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An alternative parameterization' is to consider
scattering amplitudes corresponding to particular
values of the total angular momentum; these are related
to our parameters by

tts= C+ sB,
tts ——s (2/5) &B,

ttr ——(2/3) &iH.

Thus our parameter 8 contributes both to the J=O
and J=2 scattering. This is because the term is
expressed in conventional vector notation instead of in
terms of the spherical harmonics Fs (k). Other param-
eters de6ned by Rosenfeld are

rs [ r0 [ e tJ0/"/5tt2 (3C+B)/~2B
rr ]rt (

e'"——= i&3tt t/+—5ps= 3H/B,

ro+ (s)'= I «+ (s)'I e"=—3C/v2B

From these equations it may be seen that our de6nitions
LEqs. (5)7 of X and (P—r&) are consistent with those
of Rosenfeld. The complex ratio of C to J3 is clearly
determined by two quantities: one of these is a ratio
of magnitudes for which we have chosen X; the other
is a phase factor which may be chosen as lt, y, or rp.
Since rs and r& may be related to p-p scattering results'
it is of interest to relate f, y, and rs

3(X'+X)& sing
tanv-O=

1—X+(X'+X)& cosy

cot/= coty —cscyt (X+1)/X7 '.

Looking at Eq. (10d), we note that if (S„) turns out
to be large, that is, sing is not far from unity, then the
measured value of (S„) would be almost directly
proportional to tan70 independent of the value of X
as long as X((1.
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Energy Levels of ~-Mesonic Atoms*
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The shift of the energy levels of the ~-mesonic atom which results from the strong nuclear absorption
of the meson is estimated and shown to be comparable with the shift associated with the scattering inter-
action. It is also shown that the level broadening due to the 6nite lifetime of the meson in the nucleus is
almost entirely produced by the absorption process.

' 'N a recent paper by Deser, Goldbergcr, Baumann,
~ - and Thirring, ' the nuclear interaction of the m meson
was shown to give rise to appreciable shifts and broad-
ening of the energy levels of the m-mesonic atom. ' The
particular interaction which these authors investigated
was that associated with the small s-wave meson scat-
tering observed for free nucleons. It is the purpose of
this note to point out that another eGect exists which

not only gives level shifts comparable with those origi-
nating in the simple scattering interaction but also is
almost entirely responsible for the broadening of the
levels. t This effect arises from the strong absorption of
the meson from the low S- and E-orbits which leads to
nuclear stars', it has been previously described and
analyzed in detail by Brueckner, Serber, and Watson. 4

It is quite apparent from the experimental study' of the

*Supported in part by a grant from the National Science
Foundation.' S. Deser et al , Phys. Rev. 96., 774 (1954).' Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93,
1123 (1954); Phys. Rev. 96, 804 (1954); Stearns et at. (unpub-
lished).

t This eKect was mentioned by Deser et al , but its contributio. n
to the level shift and broadening was not determined.

3 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1952).
4 K. Brueckner et al., Phys. Rev. 84, 258 (1951). This paper

will be referred to as BSW.

capture of m mesons in light nuclei that this is by far
the most important absorption process, the charge
exchange scattering being almost completely absent
except in hydrogen. We will give an estimate of the
level broadening due to this e6ect and also determine
the level shift associated with this interaction.

The mechanism we are particularly interested in is:

w
—+nucleus~star.

This process, which is responsible for very nearly all of
the absorption, can take place only through the co-
operative eGect of at least two nucleons. As shown by
BSW, if the reasonable assumption is made that the
process involves only two nucleons, then fairly quanti-
tative conclusions can be drawn about the nuclear
ground state structure. The results show that the
ground state is rather strongly correlated with appreci-
able high-momentum components present in the wave
function. Similar evidence is also available from other
high-energy processes. ' A summary' of the data shows

' G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950);
C. Levinthal and A. Silverman, Phys. Rev. 82, 822 (1951);
E. M. Henley, Phys. Rev. SS, 204 (1952); P. A. Wo16', Phys.
Rev. 87, 434 (1952).' lirueckner, Eden, and Francis (to be published).
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that the Fourier transform of the dependence of the where the two terms come from breaking up the 8+
ground-state wave function on the relative coordinate function into principal value and delta function, i.e.,
t'y2 is:

P(P) =, P(r, s)e'&'»dris =P wi—8 (E p'/—M). (7)E P'—/M+i e E P'/M—

I ~«) I' t. , I &(p) I'
I' I p(p) dP ——E.b

(2w)' 3 E P'/M —2

The Grst term is the energy shift, the second leads to
the level broadening.

To proceed, we 6rst separate the energy shift into
two parts associated with low and high momenta, i.e.,
we write

~~
—ipl. rl'

e "'"(r t rs
I
&

I re»)
(2m-)'

X&1(r&rs) q (z)dridr2411'd12'. (3)

If the meson has low momentum and long wavelength
(for example, in the lowest E-orbit), we can replace dp
the meson wave function y(s) by its value at the origin „:li,. (2w)s
y(0). In addition, if the final nucleon rnomenta are
large compared with the original momenta, it is reason-
able to assume that E. depends only on the 6nal mo-
menta and, possibly, the spins and isotopic spins of
the nucleons. In this approximation, going over to the &E ts~+&E e
center-of-mass system and relative coordinates, we find

IE(~) I' IE(0) I-
+~,"~'(P)—

E p'/M E—

=S exp( —p'/2n'). (2) By using Eq. (5) for the absorption rate, this can also
be written as

where E is a normalization constant and u'/2M=14
Mev. This choice 6ts well the m capture data and we
shall use it in the following. IIs=

%e introduce an operator E.,' which, acting on a
two nucleon and one meson system, leads to meson
absorption and two fast final nucleons. For the capture =AEit+ihErm. (g)
process, the transition matrix element is

H...=g (0), e-'~ 'R(pt)gr(r)dr

= ~(0)&(Pt)4 (Pi).

The corresponding transition rate is

dpi 1
R, ,= 27r

I
E(p,) I

'
I p (0)p (p,) I

s

dE (2m)'

The first term is independent of the correlation eGects
in the wave function; it is very closely associated with
the scattering of mesons by single nucleons, in which
case the momentum space wave function is simply a
delta function at zero momentum. Thus we shall
identify the 6rst term with the interaction due to
scattering of mesons by individual nucleons and use the
analysis of Deser et al. to determine its magnitude. For
the second term we have, using the result given for the
absorption rate LEq. (5)),

dp
- —1

~ 2W'(P~) IE(P~) I'
dE

if one assumes an average over spin and isotopic spins. v

Next we consider the scattering of a meson associated t' I &(P) I'
I &(0) I

'
with the absorption process, which can occur since the E 'M E—
operator E. acting twice can lead to- scattering. For this
process, making approximations similar to those made
in the absorption process, the matrix element is (10)

dp
&8=

I g (0) I' "P(P) l&(P) I'
E P'/M+ie (2m—)s This can be further simpli6ed if an explicit form is

assumed for E.(p)'. A reasonably general form is

I e (o) I'
~ "o'(p) l~(p) I' IE(p) I

=E,+z,p,
(2~)s E—p'/M

where Eo and E~ are constants. In this case the expres-
sion for DEit* simplifies to

t 4'(P)d pP'/EM
'Lacking knowledge of the spin dependence, we neglect it

here„but may introduce an error in so doing, E—p'/M

8p@
2vnP(pit), (12)

dE
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4Zo.p,

L2Zai+ (3iV+Z) trent,
3hEg*=1.098,b, .

where we have used pz' ——MK This integral has been by Deser et al fo.r the effect from scattering is:
evaluated, using the Gaussian wave function of Eq (.2), AE"
to give a ratio of (taking E=ts) (16)

This result completely specifies the real and imaginary
parts of the energy shift associated with the absorption
process, if the absorption rate is known. To determine
the rate, we use directly the results of BSW or, equiva-
lently, their results for the mean free path for absorption
of the mesons in nuclear matter, which is simply
related to the absorption rate. The result for the ratio
of the energy shift to the E-shell binding energy
&z= rstt(trZ)' is

( Z2 Z2

Ez E 985 2150j
It is interesting to note that the equivalent potential
felt by the meson in uniform nuclear matter at normal
density is

V*= (3.66+1.68i) Mev.

To the energy shift associated with absorption is to
be added the effect from scattering. The result given

where a1 and u3 are the scattering amplitudes for the
isotoPic sPin sr and ss states, with values of 0.16/tt and
—0.11/tt respectively. There can be no contribution to
the level broadening from this term, contrary to the
result of Deser et al. since the charge-exchange scatter-
ing is energetically forbidden in most light nuclei.
Combining these. results, we find (for E=Z)

AE Z' Z'i

Eg 456 2150

This 6nal result for the level shift is about twice as
large as the result obtained when absorption is neg-
lected; in addition, as remarked above, almost all of
the level width comes from the absorption effect
leading to star formation.

The experiments' seem to show a somewhat smaller
shift than calculated here;. the discrepancy may arise
from the assignment of the low-energy meson scattering
phase shifts which have been used.

The author is indebted to Dr. Norman C. Francis
for several helpful discussions.
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The optical dispersion relations are extended to the scattering of massive particles and are applied to the
nuclear interaction of the pion-nucleon system. The sign of the forward scattering amplitude is unambigu-
ously inferred from measured total cross sections and found to agree with that determined from Coulomb
interference.

INTRODUCTION

'HERE is a considerable history of investigations
on those relations among cross sections and scat-

tering amplitudes which are independent of the under-

lying model. For quantum mechanical systems it has
proved convenient to remove all reference to the details
of the interactions by expressing these relations in
terms of Heisenberg' s' S-matrix. The requisites of
special relativity and of conservation of probabilities
then are succinctly stated as the Lorentz invariance
and unitarity of the S-matrix. Unitarity leads to the
familiar relation

' W. Heisenberg, Z. Physik 120, 513, 673 (1943).

where f is the amplitude for elastic scattering in the
forward direction, o- is the total cross section, and k the
wave number of the incident particle.

In recent years there has been a renewed interest in
the consequences for scattering of causality, ' ' the fact
that signals cannot propagate faster than with the
speed of light.

Kramers4 and Kronig' showed the consequence that,

' R. Kronig, Physica 12, 543 (1946);W. Schutzer and J.Tiomno,
Phys. Rev. 83, 249 (1951); N. G. van Kampen, Phys. Rev. 89,
1072 (1953); 91, 1267 (1953); J. S. Toll, Princeton thesis, 1952
(unpublished).

'Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612
(1954); M. Goldberger (to be published).

4 H. A. Kramers, Atti. congr. intern. tss. Corno 2, 545 (1927).
e R. Kronig, J. Opt. Soc. Am. 12, 547 (1926).


