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any time. This type of modulation can be neglected
when small input signals are considered and is not
important under most circumstances. This shot effect
and also the effect of power flow through the cavity on
the frequency dependence of the amplification will be
discussed in more detail in a subsequent paper.

Amplification may also be accomplished using one
wave guide as both input and output, and the noise
figure of such an amplifier can also approach unity.
The amplified output signal might be coupled out and
detected through a directional coupler, which would
have to have a fairly small coupling so that little of
the input power was lost to it. Then so long as the
amplified input noise appearing at the detector was
large compared to &7, the noise figure of this amplifier
would be small.

The maser amplifier may be useful in a restricted
range of applications in spite of its narrow band width
because of its potentially low noise figure. For example,
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suppose that the signal to be amplified came from outer
space, where the temperature is only a few degrees
absolute. Then by making the coupling through the
cavity fairly large so that little noise is contributed by
the cavity itself, amplification should be attainable
while keeping the noise figure, based on the temperature of
the signal source, fairly low. This might prove to have a
considerable advantage over electronic amplifiers. It
might also be possible to tune the frequency of a maser
amplifier through the use of the Stark or Zeeman
effects on the molecular transition frequencies.
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The time-dependent Schrédinger equation is solved formally for an atomic or molecular system which
is subjected simultaneously to a rotating magnetic field of constant amplitude and angular velocity and to
a constant magnetic field along the axis of rotation. The method yields the transition probabilities in terms
of the solutions to an eigenvalue problem. This eigenvalue problem is solved both for (¢) a normal Zeeman
effect and for (d) the case where a transition from a given level is isolated in frequency from other transitions
from the same level. Case (@) is exactly soluble and yields a solution which is shown to be the same as that
of Bloch and Rabi, but is in a form which is more convenient for integration over the velocity distribution.
Case (b) must be solved by an approximate method which results in a prediction of multiple quantum

transitions as observed by Kusch.

N the C-field of a molecular beams apparatus, a

system (e.g., an atom or molecule) is subjected, in

a region of constant magnetic field, to an oscillating

magnetic field. The experimenter observes, as a function

of frequency, a quantity proportional to the number of
atoms which have left their initial states.

We will be dealing here with the case in which the
constant and oscillating fields are perpendicular to each
other. In this case, the solution is greatly simplified* by
replacing the oscillating field by one which is rotating
about the direction of the constant field. One must then
correct for the effect of the other rotating component,?
but the correction is usually small. In the present paper,
we shall also explicitly assume that the constant mag-
netic field is uniform and that the rotating field is
uniform in both amplitude and phase.

* Research supported by the National Science Foundation.

! See, for example, I. I. Rabi, Phys. Rev. 51, 652 (1937).
2 F. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940).

With these assumptions, one may, for a normal
Zeeman effect, solve exactly for the probability of a
transition being induced by the rotating field.? In other
cases, however, some approximate method must be
used. Allowed transitions may usually be treated by
assuming that only the two levels involved interact,*
but in the case of multiple quantum transitions which
take place only by virtue of the existence of inter-
mediate states, it is necessary to have a more general
approach.

The approach we shall develop here has the virtue of
not only yielding expressions for the probabilities of
multiple quantum transitions but also giving correc-
tions to the single quantum transition probabilities and
a convenient expression for the exact solution of the
normal Zeeman effect problem.

3 F. Bloch and I. I. Rabi, Revs. Modern Phys. 17, 237 (1945);

E. Majorana, Nuovo cimento 9, 43 (1932).
4¢H. C. Torrey, Phys. Rev. 59, 293 (1941).
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1. FORMAL SOLUTION

The problem may be stated as follows: A system
whose unperturbed Hamiltonian is invariant under
spatial rotations enters a region in which there is a
constant field of magnitude H, in the z-direction and a
rotating field of amplitude H, in the xy-plane. If the
initial state of the system is | (/=0)), what is the proba-
bility that at a time ¢=7 it will be observed to have
left that state?

We now proceed to solve this problem.

A. System in a Constant Magnetic Field

Let 3Co be the unperturbed Hamiltonian, J the total
angular momentum, J;, J5, - - - J; the individual spin or
orbital angular momenta which make up J, and g1, g,
- - - g, the corresponding gyromagnetic ratios. Since 3Co
is invariant under spatial rotations it will commute with
both J? and J.. Its eigenstates may then be taken to be
eigenstates of J2, J,, and of a set of commuting vari-
able, I', which commute with J2 and J,. The eigenvalues
will be independent of J,. The eigenstates will then
satisfy the equation

3ol v, j,m)=Wolv,7) |v,5,m), (1)

where v, %7 (j+1), and m# are the eigenvalues of T', J?,
and J,, respectively.

If we consider the effect of the constant field alone,
the perturbed Hamiltonian will be

3C1=3Co+H,(uo/B)[ g1 T 1.+ g2 2.+ - -+ g n. ). (2)

Although 3C; in general no longer commutes with I' or
J? it does still commute with J,. The steady states in
this field will then be states for which m is a good
quantum number but v and j are not. For each state
|v,7,m) there will be one steady state which approaches
it as H, approaches zero. We will use the notation
| (v,7),m) for this state. The state |(vy,7)m) will then
satisfy the equation

3e1| (v,9),m)=Wilv,j,m) | (v,5),m), 3)
with
[(v,)m) = |v,jm) as H.—0, @)
where Wi(y,7,m) is the perturbed energy.
B. System with Rotating Field Included.

Elimination of the Time from
the Hamiltonian

Now we must introduce the rotating magnetic field.
If the x-axis is chosen in the direction of the field at
t=0 we have

H,=H,coswt, H,=H, sinwi. (5)
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Then the total Hamiltonian is
3= 501+ H(o/B)[g1] 1o+ goT 2ot + - - + 81T 1)
+H, (no/ W) 1T 1+ g 2+ - - gl ]
= 3C1+3 (Ho+iH,) (wy/ ) g1(J 1z— T 1)+ - - -
+ 8 (Tne—1Tn,) 145 (Ho—1H,) (uo/ i)
X[g(JtiT )+ - - +g(Tnat+iTn)], (6)
= 31+ Ho(uo/2/){e™ [ g1(J1—iT 1)+ - -
+ g (Tne— i) e g1(J1otiT )+ - -

+ 8 (JratiTn) T}
Making use of the fact’ that {y, j,m| Jr.==iJx,|vy',5'm")
is different from zero only when ' is equal to m1,
we find that
ety om| Trom=tT |y, 7 sm")
=¢=met(y jom|Jra=iTn, |y, 7 m Yeim @t (7
= (v, j,m| eIt (JrpeiTa))e GBIzt |5 i/ ),
and, therefore
€™t ( Tyt k) = e Ol 20t J A4 J k) e Tt (8)
We thus obtain the expression
= 3C1+H0(,u0/2ﬁ)6_(“m""”{[g1(flz—ifly)‘{- see
+en(Tne—1Tm) L1 (J1aHiT 1) 4 -
g (T iTn) TpetmIs, - (9)
= =G Tt 50,4 H o (uo/ )
Xl:ngﬁ- ce —{—gn]hx:l}e(“h)h‘“‘

since JC; commutes with J;.

We may make use of the fact that the expression in
the brackets does not contain the time to reduce the
solution of our problem to the solution of a problem
whose Hamiltonian is independent of the time.

If | )isa state of the system it will satisfy the time-
dependent Schrédinger equation:

in(d/d)| )= 3| ). (10)
Then if we make the substitution
|y=emrst] ), (1)
|”y will satisfy the equation
ih(d/di)|")
=l Tot{if(d/dl) | Y} —wJ elilmTa0t| )
=eliIMTwt50| Y— ] el T0t| )
(12)

={(3C1—wJ )+ (uoHo/h)

X[g1 1a4g2T 20t - -+l a1} )
= '}CII I>y

5 See, for example, E. U. Condon and G. H. Shortley, The
Theory of Atomic Specira (Cambridge University Press, London,
1951), Eq. 9311.
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where

3= (31— wl)+ (woHo/B) g1 T 1o+ - -+ @S]  (13)

is independent of the time.

C. Solution of the Equations of Motion.
Calculation of Transition
Probabilities®

Just as in any such problem, we may find the eigen-
states of the operator by solving the secular equation:

det(3¢'—\)=0 (14)

for the eigenvalues A and then solving a set of linear
equations for the corresponding state vectors |A). In
general, there will be one eigenvalue A, for each state
[v,7,m) or | (v,5),m).

Now given any state | ) at {=0, we may expand |’)
in terms of the states |A):

Y=, (15)

where the coefficients (\|”) will be functions of the time.
Then the equation of motion

in(d/di)|")=5e'["), (12)
becomes
2 M{in(d/ann] )y =2 5[N]
=22 [MAY),  (16)
or
in(@/d) (M) =M, an
with the solution
()\]’):e—(ilh))\t<)\lf(t=0)> = e—(z‘lh))\to\l (t:O)). (18)
We finally obtain
[) =2 [N)e= @B (1=0)) (19)
or
| )=, [N G (=0)).  (20)

We must now calculate the probability that a system
initially in a state |(#=0)) has left that state by the
time 7. We may write this as

PL(t=0))=]=1—[{(t=0)| (t=m))[%,  (21)
where, by (20),
(t=0)| (t=1))

=2 M(=0)|e-iImTzr|\)e= G| (1=0)).  (22)

One ordinarily deals with initial states for which J, is
quantized. In this case, the initial state satisfies an

& Note added in proof—Mr. M. Hack has pointed out to me
that Besset ef al. [J. phys. radium 15, 251 (1954)] similarly
approach the problem of “multiple-flop” transitions in terms of
the steady states of 3C’. Mr. Hack has also independently applied
this “spectral representation” to the problem of multiple quantum
transitions (unpublished).
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equation of the form

J.| (t=0))=uh| (t=0)), (23)
so that
(t=0)| (t=7))=e7imer 5| ((t=0) |\ ) |2e= /WA, (24)
Then
PL|(t=0))—]
= 1=y el O=A)7
X [{(¢=0)[N)[2[{(t=p) [\'}|?
=1—=2"n cos[ (1/B) (A—N)7]
X [{E=0)[\)[2[{(t=0)[\")[?
=1=2[{E=0)[N)[2 Xn [((t=0)[A")|*
+2w{1—cos (1/B) A—=N")7 1}
X [{t=0) [N} [2[{(t=0)[\)[*
=4 v [((E=0) N)[2[{(¢=0)[\")|?
Xsin?[ (1/28)(A—N)7].  (25)

D. Physical Interpretation of the Result

The above discussion may be interpreted in the fol-
lowing way.

The substitution (11) was a transformation from a
fixed frame of reference to one which is rotating with
angular velocity w about the z-direction. In this frame
of reference, the effective Hamiltonian is 3¢’ which is
independent of the time. The steady states, |\), of 3¢’
are thus the steady states of the system.

If the initial state is one of the eigenstates, the system
will remain in this eigenstate and the transition prob-
ability will be zero. If, on the other hand, the eigenstate
is a linear combination of two or more of the eigenstates,
the final state will contain the same amount of each
eigenstate, but the relative phases will be changed.
This change in the phases will cause transitions to other
linear combinations of the same eigenstates.

In the expression (25) for the transition probability,
each term is the contribution due to the phase difference
of a single pair of states, |\) and |\’). The effect of this
phase difference is given by

4 sin?[ (1/28) (\—=N)7]= | e GlINT— g=GIBN'T| 2 (26)

The coefficient

[{(E=0)[M)[2[{¢=0)|N")?
= (initial probability of eigenstate |\))
X (initial probability of eigenstate |N')) (27)

expresses the fact that the phase difference between
these states can cause transitions only to the extent that
both states are present initially.
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E. The Case of | (¢=0)) = | (v,/), m).
Selection Rule for Transitions

In the usual experiment, the system enters the radio-
frequency field after it has already been in the constant
magnetic field, so that our initial state should be taken
to be one of the states |(v,7),m). For this case, the
formula for the transition probability becomes

P[I (’Y}]);m>—')]=4 ZX<)\’I <(73])3ml>‘>|2
X [((r,0),m|N)|? sin’[ (1/28) A=) 7].

In Secs. 2 and 3, we shall derive the transition prob-
abilities in the two cases which cover most experimental
applications. It is nevertheless instructive to determine
here the resonant frequencies which may generally be
expected.

Unless an exact solution is possible, it is simplest to
work in the representation in which 3¢, is diagonal. In
this representation, we expand in terms of the | (v,7),m),
which also happen to be our initial states. According to
the foregoing derivation, our effective Hamiltonian is

3/ = (31— wJ )+ (wHo/ W) g1 T 1o+ - - +gnT 2],  (13)
with

(28)

3C1= 3Co+ (woH./B)[ g1 T 1.4+ - - +gnT n. ] (2)

The first term, 3C;—wJ,, of 3¢’ is completely diagonal
in our chosen representation, while the remaining term
is completely off-diagonal.

Under ordinary experimental conditions the ampli-
tude of the oscillating field is much smaller than that
of the constant field, so it is reasonable to treat the off-
diagonal terms of 3¢’ (proportional to the rotating field
amplitude H,) as small perturbations. Thus, except
when two or more levels are degenerate or nearly
degenerate, the states |(y,7),m) are good approxima-
tions to the eigenstates of 3¢’ and no transitions are
to be expected.

We should now note that the diagonal elements

((7;j)>m] C‘C/l ('y,j),m>=W1('y,j,'m)—mhw (29)

are linear functions of the angular frequency w. The
frequency may thus be chosen so as to produce de-
generacy. Those frequencies at which degeneracy occurs
will (for Hy< H,) be the resonant frequencies. Our con-
dition for degeneracy between the levels | (v,7),m) and
| (v',4")ym') is thus

(v, 7)m| 3| (v,7),m)={(v',5"),m’ | 5| (v',5);m”) (30)

or

(m—m")ho=W1(y,jm)—=W1(v',j,m’).  (31)

At the rotational frequency given by Eq. (31), a
resonance should occur involving transitions between
the states | (v,7),m) and | (v/,7"),m’).

Up till now we have spoken in terms of a rotating
field, whose angular frequency can have either sign. For
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the actual oscillating field, the frequencies are given by’

lm_-mllhw: ]Wl(’Yrj;m)_Wl(’y,aj’?ml)l . (32)

Resonances will be observed at the frequencies given
by Eq. (32) only if the amplitude of the oscillating field
is large enough to produce transitions in the available
time.

2. APPLICATION TO NORMAL ZEEMAN EFFECT

A. Solution for Transition Probabilities

A normal Zeeman effect occurs when we may take 3¢,
and 3JC to be given by?®

3C1= 3Co+ (guon/ﬁ)fz,

(33)
Je= 301+ (guo/ W{ Hol o+ H,J )}
In this case, we have
(‘Y)j)?m>= ’y)j’m>7
| | | | 34)
d 3C1 l 7;.7;m>= (Eo‘f—mgMon) I'Y:]:m%
an
3= o+ (guoH ./ B) — w 1T .+ (guoHo/B) T 2. (35)
Let us introduce the following notation:
azg/"'on/hJ b=gu0Ho/ﬁ,
cosp= (a—w)/[ (a—w)*+b%]},
)/[(a—w)*=+7] (36)

sing=">b/[_(a—w)2+b2 ],
0=[(a—w)24b2 ],

where 7 is the time the system is in the oscillating field.
Then
3¢’ = 3Co+ (a—w)J . +bJ -

= 3Co+[ (a—w)*+b [ cosp] +sinp ] (37)
= Jeo+[ (a—w)*+ BT,

where the z’-axis is as shown in Fig. 1. The eigenvalues
of J,» are uft (u=—7, —j+1, ---, 7). Then the eigen-
values and eigenvectors of 3¢’ will be

>“N'IJ-= EO (’Y;].) —f—[((lr— ‘*’)2+62]%ﬁ"h;

IAVJ'M>= lY)j,]Z’Zuh%

7We should note there that, even though Eq. (31) includes
all resonances due to a rotating field, Eq. (32) does not include
all possible resonances, due to an oscillating field. An example of a
resonance which is not predicted by (32) is that due to the two-
quantum transition a<>i<>b where mo=ms, m;=my=+1. In this
case, the states |e) and |4) are connected by one rotating com-
ponent, while the states |z) and |b) are connected by the opposite
component. As a result there should be a resonance at the fre-
quency hw= | (W,—W3)/2|. This resonance will have a large peak
intensity when W;~3(W,+W3).

8 This may be true for several possible reasons: (1) All the gi’s
may be equal. (2) Some of the Ji’s may be identically equal to
zero for the states under consideration and the remaining g’s
may be equal. (3) The magnetic field may be too weak to decouple
certain of the angular momenta from each other with the result
that Eq. (33) turns out to be a good approximation. Except in the
first case, we should then take g=g(v,7).

(38)
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F1G. 1. Relation between the
z- and 2’-axes.

X —»

where the states |v,ju) are quantized along the
z'-direction rather than the z-direction. The states
|v,7,4) may be obtained from the states |vy,7,m) by a
rotation of the coordinate system through an angle .
This rotation is effected by the irreducible representa-
tion of the rotation group corresponding to angular
momentum 7. In what follows, we shall use the notation
of Wigner® for these operators.
The eigenfunctions of 3’ are given by

[V, 7T =uh)=3m DD(0,0,0)um|v,7, J.=mh). (39)

SALWEN

We then have

<’Y; j: JZZMﬁ{71 j; ]z'=“ﬁ> = 3)(].)(0’50’0)!"'0:
(40)
(’Ya j> fz/=,uﬁ]'y, j: JZZMﬁ> = S(j)(ox — 0)”#’ )

The transition probabilities may now be found imme-
diately:

PLv,j,m)—=1=4 Zisw | DD (0,0,0)um|?

X | DD(0,0,0)wm|? sin’ (u—u)g.  (41)
B. Proof of Equivalence with the Result of
Bloch and Rabi

In the paper of Bloch and Rabi,'° the probability of a
transition from |v,7,m) to |v,7,m’) is given by | Tm |2,
where (see Appendix of this paper)

Tmm’ = Tm'm= DD (R)mm’y

®(R)=
DER) ( 1 sing sin(0/2)

cos(8/2)+1 cose sin(6/2)

i sing sin(8/2) )

(42)
cos(0/2)—1 cose sin(6/2)

The same probability is given in the present theory by |{y,7,m’| (i=1))|2 where | (¢=0))= |v,j,m). Using Eq.

(20), we get [see Eq. (113)]

<7rj7mll ([: T)>=Zﬂ<7;j>m, ! eXP]:* (l/h')]sz] l ’Y)j:/“"> exp[— (z/h'){EO"*_”ﬁ[ (a'—w)2+62]‘%} T](’Y}jﬂ"' l 77j!m)
=exp{— (i/B)[Eotm'liw]r} 2 DD (0,0,0)ume” DD (0, — ¢, 0)my
=exp{— (i/ W) Eotm'hw]r} 22 DD (0,0,0)um D? (0, — ¢, —6) s

=exp{— (¢/h)[Eo+m'lo ]t} DD(S) mm,
where

gD(%) (S) = iD(%) (0, - (0, —0)3)(%) (07(0!0)

B (605(40/2)6’“”2

B sin(¢p/2)e" /2

_ ( sin?(p/2)e? 2+ cos?(p/2)e~ 12
 \—sin(e/2) cos(e/2) (e— )
B (cos(@/Z)—i cose sin(6/2)

—1 sing sin(8/2)
=[DDH(R) = DD (R).
Equation (42) was used to obtain the last line.
Then S=R! and
[€v, 4, m| (t=7)[?= | DD (R s |*= | T |*,  (45)

which proves that our result is the same as that of
Bloch and Rabi.

9 E. Wigner, Gruppentheorie und ihre Anwendung auf die
Quantenmechanik der Aimospektren (Edwards Brothers, Inc., Ann
Arbor, 1944), Chap. 15. See especially Eq. (27), p. 180 which
corresponds to Eq. (113) here. i

(43)
—sin(go/Z)e“”?)( cos(p/2) Sin(go/Z))
cos(g/2)ei? —sin(¢/2) cos(p/2)
—sin(g/2) cos(¢/2)(e?*—e="%)
cos®(¢/2)e?/*4-sin?(p/2)e /2 )
—1 sing sin(4/2) )
cos(8/2)+1 cose sin(6/2)
(44)

3. APPLICATION TO ANOMALOUS ZEEMAN SPLITTING
AND TO TRANSITIONS FOR WHICH (v',j") # (1,/)

In the special case which we considered in Sec. 2,
Wi(y,j,m) was given by

Wiy, 7,m) = Eo+ (guoH ./ h)mh
= Ey+mha.

10 F, Bloch and I. I. Rabi (reference 3).

(46)
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Then in the | (v,7),m) representation the diagonal ele-
ments of 3¢’ are

<(’Y:j)) ml JC’[ (’Y:j): m>=W1(7ajam)—Mﬁw
=E0(77j)+7nh[a(')';j)~w]

[g=g(v,7); see reference 8. At the frequencyw=a(y,7),
all diagonal elements corresponding to (v,7) will be
equal. This frequency is the resonant frequency in the
case of a linear Zeeman effect.

We will deal in this section with the case which is,
in a sense, the opposite of the above. We will make the
assumption that if w is chosen so that

((v,9), m| 5| (v,7), m)
N((’y,’j,)’ m,l 3(‘:II (’y,’j/)? m’>7

then at that frequency the difference between these
two diagonal elements and any others is large compared
to the off-diagonal elements of 3¢’. In other words, we
assume that in terms of the diagonal elements of 3’ a
given level is degenerate with no more than one other
level at a given frequency.

(47)

(48)

A. Simplified Treatment

Before entering into the actual calculations for this
case, we will attempt to show by a somewhat simplified
discussion of the problem at hand why the particular
method of attack used in the following sections was
chosen. Certain expressions will be written down here
without justification. The justification will appear in
the following sections.

Consider the simplest case to which the method can
be applied, that in which the interactions of two levels
m= 4%, are considered. 3¢’ will then take the form

Wi— 3w bha
w=( )
W_y+3iw

bha
where b is proportional to the rf amplitude and «, which
in this case is most conveniently taken as 1, will in
further examples be taken proportional to the matrix
element of (g1/1,4 g2 oot + -+ 20T ha)-
Since the secular equation for 3¢’ is quadratic, we

may solve it exactly, obtaining the eigenvalues
A =3[ (Wy—3hw)+ (W_1+3iw) ]
E3[ (W= Wy~ ) +40°2 o | T

(49)

(50)
=3 (Wy+W_) 3 (wo—w)*+4b%| |2,
Wi(,)—%e  bha(1,1;1,0)
W1(1,0)

— bha(lé); 1,1)

b7%(0,0;1,1) 0

in the |(y,7),m) representation. In Fig. 2, we have
plotted the diagonal matrix elements of 3¢ as a function

bha(l, —1;1,0) Wi(l, — 1)+
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e

W) = W01 + b

WiL,00 = W,1,0)

WL W (1,0 e

e W(0,0)=W,(0,0)

T —~

F1c. 2. Diagonal matrix elements as a function of frequency
for a typical ordering of the energies Wi(j,m). In this figure
W (j,m) is used as an abbreviation for

(), m| | (), my=W(j,m) —mhe.

where the resonant frequency, wo, is given by #wo= W}

—W_;. The corresponding eigenfunctions will have
components
ba 1 wo—w i
)= 1 |
[ba| V2 [(wo—w)2+48%| |2
’ (1)
1 wWo— w H
<—%Ii>=i—[1¥ ] :
Vil [l o) 4 o[

so that, according to Eq. (25), the probability of a
transition from one of the initial states |$) or | —3) is

PL|5)=1=4| GG —)?sin’[(1/2%) A\ —N)7]
482 ]
" (o) 4 a?
Xsint{3[ (wn—e)*-+-48 ] Tir)
=PL|-3)—]

Now let us look at a more complicated case. If we
allow only one value of vy but let j take the two values
1 and 0, 3¢’ will be of the form

(52)

0 bhia(1,1;0,0)
bha(1, 051, —1) 0
bia(1, —1;0, 0) (53)
510(0,0;1, —1)  W1(0,0)

of %w, for a typical set of values of W;(1,1), W,(1,0),
W11, —1), and W1(0,0). It is seen that there are five
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crossing points with frequencies given by

hwa=W1(0,0)—W1(1, —1),
hop=W1(1,1)—W1(1,0),
2hwe=W1(1,1)—Wy(1, —1),
hwa=W1(1,0)— W11, —1),
hwe=W1(1,1)—W1(0,0).

(54)

It will be noted that the frequencies wq, ws, wq, and w,
are the frequencies we should expect for the “allowed”
transitions of this system. The frequency w, corresponds
to the ‘“double-jump” transition between the levels
(1,1) and (1, —1), so called because the energy
wWi(1,1)—W.(1, —1) is supplied by two equienergetic
quanta of energy #w..

Let us now look at what happens in the frequency
range w~wp. In this range, the diagonal elements
W1(0,0) and W,(1, —1)+%w are isolated from each
other and from the other two diagonal elements, but
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W1(1,1)—%w is about equal to W(1,0). We may there-
fore expect 3¢’ to have two isolated roots

)\(), ONI/V1 (0,0) y

(55)
)\1,_1NW1<1, bt 1)+hw,
with .
[Xo,0)~[(7=0),0),
. (56)
)~ (7=1), —1),
and two almost degenerate roots
Ae~W1(1,1) —ho~W1(1,0), (57)
with
d~dA L[ (D),1)+B.] (1),0). (58)

We would then expect to get a good approximation
to A, and |\.) by writing a two-by-two matrix in
terms of |(1),1) and | (1),0), and including the effects
of the other levels only as a perturbation on these. This
argument suggests that a good approximation should
be given by replacing the Hamiltonian by

%,_(Wl(l,l)—f—AW(l,l)—ﬁw bha(1,1;1,0)4+AV 59)
a bha(1,0; 1,1)+AV I/Vl(l,O)-{-AW(l,O))’ (
with
[bha(1,1;0,0) |2 [6ha(1,1;0,0) |2
AW )= )
[W1(1,1)— #ew ]— W1(0,0) B(we—ws)
[bhia(1, 051, —1)[2 [bha(1,0; 1, —1)[*
AW (1,0)=
W.(1,0)—[W.(1, —1)+Fw ] B(wa—wp)
(60)

V=
{LW1(1,1) =T ]~ W1 (0,0) }{ [W1(1,1) — Fiw ] [W1(1, —1)+Fe ]}
[bhia(1,1;0,0) [0%a(0, 0; 1, — 1) [bhia(1, —1; 1, 0)].

We may carry out the diagonalization of (59) as we
did that of (49), obtaining for the dominant terms of
PL|(1),1)—] and P[|(1),0)—]

PLI(1),1)=I~PL| (1),0)—]

pr2

~ sin?{3[ (w*—w)2+b*]i7}, (61)

(w*__w)2+ b*2

where
ho*=hwp+AW (1,1)— AW (1,0),
w*= hoy, (1,1 (1,0) )
b*=2|ba(1,1; 1,00+ (1/R)AV|.

In the case shown in Fig. 2, we would expect this line
to be shifted toward lower frequencies since AW (1,1)
and AW (1,0) are both positive, with AW (1,1) having a
larger energy denominator than AW (1,0).

Ai(we—wp) - 2% (we— wp)

We may consider the case of w~w, in the same way.
In this case, the diagonal elements W;(1,1)—%w and
Wi(1, —1)+%w will be almost equal and there will be
two eigenstates which are approximated by linear com-
binations of |(1),1) and |(1), —1). For this case we
write, as in Egs. (59) through (62) above,

wi(1,1)

+AW(1,1)—Fiw AV

3= e , (63)
AV w1, —1)
+AW A, —1)+liw

and
Pl (1),1)—=T~P[| (1), —=1)—]

B

~ sin?{ (2/2)[(w*~w)*+0*Ji7 ]},  (64)

(w*—w)2--b*?
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with bhia(1,1;1,0)]2  |bha(1,1;0,0)]2
AW(I,I):I b Aaib b ) +] ( bl ) ) .
B (wp—we) Awe—we)
bha(1, —1;1,0) |2
AW (1, —1)=[ h( )|
(=0d) (65)
|bhia(l, —1;0, 0)|2
Woe—wa)
(67 (1,1;1,0) [bAa(1,0;1, —1)]
B Ai(wp—we)
R [b07a(1,150,0) (b5 (0,0;1, —1)]
' i (w0o—wa) ’
and
2he*=2hw A AW (1,1)— AW (1, —1),
(66)

20*=2| (1/B)AV .

In order to justify the approach taken here, we shall
derive in the next section a perturbatlon method which
is based upon an expansion in terms of two nearly
degenerate levels.

B. Perturbation Theory"

Consider a situation in which two unperturbed levels
|a) and |b) are almost degenerate, but their unper-
turbed energies are quite different from those of any
other level. The two perturbed states corresponding to
|a) and |b) will then be approximated by a linear com-
bination of |a) and |8). We therefore write

| y=la)al )+ [0)@)+Zaln)n] ),  (67)

where the index 7 runs over states other than |e) and
|5). (The coefficients {#| ) will then be small.) By
substituting (67) into the Schrodinger equation

, x| )=w| ), (68)
we obtain

(al3cla)(a| )+(a|3C|D)P] )
+2Znla| [n)n| )=W(a| ), (69)

(@l 3cla)a| )+(b]5e[b)(] )
+2Zn(0| 3|n)(n| =W ] ), (69b)

(n| 3e|a)a| )+(n|3e|5)B] )
+2wln| 5e|n")n'| )=W(n| ). (69c)

In principle, Eq. (69c) determines the coefficients
(n| ) in terms of {(a| ), (8] ), and W, the solution

11 For related perturbation methods see J. H. Van Vleck, Phys.
Rev. 33, 467 (1929); O. M. Jordahl, Phys. Rev. 45, 87 (1934)
M. H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950),
O. M. Jordahl attributes his method to Kramers, Proc. Amsterdam
Acad. Sci. 35, 1272 (1932).
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taking the form
(n| )=[W—(n|3c[n)]
X{4.(W){a| )+B.(W)p| )}.

If we are dealing with a finite number of levels we may
solve exactly for the coefficients 4,(W) and B,(W).
If we are dealing with an infinite number of levels, or
if the finite number is too large to make an exact solu-
tion convenient, we may expand 4, and B, in terms of
the off-diagonal part of 3¢’. In any case, we may sub-
stitute Eq. (70) into Eq. (69a, b), thereby obtaining

(<al :}C[ a>+ Vaa(W) Vab(W)
Vea(W) B 5|b)+ V(W)

(a] ) (a] )
=W , (71
(<bl ) (<bl ) 7

(70)

where
VaaW)=V e W) =% M,
n W—(n|3|n)
V (al 3¢|n)Ba(W)
Va(W)=Veu(W)=(a| 5€[0)+2 ——F—, (72)
n W—(n|3C|n)
V()= V() = L2 BT
n W—{(n|3|n)

Equation (71) provides us with an iterative method
for determining the perturbed energies. When we insert
an approximate value of W into the left hand side of
(71) the problem reduces to that of diagonalizing a
two-by-two matrix. This yields us two eigenvalues, W .
Now, if we put one of these into the left hand side of
(71) we obtain fwo roots again, one of which corresponds
to the eigenvalue for which we are looking. By selecting
the proper root and continuing this process one may
obtain as good an approximation as one desires.

The expressions for W, {a| %), and (b| %) (with the
proper root selected) are

Wi=3{[{a| 3¢|a)+(b] 5¢[0)]
+[Vaa<W:h)+ Vbb(W:h)]}

£HW W) PH4Va(Ww) B, (73)
and
ab W N
<al:1:) __(—i)_ *
[Va(W)| V2
[ W (W) :r
14
(oW (W) P4 Va(Wy) |2 (74)
N sw(w 3
(b[:i:>=:i:——i[1%: 2 ]
VZL (LW (W ) P+4|Va (W) |2}
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where
BW(W:E) = [(al JC l a’>+ Vaa(u/:h)]]
=L@l aelo)+ V(W)

and N, is a normalization constant, which is deter-
mined by the equation

[l =) [+ [ £) [+l (n] ) =1

Once Eq. (73) has been used to obtain an accurate
value of W ., we may use Egs. (74) and (70), to get the
corresponding eigenstates, |==).

(75)

(76)

C. Transition Probabilities Near a Resonance

The results of the preceding section should enable us,
in any particular case, to calculate the transition
probability to the desired accuracy. We shall now carry
this calculation through to a first approximation for the
states | @)= (va,7a),ma) and |B)= | (ys,j1),m5).

Put 3¢’ in place of 3C in the equations of Sec. 3. B
and let Wy be defined by

Wo=3{[(a] 5¢'|a)+(3] 3¢/ 5)]

F+[Vea W)+ V(W) 1}. (77)

If we use Wy as a zeroth approximation to W, Egs.
(73) and (74) now give

Wo=Wo3{[6W (Wo) P+4| Va(Wo) |2}, (78)
and
Va(Wo) Ny
(o] &)= —
[Va(Wo)| V2
[1 SW (W) ]
LW (W) T4 Va(Wo) |2
79)
Bl£)= iz—vf[lx ) ]
V2 {[oW (W) P+4|Vau(We) |2}

Then the term in the transition probability which is
large near the resonance a<-b is given to this approxi-
mation by

4|{a|+)2[(a| —=)|?sin(1/28) (W1 —W_ )7
41V a(Wo) |2

~| Ny [2[N_[*
LoW (W o) 44| Vs (Wo) |2
Xsin2(1/25) {[oW (W) P+4| V. (Wo) |2} 7. (80)
Since
(a] 3| a)=W1(Yayfayma) — malics =W 1(a) — maheo, )

(b] 3C" | b)=W (v, jn,ms) — Mk =W 1(b) — myFico.
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oW (W) is given by
W (W o) = (ma—ms) i (wap— @)+ [V aa(wo) = Vi (wo) ] "
where wy is defined by

(ma—mi) Ry =W 1(a)—W1(D).

2)

(83)

We must bear in mind that W, is a function of w.
Nevertheless, it is clear from the form of Eq. (82) that
there is a frequency w*~wq such that §W (W, (w*))=0.
The frequency w* is then the corrected resonant fre-
quency and, if we make the approximation that changes
in Vaa, Vs, and Vs in the vicinity of the resonance may
be ignored, the line shape will be given by

P[|a)>1~P[[b)—]
[N 2| V- |2 4] (1/B)V ar(Wo(w¥)) 2
(ma—mp)* (0¥ —w)?+4| (1/B)V (W o(w*)) |2
X sin?5{ (14— 1) (0* — w)?

+4[ 1/ B)V a(Wo(w™)) |2} .

(84)

In analogy with Torrey’s Eq. (4),* we may, omitting
the factor | Ny |?|N_|?~1, put this in the form

P — |~P[|b)y— ]~~~
Clad~Pls)=dr

) Xsin?{w| ma—mp| [ (va*— )2 40 J'r}, (85)
with
vat=w*/2r (86)
and
ba=2|Val|/(|ma—m| k). (87)

It may be shown that in the neighborhood of a
resonance | N |%| N_|2=140(%%) and terms other than
(80) in the transition probability are of the order of 4%
It may also be shown that both these corrections are
independent of frequency except for fourth-order terms.
Thus Eq. (84) should give a good approximation in all
cases in which the widths of “allowed” transitions are
small compared to their separations.

D. Approximate Values of b,; and v.*

In Sec. 3. B we merely remarked that Eq. (69c)
could be solved for the coefficients (x| ) but we did
not carry out that solution. In this section we shall
obtain the solution to the lowest order in & (the measure
of the rf amplitude) and use that solution to get ap-
proximate values for the constants b, and »,* of Eq.
(85).

Before carrying this out it is convenient to specify
the states |n), |#’), etc., by

[n)=|(v,7),m),
[n)=1[(,5")m'),

| )= (9, 79),m),

(88)
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in analogy with the notation for |e) and |b). We will
then define such expressions as wgn, Wnn/, and Wy(n), as
we did similar expressions in Eqgs. (31) and (33).

Now note that

JC,Z (SCl—w]z)—!— (u()[{o/ﬁ)

X[gljlz+g2jzx+ e +gh]ha:], (13)
so that
{n] 3¢ |n)=Wily,jm)—mhew=W1(n)—mhw,
(n] 3" |n )= (n| (oHo/ %) (89)

XLzt +gSn |0’y for n'=n,

where (1| (uoHo/#)[ g1 1,4+ - -+ gan,|n') is zero unless
m=m'==1. Then by suitable definitions of b and a(n; #’)
we have
(n] 3¢ | n)y=W1(n)—mhw,
, (90)
{n| 3’| n'y=bha(n;n") for n'=n,

where
a(n;n')=0,

1)

We shall adopt the convention that b is proportional to
the rf amplitude and independent of the states involved,
while a(n; #’) depends only on the states.

Equation (69c) now becomes

[W—(n|3'|n)Yn| )=bha(n;a)(a] )
+bha(n; )| )+ T lbﬁa(n;n')@'l » (92)

m =m

unless m=m'-1.

where the summation is over states other than |a) and
|5). Then, due to the form of Eq. (70), we obtain
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We thus note that

A7) = o) if m=m, o4
U o@h) i | m—ma| =k50, O

with similar relations for B, (W). v
We shall approximate 4,(W) and B.(W) by their
lowest order terms:

(bha(n;a) for |[m—m,| =1
W [bha(n;#') | bha(n'; )]
|m! —tna| =1 wW— <7’L,, 3¢’ l n')
A, (W)= for m=m, (95a)
bhia(n;n)
IS A (W)
' =mazt(e~1) W—{(n'| 3¢’ | n')
for m=mq,xk, k>1
(bha(n; b) for |m—my| =1
W [blia(n; ") Jbher(n'; 5)]
m? ] =1 W—{n'| 3 |n")
B,(W)= for m=my
(95b)
bhia(n;n')
b > ———— B (W).
m =mp(k—1) W— <1’1;,' 3@’]%’)
for m=mpk, k>1

The lowest order terms in Voo (W), Vo (W), and V(W)
are then (see Eq. (72)):

bha(n;n') la(n';a)|?
A W)=bha(n;a)+ Y, ———————A.(W), Vie(W)=0212 3 +0(8%), (96a)
' =mat W—{n'| 5¢'|n’) ©3) m’ ~ma| =1 W—{n'| 3¢’ | n")
B (W)=bha(n; )+ % ;) B (W) V(W)= 3 a5 O oY), (96b
n( )"' 7, ) i W—-(n'],’jc’ln’) n’ . bb = it St =1 W—(n'lf}(}ln') N ( )1 ( )
bhia(a; b)+0(b%) for |ma—my| =1
ala; n)a(n ;n'")- - -a(n®D;b)
V(W)= bF#* > O (b4+2).
et DV (| 30 [ YT — (| W 73]+ L — ([ 0) ] (96¢)
MO S (k1) for my=mqtk, k>1
Then §W (W) becomes now obtain
W (W)={(a| 3’| a)—(b| 5¢'[0)+Vaa(W)— Vs (W) w*=wapTF (1/BR){V aa(W (™)) — Vi (Wo (™))}
= W1 - le - W1 b - bﬁw = Wgq, O 62
[W1(a) —matiw ]—[W1(8) — mulies ] ©7) »+0(8?) 08)
+ V,m(W)—— Ven (W) = Wep T (1/%[3){ Vaa(WO (wab))
= (’ma—mb)ﬁ(wab—w)'f-vaa(W)—‘ Vbb(W)- h - Vbb(Wo(wab))}+0(b4),
where
Since w* is defined as the root of W (Wo(w*))=0, we +hk=my—m,; k>O0. (99)
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This leads to
Wo(w*)=3[{a] 3¢’ [a)+<(b] 5’| b)]
F3Vaa(Wo (@) V(W o (™)) ]

—:% W1 - ,le*
D@ et oty +009)

HAROLD SALWEN

Then we have
Wo(w*)— ('] 5¢'|n")

=[W1(a)—mahiwas ]— [W1(n") — m'hw* ]+ O (b2)

100 (101)
= %{[Hjl(a) - mahwa.b] ( ) = (ma— m’)ﬁ(wan' _wa,b) +O (bZ)
+[W1(b) — miticwas |} +0 (82 = (o — w1/ . 2
= Wr(0)— malicoit-OF) D0 (= Yo =) O (8.
=W1(b) —mphwap+0(b2). Finally, we obtain
. la(n'; a)|? |a(n'; a)|? la(n'; 5)|? la(n’; 0)|?
wr*=0aFOVE)| T = - SDARALAS —— o
m' =ma—1 Wgn'— Wap m =ma+1 Wep— Wgn’ m =mb—1 Wpn'— Wab m =mp+1 Wep— Whn’
(102)
and
bhala; b)+03) for k=1
ala;n)am ;") -a(n®D; b)
Var(Wo(w*))=10"% 2 +0 @),  (103)
r=mazl () (@ap—wonr) (F)2(Wap—Wonrr) - + + (F)(k— Dwap— wpn¢—0)
m&D) =g e (b —1) for k>1
The above results immediately yield
la(n'; a) |* la(n'; a)|? la(n'; b)|?
vart = v F (1/k) (6/27r)2{ > — ——-——]—~ ——— e
m =ma—1 Von'—Vap W =ma+1 Vap— Vgn’ m'=mb—1 Vpn'— Vg
la(n’; 0)]?
- X *———}-4-0(64), (104)
m’ =my+1 Vop— Vpn’
and
2(b/2m)a(a;d)+0(8%) for k=1
3
bap= ala;n)a(w ;n")- - -a(n®D;b)
(2/kY) (b/27)% 3 +O0E*®, for k>1 (105)
n’:f:zz:jz; (Vab_ Vbn’)(yab'— Vbn”)' . (Vab_‘ Vbn(k_‘))
MmED gk (b —1) '
where The result of averaging Eq. (25) over the velocity dis-

vap = (wap/27), etc. (106)

We have thus obtained values of the constants by,
and »,* which, when substituted into Eq. (84), will
give us the approximate line shape. It should be noted
that these results are in essential agreement with those
of Sec. 3. A.

4. INTEGRATION OVER THE VELOCITY
DISTRIBUTION

All the results obtained up to this point refer to an
atom or molecule which is in the field for a given length
of time, 7. In a molecular beams experiment this time
is the transit time of a particle through the rf field and
is therefore dependent on the particle velocity.

For a beam of particles which have escaped through
a hole in an oven, the velocity distribution is given by

dn o« 1 exp(—mv2/2kT)dv. (107)

tribution is then

PL|(t=0))—]

=8(m/2kT)2f v® exp(—mv?/2kT)

X T =0 =0 )
Xsin?[ (1/28) A\—\")L/v]dv
=8 T (=0 NI (=0 V)

(108)

Xfw a3 exp(—a?) sin?[ (1/2%) (A—X")
' X L(m/2kT)/x )dx,

where L is the distance the particle travels in the rf
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field. If we define the integral K(B8) by

K(B)= f 2% exp(—a?) sin?(8/2x)dx,  (109)

we have
P[I(t=0))-*]=8x§, [{E=0)[M)[2[{(t=0)[\")|?
XK[L(1/B)N—=X\")(m/2ET)}L].

We thus see that whenever our initial assumptions
about homogeneity are valid the average over the
velocity distribution is given by the function K (B). We
have used the methods suggested by Torrey* to cal-
culate this integral for the full range of B8, and the
results will be published in a subsequent paper.

(110)

5. CONCLUSIONS

We have shown that when both the constant and the
oscillating (rotating) magnetic fields are homogeneous,
the solution may be reduced to the solution of an eigen-
value problem. This problem has been solved both for
the case of a normal Zeeman effect and for the case in
which transitions from a given state are isolated from
each other.

For a normal Zeeman effect, the result is in agree-
ment with previously known solutions of the problem.
Our result [Eq. (41)7] has the advantage that it is in a
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form in which the integral over the velocity distribution
may immediately be obtained in terms of a single (soon
to be tabulated) function.

In the second case, an approximate solution has
been found for the line shape of a resonance due to a
multiple-quantum transition. This result, given in Eq.
(85), is in the same form as the “Rabi flopping formula”
for allowed transition, except for a factor |m,—m;| in
the argument of the sin?. Another way of putting this
is to say that the transit time, 7, in the Rabi formula
is replaced by |m,—ms|7. We must therefore replace
the criterion

Avro~1 (111)
for the natural width of the line, by
[ma—mblAV’roNl, (112)

where 7o is the transit time for the most probable
velocity in the oven. The consequent narrowing of
“double-flop” and “‘triple-flop” lines has been observed
by Kusch.??

The detailed comparison of the theory with experi-
ment has been deferred to a future paper.

The author wishes to thank Professor P. Kusch for
suggesting the problem and for his constant cooperation
in the course of the work. He is also indebted to
Professor H. M. Foley and Professor N. M. Kroll for
many helpful discussions.

APPENDIX. RELATIONSHIP OF THE WIGNER COEFFICIENTS TO THE T, OF BLOCH AND RABI

Wigner’s formula for the coefficients D@ (a,B,7)uww is (Eq. 27, reference 9)

wind 551 LG =) 1) =) P
@ 0,Y Ju'n= _1 X
Pt x=MaxZ{:,,2“,}( : [(J'-I-u—x)!(j-u’—x)!x!(x+u’—u)!}

X {eiw'® cos?tr—r=2x(B8/2) sin?xtw'=r(8/2)e  (113)
so that DP is given by
e™@/? cos(8/2)e'? e™@/? gin(8/2)e~ "/
DD (a,8,7)= ( , _ _ _ ) (114)
—e 2 gin(B/2)e™? e~/ cos(B/2)e 2
Let us denote the components of this matrix by the letters 4, B, C, and D. That is,
B (R) (A B) (115)
D H R = ,
C D
where the coefficients must satisfy the conditions
C=—B* D=4* |A4|*+|B|*=1. (116)
We may then see by direct comparison that
Min{ ;i‘l‘:,} [( . i . ’ e P
JHWIG=m G+ (G—r) 1T .
DD (R)“,“z {A i+u—xBx+M'~quDJ~u’—-x} . (117)

x=max{ 0, 1 GHu—) e =) (G—w' —2)!

12 P Kusch, Phys. Rev. 93, 1022 (1954). Multiple quantum transitions have also been reported in a magnetic resonance experiment
by Brossel, Cagnac, and Kastler [J. phys. radium 15, 6 (1954)] and in electric quadrupole resonance by V. Hughes and L. Grabner
[Phys. Rev. 79, 829 (1950)].
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Bloch and Rabi (Eq. 30, reference 3) give

Tmm' =

minf 320 4 [ [(Gm) () (GAm) 1 () 1T

AmtnkoBimm=eCimmsDry (118
(m+m’+p)l(f—M’—p)l(j—m—p)Ipl}{ ) s

p=Max{ i |

where 4, B, C, and D are the corresponding coefficients for j=%. If we change the summation index to x= j—m—p
we get '

Tmm’ =

Min{ $17 1 itm) 1 (G—m) ! G+m) G—m) | ]
& { LG+ (G=m) (G+m") (G—m")!] }{A7.+m,_xBx+m_m,Cxpjkm_x}

=Max{ 01 LG =0 Gk m—m) ! (G—m—3)!

=D(R)mm, (119)
where (Bloch and Rabi, reference 3, page 243)

v W—wo ¢H N
COSENI—1 sini\ i— sinins
A B A
ﬁ)@’(R):( )= . (120)
C D g w—wo
1— sing\¢ Cosini+-7 sing\i
A
If we make the substitutions
gH=gumHo/h=b, wo=a, A=[(0—wo)+ (gH)*Ji=[(a—w)*+b"]} (121)
for the constants in terms of those in Sec. 2, we obtain
cos(8/2)+1 cose sin(6/2) 1 sin ¢ sin(0/2)
S ) (122)
1 sing sin(6/2) cos(6/2)—1 cose sin(6/2)

Since B=C, the T’ are symmetric and

Tmm’ = Tm’m: gD(j) (R)mm’- (123)



