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Isotopic Spin Selection Rule for Electric Dipole Transitions
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The validity of the isotopic spin quantum number in nuclei provides a selection rule on electric dipole
transitions. The extent to which this selection rule is violated provides a means of experimentally determin-
ing the isotopic spin impurity of nuclear states providing that the radiation widths for uninhibited ET
radiation can be predicted. The sources of possible variations of Ei matrix elements are discussed with
reference to the reliability of predicted ET radiation widths in nuclei for A &20 and excitation energy ~TS
Mev. Higher order corrections to the Ei selection rules are determined and found to be negligible compared
to the effects of isotopic spin impurity. It is concluded that the isotopic spin selection rule on Ei transitions
provides a sensitive test of charge independence. Isotopic spin impurity determined in this way can be
attributed solely to the Coulomb potential.

INTRODUCTION

'HE most striking evidence for the validity of
isotopic spin in light nuclei is the existence of

the selection rules on electric dipole transitions. These
selection rules were first derived on the basis of super-
multiplet theory by Trainor, ' but it was pointed out by
Radicati' and Christy' that these restrictions on electric
dipole radiation actually follow more generally from
properties of the interaction of the electromagnetic
field with a system of nucleons and from the hypothesis
of charge-independent nuclear forces. A more complete
statement of the isotopic spin selection rules was then
given by Gell-Mann and Telegdi' who also discussed
the effect of these selection rules on the absorption cross
section for p rays.

The experimental investigation of the validity of the
isotopic spin quantum number was undertaken by
Wilkinson~7 with various collaborators. Although the
operation of the selection rule was verified in several
cases by the complete absence of E1 transitions which

should have been detectable, in a number of cases the
forbidden E1 transitions were actually found to have
small but measurable radiative widths. Knowledge of
the radiative width to be expected for E1 transitions if
uninhibited by any isotopic spin selection rule should

then enable the experimentalist to estimate the ad-
mixture of other isotopic spin eigenstates to the nuclear
states involved in the transition.

In order to determine the extent to which the iso-

topic spin selection rules are operating, therefore, we

must know whether there are likely to be any other
causes for variation in a particular E1 transition.

Actually, as Kinsey and Bartholomew' have pointed
out, very little has been known about E1 transitions
until quite recently. For this reason we shall discuss
in some detail the magnitude of E1 transitions and the
several inhibiting factors such as the isotopic spin
selection rules, correlation of neutron and proton dis-
tributions, and complex coupling of single particle
states.

The results of Wilkinson on isotopic spin impurity
in light nuclei have been thrown into doubt, however,
by the observation of Gell-Mann and Telegdi that
higher order terms in the 81 matrix elements are per-
haps sufhcient to promote "forbidden" B1 transitions
to an even greater extent than the isotopic spin im-

purity would provide. To investigate this question we
shall derive the exact electromagnetic multipole mo-
ments for nonrelativistic quantum mechanics and with
these proceed to estimate the higher order corrections
to the isotopic spin selection rules on E1 radiation. We
shall find that these higher order corrections are 1000
times less effective than isotopic spin impurity in pro-
ducing violations of the isotopic spin selection rules.
The estimates of isotopic spin impurity by Wilkinson
still stand, subject only to the uncertainty in E1 radia-
tive widths. The investigation of E1 radiation provides
in fact a sensitive test of the hypothesis of charge
independence of nuclear forces.

INHIBITION OF Ej TRANSITIONS

The nonrelativistic Schrodinger Hamiltonian for the
interaction of a system of nucleons with an electro-
magnetic field can be written in the isotopic spin for-
malism correct to first order in the vector potential A
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+,' fo-r a neutron and —si for a proton. The neutron-
proton mass difference has been neglected as is cer-
tainly justified in 6rst approximation. This equation
differs from that of Radicati' and Gell-Mann and
Telegdi4 by a sign because our e is positive for protons
and negative for electrons. The Hr in (1) is the sum of a
part Ho which is a scalar in isotopic spin space and a
part IIi which is f' component of an isotopic spin vector.

e
&o= —Q y; A(r )'-i l 2Mc

+ ', (»+t-~)~; LV XA(r;)j, (2)

If one makes the assumption (kg)«1, one can demon-
strate that the electric dipole transitions induced by
Ho are proportional to the square of the electric dipole
moment Qi between the initial and final nuclear
states, io;(1, ,A) and iot(1, ,A), which depend on
the relative coordinates of A nucleons.

A

Qi ' ——-', P e

rsvp'i„*(tlat)

toi)

X e*(1 .,A) to*(1 A) (4)

Correspondingly, E1 transitions induced by H& have
transition probabilities proportional to the square of

A

Qi i"=Q et@, rlFi *(tlat, ps)

X ~oi*(1, ,A) io'(1, A) (5)

If we now neglect nuclear recoil on emission of a y ray,
the center of mass of the nucleus can be taken as the
origin and gs, ri, ——0. Since (4) vanishes only Hi can
produce E1 transitions.

From the fact that Pi is the i component of a vector
in isotopic spin space, the following selection rules on
E1 radiation follow immediately':

d, T=O, &1, Tr/0;
AT= ~1) Tg= 0.

(6)

The selection rule for Tr 0(E=Z) nuclei is a gen——erali-
zation of Radicati's requirement of no T=O —+ T=O
transitions. The absolute validity of (6) for Tr 0——
nuclei can be impaired either by the impurity of iso-
topic spin states or by certain higher order terms in
the multipole matrix elements.

In addition to the inhibition of E1 transitions by the
isotopic spin selection rules, there exists the possibility
of inhibition of Ei matrix elements by the correlation

' E. P. Wigner, GrePPerttheorie (Edwards Brothers, Inc. , Ann
Arbor, Michigan, 1944).

A

K=K It' A(r')+(ttI tt~)rr—; [VX&(r~)] tr; (3).
z=X

of the neutrons and protons in the nucleus. This eBect
upon the matrix elements of H& follows immediately
from (5) where we note that the terms of gi, t"trsrs
referring to neutrons will have opposite signs from those
referring to protons. This diminution of Ei matrix
elements was pointed out by Delbruck and Gamow, "
and was later derived by Bethe" in a more general form
to explain the anomalously small Ei transition proba-
bilities thought to occur in heavy nuclei. The evidence
for small E1 transition probabilities at that time was of
several kinds: (1) anomalously long lifetimes for low-

lying states in heavy nuclei (10 "sec nersls theoretical
estimated 10 "for E1), (2) radiative widths for (rt,y)
reactions, (3) Lit(p, y)Bes, 17;63 Mev y ray, and. (4)
radiative widths observed in (p,y) capture in F».

Since considerably more experimental information
has recently been obtained on isomeric transitions, we
shall discuss this evidence for a neutron-proton correla-
tion eGect on E1 matrix elements. Ke shall be interested
particularly in the implications for inhibition of Ei
transitions in light nuclei (A (20) for moderate ex-
citation energies (E 15 Mev).

As remarked by Bartholomew and Kinsey, ' the evi-
dence in (1) has lost most of its significance since more
accurate tables of internal conversion coeKcients have
shown that these Ei transitions in heavy nuclei are
really B2 transitions. Although several true E1 transi-
tions in heavy nuclei have been detected recently""
and these have low-transition probabilities, it has been
suggested that the emitting state is formed by a
complex coupling of several nucleons with a consequent
reduction of the extreme single-particle matrix element.
That complex coupling can reduce transition proba-
bilities by factors of ~100 has been demonstrated by
Lane and Radicati. " In particular their results show
that a variation by a factor of 50 depending on the
coupling is possible for the E1 matrix element from the
7.48-Mev state of B" to the ground state. The reason
for the small number of Ei transitions in heavy nuclei
and consequent long lifetimes for the low-lying states
may be simply the absence of low-lying states of the
proper spin and parity.

As stated in (2) we 6nd that the radiative widths
derived from (rt, y) reactions in heavy nuclei are rather
narrower than one should expect on the basis of simple
theory. Yet from the existence of a sum rule for E1
transitions it is clear that the widths of E1 resonances
for high-energy y rays cannot be given by the simple
theory. "Blatt and Weisskopf" have suggested in fact
that the radiation width for a single level should be
inversely proportional to the level density at the posi-
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tion of the emitting state. Such a dependence of level
widths on level spacing does produce a reduction of E1
matrix elements which is in agreement with experi-
ment. ' This reduction of level width cannot be inter-
preted as a neutron-proton correlation eGect, however,
since the ratio both of E2 to E1 level widths and of
M1 to E1 level widths seem to be correctly predicted
by the Weisskopf formulas. '

In any case, for light nuclei and excitation energies
less than 15 Mev, the dependence of matrix elements
on level density should cause no appreciable reduction
of widths of E1 emission. '

The evidence in (3) is that the 17.63-Mev state in
Be displays a width for radiative decay which is
several hundred times smaller than one should expect
for an E1 transition. More recent experimental results
suggest, however, that the 17.63-Mev state is (1+)
in spin and parity. Since the ground state of such an
even-even nucleus is expected to be (0+), the radiative
decay of the 17.63-Mev state to the ground state must
be magnetic dipole or electric quadrupole. This is itn

agreement with experiment. '
The experimental evidence mentioned in (4) has been

clari6ed quite recently with the separation of the
6-Mev background from F"(p,y)ots* and identification
of the spins and parities of the states in Ne" lying just
above the threshold for proton capture. " The only
capture radiation which has been observed in F"
(P,~)Ne" up to 1 Mev above the proton capture
threshold is from the 13.51-Mev state, which emits a
p ray of 12 Mev. Since the 1.63-Mev level is now
known to be (2+), E1 emission by the (2—) levels at
13.70 and 13.44 Mev to this level should be observed
also. The reduced widths for alpha-particle emission of
both these levels, however, strongly imply that these
are T=O states. The isotopic spin selection rule should
operate therefore to inhibit E1 transitions to any of
the low-lying T=O states. This explanation of the E1
inhibition has been suggested by Wilkinson' and used

by him as the basis of a determination for the upper
limit of 3 percent intensity of isotopic spin impurity in
the 13.70-Mev state. The absence of E1 radiation by
any of the other states lying just above the proton cap-
ture threshold in Ne" is explained by the absence of
lower levels in Ne" with the proper spin and parity.

Some evidence for the existence of an eGect on E1
transitions arising from the collective motion of neu-
trons and protons can be drawn from the existence of the
giant resonances in photoemission cross sections" "

'7 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321
(1954).' The second article of reference 6 contains a brief discussion
of the experimental data on the relevant levels of¹".
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which occur at 15—25 Mev excitation of the product
nucleus. These resonances have been interpreted by
Goldhaber and Teller" as due to the relative vibration
of two interpenetrating spheres containing separately
the neutrons and protons. Levinger and Bethe'~ have
shown, however, that many of the results of Goldhaber
and Teller follow directly from the sum rules. The
principal success of Goldhaber and Teller's model is

,that of predicting nearly correctly the position in energy
of the maximum in the photoemission cross sections as
a function of atomic number. Whether a model not
embodying the concept of collective motion of the
neutrons and protons can also predict this dependence
remains to be seen.

The conclusion from this discussion of the E1 transi-
tions is that at moderate energies (~15 Mev) there is
slight evidence for some inhibition of E1 transitions in
light nuclei, ' but that this inhibition is not nearly so
pronounced as one thought previously. It is not even
certain that this remaining apparent diminution of E1
matrix elements is not due to overestimates inherent
in the approximate nature of the Weisskopf" formulas.

TABLE I. Experimental estimates of isotopic spin impurity.

Nucleus

+10
N14
016

Level

(2—)
1 ~0+
1-~0+
2+ —+3
1 —+0+
2 ~2+

Energy (Mev)

5.11
8.06 —+ 2.31
7.116—& ground
6.913~ 6.137

12,09 —+ ground
13.70 -+ 1.63

Limits on isotopic
spin impurity

&3X10-'
&2X10~
&4X10 '

10-3
&3X10~
&3XIO~

"M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948).
s' J. S. Levinger and H. Bethe, Phys. Rev. ?8, 115 (1950).

EXPERIMENTAL RESULTS ON ISOTOPIC SPIN
SELECTION RULES

The experimental investigation of the selection rules
undertaken by Wilkinson' —~ began with the deter-
mination of a semi-empirical method for predicting
uninhibited (by isotopic spin selection rules) E1 radia-
tion widths. This formula was then used to check for
the allowed p rays expected in nuclei belonging to
isobaric triads in which the selection rule should oper-
ate. Finding these allowed p rays Wilkinson and col-
laborators then proceeded to examine the E1 transi-
tions in T~= 0 nuclei between states of the same isotopic
spin T. Transitions which were inhibited so strongly
that they could not be observed provided upper limits
on isotopic spin impurity. Transitions which were ob-
served with greatly reduced radiative widths provided
lower limits on isotopic spin impurity. These limits are
given in Table I.

As is evident from the necessarily tentative analysis
of the experiments, considerable doubt should be
attached to the exact values of the impurity and, in
some cases, to the order of magnitude. Perhaps the
most reliable value is that for N" where the forbidden
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8.06 —+ 2.31-Mev E1 transition is compared with the
allowed E1 transition to the ground state. The impuri-
ties obtained for the levels of 0" are obtained from
the E1 and E2 branching ratio from a level. Among
isomeric transitions, however, the E2 have been known
for some time to be unusual because of their large
matrix elements which equal or exceed the Weisskopf
estimates. The E1 transitions, on the other hand, were
found by Wilkinson to have transition probabilities
only —,

' of those predicted by the Weisskopf formulas. '
It is therefore quite possible that the upper limit of
10—' quoted for isotopic spin impurity for the low-

lying levels ( 7 Mev) in 0" is too small.
All these experimental results are in agreement with

the theoretical estimates of isotopic spin impurity
introduced by Coulomb forces.""Indeed we shall show
that the higher order corrections to the electric dipole
selection rule are negligible compared to the eGect of
isotopic spin impurity. The experimental values given
by Wilkinson must be interpreted therefore as the iso-
topic spin impurity.

HIGHER ORDER CORRECTIONS TO THE ISOTOPIC
SPIN SELECTION RULES

The selection rules on isotopic spin changes for E1
transitions are based on the vanishing of the Ho matrix
element [Eqs. (2), (4)j in the lowest order approxima-
tion. There are three higher order eGects to be con-
sidered: (1) neutron-proton mass difference, (2) lowest
order electric dipole matrix element of the spin de-
pendent part of Hs, and (3) higher order terms in the
expressions for the electric dipole moment.

The first of these effects is easily dismissed by noting
that the dipole moment of the nucleus involves Ps i~rs
Taking the center of mass as the origin,

m„g rg, +m P rs

8 A
= (m,,—m.) P r„+m„P rs ——0, (7)

where ns„ is the proton mass, m„ the neutron mass.
Therefore,

so that the eGect of the center of mass and the center
of charge nearly coinciding is to reduce the single-
particle transition probability by

(my m~'l-
)

=2X10 '

Since the isotopic spin impurity produces B1 widths

"L.A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953).
"W. M. MacDonald, Princeton thesis, 1954 (unpublished).

which are at least 10 ' times the single-particle widths,
the neutron-proton mass difference can be neglected in
considering the violation of the isotopic spin selection
rules.

In order to treat the corrections (2) and (3), we shall
need expressions for the electromagnetic transition
probabilities in terms of the exact multipole moments.
The usual expressions for the transition probabilities
are derived in the long-wavelength approximation
(kR)((1, where k is the propagation vector for the
emitted photon and E is the nuclear radius. Higher
order terms in (kR) will therefore enter the exact
electric dipole matrix elements of Ho and will produce
transitions which violate the selection rules.

EXACT NONRELATIVISTIC MULTIPOLE
TRANSITION PROBABILITIES

We shall derive the quantum mechanical transition
probabilities for emission of electric and magnetic
multipole radiation of all orders correct to all orders of
(kR). We begin directly with the Schrodinger equation
for a charged particle in an electromagnetic field so that
our results can be compared directly with the usual
formulas. The transition probabilities for the inter-
action of nucleons with an electromagnetic field as
given by Eq. (1) then can be written down immediately
if desired. To first order in the vector potential A, the
interaction Hamiltonian for a charged particle in a
radiation Geld is

Hr —(e/me)(A p) ———pe (VXA), (9)

where A satisfies the gauge condition V A=O. The
transition probability per unit time for emission of
radiation is given by

T. s= (2s/k) i H.b i
'p (Z),

where a and b are indices denoting the initial and Gnal
states, q, and pb, respectively of the nucleus and p(E)
is the density of final states per unit energy. H & is not
the matrix element of H» but of the part of H» arising
from the positive frequency component of A, i.e., from
A(r) defined in

A= A(r) e-'"'+ A*(r)e'"'.

The vector potential is now expanded into a series
by use of the vector spherical harmonics Fzz, i . (8, te)

which are eigenfunctions of the angular momentum
operator L', J', and Jg, where

L= (k/i)rXV J=L+S S=ihesX, (12)

and e~ is a unit vector along the x~ axis. For repre-
senting the Maxwell Gelds it is well known that one
can use X~sr(8, y)=FJ~i and VXXqjr to expand
A(r, t). The part of A represented by terms in Xzsr
provides a magnetic 6eld of parity (—1)' and is called
the electric multipole field As(r, t) The sum of te.rms
in A(r, t) which contain VX X~sr is called the magnetic
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multipole field Ais (r,t) and has an associated magnetic
Geld of parity (—1)'+'

We now normalize A~(r, t) and Az(r, t) to energy
(kck) inside a sphere of radius a and volume F on the
boundary of which 2 vanishes. The resulting expres-
sions for the vector potentials for the electric and mag-
netic multipole 6elds are

!acket L
Az(l, m) =i~— j l(kr)Fl (8,P), (13)

a ) [l(i+1)k'1&

T &~ by integration by parts and the operator identity

(8vXL=l vi «)—«' .
&ar )

Berne the generalized multipole moments:
Magnetic. —

(2l+1)!!
2y ' jl(kr)Yi (8,y) div(y, Lpb),

(l+1)k'

1 (Acket & ~XL (2l+1) II
i

l 8
A~(l, m) =-( jl(kr)Yi~(8, p), (14) ~,~'= — p, «jl(kr)Y i(8, p) div(p, *opi)

k & a ) [l(l+1)Ii'g& (l+1)k' ~ Br

where

p(Z) =u/(kc~). (16)

The matrix element H, l, which appears in (10) can be
written as

where

J.~= (c/2mc) [~.*(ii~~)+(Ii~.)*~~1

is the quantum-mechanical transition current.
By combining Eqs. (14), (16), and (17), we find

the magnetic multipole transition probability per unit
time and per unit solid angle for the direction of the
emitted photon to be

2 k i
Tab J.l, LjlYl

5 l(l+1)h' c~

I.'A~, 3i (l,m) = l (l+1)PPA@3r (l,m),

J2Az, is(lm) =l(l+1)k'Az, 3r(lm),

JzAzjr(l, m, )=mkAz ~(l,m)

From the boundary condition that A(a) = 0 the density
of Gnal states per unit energy p(Z) follows immediately
as

Electric.—
(2l+ 1)!! r 8

«il(kr)Yl-(+, v) v.*ca
(l+1)k' ~ Br.

zk f+—jl(kr)Yl (a, q)r J,&, ,
c4

(2l+1)!!(
iIk~ —j,(kr)

(l+1)k' L

X Yi„(i!l,q) div(q. *rXeq,) ~, (21)

where (2l+1)!!=(2l+1)(2l—1) 2, or 1. The transi-
tion probabilities per unit time (integrated over solid
angle) are

(22)

(23)

The formulas are exact so far in that no assumption
about the magnitude of (kE) has been made. If we
make the "long-wavelength approximation" kR«1,
we put ji(kr)~(kr)'/(2l+1)!!. Since V'(r'Y )=i0, the
multipole moments defined in (20) and (21) become

Similarly, one 6nds for the electric transition proba-
bility per unit time and per unit solid angle:

2 k
J.l (VXL)jlYl

Il l(l+1)5' kc~

1
iVl i i= — 2p ~r'Yl div(q *Lyl),

l+1

(24)

Ke have transformed the second term of T &~ by
means of the relation VXAz(l, m) = —ikA~(l, m). We
now transform the integrals appearing in T,~~ and

—ik
Qi„ioi' —— p r'Yl div(q, *rXeq l)

l+1 ~
(25)
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These are precisely the single-particle moments of
Blatt and Weisskopf.

Although no derivation of the exact multipole mo-
ments for nonrelativistic quantum mechanics has been
given, the exact multipole moments for the classical
Maxwell 6eld have been given by Wallace'P and by
French and Shimamoto s' Quite recently a derivation,
of the exact multipole moments for the Dirac equation
has been given by Stech" using a treatment similar to
the preceding development. Brennan and Sachs" also
have discussed higher order corrections to the 81
matrix element from a diferent point of view, and have
formally de6ned the exact multipole moments.

EFFECT OF ELECTRIC DIPOLE CORRECTIONS

Two types of higher order terms in Hp exist to pro-
duce contributions to E1 radiation which therefore
violate the selection rules in Tt.=0 nuclei. We estimate
erst the contribution of the spin-dependent part of Hp
to the E1 radiation. This contribution appears as Qi (s) '

in (25) and is of course neglected in the- Weisskopf
formulas. We calculate Qt„(s)' for Hs, noticing first by
comparing (2) and (9) that we should use p, = s (&a~+&a„),
e/mc=e/23IIc. In using Qi (o) and Qi ('&', we are of
course using the extreme single-particle picture, but
this approximation gives the proper orders of magni-
tude. To evaluate Qi (e) and Qi„"&', assume that&, and

gb are constant over a sphere of radius R, the radius
of the nucleus, and that F'( is of order unity. In Qi (s)'

we also take (r of order unity and -', (p~+p ) 0.5ek/2Mc.
The divergence in Q

('&' is approximated by (1/E). We
then obtain

IQ-""/Q-"'I'-(1/25)(k /~')'
Forgammaraysof 10Mev, IQi '/Qi "I 4X10 '.
The contribution of the magnetic moment in Hp to E1

~ P. R. Wallace, Can. J. Phys. 29, 393 (1951)."J.B. French and Y. Shimamoto, Phys. Rev. 91, 898 (1953).
~ B. Stech, Z. Natnrforsch. A7, 401 (1952).
~ J. G. Brennan and R. G. Sachs, Phys. Rev. 88, 824 (1952).

transitions therefore provides a rate 4&(10 ' times an
uninhibited E1 matrix element. This is negligible com-
pared to the effect of isotopic spin impurities.

The higher order term in gi
' arising from the second

term of ji(kr) can be found by using

(kr) '+'(kr)'
ji(kr) =

(2l+1)!! (21+3)!!2

By the same approximations as before, we obtain the
result:

I Qi."'/Qi-"' I'-(2/15)'(k~)'.

From (kE) =ko&/137, we find that for 10-Mev photons,

I Q (1)/Q (0)
I

2 1()-s

We can conclude that all the higher order terms in
Hp give rise to F), widths for B1 emission which are of
order 10—' times the uninhibited widths. The I'q widths
produced by isotopic spin impurities are proportional
to the impurity p and are at least 10 ' times a "normal"
E1 width" ~

I am indebted to Professor E. P. Wigner for sug-
gesting this topic and for stimulating conversations
during the investigation.

The second term in an expansion of gi,
g( =Qi "'+Qi "'+

found from successive terms in ji(kr), is

(21+1)!!k'+'
I (1+3)r'+'Yi„q .*v b

(2l+3)!!2k' I ~

ik t

+— rr+'F'i r J,b,
c~

ol
ksI & sk t'

Qi "'=—4
i

r'I't v.*~b+ «'—I'i r J.
bl


