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V. FERROMAGNETIC MATERIALS

Table I also lists the resistivities of the ferromagnetic
stoichiometric compounds. It is to be noted that these
substances have resistivities 5 to 14 orders of magnitude
lower. In addition, the conduction is metallic in sign.
In order to see that the order of magnitude of the
resistivity is correct, let us make a calculation on a
simple model. Considering (see Zener'ss double ex-

change) conductivity to be a diffusion process, Zener
showed that one could write the following relation:

o =Ee'u'J'/4Th,

where S is the number of electrons per unit volume
participating in the diffusion process (e.g. , equal to the
number of Ni+ ions in NiO), a is the lattice constant,

s C. Zener, Phys. Rev. 82, 403 (1951).

and J is the integral representing the transition of an
electron from the anion to the cation. Taking Van
Vleck's' estimate of 10' cm ' for J and assuming that
/~0. 1Xnumber of anions, one finds 10'0 ' cm '. This
is the correct order of magnitude for the ferromagnetic
materials.

SUMMARY

The present model treats NiO on an atomic basis,
the lack of conduction arising from the action of
the Pauli exclusion principle. This treatment should
be valid as long as cation states of principle quantum
number greater than three can be neglected.

The data in Table I show that the predicted qualita-
tive correlation between the magnetic and electric
properties is borne out.

r l'. H. Van Vleck, Grenoble Conference 114 (1951).
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It is shown that all germanium junctions studied break down as the result of the same avalanche process
found in silicon. An empirical expression for the multiplication inherent in this breakdown process is given
for step junctions. Ionization rates for holes and electrons in Ge are derived with the use of this expression.
The ionization rate for holes is larger than that for electrons by about a factor of two. The agreement
between these ionization rates as a function of field and the theory of %olff is excellent. It is determined
that the threshold for electron-hole pair production is about 1.50 ev and the mean free path for electron
(or hole)-phonon collisions is about 130 A.

INTRODUCTION

HEN pn junctions are reverse-biased to su%-
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ciently high voltage, a breakdown occurs and
large currents begin to Qow. The principal theories for
this breakdown depend on internal field emission or a
solid state analogue of the Townsend P avalanche
breakdown in gases."The former mechanism was first
proposed by Zener' for dielectric breakdown. It involves
the direct excitation of electrons from the valence to
the conduction bands in high electric fields. In the
latter mechanism, electrons or holes in high fields
interact with valence electrons to produce electron-hole
pairs. An important difference between the two mecha-
nisms is that in the latter case multiplication of charge
injected into the junction takes place at voltages below
the breakdown voltage. In fact, breakdown is defined
as the point at which this multiplication becomes very
large. The Zener theory has no such multiplicative
eGects associated with it.

Recently, McKay and McAfee' have demonstrated
that charge multiplication takes place in some ger-
manium and silicon junctions at prebreakdown voltages.
McKay' has found that all silicon junctions in the range
studied have multiplicative breakdowns. Breakdowns
possibly attributable to internal field emission have
been reported in some narrow germanium junctions. '

The measurements described in this paper were
undertaken to understand the breakdown mechanism
in germanium junctions. However, the analysis devel-
oped should be applicable to other semiconductors. As
a result of the measurements, there is strong evidence
that the breakdown process in germanium is the
avalanche process and that internal field emission has
not been observed. It has also been possible to di6er-
entiate between the roles of holes and electrons in the
avalanche breakdown process by an extension of the
Townsend P theory and to compare the ionization rates
obtained with the recent theory of Wolff. '

~ K. G. McKay and K. 3.McAfee, Phys. Rev. 91, 1079 (1953). 4 McAfee, Ryder& Shockley, and Sparks, Phys. Rev. 83, 650
' K. G. McKay, Phys. Rev. 94, 877 (1954). (&95&).
s C. Zener, Proc Roy. Soc. (Lo.ndon) 145, 523 (1934). s P. A. Wolff, Phys. Rev. 95, 1415 (1954).
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or
(E~)„;t;„i=aconstant=EVn (~ Sn —Xx ~)&,

Vn ——constant/
i 1Vn —1V~

i
. (2)

Hence, the Zener theory results in a breakdown
voltage which is inversely proportional to the net
impurity concentration on the high-resistivity side for
this type of junction. In the range of resistivities where
mobility is essentially constant, this means that V~
would be proportional to resistivity. This relation does
not hold even for the narrowest germanium junctions
investigated.

McKay has applied a modified form of the Townsend
P discharge theory for gases to the multiplicative
breakdown process in silicon junctions. Under the
assumption that electrons and holes have equal ion-
ization rates he obtained an expression for the ionization
rate at the maximum field in the junction, n;(Eia). In
step junctions, like those discussed above, numerical
values for n;(E~) could then be determined from
measurements of the multiplication, M, of a junction
es E~ or alternatively from measurements of E~ at
3f= ~ or breakdown es W~ for various junctions. The
multiplication experiments were performed on diodes
with the carriers injected by o.-particle bombardment.

It has been observed experimentally in this research
that the multiplication of minority carriers coming from
the high-resistivity side of germanium step junctions
closely follows the empirical expression:

where V& is the body breakdown of the junction and
the parameter e is a number which depends on the
resistivity and resistivity type of the high-resistivity
side of the junction. It will be shown below that e is

The reader is referred to W. Shockley, Bell System Tech. J.
28, 435 (1949) for a detailed treatment of ip-I junction theory.

THEORY

In the 6eld emission hypothesis, breakdown occurs
sharply when a certain critical field is reached anywhere
in the junction. This critical field is a constant in a
given semiconductor at a given temperature. In a step
junction, where the conductivity type varies abruptly
from p to m and the impurity concentration is very
much greater on one side than the other, the maximum
electric field is given by'

Eir = 2V/W= 2V/WiV&= 2V&/Wi

=KV&(iNn Xgi)—f, (1)

where 8"=width of the space charge region, 8 ~
——width

constant of the junction= (1.77X10'/~Xi~ —X~()' for
Ge, ~1V&—1V&~ =cVr=the net impurity concentration
on the high resistivity side of the junction, and V= the
voltage applied across the junction plus the built-in
voltage of the junction.

Thus the critical electric field would be reached when
V= V~, the breakdown voltage. Then

1——= n; exp —
~ (n; P;)dh' d—h,

where cV= (Ip+Ni+ep)/rip the m——ultiplication factor.
Breakdown occurs or M~~ when

~W'

n; exp — (n, P,)dx' —dx=1.
0 0

(5)

It should be noted that in the case of those junctions in
which the injected carriers are holes instead of electrons,
equations (4) and (5) hold with the n, 's and p, 's
reversed. When n;= p, these equations reduce to
McKay's result. The assumptions implicit in them are
the same as those of McKay:

(1) The ionization rates of both holes and electrons
are only functions of the electric field.

(2) The loss of carriers in the junction by recombi-
nation is negligible.

(3) Mutual interactions between carriers are negli-
gible.

(4) The density of carriers in the junction is small
enough so that there is no change in the 6eld con6gura-
tion in the junction. That is, there are no space-charge
effects.

In the case of a step junction like that already
discussed, essentially all of the space-charge region is
on the high-resistivity side and the electric field distri-
bution is given by

E=Eirh/W, (6)

where 8"—x is the distance from the junction. This
distribution is shown in Fig. 1. The x=0 point has been
chosen as the point where Z=O since the particles

quite different for an Np+ and a pe+ step junction with
the same impurity concentration on the high-resistivity
side for germanium. This experimental fact can only be
interpreted as proof that the ionization rate for electrons
is diferent from that of holes. Furthermore, the
existence of a good analytic approximation to the
variation of multiplication with voltage makes possible
the derivation of analytical expressions for the ion-
ization rates themselves.

n;(E) is now defined as the number of electron-hole
pairs produced by an electron per centimeter travelled
in the direction of the field, E. p, (E) is the analogous
quantity for holes. Following the notation of McKay,
m0 is the number of electrons entering the junction at
x= 0, mi is the number of electrons produced by electrons
or holes between 0 and x, and e2 is the number of
electrons produced between x and O'. Then the number
of electrons produced between h and h+dh is

dli ——(tip+rii) (n; p,)dx—+ (mp+ei+rip) p,dx

This is integrated with the boundary conditions
v~=0 at x=0 and m2 ——0 at x= 8".%e then obtain
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FIG. 1. Field distribution in np step junctions.

which cause the avalanche come from that direction in
both an isolated reverse biased junction or in the
collector of a transistor made by the alloy diffusion
method which contains such a junction. Equation (4)
then becomes

1——=-,'WP '

n; exp —-', WP (rr, P~)dE—' dE

The quantity
E

n;exp ——',Wrs ~ (rr, P;)dE, —
0

which appears in the above equation can be thought of
as an effective ionization rate. This ionization rate is
no longer only a function of E. It is a function of the
width constant of the junction and the electric field.
For the same W~ and V/ Vs values, M would be different
depending on whether the avalanche started with holes
or electrons since the effective ionization rate expression
is not symmetrical in n; and P, .

Equation (7) is differentiated with respect to Esr,
yielding:

a;(Esr)
2 d(1 —1/M)

exp —,'Wrs ~' (n;—P,)dE . (8)

The expression (2/WP) Ld(1 —1/3f)/dEsr7 reduces to
(2N/Ws)(Esr/E3rs)'" ' when the empirical analytic
form for 3II is used, and Eq. (8) becomes

rs'(E~)

(E )ss 1 - pEM

exp —,'WP (n; P,)dE, (9)—
WB (E3IB) - "s

where W~ is the width of the junction and E~~ the
maximum field in the junction at breakdown.

Equation (9) was derived for the case in which the
initial particles entering the junction are electrons. The
analogous expression for holes is obtained by inter-
changing the n's and P's throughout.

P;(E~)
2e (Esr q'" ' p™

exp —',WP ' (P, n;)dE . (10—)
Ws (Esses)

In these expressions, the n value and the breakdown
voltages (and hence Ws and E~s) appropriate to
diGerent junctions can be determined by experiment.
The exponential term, however, cannot be evaluated
directly. It can be determined from the solution of a
differential equation derived from the experimental
data. ~

Equations (9) and (10) are a set of simultaneous
integral equations which in principle determine the
values of a; and P;. The problem of evaluating the
exponential term can be simpli6ed considerably by
choosing two junctions with the same net density of
impurity centers on the high-resistivity side, i.e., with
the same W~. Two such junctions, a Pe+ and an nP+,
will be called complementary junctions. The n values
appropriate to these junctions will be designated
respectively by n and np. There is an additional benefit
from this choice since E~~ has been found to be the
same within experimental accuracy for complementary
junctions.

It is shown in the Appendix in a purely mathematical
exercise that a differential equation,

So. 'll

H"
)
—~y&"'"&'—'&=O, -

&NE&

can be derived from a set of such integral equations.
Here

(Esr/EBS) ~y

and

40

The solution of this equation, subject to the appropriate
boundary condition, gives the exponential term in
Eqs. (9) and (10) in the form of Bessel functions which
can be evaluated by series expansion. Therefore a
complete solution for n, (Esr) and P;(Esr) for any value
of E~&E~~ is obtainable from the knowledge of n, np
and the breakdown voltage for a set of complementary
junctions.

EXPERIMENT

A series of experiments has been performed with
transistors to determine n in the expression for multi-
plication (3). The transistors were made by the alloy
diGusion method' which gives step junctions similar to
those discussed above. The carriers were injected into
the reverse biased collector junction from the nearby
emitter junction. The current arriving at the collector
is given by the emitter junction current times the
current transport efFiciency or current gain of the
transistor, o.. The multiplication measurements could
then be made by determining the charge Rowing across

VThe author is indebted to P. A. %olfe for this method of
attack.

s J. S. Saby and W. C. Dunlap, Jr., Phys. Rev. 90, 630 (1953).



AVALANCHE 8 REAKDOWN I N Ge

the collector barrier as a function of the bias with the
emitter current held constant. Figures 2 and 3 give
the results of such measurements on collector character-
istics and the values of m determined in this way for
representative pep and cpm transistors. For reasons
cited below, this is at best an approximate way to
determine the parameter e appropriate to a given
junction. However the difference between the multi-
plication of the two collector junctions shown is unmis-
takable. These values are inaccurate because a slight
uncertainty in the body breakdown voltage, V&, would
acct e greatly. Furthermore, the alpha of a transistor
varies with the bias on the collector junction for several
reasons. The principal eGect is that caused by changes
in the majority carrier Row pattern in the base with
increasing multiplication of the collector. There are
voltage drops in the base region which tend to concen-
trate the emission of minority carriers at the center of
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FIG. 3. Collector characteristics for an npn transistor with
about 0.25 0-cm base layer resistivity. Q designates points
calculated from 3E= I 1—(V/Us)'j '.
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0 at which the low voltage n of the transistor, eo, times
the multiplication in the collector junction equals one,
that is

25-

20
nsM(Vsr) = 1.

From Eqs. (12) and (3), the relation

(12)

l5-
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3
Xg MA

FIG. 2. Collector characteristics for a pep transistor with
about 0.7 0-cm base layer resistivity. Q designates points calcu-
lated from Ajar= (1—(V/Vs)

the emitter and also as a secondary eGect, give rise to
a sweeping field toward the collector. This causes alpha
to rise with increasing multiplication. In addition to
this, the increase in the width of the collector depletion
region with voltage brings the collecting boundary
closer to the emitter with a consequent increase in
alpha. This latter eGect can be minimized in transistors
with wide base layers.

A far more eScient and exact method for determining
m is given below. The breakdown voltage is measured
between the base and collector and between the emitter
and collector (with the base floating) on a group of
transistors made with the same resistivity base ma-
terial. These two quantities are different. In the former
case the breakdown voltage of the collector junction,
that voltage at which M = ~, is seen. In the latter case
an apparent breakdown is observed at the voltage P~,

I.O

4 SLOPE =—

,OI
.008

.02 .04 .06.08 .I

I "~0
.2 .4 .6 .8 I

Fro. 4. Vsr/ Vs ss 1—no for pnp transistors with O. l 0 cm-
base layer resistivity.

1—cro= (Vsr/Va)" (13)

is obtained. Thus if log(Vsr/V~) is plotted ws log(1 —ns)
for each group of transistors made on the same ma-
terial, the points should fall on a straight line of slope
1/n. The experimental data when plotted in this way
do deine straight lines. Furthermore, the straight lines
go through the VM/V~=1, 1 crp=1 point as they
should if the form of equation (3) is correct. Should the
breakdown voltage of the junctions actually have been
consistently due to a surface breakdown which is lower
than the body breakdown of the junction this method
of treating the data wouM have automatically detected
it. The line through the experimental points would then
have been parallel to the true line but above it by the
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FIG. 5. Vsr/Ug ss t np—for NPe transistors with 0.5 0-cm
base layer resistivity.

TABLE I. The parameter e as a function of resistivity
and resistivity type.

4.7
5.5
6.6

~6
3
3.4
3

High p side of step junction

0.15 Q-cm, p type
0.25 Q-cm, P type
0.5 Q-cm, P type
2 Q-cm, p type
0,1 Q-cm, I type
0.6 Q-cm, n type
2 Q-cm, e type

logarithm of the ratio of the body breakdown voltage
to the surface breakdown voltage.

Figures 4 and 5 are typical plots of V~/V& vs 1—mrs.

The large variation in a& is effected by geometrical
changes involving the width of the base region and the
relative sizes of the emitter and collector. In this
manner the e values for a limited range of resistivities
of n and p type has been determined. The ranges are
restricted by the limitations of the present transistor
technology. Table I gives the e values appropriate to
step junctions vs the resistivity and resistivity type of
the high-resistivity side. The epn transistors were made
by alloying Pb As buttons onto wafers of p-type Ge,
while the prrp transistors were made by the indium-
alloying process on e-type wafers.

It should be noted that, in these measurements of
the functional form of the multiplication, purely
transistor eGects have been minimized. All of the
measurements are taken at the point where the alpha
of the transistor times the multiplication equals unity
or the base current is zero. Therefore there are no
transverse majority carrier base currents to change the
geometrical distribution of emission from the emitter
junction.

The width of the space-charge region and the maxi-
mum field in the junction at breakdown are determined
from the breakdown voltage as a function of the width
constant. Step junctions of both the alloy type and
grown-single-crystal type have been investigated for
the breakdown point. Figure 6 gives the result es the
net number of impurity centers on the high-resistance
side of the junction. The number of impurity centers
on the high-resistance side of the junction was deter-
mined from measurements of capacitance per unit area.

All the junctions, whether grown or alloy or having e
or p type on the high-resistivity side, fall on the same
line on this log log plot. It is not incompatible with a
diGerence between the ionization rates of holes and
electrons that np+ and pe+ junctions fall on the same
curve. At very high multiplications the number of
electrons and holes participating in the avalanche are
essentially equal and so the average effective ionization
rate would be very close to the average between that
for electrons and holes individually. In a junction
across which the field is constant as a function of
distance, it can be shown rigorously that the breakdown
voltage would be the same regardless of whether the
initiating particles are electrons or holes. Since the
ionization rates are a very rapidly rising function of
field strength, the high-fmld end of a step junction can
be approximated by a plateau of constant field and the
rest of the junction neglected. Insofar as this approxi-
mation is valid, the breakdown voltages of a set of
complementary junctions would be the same.
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PIG. 6. The breakdown voltage vs the net number of impurity
centers per cubic centimeter on the high resistivity side of step
junctions.

The equivalence in breakdown properties between
alloy and grown junction indicates that whatever
strains or imperfections the alloying process introduces
near the junction ordinarily do not affect the body
breakdown process. The slope of the breakdown voltage
plot is approximately —0.725 whereas it should have
been —1.0 if the Zener theory of breakdown held. Since
there is no tendency toward this latter slope even at the
highest impurity concentrations, which correspond to
the highest electric fields, it is considered that this plot
gives strong evidence that the internal field emission
has not been observed in this experiment. The lowest
breakdown voltage observed corresponds to a maximum
electric field of 320000 volts/cm. Therefore internal
Geld emission does not occur below this held strength
in germanium.

A serious experimental problem in this type of
investigation is the diGerentiation between breakdown
on the surface of the semiconductor and in the body of



A VALANCHE 8 REAKDOWN IN Ge 3.239

(
expI ——,'WP

1—y+-', y' —(2/15) y'+ (1/18)y'
1—y+ 3y' —ey'+ (1/45) y' —(1/»6) y' "

For the second set of junctions the solution of the
appropriate equation is

exp l

—2Wt' L~'(E) 0'(E)1~E —
I

=—
)

&'(y)

&(y)

1—y'I'+ 5y'"—(15/100)y'+ (9/175)y'
1—y+ 5y'"—(6/35) y"'+ (3/1oo) y' —(3/35o) y'

~ith the use of these functions, the values of n, (Ejr)
and p;(E~) were determined for (E~/E~&) equal to
0.95, 0.9, 0.8, and 0.7 in both cases. The series are highly
convergent for these values since y= (E~/E~s)'"&. The

the junction. The measurement of the multiplication
below breakdown is one method which has already been
mentioned. However, there is considerable experimental
evidence that many surface breakdowns are also
multiplicative. But, in experiments like those discussed
above for the determination of the parameter e, very
few of the carriers coming from the emitter would be
collected by such a surface breakdown region. In the
case of isolated junctions, measurements of the re-
sistance after breakdown is a good indication. Break-
downs occurring near the surface in regions of small
cross section have considerably higher series resistance
than body breakdowns. Therefore pulse measurements
of voltage at high currents can be used to separate the
two. For ordinary junctions there will always be a
small positive resistance in the breakdown region
because of the body resistance of the semiconductor on
both sides of the junction and because of the effect of
the space charge of the carriers in the high field region
with increasing current.

The quantity 2e/W~ is determined from the break-
down and multiplication data for diGerent junctions in
the limited range of resistivities accessible. These values
are plotted against the maximum field in the junction
at breakdown, E~s, in Fig. 7. From curves through
these experimental points, the values of e and 2n/Ws
can be estimated very closely for two complementary
junctions. (These have the same E~&.) Two sets of
complementary junctions were chosen. Set 1 has a
maximum electric field at breakdown of 237 kv/cm,
e ~6 and ep 3. Set 2 has an E~s of 260 kv/cm,
m 4.5 and ep 3.

For the 6rst set of junctions, the equation to be
solved is

II"—2yH =0.

The solution of this equation is

1OS

pn+
JUNCTIONS

n =5.5

n=s.e ~

IO4
O

6 ~ I1P JUNCTIONS

1O~
IOO ZOO

EMB KV&GM

500 400

Fro. 7. The quantity 2n/Wz vs the maximum 6eld in the step
junction at breakdown. The dashed lines represent the two sets
of complementary junctions chosen for the ionization rate calcu-
lations.

9 C. Kittel, Physica 20, 829 (1954).

results of these calculations are plotted in Fig. 8. The
electron ionization rate curve is about a factor of two
below the curve for holes in this region. Points obtained
from the two sets of junctions are in excellent agreement
with each other and are therefore consistent with the
assumption that the ionization rate per unit path length
is primarily only a function of field strength.

A theoretical curve calculated by Kol6 for an
assumed mean free path between electron (or hole)—
phonon collisions of 130A and a threshold for electron-
hole pair production of 1.5 ev is also given in Fig. 8.
This curve corresponds almost exactly with the experi-
mental ionization rate curve for holes while the electron
curve is parallel and slightly below. Such a small
difference between the electron and hole ionization rate
corresponds to only about a 5 to 10%%u~ positive change
in the value of the ratio of energy threshold to mean
free path in going from holes to electrons. This could
be made up of changes in either or both of the relevant
parameters. The threshold for pair production could
certainly be different for electrons and holes since the
band shapes are known to be different. ' There could
also be some variation in the mean free path due to a
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increasing voltage. On the other hand, similar argu-
ments would tend to make the rise in multiplication of
ep+ junctions far more gradual.

In Fig. 8 are also plotted some ionization rates vs

electric 6eld obtained by McKay on a linear graded
germainium junction by his method. The agreement
between the two methods is rather good. The discrep-
ancy is probably due to the neglect of the diGerence in
ionization rates for electrons and holes and the greater
experimental diBRculties and uncertainties attendant

0
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FIG. 8. Ionization rate vs electric 6eld strength for Ge. O
calculated from the experiment for holes. Q calculated from the
experiment for electrons. & obtained by McKay from his experi-
ment on a linear graded Ge junction. The experimental curve
for holes was drawn to coincide with the theoretical curve.

difference in the coupling of electrons and holes to the
optical phonon field.

The values of 1.5 ev and 130 A for energy threshold
and mean free path are to be compared with the values
2.3 ev and 130A obtained for silicon by WolG' "from
McKay's data. These sets of parameters are consistent
with each other in that in both cases the energy thresh-
old is slightly above twice the energy gap.

It would be appropriate here to examine the physical
reason why such a relatively small diGerence between
the ionization rates for holes and electrons is rejected
in such a large diGerence in the empirical multiplication
laws for Np+ and pe+ junctions. In a pri+ junction where

the initial current is made up of electrons, the average
particle ionization rate starts on the electron curve for
low voltages or electric fields (and low multiplication)
and as the voltage and multiplication increase the
average particle ionization rate rises toward the hole
curve since holes make up a higher and higher propor-
tion of the particles participating in the avalanche,
Therefore the multiplication rises very sharply with

's P. A. Wol6 (personal communication). The value for the
mean free path has been corrected from that appearing in reference
S.

upon McKay's experiment.

CONCLUSIONS

Data on breakdown and multiplication vs bias of
germanium junctions have been used to obtain ioniza-
tion rates for both holes and electrons in high 6elds.
The ionization rate for holes is greater than that for
electrons by about a factor of two. The variation of
ionization rate with field strength is in excellent agree-
ment with the theoretical predictions of Wolff.

A by-product of this agreement with theory is a
determination of the mean free path for electron (or
hole) —phonon collisions and the energy threshold for
pair production in Ge. These are respectively about
130A and 1.5 ev. These numbers individually are
subject to considerable uncertainty but their ratio is
probably quite good.

The experimental evidence is strong that there is no
field emission in germanium up to a field strength of at
least 320000 voltsjcm. Therefore it is concluded that
all breakdowns (not occurring on the surface) of
germanium junctions above about 5 volts are the result
of McKay's avalanche process, although the multipli-
cation inherent in such a process was actually measured
in only some of the junctions. These did, however,
cover the whole range investigated.
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APPENDIX

Equations (9) and (10) of the text are rewritten
using the relation 8'=-,'S'~'E~ which can be derived
from (1).Then

2n~ f Esr q'" ' Wis
~,(&~)1(&sr),

8MB CE3fB) 2
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and

where

2lp (EM )'"p ' Wr2p;(EM)

EMB &EMB~ 2 I(EM)

W
I(E)=exp( — (n, P/)—dE ~.

2 ~ e )

This can be made linear by the substitution I(y)
= —H'(y)/H(y). The result is

+a
y(n, f np) —1~ 0

Ãp

Equation (18) is a variation of Bessel's equation
whose solutions are of the form

Sg' dI(EM) WP
c4(EM)I (EM) = — + p; (EM)I(EM).

2 d+M

When this relation is substituted into Eq. (14) it
becomes

dI(EM) 2lp (EM ) 2np —1
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dEM EMB (EMBJ

2~a P EM ) 2~~

EMB (EMB)

Now a new variable y= (EM/EMB)'"P is introduced.
Equation (16) then simp1ifies to

dI(y) e
LI(y) )2— ~(ns/nP) —r (17)

dy np

- 2i(e /r/p)&

H(y) =K&(gy) Jnp/(n~+np) y&&
"~/ "P/+i

(e./r/p)+1

2i(n./r/p, )l

+&2(gy)I—np/in~+np) yi(&a/~p/+~ . (19)
(r/ /Np)+1

The boundary condition which this solution must
obey is that

—H'(y)/H (y) = 1 when y =0.

Since the highest value of y which is of physical
interest is unity, the series expansion for the Bessel
function is highly convergent and can be used electively
to evaluate the Bessel functions of fractional order and
imaginary argument which appear.
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Gyromagnetic Ratio of Iron at Low Magnetic Intensities
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It is shown that the measured value for the gyromagnetic ratio of pure iron as determined by a direct
magneto-mechanical method, undergoes a change for low values of the induced magnetic intensity. The
effective value of this ratio extrapolated to zero intensity, checks the value which is theoretically expected
from a consideration of recent ferromagnetic resonance experiments. For higher values of the induced mag-
netic intensity, the gyromagnetic ratio approaches a constant value which checks the value obtained in
previous investigations based upon the Einstein-de Haas effect.

INTRODUCTION

~ OR a number of years an investigation of the
gyromagnetic ratios of the iron-nickel alloy series

has been under way at the General Motors Research
Laboratories. It was noted during this investigation
that the measured value of the gyromagnetic ratio (p)
for a given alloy always increased for low values of
magnetic intensity. Although the shape of the curve
of magnetic intensity es gyromagnetic ratio appeared
to be difterent for different concentrations of nickel in
iron, there was nevertheless, always an increase in p
for small induced magnetic intensities. Also when the
largest obtained p values were plotted against concen-
tration of nickel in iron it was. found that all points from
0 percent Fe 100 percent Ni to 90 percent Fe 10 percent

Ni fell on a smooth curve. The value for pure iron which
had been previously determined was, however, an
exception. It was, therefore, decided to undertake an
extensive investigation of pure iron varying the induced
magnetic intensity, and going down to as low a value
of magnetic intensity as was practicable. It was found
that a similar effect exists for pure iron also. Further-
more, when the curve of p ~s intensity, was extrapolated
to zero intensity, the gyromagnetic ratio was found to
have a value which checks the value which is
theoretically expected from a consideration of recent
work in ferromagnetic resonance. For high values of
magnetic intensity the gyromagnetic ratio approaches
a constant value, which checks previous work done at
the General Motors Research Laboratories, and also
the work of other investigators.


