic
limit reads

fooo [oa(x, 9) = p(x)o(y)]dy =p <8—%%> -po(x) .
(5.11)

We may verify explicitly that this theorem is sat-
isfied. From (3.18), we have

foeo [02(x, 9) = p(x)p(y)]dy
= [7 gl 9) - plp()]dy
+f : [o(x)pgly - %) - p(¥)p(y)]dy
= f(;o p(y)og(x— y)dy — xp(x)p

+p(a) [} pG(r)ar - p(T . (5. 12)

Taking Laplace transforms and comparing the

B.U. FELDERHOF 1

result with the transform of the right-hand side of
(5.11) as given by (3. 13), one finds that the (5. 11)
is indeed satisfied.

VI. POTENTIAL STEP

The analysis may be extended to the case where
the system is bounded by hard walls at x=— L'and
x=L with a finite potential of constant height &
along the interval (- L, 0) (see Fig. 1). We num-
ber the particles along the line as follows

?
—L <% 15, 000,27

N 1,505715,...,37 <L .

(6.1)

The total interaction potential Uy, y* for N+ N’
particles is again assumed to be a sum of nearest-
neighbor interactions. The potential & is equiva-
lent to an activity z' to the left of the origin given

by

2’ =zexp(- Bd) . (6.2)
Correspondingly the bulk density p’ and bulk pres-
sure p' on the left differ from the bulk values p
and p on the right. The grand canonical partition
function of the total system is given by

|
S — NN 0 0 L
E(z,2",8,L,L)= 2 L 227 [0 [0 e exp(- BU,, . Adr dv,+ ., ..., dr . (6.3)
N=0 N'=0 -L '}’N/ '}"N_l N+N NN -1 N
The Laplace transform with respect to L and L', defined by
—sL oyt
¥z, 2, 8,5, 5= [“are” S [* ar'e™ ST, 2,8, L,L") (6.4)
o 0
is found to be given by
: n_ =1 z' J(B,s)-J(8, s) z
¥(z,2',B,s,8)= s 1-77 7. &) o o 1270, 5)
1,1 z 1 2’ )
*os' Y 12206, s) Yss'? 1-29(,s) .5
\ AP (x) /
AN /
2}
\ / FIG. 1. A one-dimensional gas
of particles in the presence of a
\ / potential step.
(4 R L
- 0 L X
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where we have made use of the general formula

0 ?
j aLe” 5t j” ar'e™ ST (L ax
0 0 o ~

dyf(x y)—

1 J&)=F(shH (6.6)

§— S

Inverting the Laplace transform (6.5) one finds that the dominant contribution for large L and L' is given
by the roots with largest real part s, and sg of 1=2J(8,s) and 1=z'J(8, s"), respectively. Thus, one has

E(z,2',8,L,L")

es(,L+séL'

_ _1, 1 - J(B,s)-J(B, s)
050 7, sBrsg¥ . (Brsy) 0~ 50

We shall again drop the subscript zero.

1 1 J—d

q(zy ZI,B,L,LI)=SL+SIL’+1D.<S—S’ J. SJI_S S—

’ ’

=L’

[1+ole” My, ole )] . (6.7)

The grand potential is given by (in obvious notation)

< )+ ole” AL, e XL,) . (6.8)

Subtracting the surface contributions from the two ends we therefore have for the interaction grand poten-

tial across the step

' =1 1 J-J'
w(z’z’ﬁ)”1n<ss' J J' s-s

9 2

where we have made use of (2.17).

)~ 40te, - 190’ 9=

. 1 [(J=J
nJ JI S—S'

38 58

], (6.9)

The probability density for finding the first particle on the left of the origin at %' and the first particle

on the right at x is given by

)
’ ! ¢
P/ (', %L, L)=z22

=%, 8, L' +x")2°(2, B, L - x)

E(z’ z” B’L,L,

Hen?e, we obtain in the thermodynamic limit
L,L =

’ 0 ?
Pl',l(x', ®)==" 3: P sx = folx-x)

. (6.11)

All the other distribution functions may be found by
convoluting this distribution with the nearest-
neighbor distribution N(»)=N(7; z, 8) on the right-
hand side and with the distribution N'(= 7)
=N(-7;z’, B on the left-hand side. We need to
carry out this procedure only on one side explicit-
ly. The Laplace transform of the distribution
Py, (x’,x) is given by

By 0= [0 ax

s=s' Jlel-d"ly]

!
r Nx ,® - 35X
e fO dxe Py NC))

TI-J" s+i-s'-n . (6.12)
Hence, we have for the transform of P;(x)
’ Z—
B(p-s=s JEl=J L\ (619)
T-J7 “s+k-s (1-a2[¢] )

The Laplace transform of the density profile p(x)

exp| - Bo(x - x)] (6. 10)
[
is therefore [ -
, J[E]-J' 1
S—s
p(£)‘J J s+E-5§ <1—ZJ[5]> (6. 14)

Again there is a simple relationship with the bulk
pair correlation function, namely for x >0

se= (s- s)x< z___P

zZ—-2 s-8
~ _ !
+J x pG('r)e(s § )7d'r> .
4]
In the limit of an infinitely high step on the left-
hand side, z' and s’ tend to zero and we recover

the result (3.20). The particle excess may be
found as before and is given by*®

T, =f *[o(x) - pldx

p(x)=p+(s-

(6.15)

1/8p 1 P 2
=5\5z) +tz - T+,
2 8s,8 s—s z—-z

where we have used a subscript zero to distinguish
T, from I of Sec. IV. From (6.15), it follows
that the density at the step is given by

(6.16)

_s'
_z'

p(0+) =z z (6. 17)
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Hence there is a density discontinuity

p(0+)=p(0-)=s-s". (6.18)

It is interesting to compare the result (6. 15) with
that obtained by applying linear response theory.
To first order the response of the uniform system
to an external potential &(x) is given by*?

sox)==8 [ _ [p6(v=9)+p*Glx—)] @)y .
(6.19)

Hence, for the potential step we have (for x> 0)

0
dp(x)=- pd f_ o P?G (x=y)ay

:be[-—%zz <Z—Z%>B+ fg sz(v)d’r], (6. 20)

which may be checked to be in agreement with
(6.15).

For the pair distribution in the thermodynamic
limit as defined by (3. 16), we find as before for
x>0, >0

ps(x|7) = p(x)pg(r) , (6.21)

where now p(x) is given by (6. 15). For x<0, 7 <0,
a similar expression holds in the primed quanti-
ties. The neighbor pair distribution for x >0,
7>0 is given by
Ny(x| ) =p(xIN() . (6.22)

Hence, we may calculate the surface energy across
the step, defined by

é’o(z,z',B)=%kBT(PO+F6)+2AO(z,Z', 8)
+Jo ax [g are@) [Ny 7)- pN )]
- Alg, B) +f£)°o dx’ f(;o drfﬂ(r)[Né (|

-7 -p'N' (n]-al’, p) (6.23)

where

0
204(2,2",8)= [~ dx’ f(;o dx¢(x— x')P{ \(x', x)
(6.24)

is the interaction energy across the step. Using
(6. 11), one finds

J —J
on 3B " ;B o) -2e)
0= 7 = 7 .
J=d 2-2z

(6.25)

From (6.22) and (6. 23), we find for the surface en-

[

ergy

’ _1 ’
é’O(z, 2, B)=3kpT(Ty+ rO) + r0<¢> -a

+r(')<¢>' -a'i2a (6.26)

0"
The interaction grand potential (6.9) may again

be expressed in terms of bulk thermodynamic
properties, namely,

1 7 2
w(z,z',ﬁ)=%lnE‘9L/ <Z_ z,> :I
2z’ \s—s

Hence, one finds by differentiation and use of
(6.16)

<§_w_> T
5 ==0
z ZI B V4

’

(6.27)

(6.28)

Similarly, one obtains, with the aid of (2.16), 4. 23),
(6.16), and (6.25),

-@—‘; ) STe) - asToY —a's28,.  (6.29)
2,2
Hence, we may write
dw:l"odlnz+1"(')d1nz' - Ugdb (6.30)
where Uy is the surface potential energy given by
(6.29). As the potential step decreases to zero,
the defects cancel against the interaction energy
across the step. The total energy thus tends to
the correct bulk value plus the surface contribu-
tions from the two ends of the system.

Finally, we may again define a local pressure
p(x). For x>0, the definition is identical to (5. 6)
except for additional terms linear in Pl', 1(x', %),
accounting for the force exerted by particle 1’ on
particle 1. By a rather elaborate calculation one
may again show that for x> 0 the pressure is con-
stant, p(x)=p. Similarly one has p(x')=p’ for
%' <0, Hence, there is hydrostatic equilibrium
throughout the system in the sense

s(x)=s,(8, zexp[ - B&(x)]), , (6.31)

- 0V x< 4+

where &(x)=®6(- x). The BBGKY equation (5. 10)
is easily extended to account for an arbitrary ex-
ternal potential &(x), so that one may conclude that
Eq. (6.31) holds generally. Alternatively this
follows from an analysis similar to that given by
Irving and Kirkwood. !t It is interesting to note
from (6. 18) that the pressure discontinuity p(0+)

- p(0-) at x=0 still has an ideal gas character in
spite of the fact that 8p(0+) #p(0+). Presumably
this is a general feature reflecting the fact that the
discontinuity in the distribution functions does not
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give rise to a discontinuity in the interaction con-

tribution to the local pressure, which involves an

integral over distribution functions.
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