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The problem of electromagnetic fluctuations in a cavity is treated in some generality using
the fluctuation-dissipation theorem. The general line shape of the energy spectrum is derived.
This reduces to a Lorentzian when €'’ (w), the imaginary part of the dielectric constant, is
small and varies slowly with frequency. Deviations from the Stefan-Boltzmann law are calcu-

lated in detail for a cubical cavity.

I. INTRODUCTION

In this paper, the problem of electromagnetic
fluctuations in a cavity is treated in some gen-
erality, using the fluctuation-dissipation theorem.!
We first briefly state the theorem: If a system
originally in equilibrium with unperturbed Hamil-
tonian H, and density matrix p=exp(~ H,/«T)/

Tr exp(~ H,/kT) is under the action of external
perturbing forces Fi(¢) such that the perturbing
Hamiltonian may be written

H, ()=~ Z)i Fi_(t)Ai , 1)

where A; are macroscopic internal variables, and
if the corresponding macroscopic equation of linear
response can be written in the form

Ai(w)=aik(w)Fk(w) , (2)

where the expression on the right-hand side is
summed over k2, and

A= " ae™a 0,
1 -0 1

etc., then the Fourier time components of the cor-
relations of the internal variables 3 (Ai.A]- ()
+Aj(t)Ai) are given by

) in

(4,4 w” exp(fw /kT)— 1

A [az.;(w)- aji(w)] , (3)
where <AiAj>w is defined by
3(A (W)A (W) +A (WA ()

i j j i

= Zﬂ(AiAj)wG(w+w') s (4)

and k is the Boltzmann constant. The symbol { )
denotes statistical average with respect to p.
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II. FLUCTUATIONS IN A CAVITY

Let us consider a cavity of general shape with
perfectly conducting boundaries, and assume that
the medium inside the cavity is isotropic and
homogeneous so that the medium has, in general,
a frequency-dependent dielectric constant €(w)
and a magnetic permeability u(w). They are in
general complex. Then

DW)=ew)Ew), Bw)=uwHW), (5)

where, e.g., Blw)= /"¢ EE0a.
- 0

Let $a (F, ha) be a complete set of orthonormal
functions satisfying

curl curl Eﬁaﬂ(i’, )\a)= )\a2$aﬁ(F, Aa) ,

. X (6)
qbaﬁ(f‘, Aa)x =0,

where B represents eigenvalues other than A,
required to specify an eigenstate uniquely, and
7 is a unit vector normal to the boundary surface.
Then we can expand all electric fields in terms of
$ap(F, 1q) and all magnetic fields _in terms of the
orthonormal set of functions curl ¢, 5(F, 2,)/A,,.
Let there be a perturbing Hamiltonian of the
form

H=- j [B-RF,t)+H.-LFE, 1)/4n) d3r , (7

where K@, £) and L(%, ¢) are the external forces,
and E and H are electric and magnetic fields con-
sidered as internal variables. Then Eq. (5) is to
be written?

B, w)=¢(@)EF, ) +KF, o),
(8)
B, w)=p) HEF, 0)+ LF, ),

while D(F, w) and B(F, w) satisfy the Maxwell equa-
tions
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curl E(F, w)= (iw/c) BF, w) , ©
curl HF, w)= - (iw/c)DF, w) .

Expand the fields in terms of their eigenfunctions:

FERF, ) Eyp)
DF,w) | =2 | Dygl@) | $oging),  (10)
LRE o ¥ Lk gw)

—ﬁ(‘f‘, (U)_ HaB(w) V)(_. -

¢4 5Fs2,)
BF,0) =2 | Bag) —*—%\'B—a—
_f(F,w)—J a,B Laﬁ(w) @

(11)

Substituting these in Eqgs. (9) and utilizing the
orthonormal properties

of $apF,1 o) and Vx o5 (F,14)/2g, we have

Haﬁ(w)_ wZE(w)LaB(w)
41 4nfwie(w) plw)- 7\0[2]
iwwaul/z(wa)el/z(wa)KaB(w)

+ aee (@) plw)=2 7 ’

(12)
EaB(w) iwwap}/z(wa)€1/2(wa)LaB(w)
ar 41r[w2€(w)p.(w)—)\a2]
Wu)K ()
ap 13)

T anfwPe(w)n(w) - xaz] ’

The fluctuation-dissipation theorem can be applied
to Eqs. (12) and (13) directly, Thus,

(" ) t4nn
aB aB’ w expliw/kT) -1 ozar BB’
w?e(w)
<w2€(w)ﬂ(w)— Aaz -C. C.) 9 (14)
4
<EaBEa’B'>w exp(fiw /kT) -1 60101’ BB’

( w?p(w)

eI -2 —ec),  09)

where c.c. means complex conjugate.
The spatial correlations can be obtained easily.
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Of particular interest are the correlations at the
same spatial point T:

Wi (w)

> = j4n7
(E@)-E@), = exp(ﬁzo/KTT— 1 az:ﬁ< wre(@nw) =2 2

) 7,

() -HE), =

(F, Aa)-aaﬁ(ﬁ Aa) , (16)

ann
exp(iw/kT) -1

<% (o

w?e(w)
w?e(w) plw)- A, 2 —c.c.>

V X .« VX
X %B“ Pap_, 17
a

The energy spectrum is given by®

(Ulw)) =

(ﬂm B+ ((f;’w“) <ﬁ-ﬁ>w>,

(18)
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where (E - E) and (H. H} are given by Eqs. (16)
and (17).

We may average over the volume by 1/V[dV, de-
noted by the symbol (™). By the orthonormality of
the eigenfunctions,

(U(w)) =

in
4nV]exp(iw /kT) - 1]

y Z [d(wE) (w2€°:2fxa2 —c.c.>

—c.c.>] . (19)

If € and u are real constants, then we have

y dwu) w2e
dw wrepu - Aaz

7iw
= 1 o
(Ulw) v Ciz:ﬁ exp(ﬁwaﬁT)— 1 8w - wa) :
’ (20)

In the high-frequency limit, we may use the asymp-
totic expression for the density of eigenstates

2 372, 24
Z Vk jdk . View) w dw, o)
- 'n'z B 17203 :
a, B

Then we obtain
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(Tlw) Alep ) ?w? distribution.
T r2d[expiw/k T)-1] In general, if we separate the real and imaginary

parts of €(w) and p(w):
This is the familiar Planck distribution. Similarly,
if the volume V — «, ( U(w)) becomes the Planck plw)=p' (@) +ip" (@), elw)=¢(w)+ie'(w);
J

then Eq. (16) becomes

- - 877w 2
(BE-E@), = 2 ofo/n=T

Fw)¢ ()¢ (F), (22)
a,B ap

ap

ul (CU)(E ”U-’ +¢ p.")wz - ﬂ"[w2(€,lil - €”IJ”)" Aaz]

where F(w)= [l p e ') - )\az]2+w4(€11u:+elurl)2 (23)
For simplicity, let us put u(w)=1. Then we obtain
F, ()= F(w) lu _ =0 ][0’ (@) =2 P wte ()] (24)

Equation (24) gives the general line shape of the energy spectrum I in the limiting case when € '’(w)~ 0,
F,(w) ~ 6 function, When €'’(w) is small and varies slowly with frequency, we may expand F,(w) around
w=w,, where

21 - 2 _
w %€ (wl) Aa 0.

Thus, we find

WP F, (1) xS ®) {(w—w 1 e(w,) de"<w0>2+[€"2<w1)_1e"2<wﬁ /de"<w1>>2J}'1 (25)
1 1 4 »

K2 (w,) 2K W)  do, K2 (w,) K4 w,) \ do,

where K,2(w,) is a constant depending on w,, i.e.,

21
de’ a) 1
2 - — el _
K2 0)= (ot g€ e) Tom -
Equation (25) is the usual Lorentzian form which gives approximately the shifts of the peaks from the
eigenfrequencies and the linewidths. - .
Going back to Eq. (16), we may use Carleman’s theorem* for the asymptotic behavior of (E(F)- E(F)>w

at high frequencies:

A 2y 2 . [ (@) Cy(w) = " (w)C 2(w) =1 _2)]
ey meen o« 87w 2 1 a
(E(¥) -E(r»w ~f 7208 exp(fiw /kT) - 1 [clz(w)_ Aaz]z_*_ sz(w) ’ (26)
where Clw)=we () p' (W)-e"()p" ()], Clw)=w?[e" (W) (w)+e (W) ' ()] . (27)
The integral in Eq. (26) may be carried out to give
B 27w? p (w)C,(w) "
(E(r)-E(r))w— cs[exp(ﬁw/KT)—1]< C,(w) ~ 2 (w)C3(w)> ’ (28)

where C(w)=3C2(w) {-1+[1 + C,2(w)/C,*(w) 2} .
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When C, < C,?(w), we may expand the expression in powers of C,/C,?. In the lowest approximation we have

7iw® 1

& exp(iw/kT)-1 ° (29)

EF)-EF), ~ap' )[e (@) (@)]*/2
Similarly, we will find

7iws 1

H(@). 5 ~4e’ ’ ’ w2 o8 -
HO-BE), =4’ @' @ @]V 5 ooy - (30)
Letting u’ =1 and using the expression for energy density, we find the energy spectrum to be
€' (w)d ') /dw nw?
(Ulw) ~ oye)/ 7 (31)

¢ exp(iw/kT)-1 *

This agrees with Ref. 2 [Eq. (89-2)] for an infinite medium.

III. FLUCTUATIONS IN A CUBICAL CAVITY

Finally, for the simple case of a cubical cavity, explicit calculations are carried out to show the devia-
tions from Stefan-Boltzmann law, and the relative contribution of the lowest modes to the total energy.
Let the length of each side of the cube be L., Then the characteristic frequencies are

wa=1rc(n12+n 2-(-1'L32)1/2/L , (32)

2

where #n,, n,, and %, are integers. The allowable modes are restricted by the equation div D=0. Taking
into account the degeneracies, the integral of Eq. (20) over frequency, i.e., the total energy density, is

0
U 1 Thcn?+n?+n2)V?/L
j-(U(w))dw" 4V ", nzzn:g:— - explmic(n® + 1,2 + n8) V2 /LT — 1
) )
3y nhicin | /L T
- ciny K
4v n _Zw exp(rZcln | /LkT)~1 * v (33)
=—

The second and third terms are due to the fact that there exists no mode where two or more » elements
are zero.
Using the Poisson summation formula and the formula

e a
sinaxdx 1 e +1 1 (34)
"4 a

Eq. (33) may be transformed to

f(z‘/(w)>dw=”2("”4 e 5 (1)? [< 1 >3_exp(zxLT|v|)+exp(xLT|ul)]

15(7ic)® © @n?L vl LT v 2[exp(ALTIv])- 1°

15 Vay Vg=—

lvl# 0

, (35)

oC
_ Tt 3k 3 1 (LT)?  expOLTIv,l) KT
167 ~ DLt “ 20,2 2 [expQLTIy,)-1]%) * 2I3
=
v, #0
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where vl =@,2+ 2 +v2) V2 (36)
_ A4k oerrm1
A= ~0,549 (cm °K)™' . 37)

Note that the first term on the right-hand side of
Eq. (35) is the familiar Stefan-Boltzmann law,

All other terms are corrections. Also as T -0,
J(U(w))dw ~ T instead of ~ T*, as given by the
Stefan-Boltzmann law,

At high temperatures, the first term is the dom-
inant term. We expect that there exists some
temperature range in which the exponential terms
in the sums are still small, but the other correc-
tions become important. Using the approximations

. 1
> Losas, (38)
vl
VyyVp, Vg=— o
lv|+#0
1
and > - ~1.64, (39)
y,=1"
1
we have
— Ty akT)? kT
(Ol de 35607 ~artne * 38
ic 3k -ALT
+15.7W—1.64W+0(e ). (40)

We observe that there is no term depending on
1/L, which would be the surface-area—dependent
correction to the asymptotic form of the density of
states given by Eq. (21). Actually, the vanishing
of such a term can be proved in general, using

the method described in Ref. 4. The ratios of the
last four terms and the first term of the right-
hand side of Eq. (40) are easily calculated. They
are

second term 15 < nic )2 z<25 )2

first term 47 \L«T) \LT)’ (41a)

LT

third term _ 15 <h’c\3z<20.9>3 (1)
first term 272 \kLT/ LT )’

fourth term +fifth term _ <14. 0 >4

first term LT

(41¢)

Thus at LT <20 cm °K, these terms become im-
portant, while e~ MT jg still small. Hence, for
cavities of average length in the order of centi-
meters, we expect to find marked deviation from
T* law for temperatures below about 10°K.

The ratio of the energy in the lowest mode and
m2(kT)*/15(% c)? is also readily found. It is ap-
proximately

1 45v2 / Pic>4

exp(102/LT)-1 7 \L«kT

N 1 48.5)4
T exp(102/LT)-1 \ LT/ °

This begins to become a significant portion when
the other terms of Eq. (40) also become large.

Of course, when T is very low, the only significant
term is kT /2V, which is due to the forbidden mode
when all #’s are zero.®

*Work supported in part by the National Science Foun-
dation.

TPresently at Rockefeller University, New York, N.Y.

'W. Bernard and H. B. Callen, Rev. Mod. Phys. 31,
1017 (1959).

?1,. D. Landau and E. M. Lifshitz, Electrodynamics of
Continuous Media (Pergamon Press, Inc., New York,
1960), Chap. XIII.

Reference 2, p. 255.

‘M. Kac, Am. Math. Mon. 73.4, 1 (1966).

5The deviations of the energy spectrum from the Stefan-
Boltzmann law at low temperatures seem to be known to
maser experts. However, to our knowledge, no such
detailed calculation has been carried out. See, for ex-
ample, A. E. Siegman, Microwave Solid State Masers
(McGraw-Hill Book Co., New York, 1964), Chap. 8.




